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Last time we discussed a small scatterer at origin. Magnetism

Interesting effects come from many small scatterers Shapiro

occupying a region of size d large compared to A\. The

scatterer j at position #; has an Eill(: with an extra factor — Seaticrers
of ¢*%Ti and in the scattered wave, 7 needs to be

replaced by 7 — ;. Assuming
we are observing from far away,
|F] > d, the variations of the r
in the denominator or the 7’s are
not important, but the effect in
the oscillating exponential is, and
we should approximate

czk\rfz]\ ~ eszefzkr-z]

So the amplitude for the scattered wave due to j has an
extra factor of

ezknn-z]—lkr-z] _ ezq-m,7 with (T: k(’fll _ ,,?)
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» Large number of randomly positioned scatterers: Mot ism
phases random — superposition incoherent.
Only the terms with ¢ = j contribute, F(¢q) = N,
except for ¢ = 0. Coherent scattering ~ N2, so Multiple
incoherent scattering is very faint. Seatverers

Structure Factor

Shapiro

» Crystaline structure: with a regular array we can get
even less scattering.
Consider a one dimensional array of N scatterers
each displaced by @ from the previous.

2
1 _ ¢iNga 2

N-1 ) JEFN
_ iial o sin®(NG-d@/2)
o= JZZO ‘ 7‘ 1—edd |

(Nsin(g-a/2)

For lattice spacings a < A but total extent Na > A,
the fraction is (sinz/z)? for = Ng- @/2. > 1 and
(sinw/x)? < 1 unless ¢ @ is comparable or smaller
than 1/N.
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Applying Maxwell

Maxwell in medium but without sources applies: Blectricity
AsV-D =0, Magnetism
Shapiro
VD= = V25—V (V.D)=-Vx(VxD)
Multiple
o o o N . R Scatterers
= —Vx (VX(D—EE)—EVX <V><E).
v
_9B
ot
o 0B I B
last term: €V x i GEV X (B - ,uH) +e,uav ><‘
5
So altogether,
.
VQE—Eﬁ%T? = -Vx (ﬁ x (D — EE) +E%ﬁx (B - [ﬁ) .

The amplitudes for all the scatterers need to be added
before squaring to find the flux, so we have

do K ko a o iGE
30 TreoBi? |2 € B+ (P &) iy ] 75
’ J

If all the scatterers react the same way, p; and m; can be
factored out of the sum, and we appear to have a single
scatterer with a structure factor

2
F(@) = Z T | — Z Z @ =Ty,
j J g

The nature of F(q) depends on how the scatterers are
distributed.

So except for forward scattering, we have destructive
interference.

In three dimensions, the same thing happens unless the
Bragg condition holds for some pair of scatterers,

q- d' = 2nr for some d the separation between two
scatterers, not too far apart. In that case there will be
some fraction of N interfering constructively, and the
structure factor will be proportional to N2. But if the
lattice spacing is much less than A, this will happen only
for forward scattering.

So a perfect crystal with a < A is = uniform material with
permittivity € and permeability ji, without scattering.
But suppose small fluctuations,

This equation is exact. Good approximations: de, dpu
small, treat to first order, as sources. Can treat full field
D as harmonic, o e=®! so D satisfies inhomogeneous
Helmholtz equation with k% := ficw?, and all fields

perturbations on an incident plane wave

ﬁinc(f) = Bieikﬁ,,-f
Binc(f) =

the fields in the source term, to first order in the
variations, will be

- Se(T) = .
D—-eE = é )Dinc(x)
L o) 5,
B—pH = 'u; ) inc(7)
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the correction will then be the scattered wave given by
the Green’s function

L 1 cikli—7'|
— 3,/
D — Dy E

X{éﬁl X ﬁ/ X (65(5/)Binc(5/))

77|

+%§, X <5ﬂ(£,)§illc(i,))}

Integration by parts: Note® [, VxA= St % A-0if A

vanishes sufficiently at infinity, and therefore
Sy B2 @V ) A ~ = f o (915 < A@).
For the Binc term, f(Z’) is the Green function,

O .
_‘,ezkh: z| P

=-R

m " [ikR—l], with R =7 — 2’

!See lecture notes

For large r, we have

ik — 3 ikr  — ik’
elk\z z ezkre 2]@71,
1
—_ = 1/r
|:L'/7£L)‘ / I’
- ik
V’f — _77,61167“6 zkr17 and
T

K2 e i ki
——7 - Ape e
r

(.9) (¥

So altogether

~—
Il

where
1 k? —inpa [OC(@) s N
Age = E/d:;x’e k {T (r X Dinc(z’)) X 7
wop@) =
—?Tr % Bine(3') -
Blue Sky

Our first application is to consider molecules in a dilute

gas as a fluctuation in € from the vacuum at a point. With

an induced dipole moment p; = 60711101E(fj) we have
de =0y  Ymold(@ — 7))
J

and we assume no magnetic moments, so d = 0. Then

do k4 o
o0 = Tgz moll” €& F(@

where for a dilute gas we have an incoherent sum and
F(q) is the number of scattering molecules, except for
¢ =0, the forward direction.

