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ABSTRACT

We discuss the realization of superconformal invariance in two
dimensional quantum field theory. The Hilbert space of a superconfor-
mal theory splits into two sectors; one a representation of the Neveu-
Schwarz algebra, the other of the Ramond algebra. We introduce the
spin fields which intertwine the two sectors and correspond to. the
irreducible representations of the Ramond algebra. We give the deter-
minant formula for the Ramond algebra and the discrete list of possible
unitary representations. We have previously noted that the Z, even
sector of the tricritical Ising model is a representation of the Neveu-
Schwarz algebra. Here we complete the picture by showing that the Z,
odd sector forms a representation of the Ramond algebra. This system
is the first experimentally realizable supersymmetric field theory.
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Superconformal field theories are the supersymmetric generalizations of confor-
mally invariant field theories. Every supersymmetric local field theory is superconfor< ‘_F
mally invariant at short distances, so the realizations of superconformal invariéﬁcef
completely determine “the possible supersymmetric field theories. In stati'stiéal
mechanics superconformal field theories describe special critical points at which the .-
macroscopic physics is supersymmetric. |

In two dimensions the superconformal algebra has infinitely many generators.
The structure of the algebra is rigid enough to place significant restrictions on the
field theories in which it is realized, extending the restrictions imposed by the ordinary
infinite dimensional conformal algebra, the Virasoro algebral:2,

The first examples of supersymmetry appeared in string theory34, In fact, they
were examples of two dimensional superconformal invariance — theories of free mass-
less superfields on the world-surface of the string. The two superconformal algebras,
the Ramond3 and Neveu-Schwarz? algebras, act as gauge symmetries of the string.

In ordinary conformal field theory the scaling dimensions of fields are determined
by thke unitary representations of the Virasoro algebra?. In superconformal field
theory the superfields correspond to irreducible representations of the Neveu-Schwarz
algebra. In ref. 2 we gave the discrete list of possible unitary representations of the
Neveu-Schwarz algebra and thus the possible dimensions of superfields in two dimen-
sions. We pointed out that the simplest nontrivial examples in the discrete list
corresponded to the Z, invariant sector of the tricritical Ising model, which describes
generic tricritical phenomena in two dimensions®. The supersymmetry of the
corresponding conformal field theory was also noted by Zamolodchikov®.

In this letter we point out that a superconformal field theory has a richer struc-
ture than given by its superfields alone. The Hilbert space of the theory also contains
irreducible representations of the Ramond algebra, corresponding to conformal fields
distinct from the superfields and in fact nonlocal (i.e., double-valued) with respect to
the fermionic parts of the superfields. We call these the spin fields. The Z, odd
operators of the tricritical Ising model are spin fields.

The fermion parity (-1) is multiplicatively conserved so we can project on the
sector of even fermion number. This selects the bosonic parts of the superfields and a
subset of the spin fields. The result is a new local bosonic field theory. We call this

the spin model corresponding to the original superconformal theory. The construction
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of the spin model from a superconformal field theory is a direct generalization of the
construction of the superstring from the free fields of the Ramond-Neveu-Schwarz
model, 347 which is based on the construction of the critical Ising model from the
massless Majorana fermion.

The infinite superconformal algebra is generated by the super stress-energy tensor
T(2)=TH2)+0Tx2) where z=(z0) is a complex super coordinate, Tg(2) is the
ordinary stress energy tensor (spin == dimension = 2), and T4{(2) is its fermionic
superpartner (spin = dimension = 3/2). We omit discussion of the ¥ dependence
since it is equivalent to the 3 dependencel:2. The correlation functions of T{(2) can be
double valued because its spin is half-integral. Thus the Hilbert space of the theory
divides into two subspaces: the Neveu-Schwarz subspace on which TH™2)= Ti(2),
and the Ramond subspace on which Ti{€2™2)=-TH32).

