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Introduction

Most of this talk reviews work done around 1997-1998:

Moore & Witten Marino & Moore  Marino, Moore, & Peradze

Overlapping work: Losev, Nekrasov, & Shatashuvili

Central Question: Given the successful application of N=2
SYM for SU(2) to the theory of 4-manifold invariants, are
there interesting applications of OTHER N=2 field theories?

Recently re-visited with lurii Nidaiev
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Review: Derivation Of Witten
Conjecture From SU(2) SYM

X: Smooth, compact, dX = @, oriented, (m;(X) = 0)

Twisted N=2 SYM on X for simple Lie group G: Sum over connections
A € A(P)onall Ggy; bundles P — X with fixed ‘t Hooft flux

§ € H? (X; 7T1(Gadj)) together with various fields valued in ad P:
d € 0% adP ® C) xeno> (adp)nenn’(adp) i €I (adP)

Formally: Correlation functions of Q-invariant operators localize to
integrals over the finite-dimensional moduli spaces of G-ASD conn’s.

Witten’s proposal: For G = SU(2) correlation functions of
Q-invariant operators are the Donaldson polynomials.



Local Observables
U e Inv(g) > U(p)

Descent formalism

H.(X,Z) ey H*(Fieldspace; Q)

\ /calization identity

H™ (M)

2
g =su(2) U=Tr, <§—> U(S) ~ fTr(ng -+ 1/)2)
S

7-[2



Donaldson-Witten Partition Function

78 (p, s) = (e2P U+sUGSQ)y,

2.\t r
= A“(X”)Z W) () Pp(t'ST)

Mathai-Quillen & Atiyah-Jeffrey:
Path integral formally localizes:

Mo AJG

Strategy: Evaluate in LEET:
Integrate over vacua on R*



Spontaneous Symmetry Breaking

SU(2) » U(1) by vev of Order parameter:
adjoint Higgs field ¢: u=(U(¢p))

Coulombbranch: B=tQ C/W =C adP->L* PO P L*?

Photon: Connection AonlL U(l) VM: (a%,A4, x,yY,n)

a?: complex scalar field on R*:

Do path integral of quantum fluctuations around
a9(x) = a + da(x)

What is the relation of a = (a9(x)) tou ?
What are the couplings in the LEET for the U(1) VM ?



LEET: Constraints of N=2 SUSY

General result on N=2 abelian gauge theory with Lie algebra
t=u(l) P ---@ u(l): Action determined by a family of
Abelian varieties and an "'N=2 central charge function”:

A-1tQRQC—-—D TI'=HUZ)
Z: T - C (dZ,dZ ) =0
Duality Frame: T = [eélectric gy pmagnetic

dF
a' =Z(a') ap;=Z(B) = <W> Ty

6aD,,
- 0a/

Action ~ jf(FJ’)Z +t(F)?+da% «(Imt)d a? + -
X



Seiberg-Witten Theory:
For G=SU(2) SYM U is a family of elliptic curves:

A4
E,: y2=x2(x—u)+zx u € C
dx
Z(V)=j£/1 A=—(x—u
Y y
u — oo: [nvariant cycle A: a(u) = 7€/1
A

Choose B-cycle: = t(a) = Action for LEET

LEET breaks down at u = +A* where Im(z) = 0




Seiberg-Witten Theory - Il

LEET breaks down because there are new
massless fields associated to BPS states

U(l)D VM: (aD'ADtXD'l/JDtnD)
Near U,z: +

Charge 1HM: (M =q D §*,-+)

Zgw(p, S)=Zy+Zp2+7Z_p2



u-Plane Integral Z,,

Can be computed explicitly from QFT of LEET

Vanishes if b > 1

X
2
Z, = [ dada (d_u) AG e2Pu+SiT(W) g
da
A= (u—A?)(u+ A?)
2
Contactterm: T(u) = (%) E,(t)—8u

®: Sum over line bundles for the U(1) photon.



Photon Theta Function

_q (du\?
O =e¢ ' (d—Z) S§ z y—%e—inflf_—inrﬂz
A=Ao+H?%(X,Z)
. (du =
(—1)W2X0-(A=20)g™ (@) <E> (A4 + LS+ (d”> )

) I\ J da 4ty da
T=x+1Yy
2o is anintegral lift of & = w,(P)

Metric dependent! A =4, + A_




Contributions From U 52

Path integral for U(1)p, VM + HM:
General considerations imply:

> SWET A Ry (p,S)

A€qwa (X)+H2 (X,Z)

Ry(p,S) = Res[( dap ) ezPquSZT(u)H(du) C(u)AZP(u)aE(u)X]

ap

(202 — 2 u = A% + Series ap

4 c¢i=2xy+30

d(1) =

C,P.E : Universal functions. In principle computable.



