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Abstract

This note shows calculations for the paper Thermodynamic stability of a cosmo-
logical SU(2)-weak gauge field. The section numbers and headings match those of the
paper. The numerical calculations and some algebra calculations are performed in
two SageMath notebooks. The Supplemental Materials — this note and the Sage-
Math notebooks along with printouts as html and pdf — are available at arXiv.org
as ancillary files associated with the paper, at cocalc.com/dfriedan/DM/SM, and at
physics.rutgers.edu/~friedan.
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2 Spin(4)-symmetric CGF

S3 is the unit 3-sphere in R4 with metric ĝij(x̂).

x̂ ∈ R4 δµν x̂
µx̂ν = 1 (x̂µ) = (x̂i, x̂4) ĝij(x̂)dx̂idx̂j = δµνdx̂

µdx̂ν (2.1)

S3 is identified with SU(2) by

x̂ ∈ S3 ←→ gx̂ = x̂41 + x̂ki−1σk ∈ SU(2) (2.2)

σk are the Pauli matrices,
σiσj = δij + iεij

kσk (2.3)

Spin(4) is SU(2)L× SU(2)R. It acts on S3 as SO(4).

U = (gL, gR) x̂ 7→ Ux̂ gUx̂ = gL gx̂ g
−1
R (2.4)

The metric is

ĝij(x̂) =
1

2
tr
[
∂̂igx̂∂̂j(g

−1
x̂ )
]

∂̂i =
∂

∂x̂i
(2.5)

The Dirac matrices at x̂ are the components of an su(2)-valued 1-form

γ̂i(x̂) =
1

2
gx̂∂̂i(g

−1
x̂ ) (2.6)

At the north pole,

N̂ = (0, 0, 0, 1) ĝij(N̂) = δij γ̂i(N̂) =
i

2
σi (2.7)

so everywhere on S3

γ̂i(x̂)γ̂j(x̂) = −1

4
ĝij(x̂)− 1

2
ε̂ij

k(x̂)γ̂k(x̂) (2.8)

where ε̂ijk(x̂) is the volume 3-form. Also at N̂ ,

∂̂[iγ̂j] =
1

2
∂̂[igx̂∂̂j](g

−1
x̂ ) =

1

2
i−1σ[iiσj] = iεij

kσk = 2εij
kγ̂k = −2[γ̂i, γ̂j]

∂̂iγ̂j + [γ̂i, γ̂j]− i↔ j = 0

(2.9)

so the Spin(4)-symmetric covariant derivative acting on spinors is

∇̂i = ∂̂i + γ̂i ∇̂[iγ̂j] = 0 (2.10)

with curvature
[∇̂i, ∇̂j] = ∂̂[iγ̂j] + [γ̂i, γ̂j] = ε̂ij

kγ̂k (2.11)

Extending ∇̂i to be the metric covariant derivative on tensors as well,

∇̂iγ̂j = 0 (2.12)

because ∇̂[iγ̂j] = 0 and ∇̂iγ̂j+∇̂j γ̂i would have to equal Akij γ̂k for Akij a 3-tensor symmetric
in i, j. There is no such SO(4)-symmetric 3-tensor.
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6 Quadratic term in the action

6.1 Expand the action

The Spin(4)-symmetric classical gauge field has covariant derivative:

Dcl
0 = ∂t̂ Dcl

k = ∇̂k + b̂(t̂)γ̂k (6.1)

The curvature is

F cl
0j = [Dcl

0 , D
cl
j ] = ∂t̂b̂ γ̂j

F cl
ij = [Dcl

i , D
cl
j ] = [∇̂i, ∇̂j] + b̂2[γ̂i, γ̂j] = (1− b̂2)ε̂ijkγ̂k

(6.2)

The perturbed gauge field has covariant derivative

D0 = Dcl
0 = ∂t̂ Di = Dcl

i +Bi (6.3)

and curvature
F0j = [D0, Dj] = F cl

0j + ∂t̂Bj

Fij = [Di, Dj] = F cl
ij +Dcl

[iBj] + [Bi, Bj]

Dcl
i Bj = ∇̂iBj + b̂[γ̂i, Bj]

(6.4)

The Yang-Mills action is

1

~
Sgauge =

1

2g2

∫
tr(−FµνF µν)

√
−ĝ d3x̂ dt̂ (6.5)

tr(−FµνF µν) = tr
(
2F0jF0

j − FijF ij
)

(6.6)

The zeroth order term in B is

tr(−FµνF µν)0 = tr
(

2(∂t̂b̂)
2γ̂j γ̂

j − (1− b̂2)2ε̂ijk ε̂ijk
′
γkγk′

)
= 3

[
−(∂t̂b̂)

