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SUMMARY oF HAIN REVULTS

@ WE COMBINE AND GENERALIZE
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B PROTECTED) SPIN CHARACTER
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1.) WILSON
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DEF: FRAMED BPS STATES
SATURATE THIK ROUND

DE~F: THE FRAMED

PROTECTED SPIN CHARACTER
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(C)) TFRAMED BPR WALL-CROSSNG
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ID>: HK GEGMETRY &

CoMPACTEICATION TO 3IDIME

(A)  PUT THERY oN Tx S,

[OW ENERY EFECECTIVE THEORY:
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@SWG: %u, l Z(X;u) =0 'eL Q(X}h);GO}



<"B.) H’DPcRBoux COORDS

¢

T T IS INSTRUCTIVE TO CONSTROCT
HE Hk METRIC oN M EXPLICITLY

Hk & FAMILY OF HOLOMORPHIC -
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OF FOUNCTIONS ’ij oN M3 €
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Log qﬁx = Aoy /ng; jc 1
27 <) K Loy (- Yy)
Xl

K. xF = gﬁ Is'KE5)F(s”)
X}(' :‘SSJ Zyif5 < O ?

I / —1 48! g3y
ds KCS"\S) e U~

® TFoRMALLY zAmoz_oDcmfcové TRA

e 2. :INSTANTON CONTRIBUTIONS
X/ - _




(C.) RELATION TO LINE DEFECTS

e WRAP L. oN & =
[ ocaAl OPERATIR IN 3D THEORY

0 y
THE DARRWUX EXPANSION

<L§>m: Zs Q<L3)7> %\((MS)
Y

HAS No WALL- CROSSING
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TE ., M5-BRANES & HITCHIN SYSTEMS

(A) THEORIES OF Crass A

GENERALIZING A CONSTRUCT ION

oF WITTEN, GMN INTRODOCED THE
CLASS A oF D=Y,N=2 THEORIES:

CONSIDER NoNA BELIAN (a,o) }3-'THEOKY
ON RIEMANN SurFAcE C Wi PUNCVES

C.: "yv curve”

"BREAK So(5),— So(2) ® ss(3)
AND PARTIAWLY TWIST TO PRODUCE

53
d:‘_ L{//\/\: 2 THEOSRT onN IR
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2 SPECIFIED BY BEHAV(GR &F BPS
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(B'> WHEN CoMPACTIFYING THEORI ES
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(C.) SW MoDULI = L ITCHN MoDULL

» REDUCTION oF 5D )j—SYH
ON C =>BPS EQS = HITCHIN =CS
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Opp =O
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(D) SW MoDULI = H ITCHN MoDuLL
= MoDuLl oF FLAT G, CONN s .

<A, ce3 QOLVE H ITCHIN ERS. —>
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(E) ®BPS STHES For T[c,An)

DEF: A WkBPam  oN C

A 3> - oV

GENERIC WkB PATHS HAVE
BSTH EADS ON  SINGULAR ToNTS £

(@ ®

AT CRITICAL VALES oF TF=D%
F/N,I_E IWKB PATHY APPEAR. TTHETY

LIFT T0 CLOSED CYLES ¥<¢2,
THESE ARE' BPS STETE S WH

-«—,r%?\ = 6“9" ZXI
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(Cl,) A NATWRAL SET oF LINE DEFECTS

€D # —THE®Y HAS Susy
SURFACE op's $< R, )

(RN %-RE’P7 G = QURFACE

CHoosE ClLosED PATH & < C

C:

/-‘
MORE GENERALLY & = LAMINATION




o CHOOSE 0 =TRxy :
6D sorFace DerECT F(R,0 )

—>
HD LINE TeFECT LSUR)?FO
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= T, (u(,af(x/t))
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SURFACE DEFECTS él 2d>/yp WCF

