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ABSTRACT

This note shows calculations for the paper Thermodynamic stability of a cosmo-
logical SU(2)-weak gauge field. The section numbers and headings match those of the
paper. The numerical calculations and some algebra calculations are performed in
two SageMath notebooks. The Supplemental Materials — this note and the Sage-
Math notebooks along with printouts as html and pdf — are available at arXiv.org
as ancillary files associated with the paper, at cocalc.com/dfriedan/DM/SM, and at
physics.rutgers.edu/~friedan.
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2 Spin(4)-symmetric CGF

S? is the unit 3-sphere in R* with metric g;(&).
geR  §aMr =1 () =1343Y)  gy(2)di'di! = 6,,di"di” (2.1)
S3 is identified with SU(2) by
$e8® +— gp=a"1+3% "o, €SU(2) (2.2)
0 are the Pauli matrices,
0i0; = 0ij + ieijkok (2.3)
Spin(4) is SU(2); x SU(2)g. It acts on S? as SO(4).
U=(9r.9r) &—=Ui  gui=9gr9: 95" (2.4)

The metric is

0s(0) = gir [Dasdye] B o (25)
The Dirac matrices at & are the components of an su(2)-valued 1-form
3(8) = 50:0i005") (2.6
At the north pole,
N=0001)  §,(N)=8 5N =0 (27)
so everywhere on S3
@) = —305(8) — 565 (D)n(@) (2.9
where é;; (%) is the volume 3-form. Also at N,
Oy = %5[1‘9@3]'} (9:7) = %ila[ﬂffﬂ = i€;j o = 26" = —2[%, )]
(2.9)
O+ A, Aj] —i <> j =0
so the Spin(4)-symmetric covariant derivative acting on spinors is
Vi=0i+4%  Viy =0 (2.10)
with curvature
Vi, Vil = 0y + B, 4] = & (2.11)
Extending V; to be the metric covariant derivative on tensors as well,
ViA; =0 (2.12)

because V%) = 0 and V4, +V;4; would have to equal AAy for Aj; a 3-tensor symmetric
in 4, j. There is no such SO(4)-symmetric 3-tensor.
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6 Quadratic term in the action
6.1 Expand the action
The Spin(4)-symmetric classical gauge field has covariant derivative:
D' =0 Df = Vi +b(t) % (6.1)
The curvature is

Fgl = (D, D) = ;b4

(6.2)
F = [D5, DS = [Vi, Vi1 4614, 350 = (1= b°)é™
The perturbed gauge field has covariant derivative
Dy=Dg=0, D;=D+B; (6.3)
and curvature 1
FOj - [D[), DJ] - F(f] + afB]
Fy; = [Di, Dj] = F{} + D/ Bj + [Bi, Bj] (6.4)
D;'B; = VB; + b, B
The Yang-Mills action is
1 1 uv ~ 3. 2
ﬁSgauge == 2—92 tI‘(—ijF ) \ —gd Tdt (65)
tr(—F,, F*) = tr (2Fy; Fy) — F;FY) (6.6)
The zeroth order term in B is
tr(—F, F")o = tr (2(&55)2%&]‘ —(1- 62)2€ijk€ijk/'7k7k’)
(6.7)

~3 [—(afia)? +(1- 132)2}
The first order term is

tI‘(—FW,F‘uy)l

tr (4F5;0:B7 — 4F D" BY)

tr (4643 4;0.B7 — 4(1 — b?)é*4 (V,;B; + b4, Bj])) (6.8)

o (4@13 tr(%Bj)) 4 (8213 T o(b? - 1)53) tr(3,8%)

The second order term is
tr(—F, F*)y = tr(=20;B;0,B’ — D{! By D' B — 2F[B', BY)) (6.9)

The zeroth order term in the action is

1, 5 3 1/db\> 1., ). s oo



The first order term is

1 2 7 27 72 7 2
ﬁSl = E?/ |:af <abeo> - <8fb +2(b° — 1)[)) BO} dt
Bolt) = [ ul3,B) V=g s
The second order term in the action is

%52 21 tr(20;B;0;B’ — Df!By DV B — 2F¢[B', B']) \/—g d*% di
9°

== /tr((?,gBj@fBj — BOBY) \/—gd*z dt
g

/trBDB )V — d%_/trp 'B) DB + F{[B', B']))\/—gd’&

Changing variables

the second order term becomes

1 4
—52 /tr(a B;8.B' — BKKB)) \/—jd*% dz
€g*

K = 0

/trBKB )V — d%_/tr (DB DB + E€FJ[B', B]))/—jd’&

6.2 Operators I' and *V
Define linear operators on the perturbations B;.
FBZ = Eijk[’}/j, Bk] *@BZ = Eijk@jBk

SO .
«DB; = ¢/*DS' By, = *VB; + bI'B;

D Bj D' B’ = (xD° By) (D" B¥)
tr(FS[BY, BY)) = (1 — b*)tr(2€;,*4x B B?) = (1 — b)tr( B, [ B¥)

I’ and *V are symmetric operators.

