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Last timeLast timeLast timeLast time

S E in 3D and in spherical coordinatesS E in 3D and in spherical coordinatesS.E. in 3D and in spherical coordinatesS.E. in 3D and in spherical coordinates
For a mass For a mass μμ moving in a central potential V( r)moving in a central potential V( r)

Solutions separated into angular and radial partsSolutions separated into angular and radial parts



Rewrite this in terms of angular Rewrite this in terms of angular 
momentum of the systemmomentum of the system



Angular SolutionsAngular SolutionsAngular SolutionsAngular Solutions

Magnetic quantum number

Associated Legendre functions

Spherical harmonic functions

Orbital angular quantum number

Spherical harmonic functions



Space QuantizationSpace QuantizationSpace QuantizationSpace Quantization

The magnetic quantum number  mThe magnetic quantum number  mll expresses the quantization of expresses the quantization of g qg q ll p qp q
directiondirection of of LL

So L can assume only certain angles, given above, with respect to So L can assume only certain angles, given above, with respect to 
the zthe z--axis.axis.
This is called space quantization.This is called space quantization.



ExampleExampleExampleExample
For a particle with For a particle with l=l=2, what are the possible 2, what are the possible 
angels thatangels that LL can make with the zcan make with the z axis?axis?angels that angels that LL can make with the zcan make with the z--axis?axis?



Plot of Spherical harmonicsPlot of Spherical harmonicsPlot of Spherical harmonicsPlot of Spherical harmonics
“3D” plots of:“3D” plots of:

2

θθ is measured from is measured from 
h ih ithe +z axisthe +z axis

Independent of Independent of φφ
So rotationallySo rotationallySo rotationally So rotationally 
symmetric symmetric 
around zaround z--axisaxis

Th m if tTh m if tThese manifest These manifest 
themselves as the themselves as the 
probability probability p yp y
distributionsdistributions



Summary: Quantization of Summary: Quantization of 
L, LL, Lzz and spaceand space

Reed: Chapter 6



Radial SolutionsRadial SolutionsRadial SolutionsRadial Solutions

To find radial solutions:To find radial solutions:To find radial solutions:To find radial solutions:

This is called the This is called the radial equationradial equation



Solving the radial equationSolving the radial equationSolving the radial equationSolving the radial equation

Note:Note:

Let’s introduce the auxiliary function:Let’s introduce the auxiliary function:

And plug it in aboveAnd plug it in above





The Total WavefunctionThe Total WavefunctionThe Total WavefunctionThe Total Wavefunction
The total wavefunctionThe total wavefunction

We will soon define n to be the quantum number that We will soon define n to be the quantum number that 
dictates the quantization of energydictates the quantization of energy
First let’s solve this for two simple casesFirst let’s solve this for two simple cases

Infinite and finite spherical wellsInfinite and finite spherical wells
Sph i l l f p ti l i bSph i l l f p ti l i bSpherical analogs of particle in a boxSpherical analogs of particle in a box
Interest in nuclear physics: nuclei modeled as spherical Interest in nuclear physics: nuclei modeled as spherical 
potential wells 10’s of MeV deep and 10potential wells 10’s of MeV deep and 10--1414 m in radiusm in radius

Then we will obtain a detailed solution to the Coulomb Then we will obtain a detailed solution to the Coulomb 
potential for hydrogen (next time)potential for hydrogen (next time)



The Infinite Spherical WellThe Infinite Spherical WellThe Infinite Spherical WellThe Infinite Spherical Well
A particle of mass A particle of mass μμ is trapped in a spherical region of is trapped in a spherical region of 
space with radius a and an impenetrable barrierspace with radius a and an impenetrable barrierspace with radius a and an impenetrable barrierspace with radius a and an impenetrable barrier

Reed: Chapter 7

We will only deal with the simplest case of zero angular We will only deal with the simplest case of zero angular 
momentummomentum

(Otherwise:                                                              ) (Otherwise:                                                              ) 



Looks just like for 1D infinite potential well!Looks just like for 1D infinite potential well!
So solutions are:So solutions are:So solutions are:So solutions are:



Boundary ConditionsBoundary ConditionsBoundary ConditionsBoundary Conditions
Recall:Recall:
B d di i h ld di f RB d di i h ld di f RBoundary conditions should prevent divergence for R Boundary conditions should prevent divergence for R 
as ras r→→0: Thus U=R*r =0 as r0: Thus U=R*r =0 as r 0:0:

Boundary conditions also require that the barrier isBoundary conditions also require that the barrier isBoundary conditions also require that the barrier is Boundary conditions also require that the barrier is 
impenetrable:impenetrable:

This gives us quantization of energy!This gives us quantization of energy!



