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Hydrogen Atom SummaryHydrogen Atom SummaryHydrogen Atom SummaryHydrogen Atom Summary
Coulomb Potential:

ΨΨ is a product of is a product of 
ΦΦ which is which is 
ΘΘ which is a polynomial in which is a polynomial in coscosθθ
R which is a product of a decaying exponential and a polynomial in rR which is a product of a decaying exponential and a polynomial in r

ΨΨ depends on 3 q ant m n mbersdepends on 3 q ant m n mbersΨΨ depends on 3 quantum numbersdepends on 3 quantum numbers
Principal quantum numberPrincipal quantum number n=1, 2, 3, …n=1, 2, 3, …
Orbital angular momentum quantum numberOrbital angular momentum quantum number ll = 0, 1, 2, … (n= 0, 1, 2, … (n--1)1)g qg q (( ))

Today we will concentrate on thisToday we will concentrate on this
Magnetic quantum numberMagnetic quantum number mmll = 0, = 0, ±±1, …. 1, …. ±± l l or or 

ll ll+1+1   l  l 11  l  l mmll ==--l,l,--ll+1+1, … l, … l--11, l , l 
Next time we will focus on thisNext time we will focus on this



Review of Orbital Angular Review of Orbital Angular 
MomentumMomentum

Recall that the orbital angular momentum in Recall that the orbital angular momentum in 
spherical coordinates is:spherical coordinates is:pp

From HW 8 or 
R d P b 6 7Reed Prob. 6-7  



Is the Hydrogen Is the Hydrogen wavefunctionwavefunction
((ψψnlmnlm) an ) an eigenstateeigenstate of Lof Lxx, L, Lyy, , LLzz??

You should already be able to tell me the answer to this You should already be able to tell me the answer to this yy
question!question!
Let’s start with Let’s start with LLzz::

Y i iY i i ii ff LL i hi h i li l hbhb !!Yes, it is an Yes, it is an eigenstateeigenstate of of LLzz with with eigenvalueeigenvalue mmllhbarhbar!!



Now let’s try LNow let’s try L and Land LNow let s try LNow let s try Lxx and Land Lyy

So, no,So, no, ψψ ll isis notnot anan eigenstateeigenstate of either Lof either L or Lor L ..So, no, So, no, ψψnlmnlm is is notnot an an eigenstateeigenstate of either Lof either Lxx or Lor Lyy..
But we can always evaluate the expectation values…But we can always evaluate the expectation values…



What about the expectation What about the expectation 
values of Lvalues of Lxx and Land Lyy??

For example as an exercise you can show thatFor example as an exercise you can show thatFor example, as an exercise you can show that For example, as an exercise you can show that 
this is true for the (2,1,1) state.  See problem 7this is true for the (2,1,1) state.  See problem 7--
21 in your book.21 in your book.21 in your book.21 in your book.



What does this mean?What does this mean?What does this mean?What does this mean?
So, the vector So, the vector LL is is 
continuously precessing aboutcontinuously precessing aboutcontinuously precessing about continuously precessing about 
the zthe z--axis.axis.
The plane of electron’s orbit The plane of electron’s orbit pp
is perpendicular to is perpendicular to LL and and 
precesses with it.precesses with it.
There is a fixed value of LThere is a fixed value of Lzz
but Lbut Lxx and Land Lyy are not fixed are not fixed 

ddand average to zero.and average to zero.



More things to note…More things to note…More things to note…More things to note…

Uncertainty principle:Uncertainty principle:y p py p p
If LIf Lxx, L, Lyy, and , and LLzz were all fixed, the electron would be moving were all fixed, the electron would be moving 
in a definite fixed plane.in a definite fixed plane.
But then its momentum component perpendicular to theBut then its momentum component perpendicular to theBut then its momentum component perpendicular to the But then its momentum component perpendicular to the 
plane would be infinitely uncertainplane would be infinitely uncertain

So not bound in the H atomSo not bound in the H atom



How about the following How about the following 
questions?questions?

Does this mean hydrogen atom has a wellDoes this mean hydrogen atom has a well--defined defined LLzz but not Lbut not Lxxy gy g zz xx
or Lor Lyy??

Considering that Coulomb potential is spherically symmetric, Considering that Coulomb potential is spherically symmetric, 
how can there be a special axis called zhow can there be a special axis called z--axis at all?axis at all?

But if Hydrogen atom is placed in an external magnetic field But if Hydrogen atom is placed in an external magnetic field BB, , 
symmetry is destroyed and the direction of symmetry is destroyed and the direction of BB is chosen to be the is chosen to be the 

iizz--axis.axis.
We will see this next week!We will see this next week!



IsIs ψψ ll anan eigenstateeigenstate of Lof L22??Is Is ψψnlmnlm an an eigenstateeigenstate of Lof L ??

Again you should know the answer to this!Again you should know the answer to this!Again you should know the answer to this!Again you should know the answer to this!



Recall when we did the separation of variables inRecall when we did the separation of variables inRecall when we did the separation of variables in Recall when we did the separation of variables in 
Lecture 14 (chapter 6):Lecture 14 (chapter 6):

So, yes, So, yes, ψψnlmnlm is is eigenstateeigenstate of Lof L22 with with eigenvalueeigenvalue
l l ((ll+1) hbar+1) hbar22



ExampleExampleExampleExample



ExampleExampleExampleExample



ExampleExampleExampleExample

So ψ is not an eigenfunction of  L2 but is an eigenfunction of  Lz.



