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The flexoelectric (FxE) effect, where polarization is in-
duced by a strain gradient, is universal in all insulators.
As devices shrink to the micro and nano scale, large strain
gradients can occur, and therefore the FxE effect can play
a significant role in the properties of such devices. Also,
the FxE effect can be exploited for novel device design
paradigms, such as piezoelectric “meta-materials” con-
structed from nonpiezoelectric constituents, or mechani-
cal switching of ferroelectric polarization.

One of the crucial limitations to understanding and ex-
ploiting the FxE effect is the lack of a clear experimental
and theoretical consensus on the size and sign of the FxE
coefficients. A key element to forming this understanding
is the development of an efficient first-principles method-
ology to calculate all of the components of the bulk FxE
tensor.

Previous works [1, 2] demonstrated how to calculate
the lattice-mediated and longitudinal clamped-ion FxE
coefficients from single-unit-cell, linear-response calcu-
lations, however they required supercells to determine
the transverse and shear clamped-ion coefficients. In
this work we develop a methodology based on density-
functional perturbation theory (DFPT) to calculate the
full bulk clamped-ion FxE tensor from a single-unit-cell
calculation.

This methodology is based on computing the current-
density response to the adiabatic atomic displacements
associated with a long-wavelength acoustic phonon. Be-
cause density-functional theory (DFT) calculations typi-
cally involve the use of nonlocal pseudopotentials, a crit-
ical component of our technique is the introduction of a
current-density operator that remains physically sound
in the presence of such nonlocal potentials, which we de-
fine in terms of the linear coupling of the Hamiltonian to
an external vector potential.

The FxE tensor elements are given by

µαβ,ων =
dPα
dηβ,ων

(1)

where Pα is the polarization in direction α and

ηβ,ων =
∂2uβ
∂rω∂rν

(2)

is the strain gradient tensor, where uβ is the β component
of the atomic displacement. We model the strain gradient
as a long-wavelength acoustic phonon with wavevector q
in which sublattice κ is displaced in direction β. The
(clamped-ion) FxE tensor elements are then given by the
second wavevector derivatives of the cell-averaged, cell-
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FIG. 1. Test of the method for single-atom supercells of (a)
He, (b) Ne, (c) Ar, and (d) Kr atoms in cells with various
lattice constants. Longitudinal (red squares) and shear (blue
diamonds) FxE coefficients, as well as the diamagnetic sus-
ceptibilities (black circles) and the charge quadrupole moment
Q0 (green triangles). All quantities are multiplied by the cell
volume.

periodic polarization response P
q

α,κβ via [1, 3]

µαβ,ων = −1

2

∑
κ

∂2P
q

α,κβ

∂qω∂qν
. (3)

The polarization response is given by

P
q

α,κβ =
4

Nk

∑
nk

〈unk|Ĵ k,q
α |δuκβnk,q〉, (4)

where the factors (2/Nk)
∑
nk take care of the spin degen-

eracy, sum over occupied Bloch bands (unk), and average

over the Brillouin zone; δuκβnk,q is the first-order adiabatic

Bloch function [4]; and Ĵ k,q
α is the cell periodic current

operator. We develop an expression for the current op-
erator that takes into account the presence of nonlocal
pseudopotentials in DFT calculations, and is correct up
to second order in q.

We test our implementation via DFT calculations of
Eq. (3) on supercells containing isolated noble gas atoms.
It can be shown that under the approximation that such
atoms constitute a fictitious material made up of rigid,
isolated, spherical charge densities, the calculated lon-
gitudinal and shear FxE components should be equal.
Their value should also be equal to the diamagnetic sus-
ceptibility, and the quadrupolar moment of the unper-
turbed, ground-state atomic charge density (Q0). We see
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FIG. 2. Induced polarization versus q = (qx, 0, 0) for cubic
SrTiO3. The black (red) points correspond to the x (y) com-
ponent of the polarization for atomic displacements of the
atoms in the x (y) direction. Dashed curves are quadratic
fits. Units are expressed in terms of the calculated SrTiO3

lattice constant a = 7.435 Bohr.

in Fig. 1 that for large enough separations of the atoms,
these conditions are approximately satisfied.

We apply our methodology to calculate the bulk,
clamped-ion FxE coefficients for several technologically
interesting cubic materials. For materials having cubic
symmetry, there are three independent FxE coefficients
µL = µ11,11, µS = µ12,12, and µT = µ11,22, where L
stands for longitudinal, S for shear, and T for transverse.
As an example of a typical calculation, in Fig. 2 we plot
the induced polarization [Eq. (4)] versus q = (qx, 0, 0) for
cubic SrTiO3 for two cases, one with polarization direc-
tion and atomic displacement both along x and the other
with both along y. As expected, the dependence on q is
quadratic (there is no linear term since cubic SrTiO3 is

not piezoelectric [1, 3]), and P
q

= 0 at q = 0, which
is required by the acoustic sum rule, which states that
the sum of the Born effective charges vanish. By taking
numerical second derivatives of the black and red dashed

curves in Fig. 2, we can obtain µ11,11 and µ11,22. The

remaining term µ12,12 is obtained by calculating P
q

12 at
various q = (qx, qy, 0), and performing a numerical mixed
derivative ∂2/∂qx∂qy (not shown).

In Table I, we report the computed clamped-ion FxE
coefficients for SrTiO3 and several other cubic oxides.
The only material for which first principles calculations
of the transverse and shear coefficients are available (in
parentheses in Table I) is SrTiO3, and our values are
in excellent agreement with those previous calculations
[2]. For all of the materials, the longitudinal and trans-
verse responses are of similar magnitude, and the shear
response is significantly smaller.

In summary, we have developed a methodology to cal-
culate the bulk, clamped-ion FxE tensor from DFPT cal-
culations on a single unit cell. This overcomes the lim-
itation of previous techniques [1–3], which required su-

TABLE I. Clamped-ion longitudinal, transverse, and shear
clamped-ion FxE coefficients for five representative materials.
Results from previous calculations are in parentheses.

µ11,11 µ11,22 µ12,12

SrTiO3 −0.83 (−0.9a,−0.89b) −0.86 (−0.83b) −0.10 (−0.08b)

BaTiO3 −0.92 (−1.1a) −0.94 −0.09

SrZrO3 −0.58 −0.59 −0.06

PbTiO3 −1.21 (−1.5a) −1.26 −0.085

MgO −0.27 (−0.3a) −0.29 −0.07

a Ref. 3
b Ref. 2

percell calculations to obtain the clamped-ion shear and
transverse elements. Therefore, the full bulk FxE tensor
can now be calculated efficiently from single-unit-cell cal-
culations. Our methodology is based on calculating the
adiabatic current response to a long-wavelength acoustic
phonon perturbation. We have tested our methodology
on isolated noble gas atoms, and calculated the clamped-
ion FxE coefficients for several cubic oxides.
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