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Eisberg Eisberg 
&&

• Until now we 
id d S E i l & & 

ResnickResnick
considered S.E. in only 
1D

• To examine truly 
realistic problems werealistic problems we 
need to consider 
solutions to S.E. in 3D



The S.E. in 3DThe S.E. in 3DThe S.E. in 3DThe S.E. in 3D

S.E.:S.E.:S.E.:S.E.:

The Laplacian:The Laplacian:

Our first application will be the 3D analog of Our first application will be the 3D analog of 
the infinite square well….the infinite square well….



“Particle in a box”“Particle in a box”Particle in a boxParticle in a box

Reed: Chapter 6

Inside the box:Inside the box:



Particle in a box, con’tParticle in a box, con’tParticle in a box, con tParticle in a box, con t
Replace the partial derivatives with ordinary Replace the partial derivatives with ordinary 
derivativesderivativesderivativesderivatives
Divide through by Divide through by ΨΨ=XYZ=XYZ



Each term in the brackets on the left hand side Each term in the brackets on the left hand side 
is a function of only one coordinate.is a function of only one coordinate.
The right hand side is a constant.The right hand side is a constant.gg
Therefore, each term must be separately a Therefore, each term must be separately a 
constant.constant.constant.constant.



EE EE and Eand E areare separation constantsseparation constantsEExx, E, Eyy and Eand Ezz are are separation constantsseparation constants

Let’s divide through by Let’s divide through by --2m/hbar2m/hbar22



So, the solutions are:So, the solutions are:



The total wavefunction is:The total wavefunction is:The total wavefunction is:The total wavefunction is:

The constants of normalization AThe constants of normalization A AA AA areareThe constants of normalization AThe constants of normalization Axx AAyy AAzz are are 
absorbed into one constant A.absorbed into one constant A.



What about energy quantization?What about energy quantization?gy qgy q

Quantization of Energy!Quantization of Energy!



Normalization requires a triple integral:Normalization requires a triple integral:



WavefunctionWavefunctionWavefunctionWavefunction
To plot the 3D wavefunction To plot the 3D wavefunction 

2D i f i2D i f ion a 2D piece of paper is on a 2D piece of paper is 
tough.tough.
Let’s instead look at the 2DLet’s instead look at the 2DLet s instead look at the 2D Let s instead look at the 2D 
wavefunctionwavefunction

ΨΨ(x,y) for (a,b)=(1,1) and (x,y) for (a,b)=(1,1) and 
(n(nxx,n,nyy)=(5,2))=(5,2)
Amplitude set to 1 for Amplitude set to 1 for 
convenienceconvenience Reed: Chapter 6
There are 5 and 2 maxima in There are 5 and 2 maxima in 
the x and y direction, the x and y direction, 
respectivelyrespectively

Reed: Chapter 6

respectivelyrespectively



Special case: A cubical boxSpecial case: A cubical boxSpecial case: A cubical boxSpecial case: A cubical box

a=b=c=La=b=c=L
=L

a b c La b c L

Ground state has:Ground state has:
=L

=L



Energy DegeneracyEnergy DegeneracyEnergy DegeneracyEnergy Degeneracy
New feature of a 3D box compared to a 1D New feature of a 3D box compared to a 1D 
potential well:potential well:potential well:potential well:

Can have the Can have the samesame energy for more than one energy for more than one 
quantum statequantum statequantum statequantum state
This is known as This is known as degeneracydegeneracy

F r mplF r mplFor example:For example:



Energy Degeneracy, con’tEnergy Degeneracy, con’tEnergy Degeneracy, con tEnergy Degeneracy, con t

What about theWhat about the eigenfunctionseigenfunctions??What about the What about the eigenfunctionseigenfunctions??
The The eigenfunctionseigenfunctions are different!are different!



ExampleExampleExampleExample

Suppose the particle in the box is a proton andSuppose the particle in the box is a proton andSuppose the particle in the box is a proton and Suppose the particle in the box is a proton and 
the box has nuclear dimensions.the box has nuclear dimensions.
What is the ground state energy EWhat is the ground state energy E ??What is the ground state energy EWhat is the ground state energy E111111??

m=1.67x10m=1.67x10--2727kgkg
L 10L 10 1414L=10L=10--1414mm

This is very typical of nuclear binding energies!This is very typical of nuclear binding energies!



