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Abstract

Details of calculations for The CGF dark matter fluid.
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1 Introduction

Numbers from PDG, NIST (c = 1, no error bars)

`0 =
~

mHiggs

= 5.2614864632102925× 10−27 s

ρ0 =
mHiggs

`30
= 5.682491786274899× 1028 kg/m3

` =
1√
Gρ0

=
~mPlanck

m2
Higgs

= 15.39389190962883 cm

M` =
`

G
= `3ρ0 = 1.042510314426683× 10−4 M�

ω0 =
`

`0
=
mPlanck

mHiggs

= 0.9759312573158477× 1017

g2 =
4πα

sin2 θW
= 0.4111966909854108

λ2 =
g2

4

m2
Higgs

m2
W

= 0.2490112919526795

(1.1)

[G] =
Jm

kg2 [ρ] =
kg

m3

[
(Gρ)−

1
2 c
]

= m
[
(Gρ)−

1
2G−1c3

]
= kg (1.2)

G= 6.67430× 10−11m3kg−1s−2

c= 2.99792458× 108 m/s

~= 1.054571817× 10−34Js

1 ev = 1.602176634× 10−19J

M�= 1.988409870698051× 1030 kg

H0 = 67.4 (km/s)/Mpc = 2.184× 10−18s−1

ρc =
3H2

0

8πG
= 8.53× 10−27kg/m3

~
mPlanck

=
√
G~= 5.391247× 10−44 s

(1.3)

α =
e2

4π
= 1/137.035999139(31)

mW = 80.379(12)GeV mZ = 91.1876(21)GeV mHiggs = 125.10(14)GeV

mW

mZ

= cos θW = 0.88147(13) sin2 θW = 0.2230106391

(1.4)

2 Standard Model action

See numbers above.
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3 SU(2) structure on space-time spinors

3.1 Equivalence to a 4-velocity field uα(x)

The Dirac algebra

γµγν + γνγµ = 2gµν γ5 =
i

4!
εµνρσγµγνγργσ γ25 = 1 (3.1)

has a standard representation on C4.

γ0 =

(
0 1
−1 0

)
γi =

(
0 σi
σi 0

)
γ5 =

(
1 0
0 −1

)
gµν = diag(−1, 1, 1, 1)

(3.2)

where σi are the 2×2 Pauli matrices,

σiσj = δij + iεij
kσk σ†i = σi (3.3)

The chiral spinors are the eigenspace γ5 = 1. The generators of Spin(1,3) are

Lµν =
1

4
[γµ, γν ] L0k =

(
1
2
σk 0
0 −1

2
σk

)
Ljk =

(
1
4
[σj, σk] 0

0 −1
4
[σj, σk]

)
(3.4)

Adjoints with respect to the standard hermitian form on C4 are

γ†0 = −γ0 γ†i = γi L†0i = L0i L†ij = −Lij (3.5)

The Lij are generators of SU(2), as are the iL0k. Associate this SU(2) structure with the
4-velocity uµ0 = (1, 0, 0, 0). The Spin(1,3) action then associates to every 4-velocity uµ an
SU(2) structure on the spinors such that

gµνu
µuν = −1 u0 > 0 Pα

β = δαβ + uαuβ (3.6)

uαγ†α = −uαγα Pα
β γ
†
α = Pα

β γα

γ†µ = γµ + 2uµu
αγα = −γµ + 2Pα

µ γα

uαL†αµ = uαLαµ P µ
αP

ν
βL
†
µν = −P µ

αP
ν
βLµν

(3.7)

This identifies the space of SU(2) structures with the space of 4-velocities,

SL(2,C)/SU(2) = SO(1,3)/SO(3) = {uα : uαuα = −1, u0 > 0} (3.8)

because the little group SU(2) preserves the SU(2) structure associated to uµ0 .

3.2 A natural SU(2) spin connection

The local Dirac matrices γµ(x) act on the spinors at x, the fiber Sx. The local Lorentz
generators are

Lµν(x) =
1

4
[γµ, γν ] [Lµν , γα] = γµgνα − γνgµα (3.9)

The boost operators relative to uµ(x) are

Lµ = uαLαµ uαLα = 0 L†µ = Lµ (3.10)
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In a spin-rest frame, uµ = (1, 0, 0, 0), gµν = diag(−1, 1, 1, 1) and the γµ(x) take the form
(3.5) giving

L0 = 0 Li =

(
1
2
σi 0
0 −1

2
σi

)
(3.11)

The local SU(2) generators are the operators iLν or, equivalently, the operators [Lµ, Lν ].
The Lµ satisfy identities that can be derived in a spin-rest frame.

[Lν , γσ] = uµγµgνσ − uσγν

LµLν =
1

4
Pµν +

1

2
uαεαµν

σγ5iLσ

[Lµ, Lν ] = uρερµν
σγ5iLσ

Lµν = Lµuν − Lνuµ + [Lµ, Lν ]

(3.12)

tr(Lµ) = 0

tr(LµLν) =
1

2
Pµν

tr ([Lµ, Lν ]Lρ) =
i

2
uαεαµνρ

tr (−[Lµ, Lν ][Lµ′ , Lν′ ]) =
1

2
(Pµµ′Pνν′ − Pµν′Pνµ′)

(3.13)

The traces are over the two-dimensional vector space of chiral spinors (S+)x.
From the above,

