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Last timeLast timeLast timeLast time
Solved for S.E. in 3D using “particle in a Solved for S.E. in 3D using “particle in a 
box” examplebox” example
Using Using separation of variablesseparation of variables we found that we found that 
the total wavefunction is:the total wavefunction is:

Quantization of energy is:Quantization of energy is:
And found that energy degeneracy And found that energy degeneracy 
increases with energyincreases with energy



Spherical CoordinatesSpherical CoordinatesSpherical CoordinatesSpherical Coordinates

One of our goals is to solve S E in 3D for theOne of our goals is to solve S E in 3D for theOne of our goals is to solve S.E. in 3D for the One of our goals is to solve S.E. in 3D for the 
Coulomb potential (1/r) which describes the Coulomb potential (1/r) which describes the 
hydrogen atomhydrogen atomhydrogen atom hydrogen atom 
To do this we need to use spherical coordinatesTo do this we need to use spherical coordinates

Reed: Chapter 6



Spherical Coordinates IISpherical Coordinates IISpherical Coordinates IISpherical Coordinates II



Gradient and Gradient and LaplacianLaplacian Operator Operator 
in spherical coordinatesin spherical coordinates
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We need this for defining angular We need this for defining angular 
momentum….momentum….



Angular MomentumAngular MomentumAngular MomentumAngular Momentum

Recall that angular momentum is:Recall that angular momentum is:Recall that angular momentum is:Recall that angular momentum is:

It can be easily shown that in Cartesian coordinates:It can be easily shown that in Cartesian coordinates:

Note: 
No “x” appears in Lx,
N “ ” i LNo “y” appears in Ly,
And no “z” appears in Lz.



Commutators of x,y,z Commutators of x,y,z 
components of Lcomponents of L

For example:For example:For example:For example:





What does this mean?What does this mean?What does this mean?What does this mean?

The components of L do not commute with eachThe components of L do not commute with eachThe components of L do not commute with each The components of L do not commute with each 
other!other!
No simultaneous eigenstates!No simultaneous eigenstates!gg
If you measure LIf you measure Lx x ⇒⇒ get a certain valueget a certain value
Next, measure LNext, measure L ⇒⇒ get a certain valueget a certain valueNext, measure LNext, measure Ly y ⇒⇒ get a certain valueget a certain value
Measure LMeasure Lx x again again ⇒⇒ in general, you won’t get the same in general, you won’t get the same 
value as before!value as before!
We will revisit this in Chapter 8We will revisit this in Chapter 8



L operator in spherical L operator in spherical 
coordinatescoordinates



Now the x,y,z components in Now the x,y,z components in 
spherical coordinatesspherical coordinates

First the z component:First the z component:First the z component:First the z component:



SimilarlSimilarlSimilarly,Similarly,

I leave it for you as an exercise to derive theseI leave it for you as an exercise to derive these

Later, we will need to use the expression for LLater, we will need to use the expression for Lzzpp zz



What about important quantity What about important quantity 
LL 22 ??LLopop

2 2 ??



Let’s relate this to the Let’s relate this to the 
HamiltonianHamiltonian



Central Potentials: V( r )Central Potentials: V( r )Central Potentials: V( r )Central Potentials: V( r )
The S.E. for a particle of mass The S.E. for a particle of mass μμ moving in a central moving in a central 
potential V(r):potential V(r):

I’ve replaced m withI’ve replaced m with μ (μ (to not be confused with new variableto not be confused with new variableI ve replaced m with I ve replaced m with μ (μ (to not be confused with new variable to not be confused with new variable 
I will introduce shortly mI will introduce shortly mll, , and in reality it should be and in reality it should be 
expressed as the reduced mass expressed as the reduced mass μ)μ)

Again, let’s use separation of variables, like we did last Again, let’s use separation of variables, like we did last 
time:time:time:time:



Some things to note about this equation …Some things to note about this equation …g qg q



Separation of variablesSeparation of variablesSeparation of variablesSeparation of variables

(we will come back to this equation)(we will come back to this equation)( q )( q )