2 + (1− b̂2)2
] (6.7)

The first order term is

tr(−FµνF µν)1 = tr
(
4F cl

0j∂t̂B
j − 4F cl

ijD
cliBj

)
= tr

(
4∂t̂b̂ γ̂j∂t̂B

j − 4(1− b̂2)ε̂ijkγ̂k(∇̂iBj + b̂[γ̂i, Bj])
)

= ∂t̂

(
4∂t̂b̂ tr(γ̂jB

j)
)
− 4

(
∂2t̂ b̂+ 2(b̂2 − 1)b̂

)
tr(γ̂jB

j)

(6.8)

The second order term is

tr(−FµνF µν)2 = tr(−2∂t̂Bj∂t̂B
j −Dcl

[iBj]D
cl [iBj] − 2F cl

ij [B
i, Bj]) (6.9)

The zeroth order term in the action is

1

~
S0 = Vol(S3)

3

g2

∫ [
− 1

2

(
db̂

dt̂

)2

+
1

2
(b̂2 − 1)2

]
dt̂ Vol(S3) = 2π2 (6.10)

3



The first order term is

1

~
S1 =

2

g2

∫ [
∂t̂

(
∂t̂b̂ B0

)
−
(
∂2t̂ b̂+ 2(b̂2 − 1)b̂

)
B0

]
dt̂

B0(t̂) =

∫
tr(γ̂jB

j)
√
−ĝ d3x̂

(6.11)

The second order term in the action is

1

~
S2 =

1

2g2

∫
tr(2∂t̂Bj∂t̂B

j −Dcl
[iBj]D

cl [iBj] − 2F cl
ij [B

i, Bj])
√
−ĝ d3x̂ dt̂

=
1

g2

∫
tr(∂t̂Bj∂t̂B

j −Bi�B
i)
√
−ĝ d3x̂ dt̂

(6.12)

∫
tr(Bi�B

i)
√
−ĝ d3x̂ =

∫
tr(Dcl

[iBj]D
cl iBj + F cl

ij [B
i, Bj]))

√
−ĝ d3x̂ (6.13)

Changing variables

t̂ = εz b̂(t̂) =
1

ε
b(z) (6.14)

the second order term becomes

1

~
S2 =

1

εg2

∫
tr(∂zBi∂zB

i −BiKBi)
√
−ĝ d3x̂ dz (6.15)

K = ε2� (6.16)∫
tr(BiKBi)

√
−ĝ d3x̂ =

∫
tr(ε2Dcl

[iBj]D
cl iBj + ε2F cl

ij [B
i, Bj]))

√
−ĝ d3x̂ (6.17)

6.2 Operators Γ and ∗∇̂

Define linear operators on the perturbations Bi.

ΓBi = εi
jk[γj, Bk] ∗∇̂Bi = εi

jk∇̂jBk (6.18)

so
∗DclBi = εi

jkDcl
j Bk = ∗∇̂Bi + b̂ΓBi

Dcl
[iBj]D

cl iBj = (∗DclBk)(∗DclBk)

tr(F cl
ij [B

i, Bj]) = (1− b̂2)tr(2εijkγ̂kBiBj) = (1− b̂2)tr(BkΓB
k)

(6.19)

Γ and ∗∇̂ are symmetric operators.∫
tr
(
B′i∗∇̂Bi

)
=

∫
tr
(
B′iεi

jk∇̂jBk

)
=

∫
tr
(
εk
ji∇̂jB

′
iB

k
)

=

∫
tr
(
∗∇̂B′kBk

) (6.20)

∫
tr
(
B′iΓBi

)
=

∫
tr
(
B′iεi

jk(γjBk −Bkγj)
)

=

∫
tr
(
εi
jk(B′iγjBk − γjB′iBk)

)
=

∫
tr
(
εk
ji[γj, B

′
i]B

k
)

=

∫
tr
(
ΓB′kB

k
) (6.21)
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So
K = ε2(∗∇̂+ b̂Γ)2 + ε2(1− b̂2)Γ

= (Γ2 − Γ)b2 + (∗∇̂Γ + Γ∗∇̂)εb+
(

(∗∇̂)2 + Γ
)
ε2

(6.22)

7 Spin(4) decomposition

The perturbations of the gauge field form the Spin(4) representation{
Bj
i (x̂)

}
= ⊕

j3
(j1 ⊗ j2 ⊗ j3, j3) j1 = j2 = 1

= ⊕
j3,J

CN(J,j3) ⊗ (J, j3) (J, j3) = (jL, jR)
(7.1)

