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Rodrigues’ Formula and Orthogonal Polynomials

Suppose we have a weight function w > 0 on (a,b), with fab w(z)z™ dx de-
fined for all n € N. Then we can define a sequence of orthogonal polynomials
fn(x) of order n such that

| @0 @) d = o,

This can be done iteratively by a kind of Schmidt diagonalization.
[Doesn’t this mean that for given h, > 0 the f,’s are determined (up to
sign)? And then they don’t depend on g(x)7]

We want the f,(x) to satisfy the Sturm-Liouville equation

i (M5 + dwtalyte) o 0

where we expect to have p(x) = w(x)g(x) and p(a) = p(b) = 0, p(x) > 0 on
(a,b). Notice that p(z) and w(x) are always closely related.

Actually, if we have n’th order polynomial solutions f,(z) for all n € N,
we automatically have Ay = 0 and

d

%g(x)w(x) = (=\iz + k)w(z), (2)

so indeed p(x) is determined up to an additive constant by w(x) and A\; and
k.

We claim that, under suitable conditions on w(z) and g(z), the Rodrigues
Formula

7

1 dr
ayw(x) dzm

fulz) = (wg") . (3)

where a,, is a non-zero constant, gives us the f,, which satisfy both conditions.
Actually, we might write this as

1 d
[;-m S el IRCY

1
folz) = iD”g’“1 with D := [—ig ]
an w dx

The conditions we expect to need are

drfl
Ww(m)g”(ac) — 0, for r<n (5)

or z—b

464/511 Lecture J Last Latexed: November 1, 2016 at 13:58 2

for all n € Z*. First, f,(z) is a polynomial of order n. Proof: f; = 1/ay,
1 d "

" 1 d
and as f,(x) = i (g_w%g (@ )) g" = ai [5(—)\1x+/€) + 0 g". Let

1 d
D := [g( ANz + k) + ] so fa(x) = aiD”g”_l.

If we assume ¢g(z) is a non-zero polynomial of order at most 2, and if
¢o(z) is a polynomial of order < ¢,

d¢o

r d rl

which is g" ¢ (z) where ¢1(2) = (—M\x +k + 79 )do + g% is a polynomial
of order < ¢ + 1, so applying this n — 1 times to g" gives a polynomial of
order < n — 1, and then applying gD to this is a polynomial of order n.

We have already assumed (5): (wg") — 0 for m <n which

aorb

dm

we need to show that f, is orthogonal to any polynomial p(z) of order < n,
as

b 1 b dn
o) = [ wEulelple) do= = [ po) 7 (wg) do
1 at "1 fdpdt
= ap(x)m(wg ) a_an/dxdx"—l (wg") dx

=0

_ ...:(_1)n1/dnp (wg") da =0

a, J dzm

as p(z) is of order < n. The boundary terms vanished by the condition (5).
So in particular (f,, fin) = hndpm for some positive h,,.
To see that f given by Eq. (3) satisfies Eq.(1), note that

d n+1 d . d n+2 n+( +1)dg d n+1 .
dx gdxwg = 9 dx wa " dz \ dz wa

nin+1)d*q (d\"
o me \ae) Y (6)

as ¢ has no higher derivatives (g is quadratic).
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d d(wg) dg A1f1 dg
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ote gy = =g g Hn=hwg'oh = wgt (=== (n = D)7
The term in parenthesis is linear, so at most one of the n+ 1 derivatives acts
on it, and
AN g AL dg g\
— —wg" = |- —1D)—=| (- " 7
() s = [Rare-0E|(£) w 7)

i+ 1) (—)\1 +(n— 1)31@) @:) wg".
(6) and

Equating the right hand sides of Egs. (7) and using Eq. (2)

d\’ dg M\, )\ d 2—n d%g
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d? dw dg M\ d
— + (29— + 2w+ — —+Aw f=0
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d
—quw
dxg
with
1 d*w dg M\ 1 dw 2—nd?g
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gwdx2+(d k1f1> d:p+(+)[2 i 1]
A 1d 1 dw
F - fh = o gu=g' g
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