[Lν , [Lµ, Lν ]] = LνLµLν − LνLνLµ − LµLνLν + LνLµL
ν

= 2Lν(LµLν + LνLµ)− 4LνLνLµ

= LνPµν − 3Lµ

= −2Lµ

(3.14)

Parallel transport of orthonormal frames lifts to parallel transport of spin frames,
since SL(1,3) and Spin(1,3) have the same infinitesimal generators. Therefore the metric
covariant derivative ∇µ acts on spinors such that

∇µγν = 0 (3.15)

Its curvature form
Fmetric
µν = [∇µ, ∇ν ] (3.16)

satisfies
∇ν(v

βγβ) = (∇νv
β)γβ ∇µ∇ν(v

βγβ) = (∇µ∇νv
β)γβ

[Fmetric
µν , vβγβ] = ∇[µ∇ν](v

βγβ) = Rβ
αµνv

αγβ = Rα
βµνv

βγα

[Fmetric
µν , γβ] = Rα

βµνγα

(3.17)

which has a unique solution since only the identity matrix commutes with all the γβ and
∇µ is an SO(1,3) connection on the spinor bundle.

Fmetric
µν =

1

2
Rαβ

µνLαβ (3.18)

4



The symplectic structure on Sx depends only on the space-time metric, but the posi-
tive hermitian form on Sx depends on both the metric and on the 4-velocity. The metric
connection does not preserve the hermitian structure.

∇µγ
†
ν = ∇µ(γν + 2uνu

αγα) = 2∇µ(uνu
α)γα 6= 0 (3.19)

The modified covariant derivative

D0
µ = ∇µ −∇µu

σLσ (3.20)

It is a natural SO(1,3) connection.

∇µLν = ∇µu
αLαν

D0
µLν = ∇µLν −∇µu

σ[Lσ, Lν ]

= ∇µu
αLαβ −∇µu

σ(Lσν − Lσuν + Lνuσ)

= ∇µu
σuνLσ

(3.21)

so D0
µ preserves the hermitian structure,

D0
µ

(
L†ν
)

= (D0
µLν)

† (3.22)

so D0
µ is an SU(2) connection. Its curvature form is

F 0
µν = [D0

µ, D
0
ν ] = [∇µ −∇µu

αLα, ∇ν −∇νu
βLβ]

= Fmetric
µν − (∇µ∇ν −∇ν∇µ)uβLβ −∇νu

β∇µLβ +∇µu
β∇νLβ

+∇µu
α∇νu

β[Lα, Lβ]

=
1

2
Rαβ

µνLαβ −Rβ
αµνu

αLβ −∇νu
β∇µu

αLαβ +∇µu
β∇νu

αLαβ

+∇µu
α∇νu

β[Lα, Lβ]

= (
1

2
Rαβ

µν −∇νu
β∇µu

α +∇µu
β∇νu

α)([Lα, Lβ] + Lαuβ − Lβuα)

−Rβ
αµνu

αLβ +∇µu
α∇νu

β[Lα, Lβ]

=

(
1

2
Rαβ

µν −∇µu
α∇νu

β

)
[Lα, Lβ]

(3.23)

4 Form of the CGF

5 Equations of motion

Scalar field equations of motion The scalar field action written in terms of the
dimensionless scalar field φ̂,

φ =
v√
2
φ̂ (5.1)
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is
1

~
Sscalar =

∫ [
`−2Dµφ

†Dµφ+
1

2
λ2
(
φ†φ− 1

2
v2
)2
]
`4
√
−g d4x

=

∫
1

λ2

[
`−2

λ2v2

2
Dµφ̂

†Dµφ̂+
λ4v4

8

(
φ̂†φ̂− 1

)2]
`4
√
−g d4x

=

∫
1

λ2

[
`−2`−20

2
Dµφ̂

†Dµφ̂+
`−40

8

(
φ̂†φ̂− 1

)2]
`4
√
−g d4x

=

∫
1

λ2

[
1

2ω2
0

Dµφ̂
†Dµφ̂+

1

8

(
φ̂†φ̂− 1

)2]
ω4
0

√
−g d4x

(5.2)

and
Dµφ̂

†Dµφ̂ = (D0
µ +Bµ)φ̂†(D0µ +Bµ)φ̂

= D0
µφ̂
†D0µφ̂− φ̂†BµD

0µφ̂+D0
µφ̂
†Bµφ̂− φ̂†BµB

µφ̂
(5.3)

but BµB
µ is a multiple of the identity,

BµB
µ = gµνBσ

µB
τ
νLσLτ = gµνBσ

µB
τ
ν

1

4
Pστ (5.4)

so

BµB
µ =

1

2
tr(BµB

µ) (5.5)

Dµφ̂
†Dµφ̂ = D0

µφ̂
†D0µφ̂+ tr

[
Bµ(φ̂D0

µφ̂
† − φ̂†D0

µφ̂)
]
− 1

2
φ̂†φ̂ tr (BµB

µ) (5.6)

Assume φ̂(x) is smooth and Bµ = O(ω0). Then to leading order in ω0

1

2ω2
0

Dµφ̂
†Dµφ̂ = −1

4
φ̂†φ̂ tr

(
BµB

µ

ω2
0

)
(5.7)

1

~
Sscalar =

∫
1

λ2

[
1

4
φ̂†φ̂ tr

(
−BµB

µ

ω2
0

)
+

1

8

(
φ̂†φ̂− 1

)2]
ω4
0

√
−g d4x (5.8)