/ tr (B%@Bi) - / tr <B”'eﬂ’k’@j3k) - / tr (ekﬂ%B’in>
= /tr (*@B,@Bg

/ tr (B"T'B)
/ tr (ex/'[;, B';]B*) = / tr (0B}, B¥)
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/ tr (B"€e/*(v;By — Biy;)) = / (e/*(B"~; By, — v;B" By))

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)



So o A
K=V + )2 + (1 - )0

. . . (6.22)
= (T2 =)0 + (VT + TV)eb + ((+V)? +T) &
7 Spin(4) decomposition
The perturbations of the gauge field form the Spin(4) representation
{Bl@)} =@ (1 ®j2®js,js)  j1=j2=1
J3
' (7.1)
— ® CUN @ (1)) (o) = (jesdn)
73,
The infinitesimal gauge transformations form the representation
{Ul(.fj)} -3 (1 ®j3,j3) - (CNgauge(J,j3) ® (J’ ]3>
J3 Js,J (72)
CNgauge(Jij) g CN(J7]3)
The triple tensor product j; ® jo ® j3 can be decomposed in two ways,
(71 ® jo) ® j3 = (59 J12) ® J3 = ? (59 J) = E}B (CN(J’jS) ® J)
12 12 (73)
1@ (J2®js) =h @ (@ J23> =@ (@ J) =@ (CV3) @ J)
Ja3 J \ J23 J
with
Jis € {O, 1,2} Jos —J3 € {—1, 0, 1} J —J3 € {0, +1, :f:2} (74)
The tensor product for the gauge symmetries decomposes
1®j3 =@ (CVee") @ J)  J—j3 € {~1,0,1} (7.5)
J

The representations that occur in the decompositions are listed in Table 1. The physical
degrees of freedom are the reprentations with Npnys = N — Ngauge > 0. The physical
representations are listed in Table 2. The infinite series are parametrized by j rather
than jgr so that the symmetry j;, <> jr becomes j <> —j.

8 Five ODEs

8.1 su(2) notation

The su(2) generators in the j = 1/2 representation are

7:0'a c
LM = g = 2 [Hay to) = —€a“pic (8.1)

The generators L, of a general representation satisfy the same commutation relations,

[La’ Lb] = _EabCLc (82)

bt



J _j3 j3 J12 J23 _j3 N Ngauge Nphys

0 0 0 1 1 0 1

0 3 0,1 0,1 2 1 1

0 >1 0,1,2 —-1,0,1 3 1 2

1 0 1 1 1 1 0

1 > 1 1,2 0,1 2 1 1

-1 1 1 0 1 1 0

—1 > % 1,2 —-1,0 2 1 1

2 >0 2 1 1 0 1

-2 > 2 2 —1 1 0 1

Table 1: Decomposition of 1 ® 1 ® jr.
jL jR J12 J23 N Ngauge N, hys
1 0 0 0 1 1 0 1
2 z : 0,1 2,3 2 1 1
2, j j-1 i<j 12 j= 1 2 1 1
—j-1 —j j<-% 12 —j-1-j 2 1 1
L, j+35 Jj—-3% 3<j 2 j—13 10 1
—j—3% —Jt3 j<-3 2 —J =3 10 1
Table 2: The physical representations Npnys = N — Ngauge > 0 .
The Casimir operator is
1
C= —EL“LQ (8.3)

using d,p to raise/lower indices. The Casimir for the irreducible representation j is

L.
The adjoint representation is j = 1,

Lgl)vb = €. Ve =1

8.2 The representation {B;}

The Dirac matrices on S* form an su(2)-valued 1-form which can be written

~a~1

V(@) = 4 (%) pa YiYa = (Szj AP = 0

(8.4)

(8.5)

(8.6)



where indices are raised/lowered with g;; and 4. The gauge field perturbation B; can

be written
Bi(2) = B} (%) pa = Bab<5ﬁ):yfﬂa

making explicit the representation

{Bap(2)} = ®(j1 ® J2 ® J3, js) J1=Je=1
J3

Let L, L2 L3 be the generators of the representations ji, jo, J3.