The natural operator representation of superconformal field theory comes from
the radial quantization. We write z=¢™* and take 7 to be Edclidean time, o to be
periodic space. The compléx super coordinate (log 2,2Y/26) describes a cylindrical
superspace. The super stress-emergy tensor can be expanded in operator Fourier

coefficients

THHTH = X 2P p + 22T, (1)

We will use the more conventional notation G,=27Tg,, L,=Tp, In the Ramond sec-
tor the indices of the G, are integefs; in the Neveu-Schwarz sector they are half-

integers. The Fourier coefficients satisfy

L!szl’—m GII= G,
[erLn] = (m_n)Lm-l-n'l"-;-(ms_m)am-!-a
[Gm:Gn]-f- = 2Lm+n+—;'(m2'_i')6m+n

[L Gl = (%—n)cmhl . (2)

The hermiticity conditions follow from reality of the super stress-energy tensor. The

(anti-)Jcommutation relations are equivalent to the operator product expansion

¢ _ _ 1. _
Nz,) Tzp) ~ 72 34 (20p 1% + A2 1Dy + 03 2157 85) T2y) (3)
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where 20==2]—2-0,0,, 0;,=0,-0,, and D=38,+00,.

The coefficient é is a number which characterizes the operator implementation of
superconformal invariance in a particular theory. The usual central charge of the
Viiasoro algebra is ¢=3¢/2. A single free superfield has é==1. It consists of a free
scalar field with e=1 and a Majorana fermion with ¢=1/2.

A superfield ¢(z)=0¢q(2)+0¢,(2) is a conformal superfield if it obeys the operator

product expansion
- 1, 1 -
T(zy) #(25) ~ h 01 2157° $(8) + 52107 Db + by 2197 06 . (4)
This is equivalent to the commutation relations

[T,y $(2)] = 03 + 2(Do)D + o)™ (5)

“where

T, = ﬁ & dzdd ofz) T(s) | 6)

is the generator of the infinitesimal superconformal iransformation‘ 68=Dv/2,
bz=v-066. The complete algebra of superfields is generated by products of the super
stress-energy tensor with the conformal superfields.

In radial quantization the dilation operator Ly acts as hamiltonian. The L, and
G, are lowering operators when n>>0 and raising operators when n<0. A state |A>
of energy h is called a ground state if it is killed by all the lowering operators. The
raising operators acting on a ground state generate an irreducible representation of
the algebra. The eigenspace Ly=h+n is called level n.

The vac;uixm [0> is the ground state of lowest energy h=0. It belongs to the
Neveu-Schwarz sector. It is invariant under the global superconformal group
OS5P(2(1), i.e. it is annihilated by the five generators Ly, Ly, Ly, Gy and G_ypp. The
conformal superfields of the theory are in one to one correspondence with the ground
states of the Neveu-Schwarz algebra, the superfield ¢(z,0) of dimension A being associ-
ated with the ground state |A>= ¢(0,0)|0> of energy A.

The relation between ground states of the Ramond algebra and conformal fields
is more complicated. G, commutes with L,, so it acts on thé ground states, which

therefore come in orthogonal pairs |A*> and |k >=GyAh*>. By the general
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principle that ground states for the Virasoro algebra are associated with ordinary con-
formal fields,"? the Ramond ground states |ht> are created from the vacuum by
spin fields ©%(z) which are ordinary conformal fields of dimension - A:

|hf>= ©%(0)[0>. From the action of TH2) on the Ramond ground states we find

the operator product
TH2) O%(w) ~ =0}/ o, O¥(u) (7)

where ¢,=1, a =h-&/18. Thus Tg(2) is double valued with respect to the spin fields.
In fact, all of the fermionic parts of the superfields are double valued with respect to
the spin fields, and all of the bosonic parts are single valued. Ramond boundary con-
ditions can be regarded as due to a cut connecting spin fields at z=0 and o0. The

operator product (7) is equivalent to the relations

K, 1 0(1) £ § O*(1)K, = ¢,6%(1) ®)
where
_ 1 "1t S
K,= 2m,lzéldz z *1-2)%2TH?) = G,,—EG,,H . (9)

These nonlocal relations between spin fields and the fermionic part of the super
stress-energy tensor can be regarded as the defining property of spin fields.

If we make the conformal transformation from the plane to the cylinder we find
that in the Ramond sector all of the fermionic parts of the superfields become periodic
in space. The superfields acting in the Ramond sector form a self-contained super-
symmetric field theory on the cylinder, with periodic spatial boundary conditions.
The global supersymmetry is expressed by G%=Ly-¢/16. Supersymmetry is unbroken
if and only if there are ground states with Gy=0, i.e. with A=¢/16.