For the dilute gas as a whole the dielectric constant

€r = €/€g = 1 4+ N7yl where N is the number density of

molecules.
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Again f(z') = ™' =71 /|7" —

For the Dj . term, we also need

/V il FEY X ¥ x A(E)
= /V d/f(@) (V'[9 A@)] - v24)
~ 7/‘/d3a:’ (Vrr@h) v A@)
f/ &2’ A(F )V f (@)
14
~ +/Vd3x’/f(z’)ﬁ' (9')
- /V Pal K@)\ (@),

V2 4 k2, so for the second term, outside the region of

scattering (where we can ignore the §(Z — Z’) term) we

have k2 [, d*a’ A(z")e™7' =71 /|2 — 7).

The differential cross section for light with polarization €
is

2

do )g’* : ASC

diﬂﬁ

with ¢ = k(i — 7).

The total scattering cross section per molecule is then
_ K | _1‘22 ‘dQI”* x &2
o= 622 € a € €
€

The polarization factor is

Te@" €)@ @) =1 |-l as Toget + Fii = .

Consider light incident in the z direction with € = Z, so
7+ €=sinf cos ¢, and the integral

T 2

/dQ|E* x &|? :/ smede/ dep(1—sin® 0 cos® ¢) = 8/3,
0 0

and

K K

o= ——le—17=
67 N2 6N

‘2 2! 2

2|n271 N3N [n—1

where n = /e, is assumed to deviate only slightly from 1.

is the Green’s function for
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The intensity of the beam I(z) = I(0)e~** falls
exponentially with distance with the attenuation
coefficient o due to the scattering. In a slice of width dz,
there are Ndz scatterers per unit area, each scattering an
area o of the beam, so there is a fractional loss of Nodz
in distance dz, and

2%k*

= No~ —— _
« a 37]'Nn

112

This is Rayleigh scattering. Note that it is a method of
determining the number of molecules, so an approach
which was used historically to determine Avagadro’s
number.

In a fluid in equilibrium with a reservoir at constant
pressure and temperature, the probability that a given
piece of fluid occupies a volume V is exp —G(V) /kpT,
where G is the Gibbs free energy and kp is Boltzmann’s
constant.

In terms of the? isothermal compressibility

1 /0V 22q\
%—*V(&ﬂT—Qﬁﬁ>’

the mean square deviation of ((AV)?) = kgT(V)pr, and

((AN)?) = kgT(N?/V)fr.

2See Reif, p300

As for the blue sky, the attenuation coefficient is just
« = No and the angular integral is
[dQY e - &[* = 8n/3, so

B [(e— (e +2)
= = | T NEgTBr
@ 67N 3er BT
Wt (e = D)(er+2)
= NkpTBr.
6mNc* 3 kT r

The most important feature of this is that at the critical
point the compressibility 87 blows up, so the fluid
becomes opalescent.

T am going to skip the sections on diffraction. This has
been or is covered in our optics courses.
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Critical Opalescence

In the previous discussion we assumed no corrolation in
the positions of the scatterers. This is not a good
approximation in denser fluids. A better approximation is
to consider € to be the mean permittivity of the fluid but
take into account density fluctuations. From the
Clausius-Mossotti relation (J4.70) we have

BN e
3 = N7pol AN (3=Nype1)? 3N

so the variation of € in a region of fluid with varying
density is

de (e —1)(er+2)

— =-——7"——"4N.

€0 3N

How do we evaluate dN?

So the total (for all the particles in the volume)
differential cross section is

do KL Lo 3 _igz0e(@)
NV<m> = 167|6 - &l <‘/dme :

kA & — (e +2)]?

_ e
= T2 €6l 3Ne,

)

x / &Pz / P FTETEV SN (B)IN ().

If we assume the correlation length for density
fluctuations is much less than the wavelength, we may
take €("=%") ~ 1 and the integrals give

V{((6N)?) = N2kpTBr.

_ (er=1)(&r+2) )
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