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Last TimeLast TimeLast TimeLast Time

We introduced We introduced solvingingsolvinging SE using approximationsSE using approximations
Analytic methodsAnalytic methods

WentzelWentzel--KramersKramers--BrillouinBrillouin (WKB) method (last (WKB) method (last 
time)time)time)time)
Perturbation theory (last time and today)Perturbation theory (last time and today)
VariationalVariational methods (today)methods (today)



TimeTime--independent Perturbation independent Perturbation 
TheoryTheory

Perturbation theory applies when the potential V(x) is a small Perturbation theory applies when the potential V(x) is a small y pp p ( )y pp p ( )
deviation from another potential Vdeviation from another potential V00(x) for which we (x) for which we cancan solve solve 
S.E. exactly.S.E. exactly.

VV00(x) is the (x) is the unperturbed potentialunperturbed potential
And we can solve:And we can solve:

V(x) is the V(x) is the perturbed potentialperturbed potential

where

ΔΔV(x) is the V(x) is the perturbing potentialperturbing potential, or the, or the perturbationperturbation
(your book calls this V’)(your book calls this V’)



We want to solve:We want to solve:

Let’s define fLet’s define fnn(x) so that(x) so that
Let’s define Let’s define εεnn so thatso that
Put into the equation above that we want to solve.Put into the equation above that we want to solve.



So far, this is So far, this is exactexact..
Now let’s introduce approximations:Now let’s introduce approximations:Now let s introduce approximations:Now let s introduce approximations:



The right hand side consist only ofThe right hand side consist only ofThe right hand side consist only of The right hand side consist only of 
multiplication of two multiplication of two tinytiny quantities, whereas the quantities, whereas the 
left side has only one tiny quantity in each termleft side has only one tiny quantity in each termleft side has only one tiny quantity in each termleft side has only one tiny quantity in each term
The basic assumption of The basic assumption of firstfirst--order timeorder time--
independedindepended perturbation theoryperturbation theory is that theis that theindependedindepended perturbation theoryperturbation theory is that the is that the 
right hand side is set to zero:right hand side is set to zero:



Our goal is to solve for Our goal is to solve for εεnn

So let’s expand fSo let’s expand fnn in the complete set in the complete set ΨΨnn
00

So the left hand side of:So the left hand side of:
becomes:becomes:



Now let’s multiply byNow let’s multiply by ΨΨ 0* 0* and integrate:and integrate:Now let s multiply by Now let s multiply by ΨΨnn and integrate:and integrate:



Given a perturbationGiven a perturbation ΔΔV(x) this gives the firstV(x) this gives the firstGiven a perturbation Given a perturbation ΔΔV(x), this gives the firstV(x), this gives the first--
order correction order correction εεnn to the unperturbed energy to the unperturbed energy 
EE 00 and Eand E =E=E 00 ++ εεEEnn , and E, and Enn=E=Enn + + εεnn



ExampleExampleExampleExample
Perturbed infinite square well:Perturbed infinite square well:

The unperturbed eigenfunctions:The unperturbed eigenfunctions:

The unperturbed energies:The unperturbed energies:The unperturbed energies:The unperturbed energies:

The perturbing potential:The perturbing potential:

The perturbed energies:The perturbed energies:



We want to find We want to find εεnn



ExampleExampleExampleExample

Assume an infinite square wellAssume an infinite square wellAssume an infinite square well Assume an infinite square well 
has a tilted floor.has a tilted floor.

Also assume Also assume ααL is small L is small 
d h dd h dcompared to the ground state compared to the ground state 

unperturbed energyunperturbed energy
Find the first order correction to Find the first order correction to 
energy eigenvalues.energy eigenvalues.



Also note that as Also note that as αα→→0 we get 0 we get εεnn→→0 as expected!0 as expected!



The Variational MethodThe Variational MethodThe Variational MethodThe Variational Method

Method to estimateMethod to estimate groundground--state energiesstate energies ofofMethod to estimate Method to estimate groundground state energiesstate energies of of 
potentialspotentials
Make anMake an educated guesseducated guess at the mathematicalat the mathematicalMake an Make an educated guesseducated guess at the mathematical at the mathematical 
form of the groundform of the ground--state wavefunctionstate wavefunction
R iR iRequirement:Requirement:

Normalized trial wavefunction needs to satisfy the Normalized trial wavefunction needs to satisfy the 
b d di i f h blb d di i f h blboundary conditions of the problemboundary conditions of the problem

Need not satisfy the SE!Need not satisfy the SE!