The fermion parity operator I'=(-1)F anti-commutes with all the fermionic parts
of the superfields and commutes with the bosonic parts. Because of its role in the fer-
mionic string theory we refer to I' as the chirality operator. Since Gy reverses chiral-
ity, the paired Ramond ground states have opposite chirality. If A~=¢/16 then [A7> is
a null state and decouples, leaving a chirally asymmetric ground state. Witten’s
index8 tr(-1)F for the supersymmetric theory on the cylinder with periodic spatial
boundary conditions counts the chiralities of the h=¢/16 Ramond ground states. If

the index is nonzero then supersymmetry cannot be broken and there must be some
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chirally asymmetric h=¢/16 ground states. If the index is zero then there is no chiral
asymmetry and in the generic case the supersymmetry will be broken.

The fermionic string theory in D space-time dimensions is described by D free
superﬁelds. X¥(g)=2"(z)+0¢*(z) on the world-surface of the string. The super stress-
energy tensor is TzDXpD2X”/2, and the operator product (3), with é=D, can be
verified using the two point function <X*(z,) X, (%5)>=68In(z),). For a single free
superfield, the Majorana fermion ¢ is equivalent to the Ising model at its critical
‘point. The ground state energy with Ramond boundary conditions is 1/16. The spin
fields are the dimension 1/16 order and disorder operators of the Ising model. For
arbitrary D the spin fields are products of D Ising order or disorder operators and
have dimension A=D/16==¢/16. They form the fermionic vertex constructed by Cor-
rigan, Goddard and Olive,® who wrote the relations (8) for the degenerate case
h—=¢/16. The connection between the fermionic string and the Ising model was first
pointed out by Abaronov, Casher and Susskind0,

With Ramond boundary conditions, the fields ¢#(z) contain zero modes ¢§ which
obey the anti-commutation relations of the Clifford algebra 4#. They commute with
Ly and therefore act on the Ramond ground states. Thus for D even the spin field 6~
transforms as a space-time Dirac spinor. For D odd, e.g. D=1, the épin fields must
transform as a pair of spinors of opposite chirality in order for I' to be defined. For
all D, the chirality operator acts by I‘Gl‘z')rp_,_,e; Projection on the I'=1 sector of
the D=10 fermionic string yields the superstring7. The spin field 6 becomes a Weyl
spinor. |

In the general superconformal theory, spin fields of opposite chirality are nonlocal
with respect to each other, since their operator products contain fermionic fields, while
spin fields of the same chirality are mutually local. Therefore, projecting on the sec-
tor I'=1 in any superconformal field theory gives a local field theory, the apin model.
Of course, in a complete treatment of superconformal field theory we must take into
account the (Z6) dependence of the fields. The full superconformal algebra is the ten-
sor product of two algebras, one describing transformations in (z8), the other in (Z8).
The natural chirality operator is I'=(-1)f where F is the fermion number of the full
theory. It is interesting to note, however, that in the fermionic string two chirality
operators, ' and T, are defined, one in the (2,6) sector, the other in the (Z8) sector.

The superstring requires projection on I'=I=1.
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In summary, the Hilbert space of a superconformal theory divides into two sub-
spaces, the Neveu-Schwarz and Ramond sectors. The vacuum is in the Neveu-
Schwarz sector. The operators of the theory can be pictured in two by two block
form. The superfields. of the theory are block diagonal, taking the Neveu-Schwarz sec-
tor to the Neveu-Schwarz sector and the Ramond sector to the Ramond sector. The
spin fields are block off-diagonal. The dimensions of the superfields are given by the
ground state energies in the Neveu-Schwarz sector, since they make Neveu-Schwarz
states from the vacuum. The dimensions of the spin fieids are given b).r.tlhe ground
state energies in the Ramond sector, since the spin fields make Ramond.states from
the Neveu-Schwarz vacuum. The complete superconformal field theory is not local,
since the fermionic operators are double-valued with respect to the spin fields. There
are two ways to project onto a local field theory. The first is to i'estfict to the
Neveu-Schwarz sector, giving the usual algebra of superfields. The second 1s to res-
trict to the I'=1 sector, giving the spin model. The complete superconformal theory
can be reconstructed from the superfields by representing a pair of spin fields as end-
points of a cut in the plane across which the fermionic fields change sign. The fer-
mionic ﬁelds can pr&umably be reconstructed from the I'=1 spin fields by a generah—
zation of the Jordan-Wigner construction of the fermion field from the Ismg order
parameter. It is not yet clear how to characterize those local field theories whlch are
spin models of superconformal field theories.

