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12.2 A Hall Thruster

(a) We get uniform electron drift.in the z-direction if the electric force density —en.E
exactly cancels the Lorentz magnetic force density —en.vxB. Imposing this condition,
E = —v x B, implies that

ExB=Bx (vxB)=vB>—B(B-v).
This, in turn, implies the suggested result,

ExB
VZ—BT.

(b) Using the equality of the forces in part (a) and n; = ne, the electric force on the ions is

F; = en;E = en.E = —enev X B = juan X B.

By Newton's third law, the reaction thrust on the shells is T = —F; = B X juan if the
jons are ejected from V before the magnetic Lorentz force on the ions begins to act.

This will be the case because a xenon ion is much more massive than an electron.

@

12.6 The Torque between Nested Current Rings

We locate the ring I, in the z-y plane and the ring I, in the z-z plane as shown below. The
magnetic field on the axis of I, points in the z-direction. The magnetic field of I points in
the y-direction.
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The vector torque which acts on I, is
N:ijl{rx(dﬁxB),

where r = bcos 0% + bsin 02, d€ = bdff = bdf(cos 0% — sin0z), and B = B,p + B,z is the
magnetic field due to I, in cylindrical coordinates. Since parallel currents attract and anti-
parallel currents repel, the only component of the torque which survives is V;. Focusing on
this component, substituting r, d¢, and B into the torque formula gives

21
N, =LK /dH cos (B, cos 8 + B, sin 6).
0

Our task now is to write the components of B(p, 2) near the origin, where p = bsin@
and z = bcos 8. In the text, we used the technique of “going off the axis” to find the exact
magnetic scalar potential of a current loop. In polar coordinates, the first two terms of this
expansion for r < a were

1 r 7\3
$(r,0) = ~50La | =Po(0)Pi(cost) + (;) P5(0) Ps(cos 0)] .
Using Py = 1, P, = cos, P, = (1/2)(3cos® 8 — 1), and P = (1/2)(5cos® 6 — 3cosd),
together with z = rcosd and p = rsinf, we get

1 [z 12%  3zp?
YT A [
WD) =gl |2~ 55+ 0,3]
Therefore,
B - A ol 1_§_Z_i+§82__A“OI" 1_§b2c0520 3b%sin® 4
T 0z 2a 2a2 ' 4a?] 2a 2 a? 4  a?
and

3puol, 3pol, b
_%’%: “Z _(_Zlg: NZ Esin@cos@.

B, =

Substituting these fields into the torque formula and collecting terms gives the advertised
result:

A
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27
1 b? R 1562 g b
N, ==~ z 20(1- 2% ) + in?20| = = z
= 2uoLJb a O/d& [cos g (1 2a2> 602 sin 29] = 2u0IaIb A

12.19 Equivalence of Force Formulae

Ug must be expressed as a function of the flux variables. Up must be expressed as a function
of the current variables. To do this, we use

By = Miely and Iy = M/ @e. W
Therefore,
1Y 1
UB — 5 ZIk@k = § Z @k_M};}l‘I’l_’
k=1 k=1
N

N
. 1 1
Ug = ~_§§Ik¢>k = —E;IkMké’Ib

b




Substituting these expressions 1to the [0rce IOIMIULAE 1N TNE STATEILEIL UL LIE PIULIGIL SLUWD
that the proposition will be proved if we can show that

. VM, ® = —I; VM1 (2)
We begin with MM ™! = I written in component form:
]\’I};g]\/[fpl = Opp.

Using this,
(VMye) Mg+ My (VM) = 0.

Multiplying on the right by M,, and summing over p gives

(VM) Mg, Myy = —Mie(V Mg, ) M.

Using the definition of the inverse,

(VMie)8es = —Me(VMy ) My
The left side of this equation is V Mj,. Therefore, using (1) and the fact that M, = My,

CLVMd, = T [ Mee(V M )My | I
= LM VM,
= MuI,VM,'®,
= VM.,

This is (2), as required.
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