The infinitesimal gauge transformations form the representation{
vi(x̂)

}
= ⊕

j3
(1⊗ j3, j3) = ⊕

j3,J
CNgauge(J,j3) ⊗ (J, j3)

CNgauge(J,j3) ⊆ CN(J,j3)

(7.2)

The triple tensor product j1 ⊗ j2 ⊗ j3 can be decomposed in two ways,

(j1 ⊗ j2)⊗ j3 =

(
⊕
J12

J12

)
⊗ j3 = ⊕

J

(
⊕
J12

J

)
= ⊕

J

(
CN(J,j3) ⊗ J

)
j1 ⊗ (j2 ⊗ j3) = j1 ⊗

(
⊕
J23

J23

)
= ⊕

J

(
⊕
J23

J

)
= ⊕

J

(
CN(J,j3) ⊗ J

) (7.3)

with
J12 ∈ {0, 1, 2} J23 − j3 ∈ {−1, 0, 1} J − j3 ∈ {0,±1,±2} (7.4)

The tensor product for the gauge symmetries decomposes

1⊗ j3 = ⊕
J

(
CNgauge(J,j3) ⊗ J

)
J − j3 ∈ {−1, 0, 1} (7.5)

The representations that occur in the decompositions are listed in Table 1. The physical
degrees of freedom are the reprentations with Nphys = N − Ngauge > 0. The physical
representations are listed in Table 2. The infinite series are parametrized by j rather
than jR so that the symmetry jL ↔ jR becomes j ↔ −j.

8 Five ODEs

8.1 su(2) notation

The su(2) generators in the j = 1/2 representation are

L(1/2)
a = µa =

iσa
2

[µa, µb] = −εabcµc (8.1)

The generators La of a general representation satisfy the same commutation relations,

[La, Lb] = −εabcLc (8.2)
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J − j3 j3 J12 J23 − j3 N Ngauge Nphys

0 0 0 1 1 0 1

0 1
2

0, 1 0, 1 2 1 1

0 ≥ 1 0, 1, 2 −1, 0, 1 3 1 2

1 0 1 1 1 1 0

1 ≥ 1
2

1, 2 0, 1 2 1 1

−1 1 1 0 1 1 0

−1 ≥ 3
2

1, 2 −1, 0 2 1 1

2 ≥ 0 2 1 1 0 1

−2 ≥ 2 2 −1 1 0 1

Table 1: Decomposition of 1⊗ 1⊗ jR.

jL jR J12 J23 N Ngauge Nphys

1 0 0 0 1 1 0 1

2 1
2

1
2

0, 1 1
2
, 3
2

2 1 1

3j j − 1
2

j − 1
2

3
2
≤ j 0, 1, 2 j − 3

2
, j − 1

2
, j + 1

2
3 1 2

2j j j − 1 3
2
≤ j 1, 2 j − 1, j 2 1 1

−j − 1 −j j ≤ −3
2

1, 2 −j − 1,−j 2 1 1

1j j + 1
2

j − 3
2

3
2
≤ j 2 j − 1

2
1 0 1

−j − 3
2
−j + 1

2
j ≤ −3

2
2 −j − 1

2
1 0 1

Table 2: The physical representations Nphys = N −Ngauge > 0 .

The Casimir operator is

C = −1

2
LaLa (8.3)

using δab to raise/lower indices. The Casimir for the irreducible representation j is

Cj =
1

2
j(j + 1) (8.4)

The adjoint representation is j = 1,

L(1)
a vb = εab

cvc C1 = 1 (8.5)

8.2 The representation {Bi}

The Dirac matrices on S3 form an su(2)-valued 1-form which can be written

γ̂i(x̂) = γ̂ai (x̂)µa γ̂ai γ̂
j
a = δji γ̂ai γ̂

i
b = δab (8.6)
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where indices are raised/lowered with ĝij and δab. The gauge field perturbation Bi can
be written

Bi(x̂) = Ba
i (x̂)µa = Bab(x̂)γ̂biµ

a (8.7)

making explicit the representation

{Bab(x̂)} = ⊕
j3

(j1 ⊗ j2 ⊗ j3, j3) j1 = j2 = 1 (8.8)

Let L1
a, L

2
a, L

3
a be the generators of the representations j1, j2, j3.

L1
aBbc = εab

dBdc L2
aBbc = εac

dBbd L3
aBbc =

1

2
γ̂ia(x̂)∂̂iBbc (8.9)

The last formula is verified by noting that L3
a is the generator of left multiplication acting

on functions so should act as a right-invariant vector field and by checking at the north
pole.