We focus now on unitary superconformal theories. Unitarity requires that the
Hilbert space of a theory contain no negative metric states. Irreducible representa-
tions of the conformal algebras can be free from negative metric states only for certain
values of the superconformal anomaly ¢ and the ground state energy A. If ¢>1 then
all representations with A>0 are unitary. For é<1 there is a discrete list of possible
unitary representations. For p and ¢ positive integers, define m and A, , by

8
1 +2)

1 L
hy,q = { ;;)(i:_'_;)] 24 .312{1"’(“’1)"-’) - (10)

The possible unitary representations of the superconformal algebras with <1 are

{m) = 1-

i==¢(1h), m=2,34, -
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h=h, (1), 1<p<r, 1<g<ri2. (11)

S

The Neveu-Schwarz representations are given by the A, , with p—¢ even;2 the Ramond
representations by the &, with p-¢ odd.

Each unitary field theory with é¢<1 must be built from the possible representa-
tions on the list for some fixed v The striking feature of the list (11) is that the pos-
sible representations of the two superconformal algebras occur at the same values of ¢.
This strongly indicates the existence of a discrete series of superconformal models in
the sense described above.

For i odd, é/16 is not an allowed ground state energy, so the supersymmetry of
the periodic model on the cylinder is broken. When 1 is even, hﬂ“ﬁ/&ﬁ/? +1==¢/18, so
the supersymmetry on the cylinder is unbroken.

The constraint of unitarity appliesllevel by level, since the eigenspaces of L, are

orthogonal. The n’th level of an irreducible representation is spanned by the vectors

G—H‘I‘G—fﬂq PPN me ng T |h>

0<m<my -+, 0<m<ny -+ n=3m+ 3 (12)

where |h> is a ground state vector. In the Neveu-Schwarz sector the m; are half-
integers; in the Ramond sector the m,; are integers. A chirality operator can be
defined by

T|k> = [k> or T[> = t|k*>, [, G, =TT, L]=0. (13)

Each Ramond level splits into I'=+1 eigenspaces, while each Neveu-Schwarz level is
itself a =1 eigenspace. In each sector, at each level n and in each I'=4+1 eigen-
space we can calculate the matrix ML of inner products of the states (12). Unitarity
requires that all of these matrices be nonnegative.

The essential tool for finding negative metric states is a formula for det(MZ).

Kacll gave the formula for the Neveu-Schwarz algebra:
det(M,) = TT (b-h,, ) ~79/? (14)

where the product runs over positive integers p,g with pg/2<n and p-¢ even. Pydk)

is the dimension of level k:

5ty = [T

15
k=0 — 1-t (15)
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We arrived at the determinant formula for the Ramond algebra by numerical calcula-
tions: '
det(Mg) =1, det(Mg) = h-¢/16

lP‘(ﬂ),

det(M¥) = det(M:) = (h-¢/18)% " T (h-h, ()PP for a>0  (16)

where the product runs over positive integers p,g with pg/2<n and p—q¢ odd. Pg(k) is
half the dimension of the k'th level:

5Py = I1 4 (1)

k=20 k=1

Both determinant formulas (14,16) have now been proved by Meurman and Rocha-
Caridi,!? using the technique that Feigin and Fuchs13 applied to prove the Kac deter-
minant formula for the Virasoro algebra. Curtwright and Thorn!? have indepen-
dently proved these determinant formulas. =

