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utvFw��@�g��x���x��1w����(w}v1xzyF�±{�v1x�����w}{�vF���_x���{�v@�h{B����~(w��}x��h�D�@�g��x��
���hy]�=w��*vF���*w}y]�«vFw}|*w�{�vFw
¯��h��xz�z{*�gy1x��hy`v@�g�#�B{�|�x���x��h���gy@�h�t|*w}~1|*w��*w}y�{?�h{�x��gy ��� � �ButvFw�xz{*w}|?�h{�xz��w�~1|*����w����1|*w
��{?�h|�{*�9�«xz{�v
�*w}��w��}{�xzy1���«yF�g|����h�zxz¢�w��9|?�hyF�1�g�j��w��}{*�g| |φ0〉

xzy¤{�vFw�¯Dxz�z�=w}|�{M��~@�g��w��h�1{�vFw������1w}�k¯C�h��xz�z{*�gy1x��hyo�
utv1x����?vF�gx���w.x��H���g�1w8xzy��g|*�1w}|q{*�Gv@����w���yF�gy� Q¢�w}|*�­�¥��w}|����h~��(w}{f��w�w}y�{�vFwC�g�}{��@�h�@��|*�g�1yF���*{?�h{*w

0〉
�@�hyF�B{�vFwGxzy1xz{�x��h�S�*{?�h{*w |φ0〉

�

�ew8{�vFw}y��1w�¹FyFwD�GyFw}�°��w��}{*�g|������h~1~1�z��xzy1�¤{�vFwD¯C�h��xz�z{*�gy1x��hy
Ĥ
{*� |φ0〉

�hyF�����1�1{�|?�g�}{�xzy1�
{�vFwG~1|*� ��w��}{�x��gy�����w}| |φ0〉

�

|φ1〉 = Ĥ|φ0〉 −
〈φ0|Ĥ|φ0〉
〈φ0|φ0〉

|φ0〉,
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 � 
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´q��w��h|��z��� 〈φ0|φ1〉 = 0
�8�ew����hy��¨�1|�{�vFw}|D�1�1xz���s����{?�h{*w¤{�v@�h{Cx��D�g|�{�vF�g���gy@�h��{*���=�g{�v |φ0〉

�hyF�

|φ1〉
�F��xzy1�F�

|φ2〉 = Ĥ|φ1〉 −
〈φ1|Ĥ|φ1〉
〈φ1|φ1〉

|φ1〉 −
〈φ1|φ1〉
〈φ0|φ0〉

|φ0〉.
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utv1x��«~1|*�k��w����1|*w­���hyB�(wG��w}yFw}|?�h�zxz¢�w���{*���g�1{?�hxzy�{�vFw��¨�g�z���¥�«xzy1���g|�{�vF�g���gy@�h�,�@�g��x��«|*w��}�1|*��xz��w}�z���

|φn+1〉 = Ĥ|φn〉 − an|φn〉 − b2n|φn−1〉,
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�«vFw}|*w
n = 0, 1, 2, · · ·· �@�hyF�B{�vFw¤���kw����}x�w}yO{*� an

�hyF�
bn
�h|*w¤��xz��w}y��O�

an =
〈φn|Ĥ|φn〉
〈φn|φn〉

, b2n =
〈φn|φn〉

〈φn−1|φn−1〉
.
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H =

























a0 b1 0 0 · · ·

b1 a1 b2 0 · · ·

0 b2 a2 b3 · · ·

0 0 b3 a3 · · ·��� ��� ��� ��� � � �
























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��{?�h{*wqw}xz��w}yO���h�z�Fw��H�hyF�9w}xz��w}y���w��}{*�g|*���gxz{,~1|*�¥��x��1w����g���}�1|?�h{*wqxzy��¨�g|����h{�x��gy��h�(�g�1{S{�vFw�����y@�h��x����h�
���g|�|*w}���h{�x��gy��·�1yF�}{�x��gyF���¨�g|�{�vFw8��xz��w}y�¹Fy1xz{*wD��xz¢�w8������{*w}� � � � �M�ewD�1w�¹FyFw8{�vFw8¢�w}|*�­{*w}��~=w}|?�h{��1|*w
���g|�|*w}���h{�x��gy��¨�1yF�}{�x��gyB���g|.�hy��g~(w}|?�h{*�g|

Ô
�g���

CÔ(t− t
′

) = 〈ψ0|Ô†(t)Ô(t
′

)|ψ0〉
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utvFwt��~(w��}{�|?�h���¨�1yF�}{�x��gy��g�*�*�k�}x��h{*w����«xz{�v�{�v1x������g|�|*w}���h{�x��gy�x����h�·{*w}y�|*w}���h{*w���{*�G�hy�w��k~(w}|�xz��w}yO{?�h�
�g�F�*w}|����h�1��w�����{ � �8ºF�g�1|�x�w}|8{�|?�hyF�<���g|�� xzyB�¨|*w����Fw}yF�}�
��~@�g��w¤x��«��xz��w}y��O���

I(ω) = − 1

π
Im[〈ψ0|Ô† 1

ω +E0 + iε− Ĥ
Ô|ψ0〉].

¦ 
 ����¬

|ψ0〉
�hyF�

E0
�h|*wB{�vFwB��|*�g�1yF�°��{?�h{*w�w}xz��w}yO��w��}{*�g|B�hyF�°w}xz��w}yO���h�z�Fw��h��{�vFw�¯��h��xz�z{*�gy1x��hy

Ĥ
�

|*w���~(w��}{�xz��w}�z���
ω
x��a{�vFw��·|*w����Fw}yF�}���h�hyF�

ε
x��o�«�����h�z��|*w��h�OyO�1�­�(w}|Sxzy�{�|*�����F��w��­xzy¤{�vFw����h���}�1���h{�x��gy
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�*w}{��h�D�@�g�*x����*{?�h{*w����q�hyF�³�F��xzy1�s{�vFw��qw}�z�£ Q²kyF���«y_��x���{�|�xz�1�1{�x��gy°~1|*�g~(w}|�{f��� 1

x+iε = P ( 1
x) −

iπδ(x)
�F�qw­�g�1{?�hxzy

I(ω) =
∑

n

|〈ψn|Ô|ψ0〉|2δ(ω − (En −E0)).
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¯Cw}|*w�� |ψn〉
�h|*w
w}xz��w}yO��w��}{*�g|*���h�.{�vFw
¯��h��xz�z{*�gy1x��hy³�«xz{�vµw}xz��w}yO���h�z�Fw��

En
� ��y�~1|?�g�}{�x���w��H{�vFw

δ
 ��¨�1yF�}{�x��gyF�8�h|*wC����w��h|*w���������¹Fy1xz{*w

ε
�OxQ� w��z��{�vFw}���h|*wD|*w}~1���g��w������ �o�g|*w}yO{�¢�x��hyF�D�g�����g|*��xzy1��{*�

δ(x) → 1
π

ε
x2+ε2

�

��ys�g|*�1w}|G{*��y��1��w}|�x����h�z�z��w}���h�z�@�h{*w � �=� 
 ���k�(xz{Cx������gy���w}y1x�w}yO{¤{*�
�«|�xz{*w#{�vFw#¯C�h��xz�z{*�gy1x��hy
���h{�|�x£��xzy��#��~=w��}x��h�a�@�g�*x������D�t�(w����g|*w����qw��«xz�z�,�h~1~1�z�
{�vFw �S�hyF�}¢����8��w}{�vF�k��{*�#�«|�xz{*w

Ĥ
xzy��

{�|�x���x��h���gy@�h�o���g|��>�1�1{8xzyF��{*w��g���h����{?�h|�{�xzy1��{�vFwGxz{*w}|?�h{�x��gyF�8�«xz{�v���|?�hyF�1�g����{?�h{*w����qw­�*vF�k���*w

|φ0〉 =
Ô|ψ0〉

√

〈ψ0|Ô†Ô|ψ0〉
.
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´��gyF��x��1w}|B{�vFws���h{�|�x£�
(z − Ĥ)

�hyF� {�vFw�x��1w}y�{�xz{f�
(z − Ĥ)(z − Ĥ)−1 = I

�8�«vFw}|*w
z =

ω+E0 + iε
��utv1x���x��1w}yO{�xz{��
���hy
�(wD�1w����g��~(���*w��
xzy�{�vFw �S�hyF�}¢����t�@�g�*x�� {|φn〉}

�k�«xz{�v |φ0〉
�g�

��xz��w}yB�O� � �=� 
 ��!���{*���g�1{?�hxzyo� ∑n(z − Ĥ)mn(z − Ĥ)−1
np = δmp

��º@�g|«{�vFwC�*~=w��}x��h�o���g�*w
p = 0

�
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∑

n(z − Ĥ)mnxn = δm0
���«vFw}|*w

xn = (z − Ĥ)−1
n0

�eutv1x��#|*w}~1|*w��*w}yO{*�����*�k��{*w}� �h�.�zxzyFw��h|
w����@�h{�x��gyF�����g|H{�vFw«�1y1²kyF���«y

xn
�MutvFw8~@�h|�{�x��}�1���h|����g�*w«�h�

n = 0
���g|�|*w��*~=�gyF�1�q{*� 〈φ0| 1

z−Ĥ
|φ0〉

�«v1x��*vsx��C{�vFw �O�@�hy�{�xz{f���qw��«x���v�{*����{��F�����C�ew#���hys�*�g�z��w�{�vFw��*w­�zxzyFw��h|Gw����@�h{�x��gyF�C�F��xzy1��{�vFw
´q|?�h��w}| � �8|��1��w��

x0 =
detB0

det(z − Ĥ)
,
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�«vFw}|*w��1{�vFwG���h{�|�x���w��D���hy��(w��«|�xz{�{*w}y�xzy�{�vFw {|φn〉}
�@�g�*x��.�g���

z − Ĥ =

























z − a0 −b1 0 0 · · ·

−b1 z − a1 −b2 0 · · ·

0 −b2 z − a2 −b3 · · ·

0 0 −b3 z − a3 · · ·��� ��� ��� ��� � � �
























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�hyF�

B0 =

























1 −b1 0 0 · · ·

0 z − a1 −b2 0 · · ·

0 −b2 z − a2 −b3 · · ·

0 0 −b3 z − a3 · · ·��� ��� ��� ��� � � �

























.
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an

�hyF�
bn
�qw}|*w��1w�¹FyFw��°�=w����g|*w��«vFw}y°{�vFw �S�hyF�}¢�������w}{�vF���µ�t�g��xzyO{�|*�h 

���F��w��a�4utvFw��1w}{*w}|���xzy@�hyO{*�B�h�G{�vFw��*w����h{�|�x���w������hy]�(w�w��k~@�hyF�1w��_{*�e��xz��w
det(z − Ĥ) =

(z − a0) detD1 − b21 detD2
���hyF�

detB0 = detD1
���«vFw}|*w
xzyµ��w}yFw}|?�h�«{�vFw
���h{�|�x£�

Dn
x��

�g�1{?�hxzyFw��µ�¨|*�g� � �=� 
 � 
�
 �O�³|*w}�����kxzy1��{�vFw
¹F|*��{ n |*���8�
�hyF�����g�z�1��yF���°utvFw}yo�qxz{����hy��=w
��vF�¥�«y�{�v@�h{

x0 =
1

z − a0 − b21
det D2

det D1

.
¦ 
 � 
 ��¬

utvFwG|?�h{�x����h���1w}{*w}|���xzy@�hyO{*�Dxzy�{�vFw¤�h�(����w¤w����@�h{�x��gy����hyB�(wGw���~@�hyF�1w���xzyB{��1|�y��g�

detD2

detD1
=

1

z − a1 − b22
det D3

det D2
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{�vFw��g|������g|D�#�@�hyF��xzyF�*�1���h{*�g|��«¯D�¥�qw}��w}|��2�1y1�zxz²�w­xzy����hy1y1x�w}|C{�vFw��g|����F{�vFw9�1�g�1�1��w9�k���}�1~@�hyF�}�
�hyF�#{�vFwtvF�g��w8�h|*wtyF�g{���w}|���x��gy1x�� �O�@�g��x£ Q~@�h|�{�x��}��w��¥���1�1{H��~1xzy1��w��*��v@�h|*�k f���g|*w8�=���*�gyF�¥� ����w}y����g|*w
xz��~(�g|�{?�hyO{��z���H{�vFw}|*w�x������}|�xz{�x����h�����h�z�Fw��h�

V
�(w}����� �«v1x��?v³yF��w��1�}xz{*�gyµ�h~1~(w��h|*���1yF�1w}|�{�vFw

{�v1|*w���vF�g���s�h��{�vFw9~@�h|�{�x��}��w� QvF�g��w����gyO{�xzy��1�1��� �D�C��w­xzyF�}|*w��g�*w
V
�2{�vFw9�1xzyF��xzy1��w}yFw}|������h��{�vFw

w��1�}xz{*�gy�²�w�w}~F�¤��|*�¥�«xzy1�����gy�{�xzyO�F�g�F���z���H�hyF��{�vFw�w����}xz{*�gy1x����¨w��h{��1|*w�������w����}�����*w}|9�hyF���}�����?w}|
{*��¢�w}|*�
�¨|*w��O�Fw}yF�}��� �t{G{�vFw��?�h��w#{�xz��w��S{�vFw��1w}yF��xz{f���h�tw}��w��}{�|*�gy`�hyF��vF�g��w���{?�h{*w��­���g�hxz���h�1��w
���g|��1xzyF��xzy1�9¹F|*��{�xzyF�}|*w��g�*w��¥��|*w��g�?vFw��«�G���Z��xz�­�1�>�hyF��{�vFw}y
����w���{*�­¢�w}|*���h{q{�vFw 	 §«�_  ´�§«�
�(�g�1yF�F�h|�����utv1x��DyF�gy� Q���gyF�g{*�gy1x��9�=w}v@����x��g|C�h��¡��g{�{< f¯D�1�1�@�h|*��w��1�}xz{*�gy��g�C���·�1yF�}{�x��gy��h��{�vFw
´��g�1���g�­��|*w}~1�1����x��gy���{�|*w}y1��{�v�x��H�C���gyF�*w����Fw}yF��w8�h�2{�vFwq�Q�g�}{M{�v@�h{��hy�xzyF�}|*w��g�?w«�h�2{�vFw8´��g�1���g�­�
xzyO{*w}|?�g�}{�x��gy���{�|*w}y1��{�v��1��w��MyF�g{���xz��~1�z�­�1xzyF��{�vFw�w����}xz{*�gy#���g|*w�{�xz��vO{��z���O�1�1{��h���*�C|*w}yF�g|����h�zxz¢�w��
{�vFw��O�h~³�hyF�����g�1~1��w��9{�vFw�~@�h|�{�x��}��w� QvF�g��w
w����}xz{?�h{�x��gy`���g|*w���{�|*�gy1���z��{*�B{�vFw��g{�vFw}|9w}��w��}{�|*�gyF���
�]vFw}yB{�vFw¤w}yFw}|������O�hxzyFw��B�·|*�g�>�1xzyF��xzy1��{�vFwGw}��w��}{�|*�gy �OvF�g��w¤~@�hxz|*�.w����@�h���t{�vFw¤w}yFw}|�����������{.�h�
�}|*w��h{�xzy1��{�vFw}� �g�}|*���*��{�vFw��*xzy1����w#~@�h|�{�x��}��w#�O�h~o�a{�vFw��g~1{�x����h���O�h~��g�hy1x��*vFw���xzy��=�g{�vs{�vFw��k�1�
¦
χjj
¬t�hyF��w}��w}y³¦

χττ
¬��?v@�hy1yFw}�����

�C�«�gyFw¤�h�M{�vFwGw��1�h��~1��w��D�h� 
 §¶¡��g{�{.xzyF���1���h{*�g|*�«��w}yO{�x��gyFw���w��h|��zx�w}|��1��w}{«�F�8���gyF��x��1w}|.{�vFw
���g�*w��h� 	 |

2
´q� �

3
{*�BxzyF��x����h{*w�{�vFw�w���~(w}|�xz��w}yO{?�h��|*w}��w}���hyF��w��h�«�g�1|G|*w����1�z{*����ºF|*�g��~1|*w}��x��g�F�

�zxz{*w}|?�h{��1|*w ������� ��� � �M{�vFw��g�h�z�Fw��#�h�8{�vFw�~@�h|?�h��w}{*w}|*���¨�g|9{�v1x��­���h{*w}|�x��h�8�h|*w
w���{�xz���h{*w��³{*���(w��
t ≈ 0.55−0.6

w��#�
U ≈ 7.2

w�� �hyF�
V ≈ 0.8

w��#�OutvFw}|*w����g|*w.{�vFw.���h{*w}|�x��h�2�zx�w���|�xz��vO{�yFw��h|q{�vFw
�(�g�1yF�F�h|��B�«vFw}|*w9w��1�}xz{*�gy1x��¤��w}xz��vO{�xzy

χjj
�=w}��xzyF�.{*���h~1~(w��h|��«¸Dw}��w}|�{�vFw}��w��*�¥�@{�vFw9w����}xz{*�gy��g|

xz{*��~1|*w��}�F�*�g|Gxzys{�vFw9�¨�g|�� �h�«��y@�h|�|*�¥� ~=w��h²���x���{�xzy1���1x���vFw����¨|*�g�%{�vFw#|*w���{G�h��{�vFw���~(w��}{�|��1�
��vF�g�1�����h�z|*w��g�����(wG�*w�w}yBxzy�{�vFwG�g~1{�x����h�M���gyF���F�}{�xz��xz{����

��r � � R@V=U®	�i ���qdfN�T �Hl�
GNfR@d � W�cHRFiSL�R1W�Nfb�V � ��L�ioVab�c

utvFwG|*w}��xz��w¤�h�������h�z�S¡��g{�{«�O�h~F�.���hy��=w¤�g�1��|*w��*�?w����O�B��{��F���kxzy1��{�vFwC¹@w}���B{�vFw��g|*w}{�x����h�S�zxz��xz{
¦¨�g|q�?���h�zxzy1�¤�zxz��xz{ ¬��k�«v1x��*v����g|�|*w��*~=�gyF�1�q{*�Gv@���kxzy1��{�vFw«�@�hyF���«x���{�v��g��{�vFw8���h|���w���{��*���h��w«xzy�{�vFw
~1|*�g�1��w}��� ��{«x��8�1w�¹FyFw��B���
�?vF�����*xzy1�

t→ ∞ , U/t→ 0 , M =
8t

π

√

U

4t
exp (−2πt/U) fixed.
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�hyF�ev@�g�9�(w�w}y`��{��F��x�w����O�����hyO���h�1{�vF�g|*��������� ����� � � � ��! � ���Dy³�hy³�g~=w}|?�h{*�g|9��w}��w}��{�vFw�¹@w}���
{�vFw��g|��
x��«���gyF��{�|��F�}{*w��B�O����~1�zxz{�{�xzy1��{�vFwGw}��w��}{�|*�gy��g~=w}|?�h{*�g|*�«xzy�{*�����g�*{«�hyF���������4���g��~(�gyFw}yO{*�

cl,σ −→ √
a0 [exp(ikFx) Rσ(x) + exp(−ikFx) Lσ(x)] .

¦ ��� 
�
 ¬

¯Cw}|*w
kF

x���{�vFw8ºFw}|���x=���g��w}yO{��1� ¦·xz{�x��
π/2

�¨�g|H{�vFw.v@�h�£�  �¹F�z��w����@�hyF�@¬��
Rσ

�hyF�
Lσ

�h|*w8|�xz��vO{
�hyF�s��w��¨{G�����kxzy1��w}��w��}{�|*�gy�¹@w}���1�­�hyF�

x = la0
�(�«vFw}|*w

a0
x���{�vFw#���h{�{�x���w���~@�g�}xzy1�F���fyF�?w}|�{�xzy1�

{�v1x��«~1|*w��*�}|�xz~1{�x��gy�xzyO{*��{�vFw­w��k{*w}yF�1w���¯D�1�1�@�h|*��¯��h��xz�z{*�gy1x��hy��gyFw¤�g�1{?�hxzyF�

Hext = Hc + Hs ,

Hc =
2πvc

3

∫

dx
[

: I · I : + : Ī · Ī :
]

+

∫

dx
[

g⊥
(

I+Ī− + I−Ī+
)

+ g‖ I
z Īz

]

,

Hs =
2πvs

3

∫

dx
[

: J · J : + : J̄ · J̄ :
]

− 2g⊥

∫

dx J · J̄. ¦ ��� 
 ��¬

�«vFw}|*w

g⊥ = (U − 2V )a0 , g‖ = (2U + 12V )a0 ,
¦ ��� 
 ��¬

vc = vF +
(U + 4V )a0

2π
, vs = vF − Ua0/2π.

¦ ��� 
 ��¬

º1�1|�{�vFw}|����g|*w��
vF = 2ta0

x���{�vFw�ºFw}|���xa��w}���k�}xz{f���F�hyF�
J
�hyF�

I
�h|*wD{�vFw��?v1xz|?�h�o���g��~=�gyFw}y�{*�.�h�

	 �#¦ ��¬t��~1xzy��hyF�B~F�*w}�F�1���*~1xzy��}�1|�|*w}yO{*�

I3 =
1

2

∑

σ

: L†
σLσ : , I+ = L†

↑L
†
↓ ,

Ī3 =
1

2

∑

σ

: R†
σRσ : , Ī+ = R†

↑R
†
↓ ,

J3 =
1

2

(

L†
↑L↑ − L†

↓L↓

)

, J+ = L†
↑L↓ ,

J̄3 =
1

2

(

R†
↑R↑ −R†

↓R↓

)

, J̄+ = R†
↑R↓ .

¦ ��� 
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utvFw}|*w8x����G�}��w��h|q�*~1xzy� f�*v@�h|���wC�*w}~@�h|?�h{�x��gyo�k�hyF��{�vFw8{��q�¤~@�h|�{*���h�({�vFw.¯��h��xz�z{*�gy1x��hys¦ ��� 
 ��¬H���hy
�(w#�=���*�gy1xz¢�w����*w}~@�h|?�h{*w}�z��� ��y�{�vFw�¹@w}����{�vFw��g|��s�zxz��xz{��o{�vFw�w}��w��}{�|�x����}�1|�|*w}y�{9�g~(w}|?�h{*�g|­�h�t{�vFw
���h{�{�x���wG���k�1w}�ox��«��xz��w}y����

j =
4et

~

∫

dx
[

I3(x) − Ī3(x)
] ¦ ��� 
 ��¬

utvFw��}�1|�|*w}y�{9���g�1~1��w��­�gy1�z��{*�B{�vFw��?v@�h|���w�~@�h|�{­�h�t{�vFw�¯��h��xz�z{*�gy1x��hy³�hyF�s{�vFw}|*w����g|*w��qw����hy
xz��yF�g|*wB{�vFwB��~1xzy�~@�h|�{�� ��{#x����q�g|�{�v��«v1xz��w�{*�syF�g{*wBvFw}|*w�{�v@�h{�{�vFwB��~1xzy°�?w��}{*�g|�x����O�h~1��w��*��x£�
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U > 2V
�hyF���O�h~1~(w����g{�vFw}|��«x��?w����D~1~1�z��xzy1��{�vFw���{?�hyF�F�h|*�`�(���*�gy1xz¢¥�h{�x��gy`|��1��w��9{*� Hc

�gyFw
�h|�|�xz��w��D�h{«{�vFw­¯C�h��xz�z{*�gy1x��hy��h�M{�vFw 	 xzyFw�  ª��g|*�1�gy������1w}��¦ 	 ª�¡s¬�¦ ��� 
 ��¬ � � � � ����xz��w}y����

Hc =
1

16π

[

(∂tφ)2 + (vc∂xφ)2
]