For the CGF,
Bµ = ω0b0iLµ

tr

(
−BµB

µ

ω2
0

)
= tr (LµLµ) b20 =

3

2
b20

(5.9)

1

~
Sscalar =

∫
1

λ2

[
1

4
φ̂†φ̂

3

2
b20 +

1

8

(
φ̂†φ̂− 1

)2]
ω4
0

√
−g d4x

=

∫
1

8λ2

[
(φ̂†φ̂)2 + 3

(
b20 −

2

3

)
φ̂†φ̂+ 1

]
ω4
0

√
−g d4x

(5.10)

with equation of motion [
2φ̂†φ̂+ 3

(
b20 −

2

3

)]
φ = 0

φ= 0 〈 b20 〉 ≥ 2
3

φ̂†φ̂= 1− 3
2
〈 b20 〉 〈 b20 〉 ≤ 2

3

(5.11)
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Gauge field equations of motion Vary the gauge action and the leading order scalar
action wrt the gauge field.

1

~
Sgauge =

∫
1

2g2
tr
(
−`−4FµνF µν

)
`4
√
−g d4x

1

~
Sscalar =

∫
1

8λ2

[
2φ̂†φ̂ tr

(
−BµB

µ

ω2
0

)
+
(
φ̂†φ̂− 1

)2]
ω4
0

√
−g d4x

(5.12)

δFµν = DµδBν −DνδBµ (5.13)

δSgauge = ~
∫

2

g2
tr (−δBµDνFµν)

√
−g d4x

δSscalar = ~
∫

ω2
0

2λ2
φ̂†φ̂ tr (−δBµBµ)

√
−g d4x

δSgauge + δSscalar = ~
∫

2

g2
tr

[
−δB

µ

ω0

(
DνFµν
ω3
0

+
ω2
0g

2φ̂†φ̂

4λ2
Bµ

ω0

)]
ω4
0

√
−g d4x

(5.14)

so the leading order gauge field equation of motion is

0 =
DνFµν
ω3
0

+
ω2
0g

2φ̂†φ̂

4λ2
Bµ

ω0

(5.15)

For the CGF,
Bµ = ibLµ b = ω0b0(ζ) ζ = ω0T (x) (5.16)

The curvature form is

Fµν = [Dµ, Dν ] = [D0
µ + ibLµ, D

0
ν + ibLν ]

= F 0
µν + ib

(
[D0

µ, Lν ]− [D0
ν , Lµ]

)
+ i∂µbLν − i∂νbLµ − b2[Lµ, Lν ]

= ω2
0

(
iω−10 ∂µb0Lν − iω−10 ∂νb0Lµ − b20[Lµ, Lν ]

)
+O(ω0)

= ω2
0

(
i
db0
dζ
∂[µTLν] − b20[Lµ, Lν ]

)
+O(ω0)

1

ω2
0

Fµν =
db0
dζ
∂[µTiLν] − b20[Lµ, Lν ] +O(ω−10 )

(5.17)

b′0 =
db0
dζ

b′′0 =
d2b0
dζ2

(5.18)

ω−30 DνFµν = ib′′0∂
νT∂[µTLν]

− 2b0b
′
0∂

νT [Lµ, Lν ] + ib0
[
Lν , ib′0∂[µTLν] − b20[Lµ, Lν ]

]
= ib′′0(∂νT∂µTLν − ∂νT∂νTLµ)

− 2b0b
′
0∂

νT [Lµ, Lν ] + b0b
′
0[L

ν , ∂νTLµ]− ib30[Lν , [Lµ, Lν ]]

(5.19)

Identity (3.14) gives

ω−30 DνFµν = −b′′0∂νT∂νTiLµ + b′′0∂µT∂
νTiLν − 3b0b

′
0∂

νT [Lµ, Lν ] + 2b30iLµ

=
(
−b′′0∂νT∂νT + 2b30

)
iLµ + b′′0∂µT∂

νTiLν − 3b0b
′
0∂

νT [Lµ, Lν ]
(5.20)
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The equation of motion is

0 =

(
−∂νT∂νTb′′0 +

g2φ̂†φ̂

4λ2
b0 + 2b30

)
iLµ + b′′0∂µT∂

νTiLν − 3b0b
′
0∂

νT [Lµ, Lν ] (5.21)

Now contract with uµ.
0 = b′′0(uµ∂µT )∂νTiLν (5.22)

But b′′0, u
µ∂µT 6= 0 so ∂νTLν = 0 so

uµ = −a`∂µT uµ∂µT =
1

a`
∂νT∂

νT = − 1

a2`
(5.23)

The last two summands in (5.21) vanish since uµLµ = 0. The equation of motion becomes

0 =
1

a2`

d2b0
dζ2

+

(
g2φ̂†φ̂

4λ2

)
b0 + 2b30 (5.24)

which is an anharmonic oscillator with conserved energy

H =
1

2

1

a2`

(
db0
dζ

)2

+
1

2

(
g2φ̂†φ̂

4λ2

)
b20 +

1

2
b40 (5.25)

6 Solution of the equations of motion

References for elliptic function identities are given in [1].