γ̂ia(N̂) = δia gN̂+εaγ̂ia/2
= 1− εaµa (8.10)

Tthe Casimirs of the individual factors are

Cj1 = Cj2 = 1 Cj3 =
1

2
j3(j3 + 1) (8.11)

Write

L12
a = L1

a + L2
a C12 = −1

2
δabL12

a L
12
b = −1

2
δab(L1

a + L2
a)(L

1
b + L2

b)

L23
a = L2

a + L3
a C23 = −1

2
δabL23

a L
23
b = −1

2
δab(L2

a + L3
a)(L

2
b + L3

b)

(8.12)

In the decompositions (7.3)

C12 =
1

2
J12(J12 + 1) C23 =

1

2
J23(J23 + 1) (8.13)

8.3 Γ and ∗∇̂ in terms of Casimirs

The operator Γ defined in (6.18) is

ΓBi = εi
jk[γ̂j, Bk] = εi

jk[γ̂cjµc, Ba′b′ γ̂
b′

k µ
a′ ] = −εijkγ̂cj γ̂b

′

k Ba′b′εc
a′
aµ

a (8.14)

Now use
εabc = εijkγ̂

i
aγ̂

j
b γ̂

k
c (8.15)

to get
Γ(Babµ

aγ̂bi ) = −εi′jkγ̂i
′

b γ
c
j γ̂

b′

k εc
a′
aBa′b′µ

aγ̂bi = −εcb′εca
′
aBa′b′µ

aγ̂bi

ΓBab = −δcdεcaa
′
εdb

b′Ba′b′

(8.16)

Γ = −δcdL1
cL

2
d = C12 − Cj1 − Cj2 = C12 − 2 (8.17)

Next, define
∗d = ∗∇̂ − Γ (8.18)
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∗d(Babγ̂
b
iµ

a) = εi
jk∂̂j(Babγ̂

b
kµ

a) = εi
jk(∂̂jBab)γ̂

b
kµ

a + εi
jkBab∂̂j γ̂

b
kµ

a

= −εcbb
′
(γ̂jc ∂̂jBab′)γ̂

b
iµ

a + εi′
jkγ̂i

′

b ∂̂j γ̂
b′

k Bab′ γ̂
b
iµ

a

∗dBab = −2δcdL2
cL

3
d + Ab

′

b Bab′ Ab
′

b = εi′
jkγ̂i

′

b ∂̂j γ̂
b′

k

Ab
′

b µb′ = εi′
jkγ̂i

′

b ∂̂j γ̂k = εi′
jkγ̂i

′

b

1

2
∂̂[j γ̂k] = −εi′jkγ̂i

′

b [γ̂j, γ̂k]

= εi′
jkγ̂i

′

b εjk
iγ̂i = 2γibγ̂i = 2γibγ̂

c
iµc = 2µb

Ab
′

b = 2δb
′

b

∗d = 2(C23 − Cj2 − Cj3) + 2 = 2(C23 − Cj3)

(8.19)

8.4 Wigner 6-j symbol and Racah W-coefficient

The two decompositions (7.3) give two canonical bases for CN(J,j3),

CN(J,j3) = ⊕
J12

ê12(J12)⊗ C = ⊕
J23

ê23(J23)⊗ C (8.20)

C12 is diagonal in the first basis, C23 in the second.

C12 ê12(J12) =
1

2
J12(J12 + 1) ê12(J12) C23 ê23(J23) =

1

2
J23(J23 + 1) ê23(J23) (8.21)

But they cannot be diagonalized simultaneously unless N = 1. The two bases are related
by a matrix,

ê12(J12) =
∑
J23

U(J12, J23) ê23(J23) (8.22)

The matrix elements U(J12, J23) are called the recoupling coefficients. Traditionally the
recoupling coefficients are written

U(J12, J23) = 〈 (j1, (j2j3)J23)J | ((j1j2)J12j3)J 〉 (8.23)

They are related to the Wigner 6-j symbol and the Racah W-coefficient,

U(J12, J23))√
(2J12 + 1)(2J23 + 1)

= (−1)j1+j2+j3+J
{
j1 j2 J12
j3 J J23

}
= W (j1j2Jj3; J12J23) (8.24)

Given U , the two Casimirs can be written as matrices in the same basis,

C12 =
1

2
J12(J12 + 1) C23 = U

1

2
J23(J23 + 1)U t (8.25)

Racah’s algorithm for the W-coefficient [1] is:

W (j1j2Jj3; J12J23) = W (abcd; ef)

a = j1 b = j2 c = J d = j3 e = J12 f = J23
(8.26)

W (abcd; ef) = ∆(a, b, e) ∆(c, d, e) ∆(a, c, f) ∆(b, d, f) w(abcd; ef)

∆(a, b, c) =

[
(a+ b− c)!(a− b+ c)!(−a+ b+ c)!

