Lecture 7 February 15, 2010

We will not cover single-mode fibers, or normal modes in
fibers. So we are skipping section 8.11.

Today we will discuss sources of electromagnetic fields in
waveguides.

Then on Thursday, we will begin discussing sources more
generally, We will first cover spherical waves of Jackson
§9.6, and then come back to the beginning of chapter 9.

k=+\/w?/c2 -~

We need to consider not only right-moving (k real, > 0)
and left-moving (k real, k < 0) modes, but also the
damped modes, w < ¢y, with k imaginary. Far from the
sources, only the real £ modes will matter, but we need
all modes for a complete set of states.

Expand our fields in normal modes, indexed by A, which
includes a type (TE or TM or TEM) as well as indices
(“quantum numbers”) defining the mode. Each mode A
has two k values,

a “positive” one, k > 0 real, or k imaginary, Imk > 0, and
a “negative” one, k < 0 real, or k imaginary, Imk < 0.
For each A let k) be the “positive” value (i.e. positive real
or imaginary with positive imaginary part.)

The normal modes are determined by solutions of the
Helmbholtz equation (V? + 'yi) 1 =0, with 9|, = 0 for
TM modes or Neumann conditions on I' for the TE
modes. With two more indices, A\[, give a complete set of
functions on the cross section with 9|, =0, and A%, give
a complete set of functions on the cross section with

wl — .

an |p

Note that if vy and 1), are solutions to (V,z + ’yz) P=0
with v = v, and v = v, respectively,

[ (G (Fn) = [ 7 (9) x5

Y PRI G
- /F o /A IV,
- 0+v§/Awu

where the vanishing of the fF holds if 1 satisfies
Dirichlet boundary conditions | = 0 or ¥, satisfies
Neumann conditions 0, /On|. = 0.
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Sources of Waves in Wave Guides

We discussed waves propagation without sources in
waveguides. Now consider a given distribution of charges
and currents in a localized region of the waveguide. We
assume the charge motion is otherwise determined,
ignoring back reaction of the fields on the charges.

Then Maxwell’s equations are still linear (inhomogeneous)
in the fields, with boundary conditions still
time-independent, so fourier transform in time will give
frequency components independently in terms of
frequency components of the source distribution.

Away from the sources, waves as before, with the general
fields superpositions of normal modes with z dependence

given by
k=+\/w?/c2 =~}

For the positive mode part of the fields, we have

E_")J\r(xvyvz) = [EA(z7y) +2Ez/\(.’L',y)} etkaz
Af@y2) = [Aawy)+ 2Horwy)]

where Ed)\(av7 y) and H A(z,y) are purely transverse, and
are determined by E, and H, as in the first lecture
(Jackson 8.26).

The negative modes are found by z <> —z, which involves
a parity transformation, under which E, changes sign but
the transverse part doesn’t. But the magnetic field is a
pseudovector, so under parity it behaves the opposite way,
and H, doesn’t change sign but ﬁ(T, y) does. Thus

ES (v,y,2) = [E_")\(x,y) - sz/\(z,y)} iz
ﬁ;(l‘,y,z) = [7}?/\(7;7];) + 2Hz)\(.l‘,y)] etz

Reversing p < A, we see that if both satisfy the same
condition,

/A (Fan) - (Fe) =3 /A Uty =72 /A Pt

so if vx # Yy, fA ap, = 0. If there are several solutions
with the same ~y, with 42 real, we may choose them all to
be real (or have the same phase), in which case [, ¥xt), is
a real symmetric matrix which can be diagonalized, so we
may choose basis functions ¥, to be orthonormal under
integration over A.
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It is convenient to chose the basis functions so that the
transverse electric field (at z = 0) is real and normalized.
For TM modes, E = i (ky/73) Vi, E. = 1, s0 we chose ¥
to be imaginary for k) real and real for k) imaginary, with

/«pm:fﬁ "

Then

//\EA~EM = k;‘k“ ; (6&[1/\) : (ﬁtwu>

’Y)\"/;L
k)\k“( ; )

= T N
B2\
k)\ku (7’}&)

= =3 | 0 =0
RN

Flndlly7 suppose A is a TM mode with
Ey\ =i (kx/73) Vity, and @ is a TE mode, with
Ey = —i (kuZu/42) # x Vb Then

AEA . Eﬂ‘u = ki\y]?fyfu /A (ﬁ{(ﬁx) . (2 X 6,5’(/),1)

- e[ ) < ()

The integral

(B < (Fu)

/Aﬁt X (’lﬁ/\ﬁtwu)

/Fw (ﬁtwﬂ) =0

by Stokes theorem and the fact that ) vanishes on the
boundary.

For a rectangular wave guide

If the cross section is (0 <z < a) x (0 <y < b), the
equation separates in x and y, modes are labelled by
integers m and n, the number of half wavelengths in each
direction, and

TM waves: Y|s =0
—2i%Ymn mwx\ . (NTY
E.mn = th=—7—sin ( ) sin ( ) ,
¥ kxvab a b
B 2m (TILTF (mry)
zmn — T, —COS
’Ymna\/@
2mn nwy
E mn = ———=sin ( ) ( )
Y YmnbVab
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For TE modes, Hy =i (k)\/'y/\) Vihy = Z 2 x E, where
Zy = Zpk/ky, k := w/c. Here we choose 1[} imaginary (as
kxZ) is real) with

/A YAty = /A HoHy =~ ZQ(SA,L

Then for two TE modes
5= kxkuZx7, = =
/AE/\ ‘B, = *Tﬁ/A (VH/J/\) . (th/)u>
B ]C)\k/‘u 81/) : o
- ( [t~ [ vt

k/\kt
= Bk <0+w§ / ww,,)
XV A

kxky, 'YA

G

5/\;; = 6)\;1

Thus we have shown (or chosen) that the transverse
electric fields for the normal modes satisfy

/ BB, = by,

A

for all the modes, TE and TM.

