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We will not cover single-mode fibers, or normal modes in
fibers. So we are skipping section 8.11.

Today we will discuss sources of electromagnetic fields in
waveguides.

Then on Thursday, we will begin discussing sources more
generally, We will first cover spherical waves of Jackson
§9.6, and then come back to the beginning of chapter 9.



Sources of Waves in Wave Guides

We discussed waves propagation without sources in
waveguides. Now consider a given distribution of charges
and currents in a localized region of the waveguide. We
assume the charge motion is otherwise determined,
ignoring back reaction of the fields on the charges.

Then Maxwell’s equations are still linear (inhomogeneous)
in the fields, with boundary conditions still
time-independent, so fourier transform in time will give
frequency components independently in terms of
frequency components of the source distribution.

Away from the sources, waves as before, with the general
fields superpositions of normal modes with z dependence

given by
k=4y/w?/c? =73
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We need to consider not only right-moving (k real, > 0)
and left-moving (k real, k < 0) modes, but also the Sources for
damped modes, w < ¢yy, with k£ imaginary. Far from the Wave Guides
sources, only the real £ modes will matter, but we need

all modes for a complete set of states.

Expand our fields in normal modes, indexed by A, which
includes a type (TE or TM or TEM) as well as indices
(“quantum numbers”) defining the mode. Each mode A
has two k values,

a “positive” one, k > 0 real, or k imaginary, Imk > 0, and
a “negative” one, k < 0 real, or k imaginary, Imk < 0.
For each ) let k) be the “positive” value (i.e. positive real
or imaginary with positive imaginary part.)



For the positive mode part of the fields, we have

E}T(Cﬂ,y, Z) = [EA(xay) +2Ez)\(xay>} eik)\z

H)T(xai% Z) = {ﬁ/\([ﬂ,y) + ,‘Z’HZ/\(.TJ,y)} eik,\z

where E) (z,y) and H A(x,y) are purely transverse, and
are determined by F, and H, as in the first lecture
(Jackson 8.26).

The negative modes are found by z «» —z, which involves
a parity transformation, under which E, changes sign but
the transverse part doesn’t. But the magnetic field is a
pseudovector, so under parity it behaves the opposite way,
and H, doesn’t change sign but fl(x,y) does. Thus

_’)T(xvyvz) = [E'A(ﬂ%y) - 2Ez)\(x7y)] e_ikAZ

Hy(w,y,2) = [~Ha(@,y)+ 2Ho(0,y)] e 5
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The normal modes are determined by solutions of the e B

Helmholtz equation (Vf + 7)2\) ¢ =0, with 9| =0 for et
TM modes or Neumann conditions on I' for the TE coml

Magnetism

modes. With two more indices, \[™ give a complete set of
functions on the cross section with | = 0, and A}, give

a complete set of functions on the cross section w1th Sources for
aw 0 ‘Wave Guides

on

I
Note that if ¢y and 1), are solutions to (V? + 72) P =0
with v =~ and v = v, respectively,

[ (Fan) - (Fw) = [ [F- (ixFuws) 02920
= /%8% /%Vﬂﬁu

- 0+7A/Awm

where the vanishing of the [ holds if ¢ satisfies
Dirichlet boundary conditions 1| = 0 or 1), satisfies
Neumann conditions 9v,,/0n|. = 0.

Shapiro




Reversing p <> A, we see that if both satisfy the same
condition,

/A <§t"¢,\> : (ﬁt%) = ’Yi/A%T/Ju = '75/Awkwm

so if vy # vy, [ 4 YAty = 0. If there are several solutions
with the same v, with 72 real, we may choose them all to
be real (or have the same phase), in which case [ A VA s
a real symmetric matrix which can be diagonalized, so we
may choose basis functions 1, to be orthonormal under
integration over A.
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It is convenient to chose the basis functions so that the SEplfzﬁiiﬂlyO
transverse electric field (at z = 0) is real and normalized. Meanstism
For TM modes, F =1 (k,\/fy?\) Vi, E, =1, so we chose 9 Shapiro
to be imaginary for k) real and real for k) imaginary, with
Sources for
2 ‘Wave Guides
Y
R
A A

Then
L =2 kb .
[ BB = S | (Fen) - (Fu)

_ bk
- <7 /A w%)

)\




For TE modes, Hy=i (k)\/'yg) ﬁﬂﬂ)\ = %2 X E, where
Z\ = Zok/ky, k := w/c. Here we choose ¢ imaginary (as
kxZ)y is real) with

/¢A¢u_/H2Aqu k2Z26)\,u

Then for two TE modes
S o kxk,Z\Z - o
/ E\-E, = _W/ (Vﬂ,/})\) : (Vﬂﬁ#)
A fy)\py,u, A

— kkku/ 8%_/ 2
B ’vivﬁ<r *on Aw)\Vt "
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Fmally, suppose . A is a TM mode with
EA =1 (k:)\/'y)\) Vtw,\, and p is a TE mode, with
Ey = —i (kuZu/7?) 2 x Viib,. Then

B = S ] () (e
= k’;ﬁf /A(Vﬂﬁx) X (ﬁﬂbu)
The integral
/A(ﬁﬂ/f)\) X <§t"¢u> = /Aﬁt X <7/’>\6t1/’u>
_ /Fw (Fet) -de =0

by Stokes theorem and the fact that 1, vanishes on the
boundary.
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Thus we have shown (or chosen) that the transverse et
3 3 and
electric fields for the normal modes satisfy T .