Total WavefunctionTotal WavefunctionTotal WavefunctionTotal Wavefunction

To obtain A, we apply normalization …To obtain A, we apply normalization …



NormalizationNormalizationNormalizationNormalization



Normalization: simpler approachNormalization: simpler approachNormalization: simpler approachNormalization: simpler approach



Example: what is <r> for a particle Example: what is <r> for a particle 
in an infinite spherical well?in an infinite spherical well?

<r> is independent of  n!
Increasing the energy of  the particle changes
the probability distribution but not it’s average
position.
This is not the case for non-zero angular momentum!



The Finite Spherical WellThe Finite Spherical WellThe Finite Spherical WellThe Finite Spherical Well
Analog of 1Analog of 1--D finite potential well.D finite potential well.
Could describe a particle trapped inside aCould describe a particle trapped inside aCould describe a particle trapped inside a Could describe a particle trapped inside a 
nucleus nucleus 

V=V0

Reed: Chapter 7

Let’s find the bound state solutions, E<VLet’s find the bound state solutions, E<V00

A i id lA i id l ll 00

Reed: Chapter 7

Again we consider only Again we consider only ll=0 case.=0 case.



Inside and outside the wellInside and outside the wellInside and outside the wellInside and outside the well
Inside the wellInside the well

Just like infinite spherical well

Outside the wellOutside the well



Boundary conditions outside the Boundary conditions outside the 
wellwell

r=a



Divide the two equations:Divide the two equations:Divide the two equations:Divide the two equations:

Define:Define:

This is a transcendental 
equation!

ρ2 is the strength parameter



Sketch functionsSketch functionsSketch functionsSketch functions



Energy EigenvaluesEnergy EigenvaluesEnergy EigenvaluesEnergy Eigenvalues

This is an equation that This is an equation that qq
describes a circle of radius describes a circle of radius ρρ
in the (in the (ξ,ηξ,η) plane.) plane.((ξ ηξ η) p) p

Reed: Chapter 7

To find allowed bound state energies To find allowed bound state energies 
need to satisfy this equation and need to satisfy this equation and 
t d t l ti i lt lt d t l ti i lt ltranscendental equation simultaneouslytranscendental equation simultaneously
Points of intersection of circles and the Points of intersection of circles and the 
cotangent curves correspond to thecotangent curves correspond to thecotangent curves correspond to the cotangent curves correspond to the 
quantized energy levelsquantized energy levels



Energy EigenvaluesEnergy EigenvaluesEnergy EigenvaluesEnergy Eigenvalues
Zeros of cotangent occur Zeros of cotangent occur 
at:at: Reed: Chapter 7at:at:

For a spherical well to For a spherical well to Note ρ=1 has no bound states!pp
possess n bound states it possess n bound states it 
must have:must have:

OOOr …Or …



ExampleExampleExampleExample
How many energy states are available to an How many energy states are available to an 
lphlph p rti l tr pp d i fi it ph ri l ll fp rti l tr pp d i fi it ph ri l ll falphaalpha--particle trapped in a finite spherical well of particle trapped in a finite spherical well of 

depth 50 MeV and radius 10depth 50 MeV and radius 10--1414 m?  Assume zero m?  Assume zero 
n l r m m nt mn l r m m nt mangular momentum.angular momentum.



What is the energy of the lowest energy bound What is the energy of the lowest energy bound 
state for this system?state for this system?state for this system?state for this system?



Summary/AnnouncementsSummary/AnnouncementsSummary/AnnouncementsSummary/Announcements
Next time: The Coulomb Potential of the Next time: The Coulomb Potential of the 
H dH dHydrogen atomHydrogen atom