As we have shown / EA . E}t = O, and as
A

. . . 1
Hy, = Z;'4 x E\, we have / Hy-H, = ?am and in
A P
calculating the time average power flow
= %fA <E X ﬁ) - Z to the right, we can use

/A (Bax ) -2 = ZiAzs,\u

TE waves: g% = 0
—2iYmn mmnx nmy
Hypn = ):7005( )COS(*),
v kxZxVab a b

Eymn =

—2mn ( mnx ) . ( nmy )
————=cos [—— ) sin s
YmnbV ab a

b
2mm mnx nmy
Eymn = s1n ( ) cos (T) s

FYmnAV G

2 2
2 o [T n
Ymn =T ( a2 + b7> .

The overall constants are determined from the

where

normalization [, 2 + EZ = 1, except that for TE modes,
we need an extra factor of 1//2 for each n or m which is

zero, as [ cos?(mmz/a) = a(l 4 Gimo) /2.
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E=E"+E, H=H'+H",
with
+ + At + + i+
E*=3"ATEY, H*=) ATH},
A hy

Coefficients Aiﬁ are uniquely determined by transverse E
and H along any cross section. For example, at z = 0 E
has expansion coefficients AI + Ay while H has
coefficients AI — A . From the orthonormality properties
we find

1 [ = = _
Af:i/E-EAiZfH-HA.
A

In between, we have the full Maxwell equations (with Physics 504,

Spri 2010
sources), Blectricity
o oF gt
- o L. o o N . Magnetism
VXxE =—— =iwppH, VxH=J+ey— = J—iweE
ot Hott, +éo ot 05, Shapiro
while the normal modes obey Maxwell equations without
Sources for
sources: Wave Guides
" ) Y = -
V x Hy = —iwegby, V x B =iwuoHy .

If we apply the identity
V(A B) = (VxA) B4 (VxB), wefind
V- (Ex Hf - B < )
= (VX B)-fif — B (Y x H)
—(Vx Bf) il + B (V< i)

= iwuoﬁ . ﬁj\t + iweOE . Ef — iwuoﬁf\t -H

+Bf - (T-iweE) = J-Bf
Physics 504,
+ Bty i By Broctiioity
cctric
E :A/\’ (E)J X Hy — EY % HA/) and
N St z Magnetism

= ZAJT / <LE“)\, . E,\ - iEd)\ : E,\r) ellkatha)z Shapive
= N Ja\Zy Iy

Sources for
1 1 ;
_ + o Ji(katky)z
= EX:AM;/\A' <7Z,\ 7Z§\> e!Mthn)z = 0.

Wave Guides
On the other hand, the contribution from S_ is
— — _'+ _’+ rr— ~
ZA/\//S - (EA' X Hy —Ey % H)«) "z
IY -

ZA;\// *(E‘,\f x Hy + Ey x ﬁ)«) 5 pilha—hy)z
N S—

Z _2 2
— E AA,ZéAAr = 7Z7/\A)‘
2 [ 7 e

S0 A, =—
2 Jy

Localized Sources

Now consider a source J(Z)e ™"

confined to some region z €

[z—, z4]. Consider cross sections

S_ and Sy, with all sources be- s — = S
tween them.

so at Sy there is no amplitude for any mode with
negative k or with —i|k|, which would represent

left-moving waves or exponential blow up (as z — +00).
The reverse is true at S_, so

F=Y a4 B, A=Y ALA; s,
N N

E=Y AyE,, H=Y A H;, atS_
N N

If we integrate this over the volume between S_ and S,
using Gauss’ theorem and the boundary condition that
Ej =0 at the conductor’s surface,

/ (B> fiy — B x 1) -ﬁ:/ T B,

S v

where S consists of S; with n = 2, and S_ with n = —2.
Let’s take the upper sign. The contribution from S, is
can be reduced to an integral over A at z = 0:

ZA;,/ (Bf < A — Bf x )
v J Sy z

— ZA:\*',/ (EX x Hy — E\ x ﬁ/\/> glrthn)z
~ Sy z

- ZA;,/ (Bv x (232 x By)
Y A

—EA X (Z;,l?:' X EA’)) Ei(k)‘+k)‘/)z

z

The same argument for the lower sign, as spelled out in
the book, gives the equation with the superscript signs
reversed, so both are
Z -

AF :77* VJ-E/T.
In addition to sources due to currents, we may have
contributions due to obstacles or holes in the conducting
boundaries. These can be treated as additional surface
terms in Gauss’ law (by excluding obstacles from the
region of integration V'), but this requires knowing the
full fields at the surface of the obstacles or the missing
parts of the waveguide conductor. This is treated in
§9.5B, but we won’t discuss it here.
So finally we are at the end of Chapter 8.
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