(a+ b+ c+ 1)!

]1/2 (8.27)
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w(abcd; ef) =
∑
z

(−1)z+β1(z + 1)!
4∏
i=1

(z − αi)!
3∏
i=1

(βi − z)!

(8.28)

The sum is over integers z in the range

max(α1, α2, α3, α4) ≤ z ≤ min(β1, β2, β3)

α1 = a+ b+ e α2 = c+ d+ e α3 = a+ c+ f α4 = b+ d+ f

β1 = a+ b+ c+ d β2 = a+ d+ e+ f β3 = b+ c+ e+ f

(8.29)

8.5 The five K(z) matrices

The quadratic action is (6.15)

1

~
S2 =

1

εg2

∫
tr(∂zBi∂zB

i −BiKBi)
√
−ĝ d3x̂ dz (8.30)

with equation of motion (
d2

dz2
+ K(z)

)
Bi = 0 (8.31)

Equation (6.22) gives K(z) as

K =
(
Γ2 − Γ

)
b2 +

(
∗∇̂Γ + Γ∗∇̂

)
εb+

[
(∗∇̂)2 + Γ

]
ε2 (8.32)

now expressed in terms of Casimirs,

Γ = C12 − 2 ∗∇̂ − Γ = 2C23 − j3(j3 + 1) (8.33)

For each irreducible (jL, jR) occuring in the space {Bi} of gauge field perturbations, K(z)
is an N×N matrix acting on CN , N = N(jL, jR).

The K(z) matrix for Case 1 (jL, jR) = (0, 0) is calculated by hand below. The
K(z) matrices for the other four sets of representations listed in Table 2 are calculated
in Sagemath in the notebook K(z) matrices. For the series of representations indexed by
j, the parameter p is defined as

p2 = 4ε2C(jL,jR) = 2ε2 [jL(jL + 1) + jR(jR + 1)] (8.34)

The representations are indexed by (jL, jR) = (J, j3).

Case 1
jL jR J12 J23 − j3 N Ngauge Nphys

1 0 0 0 1 1 0 1

C12 = 0 C23 = 1 Γ = −2 ∗∇̂ = 0

K = 6b2 − 2ε2
(8.35)
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Case 2
jL jR J12 J23 − j3 N Ngauge Nphys

2 1
2

1
2

0, 1 0, 1 2 1 1

K =

(
6 0
0 2

)
b2 +

(
0 −3

√
2

−3
√

2 0

)
εb+

(
0 0
0 1

)
ε2 (8.36)

Case 3j

jL jR J12 J23 − j3 N Ngauge Nphys

3j j − 1
2

j − 1
2

3
2
≤ j 0, 1, 2 −1, 0, 1 3 1 2

K2 =

6 0 0
0 2 0
0 0 0

 b2 +

 0 −6 0
−6 0 0
0 0 0

σb+

α2 0 α
0 α2 + 1 0
α 0 1

 2σ2

p2 = 4ε2
(
j2 − 1

4

)
σ =

√
2

3

√
j2 − 1

4
ε =

p√
6

α =
√

2

√
j2 − 1

j2 − 1
4

(8.37)

Case 2j

jL jR J12 J23 − j3 N Ngauge Nphys

2j j j − 1 3
2
≤ j 1, 2 0, 1 2 1 1

−j − 1 −j j ≤ −3
2

1, 2 −1, 0 2 1 1

K =

(
2 0
0 0

)
b2 +

(
−1 0
0 1

)
2σb+

(
α2 α
α 1

)
2σ2

p2 = 4ε2j2 σ = εj =
1

2
p α =

√
1− 1

j2

(8.38)

Case 1j

jL jR J12 J23 − j3 N Ngauge Nphys

1j j + 1
2

j − 3
2

3
2
≤ j 2 1 1 0 1

−j − 3
2
−j + 1

2
j ≤ −3

2
2 −1 1 0 1

K = 4σb+ 4α2σ2

p2 = 4ε2
(
j2 +

3

4

)
σ = εj =

1

2

√
p2 − 3ε2 α =

√
1 +

1

4j2

(8.39)
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8.6 Gauge symmetries

A gauge variation of the classical solution is a solution of the equation of motion that
is first order in b(z).

wgauge(z) = w1b(z) + w0 (8.40)