(A.) UV DEFINMON

<SOPPORT : x'= x2a w~ RY

e TPoNcARE’ SUBALGEBRA
{ rlb"'-‘).‘P-B) H‘Z ) rA) r\/}
D
ng(> Q:La, ail ) 69’.2}
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<A</:MZ> ~ T“l>=.2 @.2)

WISTED CHIRALMULTIAET
Y= P +0)+ 0 F, - z'Gi-’D,Z>>
= —TWo UV DEF'S

@

@ CHooSE D=2 (2,2) THERY T, 4
ON S WiTH G- GLogpl SYMMERY

® CHOOSE D=4 W:=2 THEORY 7;0‘
WILI™ G-GAUGE SYMME TRY

e US/NG TRESTRICTION oF TWISTED

CHirAL_ MULTIPLET, GAUGE THI—
2D G-GLOBAL SYMMETRTY.
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USING D=4 THEORY Ty WITH
G- GAUGE SYMMETRY, REDUCE
THE STRUCVRE GRouP ALONG S<M,
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My
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&C) CHIRAL RINGS (C—Atoﬂ’o oqu.ts;g)

2D C©P' MoDEL CouPLED
ExAMPLE:

T0 4D Pure Su(z) MODEL

FoR 2D CP nedecL:
CHIRAL RING: XZ'-: Azzo( e—l:

ADD A TWISTED MASS :
2 4+

X = Nd € +2u
Y
Z + /\
XZZ /\2_0‘ c 4+ ZM—]- qu—t
Azd e
‘t-
- A= x Jdt

e (e 2
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GENernaLZeE T “TLC, A, ,mt\f

Zc C = S : CANONICAL

Z  SURFACE DEFECT

332,\, OPEN M2-RBRANE
ENDING AT

%x‘zxz;o} X {ZéC§ c RL[X C

e DECOLPLE GRAVIY = (2,0) THEORY
WLITH SURFACE

DEFECT
CLAM: CHIRAL RINC =

1

—QUATION FoR SW COURVE:
>\'\. + )\n-th_(-?!] ¥---- "_éu(:z) =0
Nk

Xﬂ+ Xn-—Z \(;-(e‘t )+“_ N V;(e"t ):O



(’D) TR DESCRIPTION

¢ ASSUME & HAS A FINITE
SET oF MASSIVE VAacuA 1€V

o Cx1: T,y = LG MoDEL WITH
MORSE CRITICAL POINTS

’ ?_’(i: T[C) Ah)mf,x W T EB% Y
VACUA = BRANCHES A, --- ), OVER Z

¢ VACUA FoR THE 2D-UYD SVWSTEM
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V — B

|
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TR LAGRANGIAN

—

e 4D, UV — IR

¥ — FE(vEoole)
/)\

4y ARELIAN VM S
IN SOME DUALITY +RAME
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@ 2D+4uD: UV — IR

SQ-PF___ quxdue (S:'Q%VI) +ydx°olxgolzfgwef£vl)

i
o F 7 DEPeNDS o u e

/\:QH
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eff ;
-NANELY, W DEPENDS oN (u,z)C- BE’E



<E) THE EFFECT Ve SoLENAD

PHYSICAL INTERPRETATION :
S OLENJOID

FLUX ~

Fox

vac st F=dh =0
BUT %/A cV = 1, ®R

CHOGSE DOALTY FRAME
I I
C

ZROM LAGRANGIAN CoMPUTE
T awef—ﬁ

71 + TrgX =

pr— 1

= t

T T
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) TORSORS OF SPERPOTENTIALS

N.RB ABRARONOV-ROHM PHASE

OF A PRORE PARTICLE Y€ TTQ'{

=Y ap = exp [&Tti <Y, >\Ki >1

TWIS ONLY DETERMINES

\éi YY\O& ‘;-

RUT IN FA CT,

THE FLUX IN THE SolLENOID
IS PHYSIcALLY RELEVANT

—

= SUPERPOTENTIAL DEPENDS

)

L ]

ON X;  NoT JusT oN ?