Deriving C,P,E From Wall-Crossing

d
dg,y

Z, = [ Tot deriv = jg du(....)+ ® du(....) + du(....)
00 - —AZ2

Z,, piecewise constant: Discontinuous jumps across walls:
AowZy: WQA): A, =0 A= 21,+ H?*X,7)
Precisely matches formula of Gottsche!

1
ApeZy: WA): A, =0 A= EWZ(X) + H*(X,7Z)

ApeZ, +AZ 2 =0= C(u),P(u),E(u)



Zpw = (ePO+15)) = ZCoulomb + ZHiggs = 4u + ZsW

mMicro

Donaldson polynomials do not jump at SW walls =

0 =0Zpw = 6Zcoulomb + 5ZHiggﬂ

Msw(\) = {(A2, Ma) : F4+(AP) = MM,pPM = 0}

16



Witten Conjecture

Now, with C,P,E known one takes b, (X) > 1
and SWST to recover the Witten conjecture:

L . 1 ' .
ZgW(pl S) — 2C2—Xh (8552+2p z SW(A)BZTCL 210625/1 + e—ESZ_Zp z Sw(ﬂ‘)ean AAOQ_ZLSA)
A 2

_X+U

2 c“=2y+30

Xh

17
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N=2 Theories

Lagrangian theories: Compact Lie group G,
guaternionic representation R with G-invariant metric,

Tg € 1_[ H me Lie(Gy) Gr =Z(G) c O(R)

simple factors

Class S: Theories associated to Hitchin
systems on Riemann surfaces.

Superconformal theories

Couple to N=2 supergravity



Superconformal
Theories

Lagrangian
Theories

Class S
Theories
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G-Donaldson Invariants

Pure VM theory for G a compact simple Lie group of rank r

0,2 observables derived from independent
invariant polynomials U,V € Inv(g)

v(s) ~ f Vo ($2FP + ap?)

S
75 (U,V(S)) = (eV+V©®)y,

Formally the path integral localizes to G-ASD moduli space

Generating function of generalization of
Donaldson polynomials for any G.

Rigorous setup: Kronheimer & Mrowka



LEET On Coulomb Branch
Coulomb branch: B=tQ C /W

SSB: G > T = Abelian VM’s valuedin T

Example of SW Geometry : G=SU(N)
Yo i =Px)* =N P(x)=xV +u,xN %+t uy

Uy, = Jac(Zy) [, = Hy(Zy; Z)

y
Z(y)zfﬂ A=xdlog
y y—P



u-Plane Integral
Can compute u-plane integral explicitly from QFT:

3 almost canonical duality frame in weak-coupling region at «

= t—valued VM: (a,4, x,n,¢¥)

A: Holomorphic function vanishing along discriminant locus” D

Ty: Contact term. General theory Losev-Nekrasov-Shatashvili; Edelstein, Gomez-Reino, Marino

I auz

For quadratic Casimir: Tu2 ~2u; —a dal



Theta Function

®: Theta function for abelian gauge fields remaining after SSB

Reduction of structure group Ggq; = T
Classes for fluxes in a torsor for HZ(X; Awt(g)) = A, (9) @ H*(X; Z)

[Fl=4m1 A€M, (q) QHA(X;Z) + Ay = A

1%
0 ~ Z e_iﬂ/1+‘f/1+ —1ITTA_TA_ ein—(/l_/lo)‘P®W2(X) QLWAI_.S

AEA

Metric dependent = Possible wall-crossing




Discriminant Locus

Just as in rank 1, the integrand is singular along a
“discriminant locus” D where BPS states become
massless and some U(1) c T becomes strongly coupled.

D = Ui Di
D; generalizes u = +A?
Higher rank: complicated intersections where multiple

BPS states become massless, i.e. multiple periods of
the curve vanish.

Integral Z,, must be regularized by
cutting out tubular regions around D;



General Form Of Zpy,

DW(p’S)_Z +zZ@ +2ZD + -

li]

Cancelling wall-crossing inductively determines
Zp, from Z;, and ZDU from Zp. , etc.