As with the Virasoro algebra, M} becomes diagonal and positive as A—oo, and
det(M%) has no zeros in the quadrant é>1, £>0. Thus there are no negative metric
states for ¢20, A>0. On the other hand, for é<1 and any A, there is always some n
for which det(M(¢é,h))<0. A negative determinant indicates at least one negative
metric state, so every unitary representation with é<1 must lie on a vanishing curve
h=h,, (¢) or, in the Ramond case, h=2¢/16. The rest of the argument which gives the
list (11) is essentially the same as used in ref. 2 for the Virasoro algebra. The list (11)
consists of the so-called first intersections® of the vanishing curves h=h, (¢}. It can
be shown that there is a negative metric state between first intersections on each van-
ishing curve, which leaves only the first intersections as possible unitary representa-
tions. For the Ramond algebra there is a slight variation in the argument, because
the collection of curves {h, .} makes first intersections with the single curve h=¢/16
while for ks£1 the collection {h,,.;} makes first intersections with the collection
{hpproki-

The first nontrivial model has m==3, é=7/15, ¢=7/10. This is the only value of
¢ which occurs in the discrete lists for both the superconformal algebras and the
Virasoro algebra?, In ref. 2 we identified ¢==7/10 with the tricritical Ising model and
Kadanoff!® confirmed the identification using correlation functions calculated by him-

self and Niephuisi6. The tricritical Ising model® is an Ising model with annealed
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vacancies. It has a iricritical point at a certain temperature and vacancy chemical
potential. The model is invariant under the Z, symmetry which flips both the order
operators, the Ising spins, and the disorder operatorsl?. We pointed out in ref. 2 that
the Z, even sector is described by representatibns of the Neveu-Schwarz algebra. Here
we complete the picture by pointing out that the Z, odd sector is described by
representations of the Ramond algebra. Thus the tricritical Ising model is a supercon-
formal field theory.

~ The ground state energies allowed by unitarity and ordinary conformal invariance
are? h=0, 3/80, 1/10, 7/16, 3/5, and 3/2. The ground state energies allowed by
unitarity and superconformal invariance in the Neveu-Schwarz sector are k; ;=0 and
hy2=1/10. They decompose into irreducible representations of the Virasoro algebra:

O)ns = (0)vzr @ (3/2)vir
(1/10) s = (1/10) vy © (6/10} ;5 . - (18)

These are the dimensions of the Z; even 6perators of the tricritical Ising modell8. The
allowed representations of the Ramond algebra are by ,=3/80 and h;,=7/18, each
consisting of exactly one irreducible representation of the Virasoro algebral®. These
are the dimensions of the Z, odd operators of the tricritical Ising model, i.e., the lead-
ing and subleading magnetic spin operators?0. These operators take Z, even states to
Zy odd and vice versa and so intertwine the Ramond and Neveu-Schwarz sectors of
the theory. The disorder operators are the I'=-1 spin fields. The I'=1 projection of
the superconformal model is a maximal mutually local algebra of operators. This pic-
. ture of 'the tricritical Ising model is supported by the operator product relations of
‘ordinary conformal field theoryl.

All of the Z, even operators can be constructed from the super stress-energy ten-
sor and a single conformal superfield. To do this we use the complex conjugate coor-
dinates (%) and the (h,k) notation which gives the dimension (A+k) and the spin (h-h)
of a conformal field12. The Z, invariant operators consist!® of the energy operator ¢
with (h,A)=(1/10,1/10), the vacancy operator ¢ with (6/10,6/10), and an irrelevant
operator with (3/2,3/2). There are also Z, even fermionic operators ¥ with
(6/10,1/10) and T with (3/2,0). The ordinary stress-energy tensor is combined with

T to form the super stress-energy tensor, and the (3/2,3/2) operator is interpreted as
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TrTr. The remaining even operators are combined to form a superfield
® = e+8y-+ 8 P+00¢ with (hR)=(1/10,1/10). All of the correlation functions of the Z,
even operators can be derived from the correlations of the super. field @, since correla-
tion functions of the super stress-energy tensor are completely determined by the com-
mutation relations (2}, as in ordinary conformal field theory!.