1 . ~
LLBy. = €4 Bae L2By. = €4." Bpa LBy, = 5%(50)3@‘3&

(8.7)

(8.8)

(8.9)

The last formula is verified by noting that L3 is the generator of left multiplication acting
on functions so should act as a right-invariant vector field and by checking at the north

pole.

a

Fa(N) = &, IRyeazijg = L — € Ha

Tthe Casimirs of the individual factors are

1., .
Cj1 = Cjz =1 Cj3 = 5]3(]3 + 1)

Write
1 1
L}f = Lcll + L?z Cra = —§5ach1L2L112 = —§5ab(L¢11 + L?)(Lé + Lz%)
1 1
ng - L¢21 Li C(23 - ééabL62L3L§3 - §5ab(Li Li)(Li Li’)

In the decompositions (7.3)

1 1
Ciy = §J12(J12 +1) Chs = §J23(J23 +1)

8.3 I and *V in terms of Casimirs

The operator I' defined in (6.18) is

I'B; = €/*[4;, Bi] = e/*[A¢te, Baw Ay 1”’] = —e/* 4548 Buyec” apt”
Now use o
€abe = Eij’?tlzﬁ/gﬁ/(lj
to get -
F(Babﬂa/%)) = _Ei’]k/% 'VJC’AYZ e’ aBa’b’,ua'%I‘) = et aBa’b’Na'AYzI‘j
[I'Byy = _5Cd€caa,€dbb/Ba’b’
F = —5CdLiL?l = 012 - Cj - Cj2 = Clg - 2
Next, define

wd =V —T

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)



xd(Ba Ay p®) = €7%0;(BaApu®) = €77 (0;Bup)ipp” + €7* BapOiApu”
= %Y (390; Bay )42 1® + €747 DAY Baw Al u
#dBy, = —20°L2L3 + AV By AY = %3] 9,57

AZ,Mb' = 61 % 3ﬂk = € % —a[ﬂk] = _Ei’jk'%/ [%; %] (8'19)

= "4 €14 = 274 = 20iAEHe = 20
AY =26

xd = 2(023 — CjQ - Cj3) + 2= 2(023 - ng)

8.4 Wigner 6-j symbol and Racah W-coefficient

The two decompositions (7.3) give two canonical bases for CN(/:33),

CNU33) = @ 815(J12) ® C = @ é93(Ja3) ® C (8.20)
J12 Jos
(12 is diagonal in the first basis, C3 in the second.

. 1 . . 1 .
Chiaé12(J12) = §J12(J12 +1) é12(J12) Cas €93(Ja3) = §J23(J23 + 1) éa3(Ja3)  (8.21)

But they cannot be diagonalized simultaneously unless N = 1. The two bases are related
by a matrix,

J12 Z U J12> J23) 623(J23) (8-22)

Jo3

The matrix elements U(Jyq, Jog) are called the recoupling coefficients. Traditionally the
recoupling coefficients are written

U(Jr2, J23) = ( (j1, (J2js) J2s3)J | ((Fij2) J12j3)J ) (8.23)
They are related to the Wigner 6-j symbol and the Racah W-coefficient,
U(J12, Jo3))
V(2J12 +1)(2J23 + 1)

Given U, the two Casimirs can be written as matrices in the same basis,

1 1
Ciz = §J12(J12 +1) Cu=U §J23(J23 + 1)U (8.25)

— (_1)j1+j2+j3+J{ .]‘]. ]2 J12 } — W(jl]2jj3, J12J23> (824)
gz J Jas

Racah’s algorithm for the W-coefficient [1] is

W (j192J js; JiaJas) = W (abed; ef)

. » . (8.26)
a=j1 b=gy c=J d=j3 e=Jio f=Jo3
W (abed: ef) = Ala,b,e) Ale,dye) Ala,c, f) Ab,d, f) w(abed; ef)
1/2 (8.27)

(a+b—c)lla—=b+c)(—a+b+c)!

Ala,b,e) = (a+b+c+1)!

8



w(abed;ef) = (—1)”51(5 +1)!
2 1(2—042-)! :r[l(ﬁi_z)!