The Jacobi Elliptic function cn(z, k)

cn(z + 4K, k) = cn(z, k) cn′ 2 = (1− cn2)(k′2 + k2 cn2) (6.1)

f(z, k) = k cn(z, k)(
df

dz

)2

= (k2 − f 2)(k′2 + f 2) = k2(1− k2) + (2k2 − 1)f 2 − f 4

(
df

dz

)2

+ (1− 2k2)f 2 + f 4 = k2(1− k2)

(6.2)

The function F (ζ, k)

F (ζ, k) =
k cn(z, k)

ζ ′
=
f(z, k)

ζ ′
ζ =

2π

4K
z ζ ′ =

2π

4K

F (ζ + 2π) = F (ζ)

(6.3)

df

dz
= ζ ′2

dF

dζ

ζ ′4
(
dF

dζ

)2

+ (1− 2k2)ζ ′2F 2 + ζ ′4F 4 = k2(1− k2)

1

2

(
dF

dζ

)2

+
(1− 2k2)

2ζ ′2
F 2 +

1

2
F 4 =

k2(1− k2)
2ζ ′4

(6.4)
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The solution

b0(ζ) =
1

a`
F (ζ, k) (6.5)

k2(1− k2)
2ζ ′4

=
1

2

(
dF

dζ

)2

+
(1− 2k2)

2ζ ′2
F 2 +

1

2
F 4

H =
1

2a2`

(
db0
dζ

)2

+
g2φ̂†φ̂

8λ2
b20 +

1

2
b40

a4`H =
1

2

(
dF

dζ

)2

+
g2φ̂†φ̂a2`

8λ2
F 2 +

1

2
F 4

(6.6)

a4`H =
k2(1− k2)

2ζ ′4
g2φ̂†φ̂a2`

8λ2
=

1− 2k2

2ζ ′2

φ̂†φ̂ =
4λ2

g2
1− 2k2

ζ ′2a2`

(6.7)

In the unbroken phase φ̂ = 0

k2 =
1

2

1

8ζ ′4
= a4`H (6.8)

Averaging over a period

〈 cn2 〉 =
1

k2

(
k2 − 1 +

E

K

)
〈F 2 〉 =

1

ζ ′2

(
k2 − 1 +

E

K

)
〈 b20 〉 =

1

a2`
〈F 2 〉 =

1

ζ ′2a2`

(
k2 − 1 +

E

K

) (6.9)

In the broken phase

φ̂†φ̂ = 1− 3

2
〈 b20 〉 = 1− 3

2

1

ζ ′2a2`

(
k2 − 1 +

E

K

)
(6.10)

1 =
4λ2

g2
(1− 2k2)

1

ζ ′2a2`
+

3

2

1

ζ ′2a2`

(
k2 − 1 +

E

K

)
ζ ′2a2` =

4λ2

g2
(1− 2k2) +

3

2

(
k2 − 1 +

E

K

) (6.11)

7 Energy-momentum tensor

scalar field energy-momentum tensor

1

~
T φµν =

1

`2
(
Dµφ†Dνφ+Dνφ

†Dµφ− δµνDσφ
†Dσφ

)
− δµν

λ2

2

(
φ†φ− v2

2

)2

=
1

`2
1

`20

1

2λ2

(
Dµφ̂†Dνφ̂+Dνφ̂

†Dµφ̂− δµνDσφ̂
†Dσφ̂

)
− δµν

1

`40

1

8λ2

(
φ̂†φ̂− 1

)2
=

1

`40

1

8λ2

[
4

ω2
0

(
Dµφ̂†Dνφ̂+Dνφ̂

†Dµφ̂− δµνDσφ̂
†Dσφ̂

)
− δµν

(
φ̂†φ̂− 1

)2]
(7.1)
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Use

BµBν +BνBµ = Bσ
µB

τ
ν (LσLτ + LτLσ) = Bσ

µB
τ
ν

1

2
Pστ = tr(BµBν) (7.2)

to get

Dµφ̂
†Dνφ̂ = (D0

µ +Bµ)φ̂†(D0
ν +Bν)φ̂

= D0
µφ̂
†D0

νφ̂− φ̂†BµD
0
νφ̂+D0

µφ̂
†Bνφ̂− φ̂†BµBνφ̂

Dµφ̂
†Dνφ̂+Dνφ̂

†Dµφ̂ =
(
D0
µφ̂
†D0

νφ̂− φ̂†BµD
0
νφ̂+D0

µφ̂
†Bνφ̂

)
+ µ↔ ν

− φ̂†(BµBν +BνBµ)φ̂

=
(
D0
µφ̂
†D0

νφ̂− φ̂†BµD
0
νφ̂+D0

µφ̂
†Bνφ̂

)
+ µ↔ ν

− φ̂†φ̂ tr (BµBν)

(7.3)

so, to leading order,

4

ω2
0

(
Dµφ̂†Dνφ̂+Dνφ̂

†Dµφ̂− δµνDσφ̂
†Dσφ̂

)
= φ̂†φ̂ tr

2

ω2
0

(−2BµBν + δµνBσB
σ) (7.4)

1

~
T φµν =

1

`40

1

8λ2

[
φ̂†φ̂ tr

2

ω2
0

(−2BµBν + δµνBσB
σ)− δµν

(
φ̂†φ̂− 1

)2]
(7.5)

For the CGF, with Bµ = ω0b0iLµ

tr
2

ω2
0

(−2BµBν + δµνBσB
σ) = b20 tr (4LµLν − 2δµνLσL

σ) = b20 (2P µ
ν − δµνP σ

σ )

= b20 (2P µ
ν − 3δµν )