W HY



SUPPOSE. A 4D ParRTICLE oF

CHARGE Y¢ BECOMES MASSLESS
AT u=tty & Z(¥fu) —o@ut

o THIS PARTICLE AlLSo RINDS TO
T HE SoLENOID .= 2D CHIRAL
MULTM PLET BECOMES MASSLESS

e WITTEN (f233) =>
AWQ#.: l

217\ KC Q°3 er
= MONODROMY IN ue®:
We# o WC# + N ZKC

= 2’:1 — ‘AI-I- vl %”‘IZXQ



"TTAKING INTO ACCOUNT GENERAL
PATHS IN B

—>  SUPERPOTENTIALS LIVE

0

IN A T-T6RS0R:

e
2

e A CHOCE OF SOPERPTENTIAL
= A CHOICE OF GAUGE ¥;

e |NTRODUCE THE NoTATON
off-
\/\/: Z\G ;
FOR  SUPERPOTENTIAL IN FLUX ¥,
ZK;‘}Y = ZXI +2X

SO THS ExXTeENDS THE CENTRAL
CHARGE % TO !




)(j / ———  VACvaA
R
z > =
X-& -
J
C —o—

soreRpoT =z = _L\ 9
LyYe 0. o
oN &, ° i = &Yy =% v 7

\é'd OPEN CUQVP JOINING X 'TD')C~

S %“ (Z %XWXO})Z)

- 1:\ A T=T6RS6R
UP ToO SOME SUBTLETES:

1 =TV —1T¢
=T —T



(G) NEW BPS DEGENERACIES

o Q(Y,u) AS BEFSRE

o /u(\é;d)-. = 2D SolLiTsN S
RETWEEN VAC i&\&
oF 4D CHALCE X;d-e- 1?6
. A7
& - ° _
)y

e THERE ARE ALSO 2D
PRARNCLES IN VACUUM 2

- n .
1 \"\N /7‘ 2

WITH 4] CHARGE el



SURRRISE:  THE 3 oF SucH

PARTOLES DEPENDS oN THE
ICHoICE 6F GAGE" Zy.

WE  CounT THEM WITH DEGENERACY

&)(\&) X,L) socH VAT

w (X, ¥+ )=0(%, %) +L§Z£X)<X,X'>

~ —
L_AnNDAV Leve,

‘DEGENERACY
E SSENT AL PHYRICS ¢ THERE

CAN BE BownwDSTATER 6oF 4D
TARTWOLES WM THE SURFACE DEFECT

<’DEF:NE W (Y,¢'"):= SUF)<Y'> 5 AL
BRPS DEGENT ARE M+ w )



EXAMPLE: BPS SRES IN T[C,A,m)

Z — C

X\)XL —_5 2

o VAWA oF F,: X, X,

. BPS SoLITN OF CHARGE Y€1), :
WkR CURVE J0NMING X, TO Xz




BRPS DEGENERACIES PR T[C)Am)

J(Y;;) = SIGNED SUM OF WKB CORVES

FRoM X; TO >< PASS ING
m«oocm A ’RAMuﬁcmm\l%n\r‘

OJ(‘K,X:S)= w( Y, X—.,) - W ( §) Xd)

= QW <Y, o>
Y;J AN ofeEN pATH

¥ : WKR Rep.



() LINE DEFECTS = DOMAIN WALLS

£ L &
-
R =0
= @D
%&8’ wgeT %SLgﬁ i

TR: DYON EMBEDLDED IN
A SOLENO/@:

L i i N2 S flz‘zz-'coc’

hy—  —

< N 2

Fluox=Yel Ewx =Yvel.,
wx=yel, DyoN o )
CHARG K Xi—-X&/d—K - T:.)/

DYoN CHARGE LIVES IN T-TORSOR
Sy
)



Example 6F TS, Am e

CHOOSE A PATH

& N C (upTO

HoMoTopy ) FRoM  C:
2 7O 2z’

