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The space B of conformal boundary conditions for the ¢ = 1 gaussian model
is a fiber space B — By.

By is a quotient SU(2)/Zx7 of SU(2) by the following action of ZxZ.

Let R be the radius of the target circle of the gaussian model. Duality is
R — 1/R. The self-dual model at R =1 is the SU(2) level 1 conformal field
theory.

Parametrize the elements g € SU(2) by a pair of complex numbers (u,v)

with |ul? + |[v]* =1,
u v
9= ( e ) (1)

(n1,n2) € ZxZ acts on SU(2) by

(u’ U) . (eQﬂnl/Ru, eQm’nng) (2)
or, equivalently,
g—UgV™! (3)
where
¢im(n1/R+nz R) 0
U = ( 0 e—irr(nl/R-l-ngR) (4>
eiﬂ(—nl/R-}-ngR) 0
Vo= ( 0 e—tm(—n1/R+n2R) (5)

The full space B of conformal boundary conditions is a quotient of a fiber

space SU(2) over SU(2) by a compatible action of ZxZ.
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To make SU(2), remove the circle v = 0 from SU(2) and replace it by its
covering space, the real line. Parametrize this real line by 6;, with covering
map 6; — (e'%1,0).

Likewise, remove the circle u = 0 and replace it by its covering space, another

real line. Parametrize this real line by 6, with covering map 6, — (0, €'2).

S(:]KQ) is a covering group of SU(2) in the obvious way. As a point set,
SU(2) =RU(SU(2) — ST — S")UR. Its topology is described below.

Let (n1,ng) € ZxZ act on SU(2) by

(u’ U) — (GZTrml/Ru, lem?RU> (6)
91 — 01 + 27TTL1/R (7
02 — 02 + 27Tn2R (8>

—r

As before, this action has the form g UgV="for § € 5(7(2), where the [
and the V represent the gaussian model momentum lattice and dual lattice

in SU(2).
B is the quotient of 55(2) by this action of ZxZ.

The actions of ZxZ are compatible with the covering SU(2) — SU(2), so
the quotient is a fiber space B — By.

The circle u = 0 in SU(2) becomes in By a quotient S'/Z where Z acts by
v — ¥Ry The fiber in B is a circle of radius R. These are the Dirichelet
boundary conditions.

The circle v = 0 in SU(2) becomes in By a quotient S'/Z, where 7 acts
by u — €*™™/Fy. The fiber in B is a circle of radius 1/R. These are the
Neumann boundary conditions (the Dirichelet boundary conditions of the

dual R — 1/R model).

The topology of B is not, in general, Hausdorff. Recall that B is constructed
as the spectrum of a commutative C*-algebra. B is the set of extreme points
of a compact convex space, which is then interpreted as the space of positive
measures of weight 1 on B. B is embedded in the space of probability
measures. A converging sequence in B can have a limit which is not a point
in B, but a probability measure on B.

The actions of Zx7 are actions in the sense of measure, averaging actions.
When R is rational, the actions of ZxZ factor through a finite group. Then
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the action on point sets is the same as the measure theoretic action. When R
is irrational, the actions of Z x Z are ergodic. For example, the circle w = 0 in
SU(2) is taken to a single point, represented by the measure which averages
over the ergodic action of 7Z. The averaging action becomes a probability
integral. Presumably, there is an elegant interpretation of all this in terms
of noncommutative geometry.

The fiber space SU(2) — SU(2) has a measure theoretic structure, as follows.
A sequence in SU(2) — S' — S' that converges to (0,v) in SU(2) converges

in SU(2) to the averaging measure
[(02) = Ava,ez f(02 + 2mny) (9)

Topologically, the sequence converges to the infinite discrete set of points
6, in SU(2) that lie over (0,v). The limit of the converging sequence is an
average over Z acting on the real line. This average is perhaps a bit delicate
to define properly. But there is no difficulty in B, where the real line has
become the circle of radius R (6; mod 27 R) and the average is over #; mod

2.

Annulus calculations

The conformal boundary conditions b € B correspond to normalized bound-
ary states (b|, normalized so that the partition function of the disk is (b|0) =
1.