We have calculated correlation functions of the superfield of the tricritical Ising
model by a supersymmetric version of the method of null vectors and linear
differential equations?l. Here we present the result for the four point function.
Derivations and additional results will be presented elsewhere?2, The null vector
(G5 /2—(5/3)L—1 G, /2) [1/10> gives rise to a linear super differential equation on corre-
lation functions of @ which, along with the appropriate singularity and monodromy

conditions, determines the four point function:
<(1)B(2)BB)B(4)> = lazzazezal ™/ (M0, + Alg(n.9)) (19)

where n = 25234/ 21324, § = 1-9-214 %23/ 21324 and

= (1+m—) (in(-mVFi- 2l + geln(-nlY P )

9= (l+m—) (- 2F(3. 5. 5m) + (- V2R (-2 -2~ 2 o)

_ 4 T(4/5) T(2/5) ,_
A= T(1/5)N(3/5)¢ | - (20)

It is also possible to construct correlation functions for conformal superfields by a
straightforward supersymmetric extension of the Feigin-Fuchs coulomb gas integral
representation23. Conformal superfields are represented by exponenfials of a free
superfield. An extra supercharge is placed at infinity and the net charge is neutralized
by superconformally invariant contour integrals of A=1/2 exponentials of the free
superfield. To obtain nonvanishing correlation functions of bosonic fields there must
be an even number of neutralizing supercharges. By this method it is possible to
describe correlation functions of all conformal superfields corresponding to degenerate
representations of the Neveu-Schwarz algebra (as well as certain others). ‘Bershadsky,
Knizhnik, and Teitelman?* have independently constructed this integral representa-

tion and used it to study the operator product structure of conformal superfields.



-12 -

The correlation functions of the tricritical Ising model can also be calculated
using ordinary conformal properties. The results of Dotsenko and Fateev23 show that
there is a unique conformally invariant theory with the appropriate field content (at
least in the Z, even sector), so it must be the supersymmetric theory. Relations like
eqn. {7) can Be checked by the ordinary conformal techriques. We are currently con-
structing explicitly supersymmetric representations of combined spin operator and
superfield correlation functions. | '

We should note that Rocha-Caridi?® calculated the partition functions of the
representations with ¢==7/10. We should also mention interesting recent work by
Goddard and Olive?®. Using Kac-Moody algebra techniques they have found a fer-
mionic oscillator realization for the ¢==7/10 representations, among others, thus prov-
ing their unitarity. |

There are several applications of superconformal field theory in superstring
theory. The Faddeev-Popov ghosts of the fermionic stringZ? form a superconformal
system. The ghost spin fields complete the covariant construction of the fermionic
vertex?®. Ising model techniques can be used to calculate multi-fermion amplitudes?®,
VNontrivial superconformal field theories with ¢é=6 give possible compactifications of
superstring theories from ten to four dimensions®®. In particular, the N=1 supersym-
metric nonlinear sigma models with Ricci-flat internal spaces are conjectured to have
zero beta function,3! which implies superconformal invariance. Such models can be
defined on the world-surface of the open type I superstring if they are extended by
boundary terms which depend on a Yang-Mills gauge field on the internal space. The
Ramond representation of the superconformal sigma model determines the fermionic
spectrum of the compactified superstring, and the index tr(I'} gives the chiral fermion
content. Another set of superconformal models which can provide compactifications
of the string are the N=1 supersymmetric generalizations of the nonlinear sigma
models with Wess-Zumino term, at zeroes of their beta functions32. The super Kac-
Moody current algebras of these models can be used to show the absence of massless
fermions in the closed string sector, and thus the breaking of supersymmetry in the
compactified string.

Finally, we remark that the tricritical Ising model can be realized experimentally .
(for example by adsorbing helium-4 on krypton plated graphite3®) and so provides the

first instance of a supersymmetric field theory in nature.



- 13-

One of us (D.F.) is grateful to the Landau Institute and Nordita for the invitation
to present this work at the Landau-Nordita Conference on Field Theory and Statisti-
cal Mechanics, Moscow, USSR, May 23-June 2, 1984. This work was supported in
part by U.S. Department of Energy contract DE-AC02-81ER-10957, National Science
Foundation grant NSF-DMR-82-16892 and the Alfred P. Sloan Foundation.



-14 -

References

1.

10.
11,

12.
13.

14.

15.
16.
17,
18.

A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, STAT PHYS-15, Edin-
burgh, 1983 (J. Stat. Phys. 34 (1984) 763); Nucl. Phys B 241 (1984) 333.

D. Friedan, Z. Qiu, and S. H. Shenker, in Vertez Operators in Mathematics and
Physics — Proceedings of a Conference November 10-17, 1983, edited by J.
Lepowsky (Springer-Verlag, New York, 1984); Phys. Rev. Lett. 52 (1984) 1575.

