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We have defined a group invariant measure µ(ν) which gives the “volume
density” of parameter space dν1dν2...dνn. We now turn to defining a metric,
a bilinear form

(ds)2 = gabdνadνb

which gives the square of the distance between a group element U(ν) and a
nearby one U(ν +dν). We would like to have this distance have the property
that if both group elements are multiplied from the left by the same group
element G, the distance between the two images is the same as the original
distance. That is also true if G acts from the right.

In the neighborhood of the identity we may take the metric to be given
by the Killing form. That is, the distance between 1I and eiνaLa is given by
(ds)2 = β(νaLa, ν

bLb), where β is the Killing form. We saw that for compact
semisimple Lie algebras we could always take β(La, Lb) = δab, which we do
here, even though many physicist’s generators are off by a factor of two from
this. So (ds)2 =

∑

a νaνa, and gab(ν = 0) = δab.
Now let’s consider the distance between U(ν) and U(ν + dν) by noting

that it is to be the same as distance between U(ν+dν)U−1(ν) and 1I. Writing

U(ν + dν)U−1(ν) = ei(ν+dν)aLae−iνaLa = eiρaLa ,

or
ei(ν+dν)aLa = eiρaLaeiνaLa .

Differentiating this with respect to νa is of the form we considered before,

∂

∂νa
ei(ν+dν)cLc =

∑

b

∂ρb

∂νa

∂

∂ρb
eiρcLceiνcLc = i

∑

b

∂ρb

∂νa
Lbe

iνcLc

=
∫ 1

0
dα eiανcLciLae

i(1−α)νcLc = i

[

1 − e−iνcS(Lc)

iνcS(Lc)

]

ab

Lbe
iνcLc ,

where S is the adjoint representation of the Lie algebra and the matrix in
brackets is to have zero eigenvalues of νcS(Lc) cancelled top and bottom,
giving 1 on these eigenvectors. This is the form we saw before for the rela-
tionship between

∂

∂νa
and Eb.
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Again we conclude

dρb =
∑

a

dνa

[

1 − e−iνcS(Lc)

iνcS(Lc)

]

ab

,

and the distance is given by

ds2 =
∑

b

ρbρb =
∑

b

[

1 − e−iνcS(Lc)

iνcS(Lc)

]

ab

[

1 − e−iνcS(Lc)

iνcS(Lc)

]

cb

dνadνc.

Now S is hermetian and imaginary, so antisymmetric, and we can take the
transpose

[

1 − e−iνcS(Lc)

iνcS(Lc)

]

cb

= −

[

1 − eiνcS(Lc)

iνcS(Lc)

]

bc

and the metric is

(ds)2 = −dνa

([

1 − e−iνcS(Lc)

iνcS(Lc)

] [

1 − eiνcS(Lc)

iνcS(Lc)

])

ac

dνc

=

[

e−iνcS(Lc) + e−iνcS(Lc) − 2

(iνcS(Lc))2

]

ab

dνadνb

so

gab(ν) =

[

eiνcS(Lc) + e−iνcS(Lc) − 2

(iνcS(Lc))2

]

ab

=











e
1

2
iνcS(Lc) − e−

1

2
iνcS(Lc)

(iνcS(Lc))
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ab

.

In general in Riemannian geometry the measure µ(ν) =
√

g(ν) :=
√

det gab(ν),
so we see in this case that

µ(ν) =
√

g(ν) = det





e
1

2
iνcS(Lc) − e−

1

2
iνcS(Lc)

iνcS(Lc)



 .
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