Use
b′′ = 2ε2b− 2b3 (8.41)

and write
K = K2b

2 + K1b+ K0 (8.42)

to calculate

0 =
d2w

dz2
+ K(z)w

= w1(2ε
2b− 2b3) +

(
K2b

2 + K1b+ K0

)
(w1b+ w0)

= (K2 − 2)w1b
3 + (K2w0 + K1w1)b

2

+ (2ε2w1 + K0w1 + K1w0)b+ K0w0

(8.43)

So the coefficients w0, w1 are the solutions of

0 = K0w0

0 = (K2 − 2)w1

0 = K2w0 + K1w1

0 = K1w0 + (K0 + 2ε2)w1

(8.44)

Case 2

K2 =

(
6 0
0 2

)
K1 =

(
0 −3

√
2

−3
√

2 0

)
ε K0 =

(
0 0
0 1

)
ε2 (8.45)

w1 = B

(
0
1

)
w0 = A

(
1
0

)
0 = A

(
6
0

)
+B

(
−3
√

2
0

)
ε

A =
ε√
2
B 0 = A

(
0

−3
√

2

)
ε+B

(
0
3

)
ε2 = 0

(8.46)

wgauge =

(
0
1

)
b+

(
1
0

)
ε√
2

(8.47)

Case 3j

K2 =

6 0 0
0 2 0
0 0 0

 K1 =

 0 −6 0
−6 0 0
0 0 0

σ3 K0 =

α2
3 0 α3

0 α2
3 + 1 0

α3 0 1

 2σ2
3

σ3 =

√
2

3

√
j2 − 1

4
ε α3 =

√
2

√
j2 − 1

j2 − 1
4

(8.48)
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w1 = B

0
1
0

 w0 = A

 1
0
−α3


0 = A

6
0
0

+B

−6σ3
0
0

 A = σ3B

(8.49)

0 = A

 0
−6σ3

0

+B

 0
2ε2 + (α2

3 + 1)2σ2
3

0

 (8.50)

0 = B
[
−6σ2

3 + 2ε2 + 2σ2
3(α2

3 + 1)
]

= 2B
[
ε2 + σ3(α

2
3 − 2)

]
= 2Bε2

[
1 +

2

3

(
j2 − 1

4

)
2

( −3
4

j2 − 1
4

)]
= 0

(8.51)

wgauge =

0
1
0

 b+

 1
0
−α3

σ3 (8.52)

Case 2j

K2 =

(
2 0
0 0

)
K1 =

(
−1 0
0 1

)
2σ2 K0 =

(
α2
2 α2

α2 1

)
2σ2

2

σ2 = εj α2 =

√
1− 1

j2

(8.53)

w1 = B

(
1
0

)
w0 = A

(
1
−α2

)
0 = A

(
2
0

)
+ 2σ2

(
−B
0

)
A = σ2B

0 = B

(
2ε2 + 2α2

2σ
2
2

2α2σ
2
2

)
+ σ2B

(
−2σ2
−2α2σ2

)
= 2B

(
ε2 + α2

2σ
2
2 − σ2

2

0

)
= 0

(8.54)

wgauge =

(
1
0

)
b+

(
1
−α2

)
σ2 (8.55)

9 Time-translation zero-mode

The zero-mode is written as a free particle in the reparametrized time z̃ given by

dz̃

dz
=

1

cn′(z)2
(9.1)

The following calculates the periodicities of z̃(z). The results are not used in the paper,
but will be relevant for further investigation of the zero-mode integral.
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The identities in section 9.1 below are used to integrate.

z̃ =

∫
dz

sn(z)2 dn(z)2
=

∫
k2 sn(z)2 + dn(z)2

sn(z)2 dn(z)2
dz

= k2
∫

nd2 dz +

∫
ns2 dz

=
k2

k′2
(E − k2 sn cd) + z − dn cs−E

=

(
k2

k′2
− 1

)
E + z − k4

k′2
sn cn

dn
− dn cn

sn

=

(
k2

k′2
− 1

)
E + z − cn

k′2 sn dn

(
k4 sn2 +k′2 dn2

)

(9.2)

k4 sn2 +k′2 dn2 = k4 sn2 +k′2(1− k2 sn2) = k′2 + k2(k2 − k′2) sn2 (9.3)

z̃ =

(
k2

k′2
− 1

)
E + z − cn

sn dn
− cn

k′2 sn dn
k2(k2 − k′2) sn2

= − cn

sn dn
+ z +

(
k2

k′2
− 1

)(
E − k2 cn sn

dn

) (9.4)

So z̃ has periodicities

z̃(z + 2K)− z̃(z) = 2K +

(
k2

k′2
− 1

)
(E(z + 2K)− E(z))

