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The Yang-Mills flow

G a compact Lie group, M a riemannian 4-manifold
B a principle G-bundle over M

A a connection, D the covariant derivative, F its curvature 2-form

The Yang-Mills action

SYM(A):/MdVOI(X)|F(X)H2:/M*F/\F

Its gradient flow

dA )
=D xF(A) —Aa(x) 08, A%(x) +

)
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The Y-M flow on the space of 2-spheres of connections

A = the space of connections in the G-bundle B
G = the group of automorphisms of B (gauge transformations)

A= A/G (the gauge equivalence classes of connections)

The Y-M flow is G-invariant, so it acts:
o on A,
@ pointwise on Maps(S5? — A),
e on S = Maps(S? — A)/Diff o(S?)

What is the generic long-time behavior of the Y-M flow on &7

Are there stable 2-spheres for all elements in mpS = m.A?
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Personal motivation: a very hypothetical application in a very
speculative physics theory [DF: JHEP 0310:063,2003].

Here, | will describe some very preliminary, elementary
investigations still in progress. Any advice or help would be much
appreciated.

24



A more specific setting

M = round S* (or euclidean R* U o)
B = the trivial G-bundle over §*
then the gauge transformations are G = Maps(S* — G)
A = 115G
A is an affine space, so contractNibIe, y
so the long exact sequence for A — A/G = A gives mA = mG
and w3 Maps(S* — G) = 715G, so mA = 75G.
msSU(2) = Zo msSU(3) = Z
o m5SU(3) = Z classifies the SU(3) bundles over S°.
e S = G,/SU(3) is a geometric model for the generator.

@ Is there a geometric model for the generator of m5SU(2)?
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Non-trivial 2-spheres of riemannian metrics?

71 Diff(§%) = 15 S* = 7,
but
O(4) c Diff(5s%)
710(4) = 71 Diff (§*)
SO
@ no non-trivial 2-spheres in the metrics on sS4,
@ nor in the asymptotically euclidean metrics on R*

because any 2-sphere can be contracted to the equivalence class of
the round/euclidean metric?

Still?

6
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G»/SU(3) = S

Defining representation on R” = R ¢ C3
o g =sul3)pC?
ov:(z,z)— (—V-z—v-Z,2vzy+V X Z)
56 = {(20,21722,23)7 Zg + |21|2 + ‘22|2 + |Z3‘2 = 1}

@ SU(3) is the isotropy group of the N-pole (1,0,0,0)

exp (2D°) (N-pole) = S® — {S-pole}

e trivializes the SU(3) bundle over S® — {S-pole}
@ makes explicit patching S5 — SU(3) which generates 75SU(3)
SU(3)/SU(2) = S°, msSU(3) — 75S° [Chaves&Rigas, 1996]
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Pull back along f : §* x D> — S°

f(S* x 8D?) = f({S-pole} x D?) = {S-pole} c S
0D? being identified to a point, the S-pole € S?

Pull back G, — S° along f to get a map S? — A which sends the
S-pole € S? to the flat connections. This is a generator of m.A.

For explicit calculation: use the exponential map to trivialize G
over S® — {S-pole}, then pull back along f to get a 2-disk of

connections with 9D? = S going to a loop in the flat connections.

What happens to this 2-sphere under the Y-M flow?

| want to turn this into a question that | can address with
elementary tools.
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A U(2)-invariant f : $* x D?> — S°
S*xD*’CcRaC3
{(uo, u1, up, u3) - 0§ + |1 |* + |wo|* =1, us| < 1}

U(2) C SU(3) preserves S* x D2

Ue U(Q) — (U (et U)_1> € SUQ3)

A U(2)-invariant f 1
r=(1-usf?)?

(ruo, ruy, ruz, uous)

f(ug, ur,u, uz) = (—’U3’2707 0, ruz) +r 1
(r? + |uous|?)?

giving, for each u3 € D?, an S* C S° of radius r.
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The U(2) symmetry

NI

St={f +|n+|wP =1} D*={lu/<1} r=(1-]|ul)

ols) e

o u3 € D? — A(u3) a connection over S*

@ SU(2) fixes every us, so all the A(uz) are SU(2)-invariant,

so ug is the only dependent variable on S%.
e U(2) fixes the origin u3 = 0, so A(0) is U(2)-invariant.

@ The Y-M flow preserves U(2) invariance.
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Naive conjectures on the U(2)-invariant flow

(1) The connection at uz = 0 flows to a U(2)-invariant fixed point.
(2) The unstable manifold of the fixed point is 2-dimensional.

(3) The unstable manifold is a stable 2-sphere, U(2)-invariant,
with S-pole at the flat connections.

An unlucky alternative (but consistent with U(2) invariance):
u3 = 0 could flow to the flat connection.

I'll show some computer calculations that support (1) and that
suggest a likely candidate for the U(2)-invariant fixed point.
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Additional Z, symmetry at u3 =0

Let R be the element in Gy
R : (uo, u1, uo, u3) — (—uo, Uy, Up, —13)

R =exp(0,0,—7/2) 0 (0 0—01>

R fixes ug = 0, so is a symmetry of the connection at uy = 0.

R acts on the maximal S* (reversing orientation) by

R : (uo, u1, u2,0) — (—up, Uy, U, 0)

The symmetry of the flow is now U(2)xZj.
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The general U(2)xZy-invariant connection on S*

Use SU(2) to restrict to a longitude

(u07u17u270):(u07 Vl_u027010) _]-SUOS]-
and trivialize along this longitude.

The covariant derivative is now D = dugd,, + D (up) where D+
is the SU(2)-invariant covariant derivative along the SU(2) orbit.

