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Introduction

DF, Quantum field theories of extended objects
arXiv:1605.03279 [hep-th]

Quasi Riemann surfaces, in preparation

rough definition
a quasi Riemann surface is a space with the properties of the
space of integral currents in a Riemann surface.

as speculative physics:
the geometric setting for a new kind of quantum field theory
— for every 2d qft there is to be a gft of (n—1)-dimensional
extended objects in a space-time of dimension d = 2n

as speculative mathematics:

possibly a new application of analysis to the theory of manifolds
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Vocabulary

M

k-forms

Dgistr (M)

a manifold of dimension d = 2n

compact and without boundary

endowed with an orientation and a conformal structure
example: S% = R?U {0}

W= Wy, (@) daht - - - date k=0,1,...,d

the k-currents & = &Mk (2)d%e  k=0,1,...,d
the distributions (linear functionals) on k-forms

/£ o= [ G2l @)

the boundary operator ~ Dsr (M) — Ddistr(7)
85)“2 Pk — _a §u1M2 Bk

/dw—/ 00=0
o
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Vocabulary (2)

Dzmg(M) = the singular k-currents, representing singular k-chains

o=y ,nio; 0;: N> M

/W:Zni/ o w
o i A;

examples: k-submanifolds

Di"(M) = the integral k-currents (TBD)
a complete metric space
the completion of D;™(M) in the flat metric
currents are close if they differ by a small deformation

4/22



Vocabulary (3)

In(&1,62)

the intersection form on currents
non-zero only if k1 + ko = d

1 g
In(61,6) = /Mk,k,(a:) 11 () ()

defined on almost all currents
integer values on singular currents

the Hodge *-operator on n-forms and n-currents
conformally invariant (expresses conformal structure)
%2 = (—1)"

(RE)prtin () = gpettiny, Ly, (2)€0 ()
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The basic example

Is(n1,m2)

Py

a compact Riemann surface without boundary
a conformal manifold of dimension d = 2
example: the Riemann sphere $? = C U {oo}

the intersection form on currents in X
non-zero only if k1 + ko = 2

Hodge-* on 1-forms and on 1-currents
J?= -1 Jdz =idz Jdz = —idz

projections  5(1 FiJ)
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The basic example (2)

The bi-augmented chain complex of X

Z Z

I I
0 smg 8 sing 0 sing 0 sing 0 sing 0
<2 D77 <Dy " <D;" <Dy <—D377 <—0

On the left, the boundary operator on 0-currents is

8’!70:/ 1 GZTLZ(SQCZ:ZRZ
70 % 7

On the right, ‘
0:7 — Dsmg(Z) ol=%

00 =0 on the right because 03 =0,
on the left because 0oy = 65, — 0z,
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Motivation: generalized Maxwell electromagnetism

F'is an n-form on M (e.g., a 2-form in d = 4 space-time)
Maxwell's equations

dF =0  d(+xF)=0
(n—1)-form gauge potentials
dA=F dA* = xF
(n—2)-form gauge symmetries
A— A+df A* — A"+ df”

A, A* as scalar fields (functions, 0-forms) on D" (M)

¢<5>=/£A ¢*(£>=/£A*
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Motivation (2)

gauge transformations of the scalar fields
66 > 0(€) + [dr=0(©)+ [ £=00)+ £(20)

3 0¢
P(&) = o(§) + f(0S)  ¢7(&) = ¢7(§) + f7(9¢)

so, if we fix some (n—2)-boundary 9¢ and restrict to the ¢’ with
0¢' = 9¢, then ¢ and ¢* are transformed by the two numbers

f(9¢) and f*(9¢).

The gauge symmetry of the (n—1)-form gauge potentials becomes
a U(1) x U(1) symmetry of the scalar fields ¢ and ¢*.