(7.6)

so
1

~
T φµν =

1

`40

1

8λ2

[
φ̂†φ̂ b20 (2P µ

ν − 3δµν )− δµν
(
φ̂†φ̂− 1

)2]
=

1

`40

1

8λ2

[
φ̂†φ̂ b20 (3uµuν − P µ

ν ) +
(
φ̂†φ̂− 1

)2
(uµuν − P µ

ν )

] (7.7)

gauge field energy-momentum tensor

1

~
T gaugeµ

ν =
1

`4g2
tr

(
−2F µ

σFν
σ +

1

2
δµνFρσF

ρσ

)
=

1

`40

2

g2
1

ω4
0

tr

(
−F µ

σFν
σ +

1

4
δµνFρσF

ρσ

) (7.8)

1

ω2
0

Fµν =
db0
dζ
∂[µTiLν] − b20[Lµ, Lν ] (7.9)
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1

ω4
0

tr (−FµσFνσ) = tr

[
−
(
db0
dζ
∂[µTiLσ] − b20[Lµ, Lσ]

)
(
db0
dζ
∂[νTiL

σ] − b20[Lν , Lσ]

)]

=

(
db0
dζ

)2

tr
(
∂[µTLσ]∂[νTL

σ]
)
− b40tr ([Lµ, Lσ][Lν , L

σ])

=

(
db0
dζ

)2

tr [(∂µTLσ − ∂σTLµ)(∂νTL
σ − ∂σTLν)]

+ b40
1

2

(
Pµνg

σσ′
Pσσ′ − gσσ′

PµσPνσ′

)
=

(
db0
dζ

)2
1

2

[
∂µT∂νTP

σ
σ − ∂σT∂νTP σ

µ − ∂µT∂σTP σ
ν

+ ∂σT∂
σTPµν ] + b40Pµν

=

(
db0
dζ

)2
1

2
(3∂µT∂νT + ∂σT∂

σTPµν) + b40Pµν

=
1

2a2`

(
db0
dζ

)2

(3uµuν − Pµν) + b40Pµν

(7.10)

1

ω4
0

tr

(
−FµσFνσ +

1

4
gµνFρσF

ρσ

)
=

1

2a2`

(
db0
dζ

)2(
3uµuν +

3

4
gµν − Pµν +

3

4
gµν

)
+ b40

(
Pµν −

3

4
gµν

)

=
1

2a2`

(
db0
dζ

)2(
3uµuν +

3

4
gµν − Pµν +

3

4
gµν

)
+ b40

(
Pµν −

3

4
gµν

)

=
1

4a2`

(
db0
dζ

)2

(6uµuν + 3(−uµuν + Pµν)− 2Pµν)

+ b40

(
Pµν −

3

4
(−uµuν + Pµν)

)

=
1

4

[
1

a2`

(
db0
dζ

)2

+ b40

]
(3uµuν + Pµν)

(7.11)
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1

~
T gaugeµ

ν =
1

`40

1

2g2

[
1

a2`

(
db0
dζ

)2

+ b40

]
(3uµuν + P µ

ν )

=
1

`40

1

g2

[
H − g2φ̂†φ̂

8λ2
b20

]
(3uµuν + Pµν)

(7.12)

combined energy-momentum tensor

ρ0 =
~
`40

(7.13)

T µν = T gaugeµ
ν + T φµν

= ρ0

[(
1

g2
H − φ̂†φ̂

8λ2
b20

)
(3uµuν + Pµν)

+
φ̂†φ̂ b20
8λ2

(3uµuν − P µ
ν ) +

1

8λ2

(
φ̂†φ̂− 1

)2
(uµuν − P µ

ν )

]

= ρ0

[
1

g2
H (3uµuν + Pµν)−

φ̂†φ̂ b20
4λ2

P µ
ν +

1

8λ2

(
φ̂†φ̂− 1

)2
(uµuν − P µ

ν )

]
(7.14)

density and pressure

T µν = ρuµuν + pP µ
ν (7.15)

ρ

ρ0
=

3

g2
H +

1

8λ2

(
φ̂†φ̂− 1

)2
p

ρ0
=

1

g2
H − φ̂†φ̂ b20

4λ2
− 1

8λ2

(
φ̂†φ̂− 1

)2
=

1

g2
H − φ̂†φ̂ 〈 b20 〉

4λ2
− 1

8λ2

(
φ̂†φ̂− 1

)2
(7.16)

in the unbroken phase

ρ

ρ0
=

3

g2
H +

1

8λ2
p

ρ0
=

1

g2
H − 1

8λ2
(7.17)

in the broken phase

φ̂†φ̂ = 1− 3

2
〈 b20 〉 (7.18)

ρ

ρ0
=

3

g2
H +

9

32λ2
〈 b20 〉2

p

ρ0
=

1

g2
H − φ̂†φ̂

4λ2
〈 b20 〉 −

9

32λ2
〈 b20 〉2 (7.19)

equivalence with the cosmological equation of state
See section 10 below.
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8 Irrotationality

Consider the first order differential operators

Sµ = P ρ
µ∂ρ = ∂µ + uµu

ρ∂ρ (8.1)

Calculate the commutators

[Sµ, Sν ] = [P ρ
µ∂ρ, P

σ
ν ∂σ] = (P ρ

µ∂ρP
σ
ν − P ρ

ν ∂ρP
σ
µ )∂σ

= (P ρ
µ∂ρP

σ
ν − P ρ

ν ∂ρP
σ
µ )(P τ

σ − uτuσ)∂τ

= (P ρ
µ∂ρP

σ
ν − P ρ

ν ∂ρP
σ
µ )Sσ + (P ρ

µ∂ρP
σ
ν − P ρ

ν ∂ρP
σ
µ )(−uτuσ)∂τ

(8.2)