Shapiro

/EA.EM:%
A

for all the modes, TE and TM.

Sources for
‘Wave Guides

As we have shown / EA . E';L = Oxu, and as
A

— — B 1

Hy = Z'2 x E), we have / Hy-H, = ?%, and in
A A

calculating the time average power flow

Py=13/, (E X ﬁ) - 2 to the right, we can use

L 1
E ><H)-2:—5
/A<)\ : Zy M
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If the cross section is (0 < z < a) x (0 <y < b), the
equation separates in x and y, modes are labelled by

. . Sources for
integers m and n, the number of half wavelengths in each Wave Guides
direction, and

Shapiro

TM waves: P|s =0
—20%mn . /MTT . [(NTY
E.pm = Y= k)\m&n( . )sm(b),
Eimn = 2mm cos (mm];) sin (@>
’Ymna\/% a b 7
FE, = 2mn sin (mwx) cos (@)
T an ™ o)
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kxZx vV ab a b
Sources for
E —27["n (mﬂ-x > 3 (nﬂ-y > ‘Wave Guides
rmn — COs Sin s
YmnbV ab b
> 2tm . ( mnx ) ( nmwy )
= Sin COS | —
ymn )
Ymn@V ab a b

where ) )
m n
'772rm = 7T2 < + b2>

The overall constants are determined from the
normalization [ A E2 + ES =1, except that for TE modes,
we need an extra factor of 1/ V2 for each n or m which is
zero, as [ cos®(mmz/a) = a(l+ 6mo)/2.



Expansion of Free Waves

Except where there are sources, the fields are an
expansion in terms of normal modes, divided into positive
and negative components:

E=Et+E-, H=H"+H",

with
E* =) AYEY, H*=) ATH;,
A A

Coefficients Af are uniquely determined by transverse E
and H along any cross section. For example, at z =0 E

has expansion coefficients A;\r + A, while H has
coefficients Aj\r — Ay . From the orthonormality properties

we find

—

1 [ =4 = .
A;‘:2/E-EAiZ§H-HA.
A
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confined to some region z € N apie
[2—, z+]. Consider cross sections A

— A+ Sources for
S_ and Sy, with all sources be- s —= S Wave Guides

tween them.

so at S; there is no amplitude for any mode with
negative k or with —i|k|, which would represent
left-moving waves or exponential blow up (as z — +00).
The reverse is true at S_, so

L — - L
E=) A}LEY, H=> ALH} atS,
N N

E =Y AyEy, H=Y A H, atS_
N N



In between, we have the full Maxwell equations (with e B
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L . o - - JE - o
VXE =——=1wuoH, VtzJ%—eo—t:J—iweoE,

8t 8 Shapiro
while the normal modes obey Maxwell equations without
Sources for
sources: ‘Wave Guides
V x Hf = —iweoEY, V x Ey = iwpgHy .

If we apply the identity
V- (/fxé) = <ﬁ><21’) .B-A. (ﬁxé),weﬁnd

<l
/N
=,
X
L
>
|
=
> H
X
T
N—

—(ﬁxﬁf)ﬁjtﬁf(ﬁxﬁ)
:iw,uoﬁ-ﬁ/j\t +iweoﬁ-ﬁf —iwuoﬁf-ﬁ
—I—E’/\jE (j— iweoﬁ> = J. Ef



If we integrate this over the volume between S_ and S,
using Gauss’ theorem and the boundary condition that
E) =0 at the conductor’s surface,

/S(Exﬁf—ﬁfxﬁ)-ﬁ:/vfﬁf,

where S consists of S, with n = 2z, and S_ with n = —2.
Let’s take the upper sign. The contribution from Sy is
can be reduced to an integral over A at z = 0:

ZA;/ (B < iy — Bf x )
Y S+ z
= ZAI,/ (E_:)\/ X ﬁ/\ — E_:)\ X ﬁ)\/> ei(kk—Hﬁ/)z
Y% S+ z
-3 4 / (E,\/ x (Z;lz« X EA)
Y A

—E_:)\ X <Z>T,12A: X EA’)) ei(k)ﬂrk:)\/)z
z
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= ZA / < E)\/ . E_:)\ _ ZLE_"A . EA/) ei(kx_i'_k)\,)z Shapiro
)\/

1 1 Wrars, Crutdiea
— A+,(5)\)\/ < — ) ei(k,\-i-k)\/)z =0.
; SN
On the other hand, the contribution from S_ is
ZAN/ —(E;xH;—E;xH;).;g
A\ S_
- ZA)\’/ _<EA’ X ﬁ/\ + EA X ﬁ)\/) . éei(kk_kw)z
A/
2 _
:_ZA 5)\)\/:_27)\14)‘

Z — —
S0 A =-2 [ J E}.
2 174



The same argument for the lower sign, as spelled out in
the book, gives the equation with the superscript signs
reversed, so both are

A Lo
-2 [ JET.
2 Jv

AT =
In addition to sources due to currents, we may have
contributions due to obstacles or holes in the conducting
boundaries. These can be treated as additional surface
terms in Gauss’ law (by excluding obstacles from the
region of integration V'), but this requires knowing the
full fields at the surface of the obstacles or the missing
parts of the waveguide conductor. This is treated in
§9.5B, but we won’t discuss it here.
So finally we are at the end of Chapter 8.
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