P. Ramond, Phys. Rev. D3 (1971) 2493.

A. Neveu and J. H. Schwarz, Nucl. Phys. B31 (1971) 86.

M. J. Blume, V. J. Emery and R. B. Griffiths, Phys. Rev. A4 (1971) 1071; B.
Nienhuis, A. N. Berker, E. K. Riedel and M. Schick, Phys. Rev. Lett. 43 (1879)
737.

A. B. Zamolodchikov, Yad. Fiz. (to be published).

F. Gliozzi, J. Scherk and D. L. Olive, Phys. Lett. 65B (1976) 282; Nucl. Phys.
B122 (1977) 253; M. B. Green and J. H. Schwarz, Nucl. Phys. B181 (1981) 502.

E. Witten, Nucl. Phys. B202 (1982) 253.

E. Corrigan and D. I. Olive, Nuovo Cim. 11A (1972) 749; E. Corrigan aid P.
Goddard, Nucl. Phys. B68 (1974) 117.

Y. Aharonov, A. Casher and L. Susskind, Phys. Rev. D5 (1871) 988.

V. G. Kac, in Proceedings of the International Congress of Mathematicians, Hel-
sinki (1978) and in Group Theoretical Methods in Physics, edited by W.
Beiglbock, A. Bohm, Lecture Notes in Physics Vol. 94 (Springer-Verlag, New
York, 1979), p.441 .

A. Meurman and A. Rocha-Carida, in preparation.

B. L. Feigin and D. B. Fuchs, Funkts. Anal. Prilozhen. 18 (1982) 47 [Funct. Anal.
Appl. 16 (1982) 114].

C. B. Thorn, private communication. See also T. Curtwright and C. B. Thorn,
Univérsity of Florida preprint (1984).

L. P. Kadanoff, unpublished.

B. Nienhuis and L. P. Kadanoff, unpublished.

L. P. Kadanoff and H. Ceva, Phys. Rev. B3 (1971) 3918.

B. Nienhuis, J. Phys. A15 (1982} 189; D. Huse, J. Phys. A16 (1983) 4357.



19.

20.
21.

22.
23.

24.
25.
26.
97,
28.

29.
30.

31

32.

33.

- 15 -

A superconformal representation does not typically decompose into only a finite
number of Virasoro representations. '

M. P. M. den Nijs, Phys. Rev. B27 (1983) 1674.

V1. S. Dotsenko, STAT PHYS-15, Edinburgh, 1983 (J. Stat. Phys. 34 (1984) 781);
Nucl. Phys. B241 (1984) 333.

Zongan Qiu, in preparation.

B. L. Feigin and D. B. Fuchs, Moscow preprint (1983}); V1. S. Dotsenko and V. A.

. Fateev, Nordita preprints (1984); for related work see refs. 18, 20.

M. A. Bershadsky, V. G. Knizhnik and M. G. Teitelman, submitted to Physics

Letters July 1984.

A. Rocha-Caridi, Vertex Operators in Mathematics and Physics — Proceedings of
e Conference November 10-17, 1983, edited by J. Lepowsky (Springer-Verlag,
New York, 1984). '

P. Goddard and D. Olive, DAMTP preprint (1984).

A. M. Polyakov, Phys. Lett. 103B (1981) 211; E. Martinec, Phys. Rev. D28 (1983)
2604. '

D. Friedan, Z. Qiu and S. H. Shenker, in preparation.

J. D. Cohn, D. Friedan, Z. Qiu and S. H. Shenker, in preparation.

D. Friedan, Z. Qiu and S. H. Shenker, in preparation.

L. Alvarez-Gaume and D. Z. Freedman, Phys. Rev. D22 (1980} 8486.

T. Curtwright and C. Zachos, ANL preprint (1984); E. Witten, Comm. Math.
Phys. 92 (1984} 455.

M.J. Tejwani, O. Ferreira, and O.E. Vilches, Phys. Rev. Lett. 44 152 (1980); W.
Kinzel, M. Shick, and A.N. Berker in Ordering in Two Dimensions, edited by
S.K. Sinha (Elsevier North Holland, Amsterdam, 1980).



	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15