Let’s call the constant:Let’s call the constant:Let s call the constant:Let s call the constant:



Let’s rewrite the RHS:Let’s rewrite the RHS:

So, full wavefunction is: 
Ψ θ φ Θ(θ)Φ(φ)Ψ(r,θ,φ) = R( r)Θ(θ)Φ(φ)



Let’s call the constant (Let’s call the constant (--mmll
22))

We will discover later that this is called the We will discover later that this is called the 
mangetic quantum numbermangetic quantum numberg qg q



Solutions toSolutions to Φ(φ)Φ(φ)Solutions to Solutions to Φ(φ)Φ(φ)

You will see later that we don’t
need the e-imφ term



SingleSingle--valuedness requires that:valuedness requires that:
Φ i liΦ is cyclic 

We find that the mangnetic quantum number is We find that the mangnetic quantum number is 
quantized!quantized!



Let’s go back to “separated” S.E.Let’s go back to “separated” S.E.et s go bac to sepa ated S. .et s go bac to sepa ated S. .

RHS depends onRHS depends on θθRHS depends on RHS depends on θθ
LHS depends on rLHS depends on r
Equal to a constantEqual to a constantEqual to a constantEqual to a constant

Let’s call it Let’s call it l(l+1)l(l+1) …. Which is also equal to what we’ve been …. Which is also equal to what we’ve been 
calling calling αα!!



Solutions to Solutions to Θ(θ)Θ(θ)::
They are associated Legendre Polynomials (see Chapter 6 for They are associated Legendre Polynomials (see Chapter 6 for 
full expression):full expression):

A few of them are:A few of them are:

Note: special cases of mNote: special cases of mll=0 are called Regular Legendre =0 are called Regular Legendre 
PolynomialsPolynomials



Spherical HarmonicsSpherical HarmonicsSpherical HarmonicsSpherical Harmonics
We usually deal with a combined angular dependence We usually deal with a combined angular dependence 
Y(Y(θ φ)=Θ(θ)Φ(φ)θ φ)=Θ(θ)Φ(φ)Y(Y(θ,φ)=Θ(θ)Φ(φ)θ,φ)=Θ(θ)Φ(φ)
These are called Spherical Harmonics (see Chapter 6 for full These are called Spherical Harmonics (see Chapter 6 for full 
expression):expression):p )p )

And is And is l l called the orbital angular momentum quantum numbercalled the orbital angular momentum quantum number



Radial SolutionsRadial SolutionsRadial SolutionsRadial Solutions

Solutions to R( r) depend on the potentialSolutions to R( r) depend on the potentialSolutions to R( r), depend on the potential Solutions to R( r), depend on the potential 
energyenergy

We will revisit thisWe will revisit this next weeknext weekWe will revisit this We will revisit this next weeknext week



Let’s go back to:Let’s go back to:Let s go back to:Let s go back to:

Recall:Recall:Recall:Recall:



Total angular momentum is quantized!Total angular momentum is quantized!



What about LWhat about L ??What about LWhat about Lzz??

So solutions exist only ifSo solutions exist only if l l is an integeris an integer andand l ≥ l ≥ mmSo, solutions exist only if So, solutions exist only if l l is an integer is an integer andand l ≥ l ≥ mmll



Summary/AnnouncementsSummary/AnnouncementsSummary/AnnouncementsSummary/Announcements
For central potentials (V depends only on r For central potentials (V depends only on r 
and not on any angles) the angularand not on any angles) the angularand not on any angles), the angular and not on any angles), the angular 
solution is always, the spherical harmonics solution is always, the spherical harmonics 
((YY ((θθ φφ)) well defined quantum angular)) well defined quantum angular((YYl,ml,m((θθ,,φφ)), well defined quantum angular )), well defined quantum angular 
momentum quantum numbers, momentum quantum numbers, ll and and mm..
N i M b lN i M b lNext time: More about angular momentum Next time: More about angular momentum 
and radial solutions for central potentialsand radial solutions for central potentials
Next homework due on Monday Nov 7Next homework due on Monday Nov 7