All Zp, , vanish for by > 1 EXCEPT Z,,,

So for b > 1 the answer is given entirely by Z,,,,,



The N=1 Vacua”

D..,, contains h = hY(G) isolated points v,
permutated by spontan. broken Z/hZ R-symmetry

S

bi>1  Z3(U,V) = ZZS'Vf,(U, V;v,)
Va

In principle, other maximal degenerations — corresponding
to superconformal points- might have contributed.

But detailed analysis shows they do not for G=SU(3) and it is
natural to conjecture that this is the case for all G.



Analog Of Witten Conjecture

In duality frame where max degeneration is ah, = 0
the ® function is a sum over

1
AESp @w(X) + Awt(9) ® H*(X; Z)

r independent spin-c structures : f; € %WZ (X) + H*(X; Z)
sway = [swa
I

755 (U, V;v,) = el 2 e 2T SW (1) Ry (U; V)
A

av

d(fp) Us+S?Ty+i—7S-f
Ry(U,V) = Res| (da%/\---/\da}g)/‘ ‘(aD’)1+ 2 ) E(ab)e el
I

All computable from the degenerate curve
and its first order variation.



Example Of SU(N)

Thus we can derive the SU(N) Donaldson invariants.
Corollary: X of simple type, by = 0,b5 > 1:

Only the A’ = 1 points contribute. Local analysis near ' =
1 points =

N=1 N—-1

{EU+IQ{S})SU{N} zaxﬁgﬁ Z Zwk(ﬂ'ﬂ_l}ﬁ( H SW(AI))
k=0 M)/ =]

N—-IJ

2 N=1

[
- exp [ Pasw* ™ ug, + 2w 5% + 4w Z (S, A1) si

a=1 I=1

w = explim/N] 0= (x+0)/4 Ug: 4 (h:)”

The sum ), is over the finite set of SW classes with: 4)\? =
3x + 20

30
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Including Matter

Now consider the general Lagrangian theory:

2L T

Data: G,R,m,Aor q=e

Twisted N=2 theory is again of MQ form:

Localize on moduli space of generalized monopole equations.

Q: Differential for G¢— equivariant cohomology
with parameters m € Lie(Gf)

Labastida & Marino; Losev-Nekrasov-Shatashvili

1
L, r



SU(2) With Fundamental Hypers

Moore & Witten
R =Nu(2@®2%) Spin(2Ng) © Gy

Mass parameters ms € C, f =1, vy Npy
Must take & = w, (X)

Seiberg-Witten: E,: vy*=x%4a,x*+ a,x + ag
ai: Polynomials in A, me, U

Z,, has exactly the same expression as before
but now, e.g. da/du depends on m, -

Uz m>

New ingredient: D has 2 + Ng & .
pointsu;: A=[[;,(u—u;) T

-




Analog Of Witten Conjecture

2+Nfl

by >1 Z(p;ssms) = 2 Z(p, s; mg; uj)
j=1

Z(p,s;mg;uj) = axpe ZSW(A)eZ”i A 4o Ri(p,s)
A

X 1s SWST =
_ _Xn (du Xh+o _ 2 A du .
Rij(p,s) = k; (da) exp < 2puj+S§ T(u]) i (da)]_ S /1)
u = Uj ~+ quj ~+ O(C[JZ)
Everything computable explicitly as functions of the
masses from first order degeneration of the SW curve.



Superconformal Points

Consider Nfl = 1. At acritical point m = m, two

singularities uy collide at u = u, and the SW
curve becomes a CuUsp. y2 — .X'3 [Argyres,Plesser,Seiberg,Witten]

Two mutually nonlocal BPS states have vanishing mass:

jg/l—>0 f)[—)O V1 V2 # 0
V1 %

2

Physically: No local Lagrangian for the LEET :

Signals a nontrivial superconformal field theory. .U

m=m,+ 2z . /

Uy




Superconformal Simple Type —1/2

Analyze contributions at the two colliding points u,
du\Xhto . [(d
Ri(p,s) = K (dZ) exp ( 2p u; + SZT(uj) — 1 (d—Z)J_ S - A)

2
. C"—Xh 1
2 _ — A . . —
= const. e?PU+S"TW) el 0% ;727" (1 4 Series in z2 )

exp( el O+ Z% (1 + Series in Z%) S - /1)

c*—xn 7x+1lo
2 8

<0 Perfectly reasonable!