The partition function of the annulus with normalized boundary conditions
by, b, € B ' )
F(bl,bg) _ <b1|ezrrT(Lo+Lo)|b2> (10)

is calculated by averaging over 7 x7.

Write Bg for the subset S' U S' in B, the Dirichelet and Neumann (dual
Dirichelet) boundary conditions, the circles of radius R and 1/R.

If by and b, are both in Bg, then the annulus partition function F(by,b;) is
the usual partition function of the gaussian model with normalized Dirichelet
and Neumann boundary conditions.

If either by or by is in B — Bg then F(by,by) depends only on the projections
m(b1), m(by) of by, by to boundary states in By = SU(2)/Zx7Z. The annulus



partition function is given by averaging the SU(2) annulus partition functions
(R = 1) over the action of ZxZ

F(b,by) = Avuvezxz F(g1,Ug:V ™) su() (11)
1 2 L (11)2
— AVU,V % Z (GZTMTJ . eZTrzT(J+1) ) tI’pj(gflngv_le)
J
1 2 : -1 -1
- A 2mitn® [4 _inf(g] UgaV™') 13
Vuv 77(7_) an:Z € € ( )

where ¢g; € SU(2) is a representative of w(by) € SU(2)/7Zx7Z and g, € SU(2)
is a representative of w(by) € SU(2)/7Zx7Z, and where p; is the spin j repre-
sentation of SU(2) and 6(g) is given by

2 cos 0(g) = tr(g) (14)

for g € SU(2).

The previous case, when both b; and b, are in Bg, can likewise be written
as an average over Zx7 acting on free field boundary conditions (with a bit
of delicacy needed to take the average).

Before averaging over Zx7, the boundary conditions correspond to the el-
ements of S&(Q). I expect that calculations with more than two boundary
circles will follow the same pattern: first calculate with an element of Sﬂ?)
on each boundary circle, then average over the action of Z xZ for each bound-
ary circle.

The disk partition function Z(b)

The unnormalized boundary state corresponding to b € B is Z(B) (b|, where

the number Z(b) is the partition function of the disk with boundary condition
b.

The annulus is the finite temperature partition function of the cft on the
interval with boundary condition & on both ends. The limit 7 — 0 is the
limit of zero temperature. The infinitesimally thin annulus is conformal to
the infinitely long strip, which is conformal to the disk. The two boundary
circles of the annulus join to become the single boundary circle of the disk.
The condition that the ground state of the cft on the interval occurs with



multiplicity 1 in the partition function determines the number Z(b) by the
equation :
Z(b)? F(b,b) — =1/ (15)

as 7 — 0 where § = e~ 27/7.

The Neumann boundary conditions by, lying in the circle of radius 1/R at
v =0, have

Z(bp) = 27" R'/? (16)

The Dirichelet boundary conditions bp, lying in the circle of radius R at
u = 0, have

Z(by) =274 R7/? (17)

For non-Dirichelet, non-Neumann boundary conditions b € B— Bg, at u,v #
0, the disk partition function Z(b) is finite only if R is a rational number. If
R is rational, with R = P/Q, P and @ relatively prime,

Z(b) =27/ (P Q) (18)

When R is irrational, the annulus partition function in the limit 7 — 0 shows
a dense spectrum at energies near the ground state energy of the strip, so

Z(b) is infinite.

When R is irrational, the average over ZxZ7 becomes a continuous average
im/R and e = ¢"2R, Only the regions a; ~ 0 and
ag ~ 0 contribute to the low energy spectrum of the cft on the interval.

over two angles, €'*! = ¢

When —1/7 — oo, change variables in the averaging to

1 1
kl = % |u| aq kQ = g |'U| (0%] (19)
to obtain :
F(b,b) ~ 21/2 ol /dlﬁ /dl@ (G)FtHE=1/24 (20)
U

where this description of the low energy spectrum is accurate in the region
[ | < Jul, [kao| < o].

Two unforeseen noncompact dimensions appear at low momentum in the
open string sector!