Degeneracy increases with EDegeneracy increases with EDegeneracy increases with EDegeneracy increases with E

It turns out that degeneracy is very commonIt turns out that degeneracy is very commonIt turns out that degeneracy is very common It turns out that degeneracy is very common 
and it increases with E.and it increases with E.
Let’s take some examples:Let’s take some examples:Let s take some examples:Let s take some examples:

1.1. 66--fold degeneracyfold degeneracy

2.2. 99--fold degeneracyfold degeneracy



Degeneracy increases with E, Degeneracy increases with E, 
’’con’tcon’t

To see how degeneracy increases with energy, again let’sTo see how degeneracy increases with energy, again let’sTo see how degeneracy increases with energy, again let s To see how degeneracy increases with energy, again let s 
consider the 2D case:consider the 2D case:

Each value of E gives us a circle in the graph of nEach value of E gives us a circle in the graph of nxx vs nvs nyy..
If the circle intersects any lattice point, then we have a If the circle intersects any lattice point, then we have a 

l til tisolution.solution.



So, # solutions = degeneracySo, # solutions = degeneracy
And it will be roughly proportional to theAnd it will be roughly proportional to theAnd it will be roughly proportional to the And it will be roughly proportional to the 
circumference of the circle, which is proportional to the circumference of the circle, which is proportional to the 
radiusradius
So, RSo, R∝∝√E and the degeneracy roughly increases as √E√E and the degeneracy roughly increases as √E
For the 3D lattice: For the 3D lattice: 

√√Each energy gives us a sphere of radius REach energy gives us a sphere of radius R∝∝√E in the 3D √E in the 3D 
graph of (ngraph of (nxx, n, nyy, n, nzz))
The degeneracy will be roughly proportional to the surfaceThe degeneracy will be roughly proportional to the surfaceThe degeneracy will be roughly proportional to the surface The degeneracy will be roughly proportional to the surface 
area of the sphere.area of the sphere.
So, degeneracy is So, degeneracy is ∝∝ RR22 ∝∝ EE
I h 3D h d i hl li l i hI h 3D h d i hl li l i hIn the 3D case, the degeneracy increases roughly linearly with In the 3D case, the degeneracy increases roughly linearly with 
E.E.



Number of available quantum Number of available quantum 
statesstates

Q: How many individual quantum states withQ: How many individual quantum states withQ: How many individual quantum states with Q: How many individual quantum states with 
energies ≤ E are available to the particle?energies ≤ E are available to the particle?



This equation describes the surface of a 3D This equation describes the surface of a 3D 
ellipsoid of semiellipsoid of semi--axes (axes (α,β,γα,β,γ) along the (n) along the (nxx, n, nyy, , 
nnzz) axes.) axes.

Reed: Chapter 6

The volume of the ellipsoid (all 8 octants) is:The volume of the ellipsoid (all 8 octants) is:



Divide up into a large number of tiny cubes of Divide up into a large number of tiny cubes of 
volumevolume ΔΔnn ΔΔnn ΔΔnnvolume volume ΔΔnnx x ΔΔnny y ΔΔnnzz

Each with Each with ΔΔnnx x ==ΔΔnny y ==ΔΔnnzz=1=1
Each tiny volume would correspond to a single Each tiny volume would correspond to a single 
quantum state (nquantum state (nxx, n, nyy, n, nzz) ) 
The total volume within ellipsoid then The total volume within ellipsoid then 
represents the number of individual quantum represents the number of individual quantum 
states lying below energy E, N(E):states lying below energy E, N(E):



Summary/AnnouncementsSummary/AnnouncementsSummary/AnnouncementsSummary/Announcements
S.E. in 3DS.E. in 3D

Particle in a boxParticle in a boxParticle in a boxParticle in a box
Next time: Angular momentumNext time: Angular momentum

Next homework due on Monday Oct 31.Next homework due on Monday Oct 31.