[Sµ, Sν ]− T σµνSσ = Aµνu
τ∂τ T σµν = (P ρ

µ∂ρP
σ
ν − P ρ

ν ∂ρP
σ
µ ) (8.3)

Aµν = −(P ρ
µ∂ρP

σ
ν − P ρ

ν ∂ρP
σ
µ )uσ = P ρ

[µP
σ
ν]∂ρuσ = P ρ

µP
σ
ν ∂[ρuσ] (8.4)

By taking a linear frame at x in which ui = 0 and ui = 0 we see that

Aµν = 0 ⇔ u[µ∂νuρ] = 0 (8.5)

So uµ(x) irrotational implies that the operators Sµ are holonomic,

[Sµ, Sν ]− T σµνSσ = 0 (8.6)

which in turn implies that there exists a nonzero holonomic function, i.e. a solution of

SµT = ∂µT + uµu
σ∂σT = 0 (8.7)

So irrotationality implies the existence of a time coordinate T (x).

9 Adiabatic time evolution implies a continuity equation

1

ω4
0

tr (−FµσFνσ) =
1

2a2`

(
db0
dζ

)2

(3uµuν − Pµν) + b40Pµν +O(ω−10 )

1

ω4
0

tr (−FµσF µσ) = − 3

a2`

(
db0
dζ

)2

+ 3b40 +O(ω−10 )

(9.1)

1

~
Sgauge =

∫
1

2g2
tr (−FµνF µν)

√
−g d4x

=

∫
3ω4

0

2g2

[
− 1

a2`

(
db0
dζ

)2

+ b40

]
√
−g d4x +O(ω3

0)

(9.2)

1

~
Sscalar =

∫
ω4
0

8λ2

[
3φ̂†φ̂b20 + (φ̂†φ̂− 1)2

] √
−g d4x+O(ω3

0) (9.3)

In the CGF rest frame,

ds2 = `2gµνdx
µdxν gµνdx

µdxν = a`(x)2
[
−(dT )2 + g

(3)
ij (x)dxidxj

]
√
−g = a4`

√
det g

(3)
ij d4x = dT d3x =

dζ d3x

ω0

ζ = ω0T

(9.4)
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and

b0(ζ) =
1

a`
F (ζ, k) (9.5)

1

~
SCGF =

∫
3ω4

0

g2

[
− 1

2a2`

(
db0
dζ

)2

+
g2φ̂†φ̂

8λ2
b20 +

b40
2

+
g2(φ̂†φ̂− 1)2

24λ2

]
√
−g d4x

=

∫
3ω4

0

g2

[
−1

2

(
dF

dζ

)2

+
g2φ̂†φ̂a2`

8λ2
F 2 +

1

2
F 4 +

g2(φ̂†φ̂− 1)2a4`
24λ2

] √
−g
a4`

d4x

(9.6)

1

~
SCGF =∫
dζ

∫
d3x

√
det g

(3)
ij

3ω3
0

g2

[
−1

2

(
dF

dζ

)2

+
g2φ̂†φ̂a2`

8λ2
F 2 +

1

2
F 4 +

g2(φ̂†φ̂− 1)2a4`
24λ2

]
(9.7)

At leading order in ω0 each small volume element d3x of the fluid is an independent
anharmonic oscillator decoupled from the rest of the fluid (ultralocality). The coupling
constants of each anharmonic oscillator vary slowly in time compared to the period of
oscillation. In such an adiabatic time evolution, the adiabatic invariant

∮
pdq stays

constant in time, where q is the oscillator degree of freedom, p its canonical conjugate,
and the integral is over one period of oscillation. Measured in quanta, the adiabatic
invariant is

1

2π~

∮
pdq =

1

2π~

∫ 2π

0

p
dq

dζ
dζ (9.8)

Taking q = F ,
1

~
p = d3x

√
det g

(3)
ij

3ω3
0

g2
dF

dζ
(9.9)

1

2π~

∮
pdq = d3x

√
det g

(3)
ij N(x)

N(x) =
3ω3

0

g2
1

2π

∫ 2π

0

(
dF

dζ

)2

dζ

(9.10)

and
1

2π

∫ 2π

0

(
dF

dζ

)2

dζ =
1

2π

∫ 4K

0

1

ζ ′2
k2

ζ ′2

(
d cn

dz

)2

ζ ′dz

=
1

2πζ ′3

∫ 4K

0

k2
(
d cn

dz

)2

dz

=
1

Kζ ′2
1

3

[
(1− k2)K + (2k2 − 1)E

]
=

1

3ζ ′2

[
1− k2 + (2k2 − 1)

E

K

]
(9.11)

so

N(x) =
3ω3

0

g2
1

2π

∫ 2π

0

(
dF

dζ

)2

dζ

=
ω3
0

g2ζ ′2

[
1− k2 + (2k2 − 1)

E

K

] (9.12)
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and the adiabatic invariance condition is

0 =
∂

∂T

[√
det g

(3)
ij N(x)

]
=

∂

∂T

[√
−g
a4`

a`u
0N(x)

]
= ∂µ

[
N(x)

`3a3`
`3uµ
√
−g
]

(9.13)

which is the continuity equation for the number density

n(x) =
N(x)

(`a`)3
(9.14)