A
N ¢
— @
ﬁm' =D Ms;l:s x
X:- ,c;\ %
‘3
T
X ¥ d = HomorogY CLASS oF OPEN

J p —



(I,) FRAMED RBPS STRTER
SLS PRESERVES

l - — +-—|"~Z
Q\ -3 Qé Q 1

—> CAN DEVFNE FRAMED BPS STATES

:’(L l?> — Z Q (L@, 3.3/) Xx;é ,

e

1
T
e<
<2
+
o<
=
C-
~_

XX,‘S/ X‘& y

g QI/(

O 4k
(NoMQoMM\rmT\VE EVEN FoR \j=-i>

® CoNRIRTENCY OF WC oF

T

2 = Wk FoR )Uc\fl’@



(3)) FoRMAL STATEMENT oF 204D WCF

L4 PVECES o= DATA

@ GROUPOI'D o VACUA W :

& <- - DISTINGUISHED
- 2 . ORJtCT:
7\JACUUM OF
’ ’ Tz Z=R0 )
SURFACE DEFECT

T
MORPHISMS : . —S

"DRAV AN ARRMLS  FOR. TACH
Yl TO GET o (i) =T Tersog.

1"\‘0%« Lo,c) - ‘7 ) H‘OM.(I';()) — 'r“ R



CoMPoS|TION of MORPHISM S

J
.Y e ¥
"‘/5\\.1( etc.

X+7% '

LET oe 1T 0 7.

TDENOTE CoMPostToN Otb
WW=N TEFINED

CENTRAL CHARGE EéHGﬂ’(\\,IC>

Z @y + Z ()= £ (atb)

WHEN o+b 1S DEFINED




(@) BPS DATA:
D) € &L

/LA.CX.O) € L
w(¥,%.) € Z

Go @9\6«"’75') = C'J(K,Xa%— QUY) <X, x>

P\ECEWISE CaNSTANT (N
STARIL\TY DATA =

@ T WISTING FuNCTIoON

O—@‘L,L) c Z WheN atb
2 DEFINED

G_(a,k)f(a+'o)c> - (T(Q/‘oi_c) O_<b’ <)



3 TOEFINITION S

(IO DEF: A BPS RAY 1S A
RAY IN CPLX PLANE :

- R -Z7E) F w@&)£EO
- W_ZE,) 7 u@y)+£o

(&) DEFINE THE (TwisTED)
GRoVPoID AGERRA CLWV]:

O-(a,b) Xa.l-b LF a+)b

CoMPesatLE

XmXB:

O ElRE



C) DEFINE TWo AUTOMORPHSMS
oF CIN:

o OV— LIKE: ng
‘]
X (I )X, ) X Q+ /L(Y‘J)XX"J)

ckg-Liks K

—cj( ¥ a

CL

Xo— (%



2D /4D WALL-CROSSING F0RMYLA

FOoR CoNvEX \////

CE CTOoR

AH) = © | SM Tk,
Z(¥: )e<i 2%
ORDERED BY PHASE OF Z
W.CF @ AKX ) 18
CoONSTANT So LONGE AS
No BPS LINE ENTERS//EAES
THE SECTOR 4

CV +KS wek ARE=
SPECIAL CASES



(KYTYPES OF WALL—-CROSSING
2(%; ) Z e )

. éﬂxﬂ = [
> 2(¥0) Z (%)

MM I P g}*' gf*'
SX:S S X.'ﬂ_ S'K‘)’l = S‘le X‘, f )".‘),_




/ 2 X:J'-l-b’
e L

: TTS" Ky oyt
pTrst K TTS

I+l
Y

.H\

&; 140

\5:34- nY



THM: MIXED WCF CANV BE |
| SOLVED EXPLICITLY

’,—z,) :Frlfid'
(£ TVA' - A—ZTT‘J
Z;\‘;: K‘Z[‘)’



SPECIAL CASES
Y X




(L.) 3AD/1D SYSTEM %‘3 14K GEOMETRY

e — X

i )