ExampleExampleExampleExample

What are the expectation values of H LWhat are the expectation values of H L22 andand LLWhat are the expectation values of H, LWhat are the expectation values of H, L and and LLzz
of the following Hydrogen of the following Hydrogen wavefunctionswavefunctions??



Recall Angular Momentum Recall Angular Momentum 
Commutation RelationsCommutation Relations

The components of L do not commute with each other!The components of L do not commute with each other!The components of L do not commute with each other!The components of L do not commute with each other!
No simultaneous eigenstates!No simultaneous eigenstates!
If you measure LIf you measure Lxx⇒⇒ get a certain valueget a certain valueyy x x gg
Next, measure LNext, measure Ly y ⇒⇒ get a certain valueget a certain value
Measure LMeasure Lx x again again ⇒⇒ in general, you won’t get the same value as in general, you won’t get the same value as 
before!before!before!before!
So, once a measurement has been made, knowledge of the other So, once a measurement has been made, knowledge of the other 
two components is irretrievably lost.two components is irretrievably lost.



Let’s evaluate commutator Let’s evaluate commutator 
22[L[L22,L,Lxx]]



From Chapter 4:

Put it all together ….Put it all together ….



We can show similarly that:We can show similarly that:yy

So, LSo, L22 commutes with commutes with eacheach of Lof Lxx, L, Lyy and Land Lzz
But none of these commute with each other!But none of these commute with each other!
We can measure LWe can measure L22 and any and any oneone of Lof Lyy, L, Lyy and Land Lzz and and 
get sharp eigenvalues and simultaneous eigenstatesget sharp eigenvalues and simultaneous eigenstates



Raising and lowering angular Raising and lowering angular 
momentum operatorsmomentum operators

Let’s introduce:Let’s introduce:Let s introduce:Let s introduce:

Like raising and lowering operators of HarmonicLike raising and lowering operators of HarmonicLike raising and lowering operators of Harmonic Like raising and lowering operators of Harmonic 
Oscillator (H.O.) from chapter 5:Oscillator (H.O.) from chapter 5:

Raised/lowered energy eigenvalue
by (hbar ω)



Functional form of LFunctional form of L±±Functional form of LFunctional form of L±±



What do these operators raise and What do these operators raise and 
lower?lower?

Let’s find outLet’s find outLet s find out …Let s find out …



Let’s operate on wavefunction …Let’s operate on wavefunction …



Operate this on wavefunctionOperate this on wavefunctionOperate this on wavefunctionOperate this on wavefunction



What does this mean?What does this mean?What does this mean?What does this mean?

LL±± operates on wavefunction and yields newoperates on wavefunction and yields newLL±± operates on wavefunction and yields new operates on wavefunction and yields new 
function (Lfunction (L±± YYllmmll), whose z component of ), whose z component of 
angular momentum is exactly hbar more/less angular momentum is exactly hbar more/less g yg y
than that possessed by Ythan that possessed by Yllmmll

LL++ and Land L-- raise or lower the state of the z raise or lower the state of the z 
component of angular momentum of Ycomponent of angular momentum of Yllmmll by by 
one unit in terms of hbar.one unit in terms of hbar.

Similar to case of H.O.Similar to case of H.O.



What effect does LWhat effect does L±± operators operators 
h hh h i l ?i l ?have on the have on the ll eigenvalue?eigenvalue?

When LWhen L22 operates on operates on 
wavefunction (Lwavefunction (L±± YYllmmll) ) 
the result is the samethe result is the samethe result is the same the result is the same 
(same eigenvalue) as (same eigenvalue) as 
when it operates on when it operates on 
wavefunction (Ywavefunction (Yllmmll) ) llmmll
alone!  alone!  
It has no effect on It has no effect on ll
eigenvalue of Yeigenvalue of Yllmmll



What What wavefunctionwavefunction does Ldoes L±±

return?return?
Recall H O :Recall H O :Recall H.O.:Recall H.O.:

Similarly,Similarly,

The proof  in Reed (page 281) is wrong!  Correct proof  requires concepts 
beyond the scope of  this course. You can find the correct proof  in Griffiths page 166. 



Correction in ReedCorrection in ReedCorrection in ReedCorrection in Reed

In particularIn particularIn particular, In particular, 



More aboutMore about LL±±More about More about LL±±

Just like harmonic raising and loweringJust like harmonic raising and loweringJust like harmonic raising and lowering Just like harmonic raising and lowering 
operators,operators,

Check:Check:



QuestionsQuestionsQuestionsQuestions

What is the expectation value ofWhat is the expectation value ofWhat is the expectation value of What is the expectation value of 
H(Hamiltonian), LH(Hamiltonian), L22, and , and LLzz of of ψψ=A=ALL++ψψ321321, , 
where A is just a normalization constant?where A is just a normalization constant?where A is just a normalization constant?where A is just a normalization constant?



Summary/AnnouncementsSummary/AnnouncementsSummary/AnnouncementsSummary/Announcements
Next time: Next time: 

The SternThe Stern--GerlachGerlach Experiment Experiment 
evidence for quantized angular momentumevidence for quantized angular momentum

Next homework due on Monday Nov 21Next homework due on Monday Nov 21Next homework due on Monday Nov 21.Next homework due on Monday Nov 21.