The Variational MethodThe Variational MethodThe Variational MethodThe Variational Method

If If φφ(x) is trial ground(x) is trial ground--state state wavefunctionwavefunction, the predicted , the predicted φφ( ) g( ) g , p, p
groundground--state energy is:state energy is:

If we know If we know ΨΨnn(x), the exact energy (x), the exact energy eigenfunctionseigenfunctions, we , we 
dd φφ( ) lik did l i( ) lik did l ican expand can expand φφ(x) like we did last time:(x) like we did last time:

But, we do not know But, we do not know ΨΨnn(x).(x).



Trial wavefunctionTrial wavefunctionTrial wavefunctionTrial wavefunction

φφ(x), the trial ground(x), the trial ground--state wavefunction, needs tostate wavefunction, needs toφφ(x), the trial ground(x), the trial ground state wavefunction, needs to state wavefunction, needs to 
satisfy:satisfy:

Boundary conditions Boundary conditions -- we’ll discuss this in a momentwe’ll discuss this in a momentyy
NormalizationNormalization

This is ensured by:This is ensured by:This is ensured by:This is ensured by:



Let’s substituteLet’s substitute
iiintointo



SoSo

Now, if the true ground state energy is ENow, if the true ground state energy is E00

And all of the other states must have EAnd all of the other states must have Enn ≥E≥E00

So:So:So:So:



Trial wavefuctionTrial wavefuctionTrial wavefuctionTrial wavefuction
What does this mean?What does this mean?

If If φφ(x) is a normalized trial (x) is a normalized trial wavefunctionwavefunction for the ground for the ground 
φφ φφstate, then <state, then <φφ||HH||φφ> sets an upper limit to the ground state > sets an upper limit to the ground state 

energy.energy.
How do we choose How do we choose φφ(x)?(x)?φφ( )( )
1. It should be 1. It should be normalizablenormalizable (It should go to zero at (It should go to zero at infinitiyinfinitiy))
2. The better your trial 2. The better your trial wavefunctionwavefunction is, the closer you are to the is, the closer you are to the 
true ground state energytrue ground state energytrue ground state energy.true ground state energy.



ExampleExampleExampleExample

Let’s use theLet’s use the variationalvariational method to set an uppermethod to set an upperLet s use the Let s use the variationalvariational method to set an upper method to set an upper 
limit on the ground state energy of the linear limit on the ground state energy of the linear 
potential:potential:pp

Recall we used the WKB approximation on thisRecall we used the WKB approximation on thisRecall, we used the WKB approximation on this Recall, we used the WKB approximation on this 
same potential (see last lecture or example 9.1)same potential (see last lecture or example 9.1)
Use the trialUse the trial wavefunctionwavefunctionUse the trial Use the trial wavefunctionwavefunction
and find     that minimizes and find     that minimizes 



Variation method:Variation method:







We want to find the minimum Energy, thusWe want to find the minimum Energy, thus dEdE/d/dβ =0 β =0 and solveand solveWe want to find the minimum Energy, thus We want to find the minimum Energy, thus dEdE/d/dβ 0 β 0 and solve and solve 
for  for  β:β:



Let’s compare to WKB Let’s compare to WKB 
Approximation resultApproximation result

VariationalVariational method:method: ~6% higher 
th n t

WKB:WKB:

than exact 
result

Exact:Exact: 2.338 2.338 αα2/32/3 εε1/31/3

VariationalVariational method:method:VariationalVariational method:method:
The closer is the trial The closer is the trial wavefunctionwavefunction to the true to the true 
ground state ground state wavefunctionwavefunction, the closer the evaluated , the closer the evaluated 
energy will be to the ground state energy.energy will be to the ground state energy.



Summary/AnnouncementsSummary/AnnouncementsSummary/AnnouncementsSummary/Announcements
Next time: GRE problems/Final reviewNext time: GRE problems/Final review
HW13 i d M d D 12 l HW dHW13 i d M d D 12 l HW dHW13 is due on Monday Dec 12: no late HW accepted.HW13 is due on Monday Dec 12: no late HW accepted.

Final Exam: Wed, December 21, 8:00 amFinal Exam: Wed, December 21, 8:00 am--11:00 am, 11:00 am, 
SECSEC--209: 209: 

Cl d b k i h L i f l h b h idCl d b k i h L i f l h b h idClosed book with a Letter size formula sheet on both sidesClosed book with a Letter size formula sheet on both sides
Those who achieve more than 20% improvement in percentile Those who achieve more than 20% improvement in percentile 
score in the Final exam compared to the Midterm will get extra score in the Final exam compared to the Midterm will get extra p w gp w g
credit: details will be finalized next class.credit: details will be finalized next class.