SURFACE DEFECT IN 4D THEORT




7101035 tx<Tde,, ;IS A
| ocartyY DEF/INED [|-FoRM OV M

C.ROSS/NG PATCHES WE FIND
A CoNNEcTIoN A5 oN

(Of$> P M

WHEN M HAS THE
SEMIELAT HkK METRIC

!
)Ag,; IS HYPER- HOLOMORPH IC
3

)
( ‘:;S IS TyYPE (1Y) IN ALL

CoMPLEX STRUCTURES >



(M) @UA—NT'UM CORQECTLOI\LS

JUST AS WORLDLINES OF 4D
BPS PARTICLES => INSTANTON CoRRECTIONS
TO0 3D SEMIFLAT HK METRIC-..

WORLDLINES OF 2D BPS PARTICLES

= INSTANTON CORRECTONS T THE

3D SEMIFLAT CoNNECT ION :

—

Q 3 )
1 J

SD LINE TDEFECT
Tr P exp Sclx(’(fp*@ + Ferm-'z)

SuosY=> B 1S HYPER-HOLO MoRPHIC



THESE INCTANTONS MIX THE
LINE BUNDLER oF VACUA:

SO THE QUANTUM-CORRECTED

CONNECTIoN) (B ONLY MAKES
SENSE ON THE VE CToR BUNDLE:

‘\/j$ = @w@g’)”

AN ALOGOVR TO THE METRIC ...

CoNSTRUCT B VA TS HOLOMIRMC
ST IONS

Yy, e A ()



ANALOGouS o TBA: CoNsTrucT
’ij,“ FRoM AN INTEGRAL EQUATION:




REMARKS:
1. IMoSTHNESS o CoNNECTION

® 'S GUARMTEED BY
2d-4d wWwC
2 CoNSTRUCTION CAN @€

C_ARRIED OUT EXPLICTTLY N
SoME SIMPLE EXAMPLES,
SocHt AR INSTANTONS ON
PERpDIC TAUB-NUT STALE.

3. TNTEGRAL EquaTioN =
EXPLICIT CoNSTRUCT ION SF
FILAT SECTIoNS IN T(CALym| EXPLES

= EXPLICIT CoNSTROCTION 6F
SOLUTIONS T0 HITchIN EQS.



L{' EQVATION FoR % 1S A

VERIION OF THE |INVERSE
SCATTERIN G METHeD | IN A SHECIAC
CAREZ CoINCIDES Wt RECENT
RESOLT™ 6F LUKYANOV—ZAMOLOD UHESV

55 TR y e+t F(lp)

GENERATE A NONOMMUTATIVE

ALGEBRA DEFRMING ALGEBRA OF
HOLOMORPHIC FUNCTIONS (p/ l/l/Lf

o INNERFACES , AT y=-1
< L§>> < HO(HomQ/S;,\/gB)

S0 y;é -1 ALGEBRA oF F(le) Jrrs

|T: GO0D FoR ANY TH MG?



TV IMPLE EXAMPLES

RECALL THAT ForR T[C A m|

o 4D BPS PARTICLES ARE
FINITE OR CLoSED WKB PAMS

pe— A

e  (CENERALIZE T SOLITKS :

OPEN WkR PAMS  ConvecTING
X, TO X, THRoVGH TRAME PeINT

¥

J

—

[
Y
e /_/L/

C 2
-

IR




N.B AS A FUNCToN oF

|

ze(C H

I

= WALLS o

MARGINAL STABILITY ARE

T HZ CrRiMmeAl WkR CORVES
OF ocorled 4D STATES:

Al

2D soLToN HAS
SAME PHASE AS 4D HM



ALSO RECALL THE CHIRAL RING
ToR ©p1 CoUPLED TO N=2 ,4=4:

2z * /\Ll
Xz: /\2_0‘ 6 -~ 2\4-,- zqd-t
Azd e
'l:
= A= X Jdt

- (e 2 )0y

FIRST CoNSDER Ay —0:

TPURE CPT MODEL

2\ = (Ai-“' + )(dz

Z
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