∂µJ
µ = 0 Jµ(x) = n(x) `3 uµ(x)

√
−g d4x (9.15)

10 Summary of the parametrization

C1 =
1

2
k2(1− k2) C2 = 1− 2k2

C3 = k2 − 1 +
E

K
C4 = ζ ′

[
1− k2 + (2k2 − 1)

E

K

]
ζ ′ =

2π

4K

â = ζ ′a`

(10.1)

H =
k2(1− k2)

2ζ ′4a4`
=
C1

â4

g2φ̂†φ̂

4λ2
=

1− 2k2

ζ ′2a2`
=
C2

â2

φ̂†φ̂ =
4λ2

g2
C2

â2

〈 b20 〉 =

(
k2 − 1 +

E

K

)
1

ζ ′2a2`
=
C3

â2

(10.2)

ρ

ρ0
=

3

g2
H +

1

8λ2

(
φ̂†φ̂− 1

)2
=

3

g2
C1

â4
+

1

8λ2

(
4λ2

g2
C2

â2
− 1

)2

p

ρ0
=

1

g2
H − 1

4λ2
φ̂†φ̂ 〈 b20 〉 −

1

8λ2

(
φ̂†φ̂− 1

)2
=

1

g2
C1

â4
− 1

4λ2
4λ2

g2
C2

â2
C3

â2
− 1

8λ2

(
4λ2

g2
C2

â2
− 1

)2

=
1

g2
1

â4
(C1 − C2C3)−

1

8λ2

(
4λ2

g2
C2

â2
− 1

)2

`30n =
1

a3`

1

g2ζ ′2

[
1− k2 + (2k2 − 1)

E

K

]
=

1

â3
1

g2
C4

(10.3)
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unbroken phase

k2 =
1

2
C1 =

1

8
C2 = 0 C3 = −1

2
+
E

K
C4 =

1

2
ζ ′ ζ ′ =

2π

4K
(10.4)

〈 b20 〉 =
C3

â2
≥ 2

3
â2 ≤ 3

2
C3 (10.5)

ρ

ρ0
=

1

â4
3

8g2
+

1

8λ2

p

ρ0
=

1

â4
1

8g2
− 1

8λ2

`30n =
1

â3
1

g2
C4

(10.6)

broken phase

φ̂†φ̂ = 1− 3

2
〈 b20 〉 φ̂†φ̂+

3

2
〈 b20 〉 = 1

4λ2

g2
C2

â2
+

3

2

C3

â2
= 1

â2 =
4λ2

g2
C2 +

3

2
C3

(10.7)

ρ

ρ0
=

1

â4

(
3

g2
C1 +

9

32λ2
C2

3

)
p

ρ0
=

1

â4

[
1

g2
(C1 − C2C3)−

9

32λ2
C2

3

]
`30n =

1

â3
1

g2
C4

(10.8)

Comparison with CGF cosmological construction

unbroken phase (cosmology on left, fluid on right)

tHiggs = `0 (10.9)

ρCGF =
~

t4Higgs

(
3

8g2
1

â4
+

1

8λ2

)
ρ =

~
`40

(
3

8g2
1

â4
+

1

8λ2

)

pCGF =
~

t4Higgs

(
1

8g2
1

â4
− 1

8λ2

)
p =

~
`40

(
1

8g2
1

â4
− 1

8λ2

)
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broken phase

α2〈 b2 〉 = k2 − 1 +
E

K
â2〈 b20 〉 = k2 − 1 +

E

K

α2µ2 = 1− 2k2 â2
g2φ̂†φ̂

4λ2
= 1− 2k2

α4ECGF =
k2(1− k2)

2
â4H =

k2(1− k2)
2

α2â2 =
3

2
α2〈 b2 〉+

4λ2

g2
(1− 2k2) â2 =

3

2
â2〈 b20 〉+

4λ2

g2
(1− 2k2)

2(φ†φ)0
v2

= 1− 3

2

α2〈 b2 〉
α2â2

φ̂†φ̂ = 1− 3

2

â2〈 b20 〉
â2

ρ̂CGF =
3

g2
ECGF

â4
+

9

32λ2
〈 b2 〉2

â4
ρ

ρ0
=

3

g2
H +

9

32λ2
〈 b20 〉2

p̂CGF =
1

g2
ECGF

â4
− 1

g2
µ2〈 b2 〉
â4

− 9

32λ2
〈 b2 〉2

â4
p

ρ0
=

1

g2
H − 1

g2
g2φ̂†φ̂

4λ2
〈 b20 〉 −

9

32λ2
〈 b20 〉2

KEW

2K
α3 = 1− k2 + (2k2 − 1)

E

K

g2

ζ ′
â3`30n = 1− k2 + (2k2 − 1)

E

K

z ∼ z + 4Kα
ζ ′z

αω0

∼ ζ ′z

αω0

+
2π

ω0

T ∼ T +
2π

ω0

ds2 = t2Higgsâ
2

(
−dz2 +

1

ε2
ĝijdx

idxj
)

= t2Higgsω
2
0

α2â2

ζ ′2

[
−
(
ζ ′dz

αω0

)2

+
ζ ′2ĝij
α2ω2

0ε
2
dxidxj

] ds2 = `2a2`

(
−dT 2 + g

(3)
ij dx

idxj
)

= `20ω
2
0

â2

ζ ′2

(
−dT 2 + g

(3)
ij dx

idxj
)
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11 Low density

G&R 8.113-4, DLMF 19.5.1-2, 19.12.1

k → 0 K(k) =
π

2

(
1 +

k2

4
+

9k4

64

)
+O(k6)

