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In N dimensional Euclidean space, with cartesian coordinates z;, j =
1,---, N, we could define hyperspherical coordinates as follows.

N
First define a radius » = p; > 0 with p] = fo The subspace of
j=1

constant p; > 0 is an N — 1 dimensional hypersphere SV~!. The intersection
of this hypersphere with the hyperplane of constant x; = p; cos 6, is an N —2
dimensional hypersphere with radius

N

: 2 2

p2 = prsin by, py =Y. 3,
i=2

for a fixed 0; € [0,7]. The intersection of this hypersphere with the hyper-
plane of fixed x9 = pycosfh is an N — 3 dimensional hypersphere of radius
p3 = pasin by, and so on, so

j—1 N N-1
p? =7’ [[sin®*6, = >_ 27, xj = pjcost; =r <H sin9k> cos O,
k=1 k=j

k=1

for j = 1,...,N — 1. The final xy = py_1sinfy_;. The first N—-2 ’s
range from 0 to w, (0, € [0,7] for k = 1,..., N—2), because only their
cosf = xp/pr is determined, but y_; determines both xy_; and zy so
On_1 € [O, 271'] with Oy_; = 0 identified with Oy_; = 27.

Our normal 3-dimensional coordinates have p; = r, z; = z, 6; = 6 (for
physicists), 03 = ¢, x9 = x = rsinf cos ¢, r3 =y = rsinfsin ¢.

The differential dz; = dpj cos8; — p;sin;db;, except for
dry = dpy_18infy_1+ py_1cosby_1dOy_1. Thus

(den)? = (dpn—1)?*sin®Oy_,
+2pN—lde—1d9N—l sin 9]\[_1 COS 9]\[_1 + ,O?V_l COS2 QN_l(dHN_1)2
(dz;)* = (dp;)?cos® 0; — 2p;dp;df; cos 0 sin 0; + p? sin® 0;(d0;)*.



Thus we see
(dry1)® + (den)® = (dpy—1)® + piy—i (dOv-1)?
= (dpn_2)*sin® Oy _,
+2pNn_odpn_o2dOn_osinby_ocosOyn_o
+pN_s c05? On s (dOn—2)* + pi_, (dOn-1)?

where in the second expression I used (with j = N—2)
dpji1 = dp;sinb; + p; cos0;db;.
Adding this to
(dry_2)* = (dpy_2)*cos®On_o
—2pn_2dpn_2dfn_5cosOn_osinOn_o + par_osin® Oy _o(dOy_o)?

we see that

(dry_2)? + (dry_1)* + (doy)?

= (dpn-2)® + pr—1 (dOy-1)* + piy_a (dOn—2)*

This points the way to inductively find (ds)?. T claim
N N-1

S (daw)? = (dpy)* + Y pi(d6y)*  for j=1,...,N -1 (1)

k=3 k=j
We have just shown it is true for j = N—1 and j = N—2. Suppose it is true
for 5. Noting that

(dp;)? = (dpj—1)?sin® O;_1+sin(20; 1) pj—1 dpj—1 df;—1+p}_1 cos® 0 (db;1)?,

N N-1
Y (dag)? = (dwja)*+ (dp;)* + D pi(dbr)?
k=j—1 k=j

= (dpj_1)2 COS2 Hj_l — Sin(29j_1) Pji—1 dpj—l d«9j_1
+p§_1 SiIl2 Qj_l (de_l)Q + (dpj_1)2 Sil’l2 Hj—l
+ sin(29j_1)pj_1dpj_1d9j_1 + p?_l COS2 ej_l(dej_1>2

N-1
+ > pi(dr)?
k=
N-1
= (dpj-1)*+ > pir(doy)?,

k=j—1



so by induction we have shown Eq. (1).
So (ds)? = (dr)? + 0! p2(df)?, and the hypervolume element is

N N-1
Ao = ] oy =" dr T] (sinV =576, dby).
k=1 k=1