Write D+ = D%+ + At (ug) where D% is the covariant derivative
for the flat connection along the orbits and A*(up) is an
su(3)-valued 1-form on the orbit.
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The remaining U(1) symmetry, up — e'®up, implies
i(h— H)wd —gw™ —gwt .
AJ‘ = g1w+ —if1w3 0 f172 = f172
W™ 0 ifaw3

where w3, w* are the Maurer-Cartan forms on the SU(2) orbit.

At the longitudinal slice, w3 = dIm uy, wt = dup, W™ = diip.
Invariance under R, which takes ug — —ug, implies

fo(uo) = fi(—uo)  82(uo) = g1(—wo)
Continuity at the poles implies the boundary conditions

fA(l)=1 A(-1)=0 g(l)=1 g(-1)=0
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Sym (in instanton units)

S 1
Svu= [ o [4(@@2 +(h— 8P + 5 (05 + (h — lgal?)?

—00

1
+ Z(axfl — k) + (A — g1’ — B+ |&]?)?
+|0xg1]? + (—2fi + f +2)?|g1|?

+ |0xga|* + (=2 + L + 2)2\g22}

1-— : .
x=—In ( uo) 2e* = stereographic radius.

For the initial connection A(0):

3
1+u 14+ up\2
Ow) =150 0w = (F52) sw—24
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A simple-minded computer investigation

Explore a finite dimensional submanifold of connections:

N—1
1+u
fi(u) = < . 1) +(1—u])) ] Fruf

k=0
1 N—-1
1+uwu\2 14w
mlw) = (52) |(F5) ra- B Y Gt
k=0

Sym is now a quartic polynomial in the 2N real variables Fy, G
(the Gk being real because gy stays real under the flow).

Minimize Syp as a function of the Fy, G (using Sage,
Mathematica, Maple).
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N
0
2
4
6

8
10
12
14
16

min Syy

2.40000
2.08672
2.03528
2.01789
2.01028
2.00642
2.00426
2.00296
2.00211

-4

L(x)

The programs start behaving badly around n = 16. The method of
approximation is not well-suited to the problem.
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(anti-)self-duality
S=S.+S5  S.=

Lplusx)
10

(+) instanton (self-dual solution of Y-M equation)
1

=& = - —4
T e P =8=0 Li(x)=0.75cosh™(x + )

ﬂ:g]_:

(-) anti-instanton (anti-self-dual, R-reflection of instanton)

h=g = PR T— fi=g1 =0 L_(x)=.75cosh™*(x — xp)
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Patching the instanton and anti-instanton solutions

Want: x < 0 instanton solution, x > 0 anti-instanton.
Can only patch these together at x = 0 if xp — o0.

Try patching x < —¢ instanton with x > § anti-instanton,
using some interpolation for —¢ < x < §. Always get
Sym > 2 (but | have not been able to prove this).

Can get Syy — 2 for such configurations, by taking xo — oo.

The limit is an instanton of zero size at the N-pole and an
anti-instanton of zero size at the S-pole.

It seems likely that the U(2)xZp-invariant connection will
flow to this zero-size instanton-anti-instanton pair.
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Questions about the U(2)xZ,-invariant flow

@ Prove that Syp > 2 for the U(2)xZ, invariant connections?

@ Prove that Syy, = 2 only for the zero-size instanton-
anti-instanton pair?

@ Is there a stable U(2)xZp-invariant 2-sphere of connections
that contains this zero-size instanton-anti-instanton as
unstable fixed point at the N-pole?
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Conjectures (guesses?)

@ The conformal group of S* acts on this fixed point, giving a
family of fixed points: zero-size instanton-anti-instantons at
arbitrary locations in S*.

@ Might guess that each of these fixed points has as its unstable
manifold a stable 2-sphere of connections, such that any
nearby 2-sphere ends on one of these stable 2-spheres.

@ Might even guess that this family of 2-spheres is globally
stable.

I've shown only that the minimum over 2-spheres of connections of
the maximum of Syp, over the 2-sphere is < 2.

(This is in the language of Sibner, Sibner and Uhlenbeck, 1989,
who studied nontrivial loops of connections.)
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Plan

Consider all instanton-anti-instanton pairs of asymptotically
small size.

Patch the self-dual and anti-self-dual solutions in some fixed
(arbitrary) way.

Separate variables into the zero-modes and the rest.

The zero modes are: location, size, orientation within SU(3)

for each of the pair. All other variables are irrelevant, because
instantons are stable under the flow.

The flow should act on the zero mode variables.

The hope is that the asymptotic behavior of the flow will be
insensitive to the method of patching, in the limit of
asymptotically small sizes, that it will be possible to identify
the fixed points and their instabilities unambiguously.



@ Somehow, perhaps for some relative orientations in SU(3), the
sizes will have to increase under the flow, because the flow
cannot end at the flat connection without the topological
charges cancelling.

@ If this picture turns out to be correct, I'd be especially
interested in the stable 2-sphere emerging from a
configuration of a zero-size instanton-anti-instanton pair at
finite separation in euclidean R*.

| would especialy want to know how the flow along the stable
2-sphere approaches the flat connection. There might be
interesting spectral information.
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Final comment

M. Carfora remarked to me in a private coversation a year ago in
Banff that stable surfaces for a geometric flow would fit into a
program of using the geometric flow for Morse theory on the space
of geometries.

In that spirit, one might want to look at configurations of any

number of zero-size instantons and anti-instantons. They might
have instabilities providing stable submanifolds of the Y-M flow.
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