+ 2µ cos βφ,
¦ ��� 
 ��¬

�«vFw}|*w
µ
�hyF�

β
�h|*wG�·�1yF�}{�x��gyF�D�h�

U
�hyF�

V
�

β2 =
4πvF

4πvF +
√

g2
‖ − g2

⊥

¦ ��� 
 ��¬

utvFwC~1�1|*w�¯.�1�1�@�h|*�
���k�1w}�(���g|�|*w��*~=�gyF�1�t{*��{�vFwD�zxz��xz{
β → 1

�hyF�
{�vFw�w �aw��}{��h�MxzyF�}|*w��g��xzy1�
V

x��«{*���1w��}|*w��g�*w­{�vFw��g�h�z�Fw­�h�
β
��utvFw 	 ªG¡ ~(���*w��*�*w��8�����gyF�*w}|���w���¦·{*�g~(�g���g��x����h� ¬«�*v@�h|���w

Q =

∫ ∞

−∞
j0 dx = − β

2π

∫ ∞

−∞

∂φ

∂x
dx ,

¦ ��� 
 !�¬

�«vFw}|*w

jµ = − β

2π
εµν∂νφ

¦ ����� � ¬

x��M{�vFwq¸C�kw}{�vFw}|��}�1|�|*w}y�{���utvFw�w}��w��}{�|�x��t�}�1|�|*w}y�{.¦ ��� 
 ��¬ox��M~1|*�g~(�g|�{�x��gy@�h��{*�D{�vFw�¸C��w}{�vFw}|��}�1|�|*w}yO{

j1

j =
√
A ∂0φ ,

¦ ����� 
 ¬

�«vFw}|*w
A
x��«�*�g��w�yF�gyO�1y1xz��w}|*�?�h�M���gyF��{?�hyO{ � ��utvFw 	 ª�¡ x��txzyO{*w}��|?�h�1��w9�hyF��v@�g�«�=w�w}y��*{��F��x�w��

xzyB��|*w��h{.�1w}{?�hxz�S�¥��w}|8{�vFw����g��{ ������w��h|*� ��� �k� ����� � 
�� �qutvFw­��~=w��}{�|��1� �h��{�vFw 	 ª�¡ �1w}~=w}yF�1�.�gy
{�vFwG���h�z�FwG�h�M{�vFw­���g�1~1�zxzy1�����gyF��{?�hy�{

β2 �g|��@�h�z{*w}|�y@�h{�xz��w}�z���2�gy

ξ =
β2

1 − β2
.

¦ ��������¬

ºF�g|
β2 < 1

{�vFw�������xzyFw�{*w}|�� x��9|*w}��w}���hyO{#xzyµ{�vFw
|*w}yF�g|����h�zxz¢¥�h{�x��gy���|*�g�1~4¦¨©«ª­¬­�?w}yF�*w
�hyF�
���ky@�h��x����h�z�z�e��w}yFw}|?�h{*w�������~(w��}{�|?�h���O�h~

M
xzy�{�vFw�w����}xz{?�h{�x��gyµ��~(w��}{�|��1��� �fy�{�vFw�|*w}~1�1����xz��w

|*w}��xz��w
1 < ξ < ∞ {�vFw���~=w��}{�|��1� ���gy�{?�hxzyF���gy1�z���?v@�h|���w���~@�h|�{�x��}��w����h�C�?v@�h|���w

Q = ±1
�

�«v1x��*vs�h|*w­���h�z��w����������
	����
�D�hyF������	����������
	����
��� ��y�{�v1x��8|*w}��xz��w­{�vFw­��~(w��}{�|?�h�o�O�h~
M
x��8|*w}���h{*w��

{*��{�vFw ���g~1{�x����h�,�O�h~ �
∆
�FxQ� w��z�@{�vFw­�O�h~��*w�w}y�xzy�{�vFw­�g~1{�x����h���h�F�*�g|�~1{�x��gys��~=w��}{�|?��{�v1|*�g�1��v�{�vFw

|*w}���h{�x��gyo�
∆ = 2M

� �t{�{�vFw��?�h f���h�z��w�� � �a�1{�vFw}|<  �H��w}|�� � � � � � ¦ � ��¬G~(�gxzyO{ ξ = 1
{�vFw 	 ª�¡
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A
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x��#w��O�1xz���h��w}yO{#{*�s�B�¨|*w�w����g�*��xz��w�§Cxz|?�g����w}|���x��gyo� �fy`{�v1x����zxz��xz{�{�vFw��*�g�zxz{*�gyF���(w����g��w
yF�gy� 
xzyO{*w}|?�g�}{�xzy1��~@�h|�{�x��}��w��#�hyF�e{�vFw�¡��g{�{­xzyF���1���h{*�g|9{��1|�yF�¤xzy�{*���B���gy���w}yO{�x��gy@�h�t�@�hyF�exzyF���1���h{*�g|��
��y�{�vFwC�zxz��xz{

ξ → ∞ ��{�vFw 	 xzyFw�  ª��g|*�1�gyB���k�1w}�o�g���O�1xz|*w��«�hy 	 �#¦ ��¬��*������w}{�|����hyF���1w��*�}|�xz�(w��
{�vFw­�?v@�h|���w9�?w��}{*�g|D�h�H{�vFw­¯D�1�1�@�h|*�����k�1w}�M�h{Dv@�h�£�  �¹F�z�zxzy1�
xzy�{�vFw­�zxz��xz{C�h����w��h²BxzyO{*w}|?�g�}{�x��gyF�
�g�.��x��?�}�F�*�*w����h�(����w�� ��y�{�vFw­�h{�{�|?�g�}{�xz��w9|*w}��xz��w

0 < ξ < 1
�*�g�zxz{*�gy� ��hy�{�x��*�g�zxz{*�gys�=�g�1yF����{?�h{*w��

���h�z��w�� �f�1|*w��h{�vFw}|*� �9�h|*wG���g|���w����hyF��{�vFw}�B���g|�|*w���~(�gyF��{*��{�vFw­w��1�}xz{*�gyF�8�«v1x��?v���w­�g�F�*w}|���w­xzy
�g�1|8���h{�{�x���wG���k�1w}�Q�

��r�� ���q\ \_V(L�JjV(T �®b�iSTqb1d ��XgNfiST�X

uS�B���gyF�}�z�F�1w��S�qw�v@����w���vF���«y�{�v@�h{¤��v@�h|�~�w����}xz{*�gy1x��#��w��h{��1|*w��¤�1�g��xzy@�h{*w#{�vFw#{�|?�hyF��~(�g|�{G�(w� 
v@���kx��g|¤xzy`�B~@�h|�{�x��}�1���h|­|*w}��xz��w��h�t{�vFw �H¯C¡ �h{Gv@�h�£�  �¹F�z�zxzy1�F�
utv1x��Gx��­�B��xz|*w��}{9���gyF�*w��O�Fw}yF��w
�h�H{�vFw9xzyF�}�z�F��x��gy��h�HyF�gy �O���k���h��´��g�1���g�­�sxzyO{*w}|?�g�}{�x��gysxzy�{�v1x��.���k�1w}�Q�.utvFw��?w9w��1�}xz{*�gyF�G�h|*w9�h�
�¨�1yF�F�h��w}yO{?�h�z�z����x��aw}|*w}yO{��g|�xz��xzy³�g�¤���g��~@�h|*w��`{*�B{�vF���*w�xzy`�*w}��x����gyF���F�}{*�g|*�¤���g|���w��e���s{�vFw
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�­��|*w��h{�yFw�w������g|t|*w}�zx��h�1��w��1���gyO{�|*�g�z��w����h~1~1|*����xz���h{�x��gy��*�?vFw}��w�����utvFw}|*wGw���x���{
�*w}��w}|?�h�2�h~1~1|*���kxz���h{�x��gy�{*w��*v1y1x ���Fw��H�«v1x��?v����h²�w«�F�*w«�h�={�vFw8��xz��~1�zx£¹@���h{�x��gyF��{�v@�h{������}�1|��«vFw}y
�*�g��w#~@�h|?�h��w}{*w}|��,w�� �F�z�a{�vFw#��w}y1��{�v��h���*~1xzyF�

S
�g|G{�vFw���~1xzy��1w}��w}yFw}|?�g�}�

N
�h|*w#{?�h²�w}ye{*�
�=w

���h|���w�� ��yO��w���{�xz�O�h{�x��gyF�¤xzy�{�v1x��C�zxz��xz{��a���1~1~1��w}��w}y�{*w����O�s�hy�w��k~@�hyF��x��gysxzys{�vFw�xzyO��w}|*�*w��h�q{�vFw
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cos ki.
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√
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∏
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∑
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Ê00 xzyF�}�z�F�1w��S{�vFw�vF�g~1~1xzy1�.���h{�|�x£�­�g�a��w}�z���g�a{�vFwH�?vFw}��x����h�O~(�g{*w}yO{�x��h�O�«xz{�v1xzy9{�vFw�¢�w}|*�kw}{�v

�}�z�F��{*w}|9�hyF� 〈jµ, 0ν〉 �1w}yF�g{*w��#�h�z�HxzyO{*w}|*�}�z�F��{*w}|�yFw��h|*w���{¤yFw}xz��v��=�g|*�¥� ��{Gx��¤{*���=w�yF�g{*w��e{�v@�h{��
�«v1xz��w#{�vFw��gyF��xz{*w�´��g�1���g�9�exzyO{*w}|?�g�}{�x��gy

U
���gyO{�|�xz�1�1{*w��­�gy1�z��{*�

S0
�o�
yF�gy1���k���h��xzyO{*w}|?�g�}{�x��gy

���F�?v��g��{�vFwtyFw��h|*w���{HyFw}xz��v��=�g|�´��g�1���g�9��|*w}~1�1����x��gy
V
���gyO{�|�xz�1�1{*w��q{*���=�g{�v

S0
�g���qw}�z�2�g�

∆S
�

utv1x��M�����kxz{f�­���gyF��{�|��F�}{�x��gy#x��M�*�«�Q�h|o��w}|*w}�z�9�8|*w}���h�=w}�zxzy1���h�F{*w}|����Mxzy­{�vFw��g|�xz��xzy@�h���g�}{�x��gy��hyF�9x��
w��F�g�}{���¯D�¥�qw}��w}|D�h~1~1|*���kxz���h{�x��gyF�.yFw�w���{*�9�(wC���g�1w�{*���g�}{��@�h�z�z���g����w��*�t{�vFwC���k���h�a~1|*�g~=w}|�{�x�w��
�«xz{�v1xzys{�vFw#�}�z�F��{*w}|����ew��h~1~1|*���kxz���h{*w�{�vFw9w �aw��}{�xz��w��g�}{�x��gye�h��{�vFw9�}�z�F�*{*w}|C����²�w�w}~1xzy1�B�gy1�z�
{�vFw�|*w}yF�g|����h�zxz¢¥�h{�x��gy��h�«{�vFw ���@�g��|?�h{�x���{*w}|������g�1{?�hxzyFw��µ�Z�·{*w}|¤xzy�{*w}��|?�h{�xzy1���g�1{­{�vFw��1w}��|*w�w��
�h�S�¨|*w�w��1�g�>�h�,{�vFw����1|�|*�g�1yF��xzy1��w}y���xz|*�gy1��w}y�{ ��� � �H¸C�g{�x���wC{�v@�h{«{�v1x��8�h~1~1|*����xz���h{�x��gy���x��g���h{*w��
{�vFw¤{�|?�hyF�*���h{�x��gy@�h���*������w}{�|��B�h�H{�vFw­�g|�xz��xzy@�h�M���h{�{�x���w������1{.{�v1x��Dx��8yF�g{���~1|*�g�1��w}���(��xzyF��w­{�vFw
��~1xz|�xz{��h�H{�vFw��h~1~1|*���g�*vsx��C{*��w���{�xz���h{*w9���k���h� ���@�hyO{�xz{�x�w�����utvFw�ªG�h�F�*��x��hy��h~1~1|*����xz���h{�x��gys���g|
{�vFw�w �aw��}{*�­�h�«{�vFw�w}y���xz|*�gy1��w}y�{��?w�w}ye�O��{�vFw��}�z�F�*{*w}|­�(w����g��w��­w��F�g�}{¤xzy�{�vFw��zxz��xz{��h�����h|���w
���k�g|*��xzy@�h{�x��gy���� � �.�hyF�±{�vFw}|*w��¨�g|*w��.�g�1|�{*w���{
���g�*w�xzy �gyFw���xz��w}yF��x��gy ���gyF��{�xz{��1{*w��
{�vFw������*{
��x ���}�1�z{D���g�?w���utvFw¤w �(w��}{�xz��w9�g�}{�x��gyB�¨�g|«{�vFw­�}�z�F��{*w}|.���hy�{�vFw}yB�(w¤�h~1~1|*����xz���h{*w����g�¥�

Seff

[

c†0µσ , c0µσ

]

=
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dτ

∑

µν,σρ

c†0µσ

[
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∑
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〉
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Himp =
∑

µνσ

Eµνc
†
µσcνσ + U

∑

µ

nµ↑nµ↓

+
∑

µν

Vµνnµnν +
∑

kσ

εkσa
†
kσakσ

+
∑

kσ,µ

(V h
kσ,µa

†
kσcµσ + V h∗

kσµc
†
µσakσ)
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εkσ
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kσ,µ
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Eρζ = E00
ρζ + V δρζ

∑

〈jρ′,0ζ〉

〈

njρ′
〉

,
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njρ′
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Ĝ−1
0 (iωn) = iωn − Ê − ∆̂(iωn),
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∆µν,σ(iωn)[εkσ, V
h
kσ,δ] =

∑

k

V h∗
kσ,µV

h
kσ,ν

iωn − εkσ
.
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εkσ

�hyF�
V h

kσ,µ

�?w}�£�  f���gyF��x��*{*w}yO{��z���
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Σ̂c
���hyF���F��xzy1�­{�vFwC�*w}�£�· f���gyF��x���{*w}yF�}�

���gyF��xz{�x��gy°�1w}{*w}|���xzyFw���yFw}� �ew}x��*��¹@w}���a� Ĝ−1
0 (iωn)new � ��y³{��1|�yo�H{�v1x����1w�¹FyFw�����yFw}� vO�� 
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D =
1

(nmax + 1)NbNc

nmax
∑

n=0

∥

∥

∥
∆̂(iωn)new − ∆̂(iωn)Nb

∥

∥

∥
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∆̂(iωn)
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εkσ
�hyF�

V h
kσ,µ

� 	 {�|�x��}{��z����~(w��h²�xzy1�F�2{�vFw­��x��h���gy@�h�H�hyF�����2 f��x��h���gy@�h��w}��w}��w}yO{*�G�h�H{�v1x��D���h{�|�x£�
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V h
kσ,µ

�hyF�
εkσ
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εkσ
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∆µν,σ(iωn)[εkσ,λζ , V
h
kσ,δρ] =

∑

k

V h∗
kσ,µγ [iωn − ε̂kσ]−1

γγ V
h
kσ,γν
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Initial guess for bath parameters

Impurity model Solver

Cluster Green’s function
Cluster Self energy

Self consistency condition

Lattice Green’s functionNew Weiss field 

for impurity model 

New bath parameters 

Conjugate gradient Algorithm

ºMxz���1|*w	��� 
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Himp =
∑

µνσ

Eµνc
†
µσcνσ + U

∑

µ

nµ↑nµ↓

+
∑

µν

Vµνnµnν +
∑

kσ,γ

εkσ,γ

[

a†kσ,γakσ,γ + h.c
]

+
∑

kσ,µν

(V h
kσ,µνa

†
kσµcνσ + V h∗

kσ,µνc
†
νσakσµ)
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Σ̂c(iωn) = Σ̂U (iωn) + Σ̂V (iωn)
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Σµν
Uσ(iωn) = UF µν′

σ (iωn)
[

Ĝ−1
imp

]ν′ν

σ
(iωn)
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Σµν
V σ(iωn) = Kµν′

σ (iωn)
[

Ĝ−1
imp

]ν′ν

σ
(iωn)
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�hyF�

F µν
σ = � cµσc

†
µσ̄cµσ̄, c

†
νσ � ¦ ����� � ¬

Kµν
σ =

∑

ν′

Vµν′ � cµσnν′ , c†νσ �

+
∑

ν′

Vν′µnν′ � cµσ , c
†
νσ � ¦ ����� 
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xz���h��xzy@�h|����hyF�³|*w��h�t�¨|*w��O�Fw}yF�}� ¦·|*w}{?�h|*�1w��@¬��Z��x��#�«xz{�v
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• L�Zf�M\^Uv� |��}� ���D�8{�vFw¤y@�h��w­�*�1����w���{*���1{�v1x��.|*�g�1{�xzyFw­x��«�F�?w���{*��~1|*�¥��x��1w­{�vFw¤~@�h|?�h��w}{*w}|*�
�h��{�vFw¤¯D�1�1�@�h|*��¯��h��xz�z{*�gy1x��hy��hyF�B{�vFwG�*{?�h|�{�xzy1�����Fw��*�t���g|«{�vFwG�@�h{�v�xzy�{�vFw �.yF�1w}|*�?�gy
xz��~1�1|�xz{��±���k�1w}�Q� �.���*�³�g�*��xz��yFw��_vFw}|*w��h|*w�{�vFw��g�h�z�Fw������g|�{�vFw���xz¢�w��h�¤{�vFw��}�z�F�*{*w}|��
{�vFw��@�h{�vo�S{�vFw����Z��xz�­�1� yO�1�9�=w}|��h��xz{*w}|?�h{�x��gyF�#�hyF�s{*�g��w}|?�hyF��w��¤���g|¤���gyO��w}|���w}yF��w����g|
{�vFw �,�hyF�}¢����­�hyF�e´�§C¡�º�u¶~1|*����w����1|*w��¥�({�vFw���xz¢�w#�h�q{�vFw���|�x��sxzy

k
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¡s�h{*���1�@�h|?���hyF��|*w��h�,�Z�kx��«�¨�g|«{�vFw­ªC|*w�w}y�� �8�·�1yF�}{�x��gyF�C�hyF���*w}�£��w}yFw}|���x�w����

• ]`\fL�kOKM]fW!NRLONv� | �}���Dutv1x��.|*�g�1{�xzyFw9�1�1xz���1�.{�vFw��*w}{.�h�H�@�g�*x��D��{?�h{*w��.��xz��w}ys��¹1��w����g�h�z�Fw��h�
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�hyF����¹1�1w���������{*w}� ��xz¢�w��HutvFwG�@�g�*x��8��{?�h{*w��D�h|*w¤|*w}~1|*w��*w}yO{*w����O��xzyO{*w}��w}|*���@�«v1x��*v�x��

w���~1���hxzyFw��exzy�{�vFw��¨�g�z���¥�«xzy1��w��1�h��~1��w�� �Q���qw�v@����w��,� ����� ���*xz{*w��Gxzye{�vFw��}�z�F��{*w}|­�hyF� �
�*xz{*w��«xzy�{�vFw��@�h{�v�{�vFw}y���{f�k~1x����h�S���gy�¹F���1|?�h{�x��gy��«xz{�vo�F� ����� �#w}��w��}{�|*�gyF�D�q�g�1���B�(w��

([1 ⊗ 1] {⊗ 0 ⊗ 1 ⊗ 1 ⊗ 0})↑ ⊗ ([1 ⊗ 0] ⊗ { 0 ⊗ 0 ⊗ 1 ⊗ 0})↓
��yµ{�vFwB�h�=�¥��wB���gy�¹F���1|?�h{�x��gyo�q{�vFw�� ���@�h|*w
�1|?�g�*²�w}{*��w}yF�}�����?w�{�vFw
�*xz{*w����gy³{�vFwB�}�z�F�*{*w}|
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 ���hyF�
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 �C��~1xzy1��w��*�
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(20, 21 · · · 211)
��utv1x��9�*vF�gx���w��h�t|*w}~1|*w��*w}y�{�xzy1���
�@�g��x��

�*{?�h{*ws�g���hy xzy�{*w}��w}|Bx����F�*w��·�1���(w����h�F�*w�{�vFw�xzyO{�|�xzyF��x��s���hy1xz~1�1���h{�x��gy �h���1xz{*�B�gy {�vFw
���g��~1�1{*w}|�x�������w}|����Q�g��{#�g~=w}|?�h{�x��gy±�hyF�³���hyµ�=w
�F�*w��`{*���g�*v1x�w}��w�v1xz��v1�z�`�g~1{�xz��xz¢�w��
���k�1w���utvFw8�@�g��x��q��{?�h{*w��q�h|*w.�*w}yO{t�g�H�g�1{�~1�1{�����{�vFw«|*�g�1{�xzyFw ��	 ��� � ����#&��#Cxzy�{*�9�hy��h|�|?���
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• ioShQTW�UPQ���KMQTNbUPShX�z ��utvFw��*w�|*�g�1{�xzyFw��¤���h|�|����g�1{G{�vFw��g�}{�x��gye�h�«���¨w}|���x��gy1x����}|*w��h{�x��gy��g|
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Sz
¦·�O�����h�z�zxzy1� ��	 ��� � ����#&��#�¬��

{�vFw}y��1�1xz���1��{�vFwC¯C�h��xz�z{*�gy1x��hyB�������h�z�zxzy1� ��� 
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{�vFwty��1�­�(w}|q�h�=��|*�g�1yF����{?�h{*w���������#��,utvFw �S�hyF�}¢�����xz{*w}|?�h{�x��gyF��|*w����1xz|*w«{�vFw«¯C�h��xz�z{*�gy1x��hy
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• K`LOW!t}ioX�SVShQ�k�� |������ �C�8{�vFw9y@�h��w­���1����w��*{*���F{�v1x��D|*�g�1{�xzyFw9���g��~1�1{*w��C{�vFw­xz��~1�1|�xz{f���}�z�F�< 
{*w}|�ªC|*w�w}y�� �­�·�1yF�}{�x��gy³�«xz{�v1xzy³{�vFw����gy�{�xzyO�Fw��`�·|?�g�}{�x��gy³|*w}~1|*w��*w}y�{?�h{�x��gyo��u,�����gyF��{�|��F�}{
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A|GS〉 �hyF� A†|GS〉 �(���g|D{�vFw#vF�g��w
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�g�¤�qw}�z�q�g�G{�vF���?w#xzye�*w��}{*�g|*�G�«xz{�v��gyFw���w��?�G�g|¤�gyFw���|*w��h{*w}|¤~@�h|�{�x��}��w�{�v@�hye{�vFw#��|*�g�1yF�
�*{?�h{*w���utvFw8��|*�g�1yF���*{?�h{*w8�@�g��x���x�����{*�g|*w���xzy � #)$ � 	
�&� #G�hyF��{�vFw«~@�h|�{�x��}��wC�g|�vF�g��w.�?w��}{*�g|
x�����{*�g|*w��`xzy � #%$ � 	
�=��uS���F�*w
�����gy�{�xzyO�Fw��³�¨|?�g�}{�x��gy`|*w}~1|*w��*w}y�{?�h{�x��gyµ�¨�g|����2 f��x��h���gy@�h�
ª�|*w�w}y�� �H�¨�1yF�}{�x��gyF�q�h�a{�vFw.{f�k~=w�� 〈AB†〉 ¦¨���1~1~1|*w��?��xzy1�­{�vFw.{�xz��w8���h�(w}�������g|����g��~@�g�}{�yFw��*�
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A
�hyF�

B
��utvFw}|*w��¨�g|*w��@x£�M��w¤�1w�¹FyFw��

C = A+B , GC = 〈CC†〉, ¦ ��� 
 ¬

D = A+ iB , GD = 〈DD†〉, ¦ ������¬

{�vFw}y�{�vFw¤���2 f��x��h���gy@�h��ªC|*w�w}y�� �t�¨�1yF�}{�x��gyo� 〈AB†〉 ���hy��=wGw���~1|*w��*�*w����g���

2〈AB†〉 = GC − iGD − (1 − i)(GA +GB)
¦ ������¬
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