Want to do field theory on the spaces of relative (n—1)-cycles in M

Dy (M)zoc = {€ € DM (M): 0¢' € 20¢ |

n—1 n—1

D™ (M) = the extended objects in space-time M
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Motivation (3)

tangent vectors in D" (M)zge = small deformations

= small integral n-currents in M

so an n-form on M gives a 1-form on fof‘{(M)Zag

F and F* become 1-forms j and j* on D™ (M)z¢
dp=j  do*=j"

looks very much like the basic 2-d conformal field theory, the free
1-form aka the free massless scalar aka the ¢ = 1 gaussian model

essentially all 2-d quantum field theories can be constructed from
the ¢ = 1 gaussian model

want to do “2-d" gft on the spaces fof?(M)Zag to get new qfts in
space-time dimensions d = 2n

want function theory on the spaces DZT"{(M)Z% analogous to

function theory on Riemann surfaces
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Observations of an analogy between ¥ and M

1. The intersection form on currents in M pairs kq-currents and
ko-currents when (k; —n+1) 4+ (ko —n+1) =2
DyM(D) = DYM(M)
Di™(E) s  DIM(M)
DyM(N)  «—  DYH(M)

2. We can define a J-operator
J: Dgistr(M) N DgiStr(M) J2 —

by
J =€, % e = (—1)"_1

n

When n is even, J is imaginary, so we have to go to complex
currents to have J2? = —1 for all n.
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Structures on complex currents in M

Define the sesquilinear form Ip;( &1, & ) on complex currents

m(&1,&) = €nty—nlr(&1,&2) En k! = (1)K R RHD/2 o1

The properties of J = e,* and Ip;{&;,& ) are the same for all d.

o In(€1,&) =—In(&,60) skew-hermitian

© In{0€1,&) + In(&1,062) =

° IM<£ &) #0Oonlyif (ki —n+1)+ (ke —n+1)=2
o Ip(&,& ) is densely defined

o I(&,&) is nondegenerate

o Ip(&,J& ) is hermitian and positive definite on

k—n+1=1 forms
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n odd

For simplicity, assume n odd, so J is real, so all currents can be
taken real, and Ip;(&1,&2) is a skew-symmetric bilinear form.

Suppose 9¢ is an (n—2)-boundary, 9¢ € D™ (M)

Define the abelian group

n—1

D (M)zg¢ = {¢ € DI (M): 0¢' € Z0¢ |

so we have

Z
I

0 <2 zoe <L DM goe < Diina £ piing L ping

Now divide foﬁ and DZT% by the null spaces wrt the intersection
form with D" (M) z9¢ and ZOE respectively, to get
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The quasi Riemann surfaces

Z Z
I I

0 ; o i o} ;
0 Qsmg e Qsmg Qimg < Q;mg & Qis))mg 0

Q*"9 = 7.9¢ C aDIM(M) C DIY(M)
Q5™ = DI (M) C DIM(M)
Q™9 = g (N
Q" = D (M) N (20€)
Q3" = D5 (M)/ ifé’ (Z0%)
with a non-denegerate skew form Ig(n1,72), and a J-operator on

Qffistr — Ddisit (M), with exactly the same properties as those of a
Riemann surface X
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The bundle Q(M) — PB(M) of quasi Riemann surfaces

Call this quasi Riemann surface  Q(M)zae¢

Let

n—1

PB(M) = {Zag c aD““g(M)} = PLODE™ (M)
be the space of “integer lines” in the abelian group 8Dflif‘{(M)

The quasi Riemann surfaces Q(M)zg¢ are the fibers of a bundle
Q(M) — PB(M)

of quasi Riemann surfaces, naturally associated to M.
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Want function theory on a quasi Riemann surface

Riemann surface X:

Z Z
I I

o ; 0 ; o) ; 0 ; e} ; 0
0 ,Ds_z'ilg < ngg < ,Dimg < ,D;zng < ,ngg 0

manifold M:
7 7

o} ; 0 ; o i o} ;
0 Qsmg ngg < Qimg < Q;zng & ngg 0

goal: construct quantum field theories on Q"9 = D™ (M)

function theory on ¥ — function theory on D™ ()

