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Even and Odd functionsEven and Odd functionsEven and Odd functionsEven and Odd functions



Even and Odd functionsEven and Odd functionsEven and Odd functionsEven and Odd functions

Even functionsEven functionsEven functionsEven functions

Odd functionsOdd functions

N i h ddN i h ddNeither even nor oddNeither even nor odd



ExampleExampleExampleExample

How can the quantization of energy of a H.O. apply to How can the quantization of energy of a H.O. apply to q gy pp yq gy pp y
the motion of a mass on a spring?the motion of a mass on a spring?

Classical example:  Let’s evaluate the discrete values of the Classical example:  Let’s evaluate the discrete values of the 
ll d r l l t th m r pi l lll d r l l t th m r pi l lallowed energy levels at the macroscopic level:allowed energy levels at the macroscopic level:

These energy levels are far too small to beThese energy levels are far too small to be detected.detected.

eV * s

These energy levels are far too small to be These energy levels are far too small to be detected.detected.



Example, con’tExample, con’tExample, con tExample, con t

Now at the atomic level:Now at the atomic level:

Much higher frequencies.Much higher frequencies.
Therefore the quantum energy is large:Therefore the quantum energy is large:



Correspondence PrincipleCorrespondence PrincipleCorrespondence PrincipleCorrespondence Principle

Classically, a particle spends much of it’s time near the Classically, a particle spends much of it’s time near the y, p py, p p
turning points because it has low speed there.turning points because it has low speed there.

Think of a mass on a springThink of a mass on a spring



Classical vs. Quantum H.O.Classical vs. Quantum H.O.Classical vs. Quantum H.O.Classical vs. Quantum H.O.

Probability density for classical harmonic oscillator (see Reed Probability density for classical harmonic oscillator (see Reed 
section 5.5) and for QM oscillator for n=15.section 5.5) and for QM oscillator for n=15.
PPclassicalclassical diverges at the turning pointsdiverges at the turning points

Oscillator is momentarily at rest at those points and has a Oscillator is momentarily at rest at those points and has a 
high probability of being found therehigh probability of being found therehigh probability of being found therehigh probability of being found there

PPclassicalclassical tracks closely the running average of  Ptracks closely the running average of  PQMQM
In the limit as nIn the limit as n→→∞∞, these should agree more and more., these should agree more and more.



Probability of finding the Probability of finding the 
oscillator “outside” the welloscillator “outside” the well

Let’s do this calculation for the ground state Let’s do this calculation for the ground state 
wavefunction:wavefunction:



Change variables:Change variables:gg

Thi int r l i kn n th rr r f n ti nThi int r l i kn n th rr r f n ti nThis integral is known as the error functionThis integral is known as the error function



Harmonic Oscillator Harmonic Oscillator 
UncertaintiesUncertainties

Because integrand is odd irrespective of parity of Because integrand is odd irrespective of parity of ΨΨnn(x).(x).g p p yg p p y nn( )( )

If If ΨΨnn has has eveneven parity, dparity, dΨΨnn/dx has /dx has oddodd parityparity
If If ΨΨnn has has oddodd parity, dparity, dΨΨnn/dx has /dx has eveneven parityparity
So, <pSo, <pnn> =0> =0

Not a surprise!Not a surprise!



Harmonic Oscillator Harmonic Oscillator 
Uncertainties, con’tUncertainties, con’t



For n=0 it just barely satisfies uncertainty principle!For n=0 it just barely satisfies uncertainty principle!



Expectation Value of KEExpectation Value of KE
For the H.O. in the ground state, let’s find the For the H.O. in the ground state, let’s find the 

p t ti l f th Ki ti E rp t ti l f th Ki ti E r thithi

Expectation Value of KEExpectation Value of KE

expectation value of the Kinetic Energy: expectation value of the Kinetic Energy: see this see this 
week’s HW for a different method.week’s HW for a different method.





AnimationAnimationAnimationAnimation
http://phet.colorado.edu/simulations/sims.php?sim=Quantum_Bound_Stateshttp://phet.colorado.edu/simulations/sims.php?sim=Quantum_Bound_States



Raising and Lowering OperatorsRaising and Lowering OperatorsRaising and Lowering OperatorsRaising and Lowering Operators

Operator based solution to the H.O. potential Operator based solution to the H.O. potential p pp p
developed by Paul Diracdeveloped by Paul Dirac

Can be applied to any potentialCan be applied to any potential
Define two operators:Define two operators:

Called Called Raising and Lowering OperatorsRaising and Lowering Operators



Let’s look at some of their Let’s look at some of their 
propertiesproperties



This is independent of the wavefunction beingThis is independent of the wavefunction beingThis is independent of the wavefunction being This is independent of the wavefunction being 
operated on.operated on.



Now let’s apply this operator onNow let’s apply this operator on ΨΨNow let s apply this operator on Now let s apply this operator on ΨΨ

Af liAfter canceling terms

Look familiar?

Hamiltonian



-



Let’s discuss thisLet’s discuss thisLet s discuss thisLet s discuss this

When AWhen A++ acts on acts on ΨΨ, it gives rise to a new function , it gives rise to a new function , g, g
(A(A++ΨΨ) whose energy eigenvalue is the same as that of ) whose energy eigenvalue is the same as that of 
ΨΨ but but moremore by by hωyy

Similarly, when ASimilarly, when A-- acts on acts on ΨΨ, it gives rise to a new , it gives rise to a new 

 hω

function (Afunction (A--ΨΨ) whose energy eigenvalue is the same ) whose energy eigenvalue is the same 
as that of as that of ΨΨ but but lessless by by  hω

AA++ and Aand A-- are also called are also called ladder operatorsladder operators



Let’s now go back to H.O. Let’s now go back to H.O. 
potentialpotential

But first let’s note that the lowering operatorBut first let’s note that the lowering operatorBut first, let s note that the lowering operator But first, let s note that the lowering operator 
can’t generate a lower state than the ground state can’t generate a lower state than the ground state 
so:so:so:so:

Let’s use this to find that:Let’s use this to find that:



AA++ and Aand A-- action on H.O. action on H.O. 
wavefunctionswavefunctions

See proof in your bookSee proof in your bookSee proof in your bookSee proof in your book

We can also rearrange original equations to get:We can also rearrange original equations to get:

Momentum and position 
operators



ExampleExampleExampleExample

Let’s use this new knowledge to calculate <xLet’s use this new knowledge to calculate <x22>:>:Let s use this new knowledge to calculate <xLet s use this new knowledge to calculate <x >:>:



Recall, orthogonality:Recall, orthogonality:, g y, g y



Eisberg Eisberg 
& & 
ResnickResnick



Summary/AnnouncementsSummary/AnnouncementsSummary/AnnouncementsSummary/Announcements
Next time: Review for exam: Bring questions!Next time: Review for exam: Bring questions!

Midterm exam Midterm exam Wed. Wed. Oct. 19 in class Oct. 19 in class -- it will be it will be closed closed 
bookbook-- One letter size formulaOne letter size formula--only sheet allowed: (foronly sheet allowed: (forbookbook One letter size formulaOne letter size formula only sheet allowed: (for only sheet allowed: (for 
example, solution steps are not allowed) needs to be example, solution steps are not allowed) needs to be 
turned in together with the answer book.turned in together with the answer book.