Physics: ling Zpw (p,s;m,+2z) <oo
77—



Superconformal Simple Type — 2/2

Physics: ling Zpw (p,s;m,+2) < oo
77—
No IR divergenceson X No noncompact moduli spaces of vacua

Form of explicit answer implies the only way this can hold for all
polynomials in pntand S is for a series expansion in z with
coefficients made from SW (A1) to be regular

Theorem [MMP]: There is no divergence in Zpy, if:
a.) )(h—CZ —3<0
b.) Xy SW(D)e?m Aok =0 0<k<y,—c*—4

Conditions a,b define SST.

MMP checked that all known (c. 1998)
4-folds with b5 > 1 are SST.
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Two Possible Future Directions

Invariants for families of 4-manifolds

New invariants
(or new facts about old invariants)
from superconformal theories??



Families Of Four-Manifolds — 1/5

Donaldson invariants can be generalized to families of
four-manifolds: Donaldson, Durham lectures 1989

Naive attempt at a physical approach:

Couple N=2 field theory to N=2 supergravity:
g,uw lp[fa' l:b/fd'
Topological twist: = g,,, 'Y, , OH,

Q9 = Yy , Q¥ = uqbv‘l'qubu:Q(.bM:O;

Superfields describe (Cartan model) for
dif f (X) — equivariant cohomology of Q*(Met(X))



Families Of Four-Manifolds — 2/5

S={0Q,V}+const [tr FAF
T.LW — {Q’AMV} D'uAuv — {Q;Zv}
Q( S+ f vol(g) WHVA,, + vol(g)qb“ZM> =0
X

(For a fixed volume form vol(g) .)



Families Of Four-Manifolds — 3/5
Z| gy P H| = [ dIA, ¢, x, P, 1] exp(S + f YA + 94 Z,)
X

() — closed diff(X)-equivariant
differential form on Met(X)

Diffeomorphism invariant

Met(X))
Dif f (X)

Conjecture: These are the family Donaldson invariants

Descends to cohomology class € H™(

n — parameter families of metrics have wall-crossing
in the degree n component for by (X) <n+1



Four-Manifold Families —4/5

Singularities of (b-1)-form component for b-dimensional
families are associated with classes 1 € H*(X; Z)

b = b; (X)

Suppose A € H2(X;Z) is ASD for a metric g(®

Perturb : g(t) = g(o) T 23:1 t“Pa
/12

ZSing ~ C (3) Wp_1 T d (*)

wp_q angular formin t% around the point t=0.

For G=SU(2) c(n) are the coefficients of the same modular
form that appears in the standard Donaldson WCF.



Four-Manifold Families — 5/5

One can also couple g, ¥,,,,, §* to
the LEET around U 52

It is natural to expect that this will give the
family SW invariants formulated by
T.-J. Li & A.-K. Liu.

... and moreover that there is an analog of
the Witten conjecture for the family
Donaldson invariants.



Superconformal Theories — 1/4

Basic question:

There are lots of interesting superconformal theories.

(Some of them don’t even
have Lagrangian descriptions.)

Nevertheless, they can be topologically
twisted and have Q-invariant operators.

Is this a source of new

four-manifold invariants?




Superconformal Theories — 2/4

Important lesson from SU(2) N¢; = 4

T(u; my) approaches a FINITE limitasu — oo

Completely changes the wall-crossing story.

o+1+2 t+r

d
Z, ~ 250{)5’” lim du u 2
Adguy

11
0 1+ Series —,—
er(To) (1 + Series —, =)

1

S@+1+28+7) <1 No wall-crossing at b; = 1
1 ntin metri ndence!
S+ 1+20+7) 2 ~1 Continuous metric dependence

TFT fails utterly !




ASuperconformal Theories —3/4

Now consider SU(2) N, = 1atm =m,

lim Z, + fdu du lim Measure(u,u;m) := Z;

Z,, : continuous or no metric dependence from singularity!

Continuous metric dependence for o +1r + 6¢ < —7

No metric dependence forc +r+6 ¥ = —7

Conjecture:  Zj; + Z,, + (ePO1+%20)) o rpeory

is topologically invariant except for wall-crossing at
u=owforb;(X)=1



ASU perconformal Theories —4/4 @

The truth of this conjecture would suggest that the
superconformal theories might provide new
four-manifold invariants, at least in some range of r & ¢

The truth of this conjecture would then strongly motivate
an investigation of the u-plane integral for general class S.

Much of the structure of Z,, is known — follows pattern of higher rank.

Some important details remain to be understood more clearly.

Can, in principle, be derived from a 2d (2,0) QFT derived from
reduction of abelian 6d (2,0) theory along a four-manifold.