E(k) =
π

2

(
1− k2

4
− 3k4

64

)
+O(k6)

E

K
= 1− k2

2
− k4

16
+O(k6)

(11.1)

C1 =
1

2
k2(1− k2)

C2 = 1− 2k2

C3 = k2 − 1 +
E

K
=

1

2
k2
(

1− k2

8

)
+O(k6)

ζ ′ =
2π

4K
= 1− k2

4
+O(k4)

1− k2 + (2k2 − 1)
E

K
= 1− k2 + (2k2 − 1)

(
1− k2

2

)
+O(k4) =

3

2
k2 +O(k4)

C4 = ζ ′
[
1− k2 + (2k2 − 1)

E

K

]
=

3

2
k2 +O(k4)

â2 =
4λ2

g2
C2 +

3

2
C3 =

4λ2

g2
+O(k2)

ρ

ρ0
=

1

â4

(
3

g2
C1 +

9

32λ2
C2

3

)
=

(
g2

4λ2

)2
3

g2
1

2
k2 +O(k4)

=
3g2

32λ4
k2 +O(k4) = 0.600 k2 +O(k4)

p

ρ0
=

1

â4

[
1

g2
(C1 − C2C3)−

9

32λ2
C2

3

]
C1 − C2C3 =

1

2
k2 − 1

2
k4 − (1− 2k2)

1

2
k2
(

1− k2

8

)
=

9

16
k4

p

ρ0
=

(
g2

4λ2

)2 [
1

g2
9

16
k4 − 9

32λ2
1

4
k4
]

=
9g4

256λ4

[
1

g2
− 1

8λ2

]
k4

n =
1

`30

1

â3
1

g2
C4 =

1

`30

g3

8λ3
1

g2
3

2
k2 =

1

`30

3g

16λ3
k2

(11.2)
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equation of state

p

ρ0
=

9g4

256λ4

[
1

g2
− 1

8λ2

]
k4 =

9g4

256λ4

[
1

g2
− 1

8λ2

](
32λ4

3g2
ρ

ρ0

)2

= 4λ4
(

1

g2
− 1

8λ2

)
ρ2

ρ20
=

1

2

λ2 (8λ2 − g2)
g2

ρ2

ρ20

(11.3)

p =
ca
2

ρ2

ρ0
ca =

λ2 (8λ2 − g2)
g2

= 0.992 (11.4)

density of quanta

n =
1

`30

3g

16λ3
k2 =

1

`30

3g

16λ3
32λ4

3g2
ρ

ρ0
=

2λ

g

ρ

mHiggs

=
ρ

mW

(11.5)

present dark matter density and 〈 k2 〉now

ρc =
3H2

0

8πG
= 8.53× 10−27kg/m3

〈 ρCDM 〉now = ΩCDMρc = 0.27 · 8.53× 10−27kg/m3 = 2.3× 10−27kg/m3

〈 ρCDM 〉now
ρ0

= 4.1× 10−56

〈 k2 〉now =
32λ4

3g2
〈 ρCDM 〉now

ρ0
= 1.67 · 4.1× 10−56 = 7× 10−56

(11.6)

TOV stability and central density
From Dark matter stars [2], the maximum CGF star mass is

Mmax = 9.145× 10−6M� ρmax = 0.799ρ0 k2max = 0.341 (11.7)

The last two numbers are from the numerical solutions in Sagemath. The entire star is
in the broken phase. The core is not in the low density regime.

The unit of mass in [2] is

mb = (4π)−
1
2
`

G
= 2.94× 10−5M� (11.8)

Here the unit of mass is

M` =
`

G
= 1.04× 10−4 M� (11.9)

The TOV equation is exactly solvable with the low density equation of state

p =
ca
2

ρ2

ρ0
ca = 0.99248 (11.10)

In the low density regime, [2, (5.1), (2.2)] give

M

mb

= πc3/2a

ρcentral
ρ0

(11.11)
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which is
M

M`

=
π1/2c

3/2
a

2

ρcentral
ρ0

= 0.87625
ρcentral
ρ0

(11.12)

The parametrization by k2 is

ρ

ρ0
=

3

32

g2

λ4
k2 = 0.599698 k2 (11.13)

so

M =
π1/2c

3/2
a

2

3

32

g2

λ4
M`k

2
central = 5.4782× 10−5M�k

2
central

(11.14)

The microlensing limit M = 10−11M� corresponds to

k2central =
10−11M�

5.4782× 10−5M�
= 1.825× 10−7 (11.15)

12 Possibilities of detection and verification?

The metric in the rest frame is

ds2 = `2gµνdx
µdxν = `2a`(x)2

[
−(dT )2 + g

(3)
ij (x)dxidxj

]
(12.1)

In the low density regime a` = 4λ2/g2.

ds2 = `2
4λ2

g2

[
−(dT )2 + g

(3)
ij (x)dxidxj

]
(12.2)

so proper time t is given by

t = `
2λ

g
T (12.3)

The CGF oscillation period is

T ∼ T +
2π

ω0

(12.4)

so the period in proper time is

t ∼ t+
2π

ω0

`
2λ

g
= t+ 2π`0

2λ

g
= t+ 2π

~
mHiggs

2λ

g
= t+

2π~
mW

(12.5)

The proper time frequency is

ωproper =
mW

~
(12.6)
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