= 2K +

(
k2

k′2
− 1

)
2E

(9.5)

z̃(z + 2K ′i)− z̃(z) = 2K ′i+

(
k2

k′2
− 1

)
(E(z + 2K ′i)− E(z))

= 2K ′i+

(
k2

k′2
− 1

)
(2K ′ − 2E ′)i

(9.6)

9.1 More on Jacobi elliptic functions

These identities are from the DLMF [2, Chapters 22 and 19].

sn(z, k) and dn(z, k)

sn2 + cn2 = 1 k2 sn2 + dn2 = 1

sn(z) ∼ z +O(z3) dn(z) ∼ 1 +O(z2)
(9.7)

cn′ = − sn dn dn′ = −k2 sn cn

dn′′ = (1 + k′2) dn−2 dn3 (dn′)2 = (1− dn2)(dn2−k′2)
(9.8)
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half-periods

cn(z + 2K) = − cn(z) sn(z + 2K) = − sn(z) dn(z + 2K) = dn(z)

cn(z + 2K ′i) = − cn(z) sn(z + 2K ′i) = sn(z) dn(z + 2K ′i) = − dn(z)
(9.9)

the other Jacobi elliptic functions

nc =
1

cn
ns =

1

sn
nd =

1

dn
cd =

cn

dn
cs =

cn

sn
(9.10)

Jacobi’s amplitude function φ = am(z, k)

φ = am(z) =

∫ z

0

dn sn(z) = sin(φ) cn(z) = cos(φ)

am(z + 2K) = am(z) + π am(2K) = π

(9.11)

Jacobi epsilon function E(z, k) and zeta function Z(z, k)

E(z) =

∫ z

0

dn2 = k2 sn cd +k′2
∫

nd2 = z − dn cs−
∫

ns2 (9.12)

Z(z) = E(z)− E(k)

K(k)
z =

θ′0
θ0

(9.13)

E(k) is the complete elliptic integral of the second kind,

E(k) = E(K) = E(π/2, k) E(φ, k) = E(z, k) (9.14)

satisfying

EK ′ + E ′K −KK ′ = π

2
(9.15)

E(−z) = −E(z) E(z) = z +O(z3) (9.16)

E(u+ v) = E(u) + E(v)− k2 sn(u) sn(v) sn(u+ v)

Z(u+ v) = Z(u) + Z(v)− k2 sn(u) sn(v) sn(u+ v)
(9.17)

Z(z + 2K) = Z(z) Z(z + 2K ′i) = Z(z)− π

K
i (9.18)

E(z + 2K) = E(z) + 2E E(z + 2K ′i) = E(z) + 2 (K ′ − E ′) i (9.19)

E(z + 2K ′i) = E(z) + Z(z + 2K ′i)−Z(z) +
E

K
2K ′i

= E(z)− π

K
i+

E

K
2K ′i

= E(z) +
2i

K

(
−π

2
+ EK ′

)
= E(z) + 2 (K ′ − E ′) i

(9.20)
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10 Classical mechanics analytic in complex time z

A(z) =

(
0 −1

K(z) 0

)
Ω = i

(
0 1

−1 0

)
(10.1)

A(z)tΩ + ΩA(z) =

(
0 K(z)t

−1 0

)
i

(
0 1

−1 0

)
+ i

(
0 1

−1 0

)(
0 −1

K(z) 0

)

= i

(
K(z)−K(z)t 0

0 0

) (10.2)

K(z) = K(z)t ⇐⇒ A(z)tΩ + ΩA(z) = 0 (10.3)

11 Quantum mechanics analytic in complex time z

Canonical commutation relations

Q =

(
q
p

)
Qt =

(
qt pt

)
QQt =

(
qqt qpt

pqt ppt

)
(
QQt

)t −QQt =

(
(qqt)t − qqt (pqt)t − qpt
(qpt)t − pqt (ppt)t − ppt

) (11.1)

(
QQt

)t −QQt = Ω ⇐⇒
(qqt)t − qqt = 0

(ppt)t − ppt = 0

(pqt)t − qpt = i

(11.2)

[
(qqt)t − qqt

]ab
= qbqa − qaqb

[
(ppt)t − ppt

]
ab

= pbpa − papb

[(pqt)t − qpt]ab = pbq
a − qapb

(11.3)

(
QQt

)t −QQt = Ω ⇐⇒
[qa, qb] = 0

[pa, pb] = 0

[pb, q
a] = iδab

(11.4)

Phase-space action

1

2i
QtΩ

(
d

dz
+A

)
Q =

1

2

(
qt pt

)( 0 1

−1 0

)(
d

dz
+

(
0 −1

K(z) 0

))(
q
p

)

