Schumann Resonances Shysies 206
Resonant cavities do not need to be cylindrical, of course. Blectrivity
The surface of the Earth (Rg ~ 6400 km) and the Magnetism
ionosphere (R = R + h, h ~ 100 km) form concentric Shapiro
spheres which are sufficiently good conductors to form a Sehumann
resonant cavity. Resonances
Take E, H & e™™*, cavity essentially vacuum.

Zo = \/mo/eo, ¢=1/\/oeo. Set k =w/ec.
Maxwell:
I L. ko - = -
VxFE =ikZyH, VxH i?E7 V-E=0, V-H=
0
So
o e o - koo -
v x (VXH) = Vx(—ieB)=kH
Zo
= V(V-d)-vi
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In spherical coordinates,
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Thus solutions of Helmholtz’s equation are found by
separation of variables, F'(r)Y (0, ¢), where the angular
part satisfies

1 0 0 1 92
——— sinf— 9 a0 széf 1 Ym~
snoog ™90 T sin20692] m = U+ DY
This you should recognize from Quantum Mechanics as
the equation for the spherical harmonics.
Single-valuedness for corresponding values of 6 and ¢
require ¢ € Z.
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Dotting 7 into the first Maxwell equation, Magnetism

N Shapiro

ikZor H =7 (6XE) - (mﬁ) B =il E,
so for the magnetic multipole (TE) field

LB

o = kZo7 - H = Zogo(kr)L*Yym,
which at least hints at

EXD = Zoge(kr) LYo (1)

tm

Also, this is consistent with 77+ E‘Efg) =0as

7. L= —iF- <F>< 6) =

So
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(VP44 H=0, V-H=0, and E=iPVxH. Blectricity
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Similiarly we can derive Shani
hapiro

. Lo _ 1 - -
(V2+K)E=0, V-E=0, and H=—i—V xE. Schumann
©Z

Resonances
Each cartesian component obeys Helmholtz, but the
radial component 7+ A (for A either F or H) is more
suitable to look at.

R 0? 0? 0A;
V3(F-A) = %: B—Tf (rjA;) = %: <rja—ri214j + 28—”]51',j>

— 7.v2q v . A
= 7 VA+2 V-A
=0 for E,H
so (V4R (F-E)=0, (V24K (7 H)=0.
Magnetic multipole ﬁeld 7 E =0,

Electric multipole field: =0.
Whichever isn’t 1dent1<:ally zero satisfies Helmholtz.
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TE: r ngrjz\zj) - ( I b Ge(kr)Yom (0, 0), 7 EM =0 S:apiro
- L0+1 .
TM: B = 7, ( k ) Fo(kr) Yo (8,¢), 7 HE) = 0.
In fact, let’s steal more from quantum mechanics. Define
the operators L = —i7 x V.
. i 7] 0
Li:inzLy:eil¢ <i89+“0t0%> LZ:—Z%,
and we recall
LyYe, = V (f¥7n)(€i7n+1))/l,mily LYo = mYon,
LYy, = €(04+1) Y.
The rest of the fields in a magnetic multipole are .
Spring 2010
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This magnetic multipole field configuration is also called

transverse electric (TE), as E is transverse to the radial
direction.

The same holds for the electric multipole (TM) field:
Hy) = fz(kT)EYzm(é' 9,
EP - v x HE = fv x (7

tm tm

V) felkr) Yo 6, 9)-
Butﬁx(f’xﬁ):f'VZ (1+r >

B = 2012 = (1 g )] lb¥ent6. 0,
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Px B = %Fx (FV2 -V (1 + r%)) Fo(Br)Yom(0,0)  gpapivo
_ Zo (=, o
D () (1 ”5) Fo(kr)Yin(6.6)

= i (1) ten)] [E¥imto.0)].

):Oatr:REarldr:RE+}L.
Note for £ = 0 we have spherical symmetry, vecE and H
are purely radial and angle-independent, so then

V- E=0=E= ¢/r?, and we have a solution only for
k = 0 and this is a static coulomb field. For ¢ # 0,
vanishing requires (1 + r%) fe(kr) =0 at r = Rp and

r = Rp + h. If, instead, we look for a magnetic multipole
solution, we need go(kr) =0 at r = Rg and r = Rg + h.

- E
Now we need 7 x Eém

We could have resonant magnetic multipole (TE) fields in Physics 504,

the kilohertz range. But there are observed resonances at S
8, 14, and 20 Hertz! Why? We need to look at solutions and
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more closely.
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Our equation is

Z 2d 5, (L+1)
(ﬁ*;ﬂ*’“ 2 >ff<”*07

This can be transformed in several useful ways. Fiddle
the scale of r and the multiply by a power of r,

ug,q,5(0kT)
Je(r) W
P21 M) maple)
de?  xzdx (? 22 PO
@  2(1-—a)d 1  ala—1)—L((+1)
(E  d T)w,aﬁ(x)ﬂ.

Choice 2: a =1, §=1/\/L({+1), Physics 504,
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As f o u/r, the boundary conditions for an electric Shapiro
multipole (TM) field at = kR and x = Sk(Rg + h)
are

d k
<1 + r$> “(ﬁi:) =0=du/dz, with = Gkr.
To get du/dz to vanish at nearby a’s is now easy. Of
course the average value of d*u/dxz? has to be zero
between the two zeroes of du/dx, but that is assured by
(2) for = 1 roughly in the center of the interval, so
1~ BkRE, or
L0+ 1 e A0+ 1
pa YAED e VIERD _ 76 i)
Rg 2r  Rg

Hz = 10.5 Hz, 18.3 Hz, 25.8 Hz, .... The observed

resonant frequecies are about 20% lower, said to be due to
imperfect conductivity of the ground and ionosphere.

Solution of Radial Equation

2”2 20 1
As V2 = W + o ﬁL2’ the radial part of an (¢, m)
mode satisfies

(ﬁ 20 ((L+1)

k) ge(kr) = 0.
or2  ror r2 + >g¢( )

The same equation holds for fy(kr).

Solutions are spherical Bessel
and Hankel functions, similar
to sin(kr) and cos(kr). Easy
to make combinations which
vanish at two points h apart,
with k of order 7 /h. For h ~
100 km, frequency ~ 10 kHz.
Radio waves are higher fre-
quency, and we could use ge-
ometrical optics to describe

ja(z) and ng(x)

what happens.

Two useful choices for « and f:
Choice 1: a«=1/2,4=1

<d2 1d e (£+1/2)2>

dz? ' zdx x? R l’l(I) =0,

2
This is Bessel’s equation with v = ¢ + %, solutions

u= aJ/_,+%(kr) + bNH%(kr), and

fo(r) = d'jo(kr) + b'ng(kr), where j and n are spherical
Bessel and spherical Neumann functions:

@) = [T dep@), o) = [ 7M@)

. ™ ;
" (z) = 37 Jer12(@) £ Neyrjo(@))
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