— function theory on Qol recall G(no,dn2) = Is(n0,m2)
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The Cauchy kernel

The Cauchy kernel

G(w; z)dz = R dz

2wz —w

(used as a basic 2-point function in 2d conformal field theory)
If R is a nice region in R?, say a disk,

Gw;z)dz= 1lifweR, 0ifwé¢R
OR
For fixed w, think of the 1-form G(w;z)dz as a function on
1-currents
G(bw,m) = | G(w;z)dz
m
The Cauchy kernel can be considered as a function G(19,71) of a
O-current and a 1-current characterized by

G(n()? 3772) = I]R2 (7707 772)

All of function theory of 1-complex variable can be expressed in

terms of currents, the intersection forma and the J-operator.
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Integral currents

want calculus on D™ (%) and on Q5™ = D™ (M) ¢

sing

GMT: put a metric on D, and complete — Djnt

define normed vector space of flat currents
sing at distr
D" pli*t ¢ pf
flat currents = measure-like distributions, that take no derivatives

completion of Dsmg

in the flat metric is D™
Dsmg - Dmt D;Zat C Dgistr
the flat metric:

M (&) = k-volume of k-current &

1€l e = 1nf [M(¢—0¢') + M(£)]
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Currents in spaces of integral currents

currents can be defined in any complete metric space, also
singular, flat, and integral currents: D}"t(D,i"t)

3 natural maps " D}"t(Di"t) — D;ﬁ_tk

because
Aj%(Ak—)M) = AjXAk—>M

and A; x Ay is a singular (j+k)-chain
so every quasi Riemann surface @ comes with natural maps
ik . yint ( yint int
T DI Q) — Qi

in particular,

Hi,(): D;nt(g(z)nt) N ant
can be used to pull back the intersection form Io(71,72) and J to
give a skew-hermitian form and a J-operator on j-currents in Q4"

19/22



The J-operator on D{istr(Qint)

To talk of (1,0)-forms and holomorphic 1-forms on Qé”t, we need
a J-operator that acts on D! (Qint)

A tangent vector in QF" is an infinitesimal 1-simplex = tiny arrow
IL° maps that 1-simplex to a tiny element of Qi"t.

For a Riemann surface X: Qi”t = Df”t(Z), so this is a tiny
integral 1-current in X. and J takes it to another such.

For a manifold M: Qi = DI (%), so this tangent vector is a
tiny integral n-current in M.

It is not obvious that J = ¢,,* takes this to another such.

| have “proved” this. The argument made crucial use of the metric
closure in the flat metric. This is my main motivation for adopting
the integral currents.
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Speculation on the classification

| speculate that the quasi Riemann surfaces can be classified by
data analogous to the Jacobian of an ordinary Riemann surface —
the integer homology group H; as a lattice in a finite dimensional
complex Hilbert space.

This would mean that the Q(M)zs¢ would all be isomorphic to the
Q(X) for some 2-dimensional space ¥ (something more general
than a Riemann surface).

Such isomorphisms would

@ give the possibility of directly transfering 2-d quantum field
theories on ¥ to Q(M)zae.

o lead to pictures in which the each bundle Q(M) — PB(M)
of quasi Riemann surfaces is naturally embedded in a universal
homogeneous bundle of quasi Riemann surfaces
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Quantum field theory

All this started with consideration of the free quantum field theory
of an n-form F', satisfying the field equations

dFF =0 d(xF) =0
generalizing d = 4 Maxwell electromagnetism.

The map . . ‘
TLn=1: DI (DI (M) — DY (M)

interprets the n-form F on M as a 1-form on D", (M).

The gft becomes formally identical to the 2-d cft of the free 1-form
— the ¢ = 1 gaussian model.

The (n—1)-dimensional extended objects of the n-form theory are
just the vertex operators of the 2-d cft.

Essentially all of 2-d gft can be built on the free 1-form theory.
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