=
1

2

(
qt pt

)( 0 1

−1 0

)(
dq
dz
− p

dp
dz

+Kq

)

= −1

2
pt
dq

dz
+

1

2
qt
dp

dz
+

1

2
ptp+

1

2
qtKq

(11.5)
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18 Numerical evidence for Property P

18.1 Imaginary period monodromy Mi at t = K

Identities for Jacobi elliptic functions. For τ ∈ R,

cn(K + τi, k) = −k′ sd(τi, k) = −k′ sd(τ, k′)i

sd(τ, k′) = sd(τ, k′)

sd(−τ, k′) = − sd(τ, k′) sd(τ + 2K, k′) = − sd(τ, k′)

(18.1)

Let t = K and let CK be the vertical path passing through K.

z = K + τi b(z) = k cn(z, k) = −kk′ sd(τ, k′)i = F (τ)i (18.2)

F (τ) = −kk′ sd(τ, k′) K(z) = −K2F (τ)2 + K0 + K1F (τ)i (18.3)

F (τ) = F (τ) F (−τ) = −F (τ) F (τ + 2K ′) = −F (τ) (18.4)

Write the propagator along CK

P(τ2, τ1) = PCK
(K + τ2i,K + τ2i) (18.5)

The symmetries of F (τ) give

P(4K ′ − τ2, 4K ′ − τ1) = P(τ2, τ1) P(2K ′ − τ2, 2K ′ − τ1) = RP(τ2, τ1)R (18.6)

The imaginary period monodromy matrix is

Mi = P(4K ′, 0) (18.7)

Define
Mi/4 = P(K ′, 0) Mi/2 = P(2K ′, 0) (18.8)

Then
Mi/2 = P(2K ′, K ′)P(K ′, 0) = RP(0, K ′)RP(K ′, 0)

= RM−1
i/4RMi/4 = RΩMt

i/4ΩRMi/4

Mi = P(4K ′, 2K ′)P(2K ′, 0) = P(0, 2K ′)P(2K ′, 0)

=Mi/2
−1Mi/2 = ΩM†

i/2ΩMi/2

(18.9)

so to calculateMi it is enough to calculateMi/4. It is enough to integrate the ode from
K to K +K ′i.
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18.2 Vphys(t)

For an ode with Ngauge > 0, the gauge solution is Wgauge(z). The physical phase-
space Vphys(t) is the quotient W⊥gauge/CWgauge where W⊥gaugeCN is the Ω-complement of
Wgauge(z). For the numerical computations it is useful to represent Vphys(t) as a subspace
of W⊥gauge. Write

V = V Vphys = Vphys(t) Wgauge =Wgauge(t) (18.10)

Define the vector
W̃gauge = iΩWgauge (18.11)

satisfying
W t

gaugeW̃gauge = 0 W t
gaugeWgauge = W̃ t

gaugeW̃gauge

W t
gaugeΩW̃gauge = iW t

gaugeWgauge

(18.12)

Wgauge is real so W̃gauge is also real. The orthogonal complement W̃⊥gauge is the Ω-
orthogonal complement of Wgauge.

W̃ t
gaugeW = 0 ⇔ W t

gaugeΩW = 0 (18.13)

W̃ is not a natural vector since Ω is a bilinear form on V , not a linear operator. W̃
depends on a choice of bilinear form on V . Choosing W̃gauge give the decomposition

V = CW̃gauge ⊕ CWgauge ⊕ Vphys (18.14)

representing Vphys as a codimension two subspace of V . Define

P =Wgauge(W t
gaugeWgauge)

−1W t
gauge P̃ = W̃gauge(W̃ t

gaugeW̃gauge)
−1W̃ t

gauge (18.15)

which are commuting projections

P 2 = P P̃ 2 = P̃ P P̃ = P̃P = 0 P t = P P̃ t = P̃ (18.16)

Then define
Pgauge = 1− P̃ Pphys = Pgauge − P = 1− P̃ − P (18.17)

so
PgaugeV = (Wgauge)

⊥Ω V = CW̃gauge ⊕ (Wgauge)
⊥Ω

PphysV = Vphys (Wgauge)
⊥Ω = CWgauge ⊕ Vphys

V = CW̃gauge ⊕ CWgauge ⊕ Vphys

(18.18)

iΩP(iΩ)t = W̃gauge(W t
gaugeWgauge)

−1W̃ t
gauge = P̃

ΩPΩ = P̃ ΩP = P̃Ω Ω = P̃ΩP + PΩP̃
(18.19)
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