)

'S

The sum is over integers z in the range
max (o, ag, az, ay) < 2z < min(Sy, B2, B3)
ar=a+b+e g =c+d+e ag=a+c+ f ag=b+d+f
fr=a+b+tc+d Py=a+d+e+f Py=btcte+f

8.5 The five K(z) matrices
The quadratic action is (6.15)

1

1 . :
Sy = — / tr(0,B;0.B" — BKB') \/—§ &3 dz
€9

with equation of motion ,
(% + K(z)) B, =0
Equation (6.22) gives K(z) as
K = (I =) 0% + (+VI 4 T4V ) b + [(+V)? + T] €
now expressed in terms of Casimirs,

F:Cm—2 *@_F:2C23_j3(j3+1)

(8.28)

(8.29)

(8.30)

(8.31)

(8.32)

(8.33)

For each irreducible (j, jgr) occuring in the space { B;} of gauge field perturbations, K(z)

is an N x N matrix acting on CV, N = N(jr, jr).

The K(z) matrix for Case 1 (jr,jr) = (0,0) is calculated by hand below. The
K(z) matrices for the other four sets of representations listed in Table 2 are calculated
in Sagemath in the notebook K (z) matrices. For the series of representations indexed by

j, the parameter p is defined as
p2 - 4620@&]&%) = 2¢’ (e +1) + jr(jr +1)]

The representations are indexed by (jr,jr) = (J, Js)-

Case 1 o .
JL JR J12 J23_j3 N Ngauge Nphys

1 0 O 0 1 10 1

~

012:0 023:1 '=-2 *xV=0
K = 6b* — 2¢

(8.34)

(8.35)



Case 2

jL jR J12 J23_j3 N Ngauge Nphys
2 % % 0,1 0,1 2 1 1
(6 0\, 0 —3v2 0 0\ ,
K= (0 2)6 + (_3\/5 0 )eb+ (O 1)6 (8.36)
Case 3;
jL jR J12 J23_j3 N Ngauge Nphys
3; j_% j—% %gj 0,1,2 —-1,0,1 3 1 2
6 0 0 0 -6 0 a? 0 «
Ko=|0 2 0]*+[—-6 0 0]aob+ [0 a®+1 0] 20?
0 00 0 0 0 Q 0 1
(8.37)
1 2 /. 1 j2—1
2 42| 2 _ 2 _ _
p° = 4e (j ——) O=1\/=\/J?——€=—F= a=V2/=
4 3 4 V6 52 %
Case 2;
,jL jR J12 J23_j3 N Ngauge Nphys
2; j j—1 2<j 1,2 0,1 2 1 1
—j-1 —j j<-3 1,2 —1,0 2 1 1
. 2 0 2 —]_ 0 Oé2 (0% 2
= (20 (3 ) (4 2)
(8.38)
1 1
p2:462]2 o=¢€]==p a = 1— —
2 J
Case 1;
jL jR Jl? J23_j3 N Ngauge Nphys
1, j+5 J—3 3<j 2 1 10 1
—j—2% —j+1 <-4 2 —-1 1 0 1

K = 40b + 40202

) (5 3 1 1 (8.39)
p° = 4e j+1 026]25\/]72—362 a= 1+F
J
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8.6 Gauge symmetries

A gauge variation of the classical solution is a solution of the equation of motion that
is first order in b(z).

Weange(2) = w1b(2) + wo (8.40)
Use
b = 2¢% — 20° (8.41)
and write
to calculate P
w
0= y) + K(2)w
= wi (260 — 2b”) + (Kab® + K1b + Ko) (wib + wy) (8.43)

= (Kg — 2)w1b3 + (KQUJ[) + K1w1)62
+ (26211}1 + K0w1 + Klwo)b + Kowo
So the coefficients wy, w, are the solutions of
0= KQU)O
0= (Kg - 2)’LU1
(8.44)
0= KQ’U)O + K1w1

0= Kle + (Ko -+ 2€2>U}1

Case 2
(60 (0 =3V2 [0 0\ ,
(0 1 (6 —3v2
(8.46)
. € . 0 0 2
aetn oma( L )ern(D)e—o
0 1\ €
Wgauge = (1> b+ (0) _2 (847)
Case 3;
6 0 0 0 —6 0 o 0 Qs
Ky=10 2 0 Ki=|-6 0 0]los Ky=[0 a2+1 0 ]20;
0 00 0O 0 0 Qs 0 1

2 [ 1 21
“3:\[§vj2_16 oy =2 A1

11

(8.48)



wi=B11 wo = A 0
6 —60'3
0=A 0 + B 0 A =o03B
0
0=A4 —603 26+a3+1203

0= B [—60] + 26 + 203(a3 + 1)] = 2B [€® + 03(aj — 2)]

—ome (12 (- 1) ()]

=0
0 1
Wgange = | 1| 0+ 0 03

Case 2;

O:A()+202( ) A=09B
B 2¢? + 2002 € +ajoi — o3\ _
0=5 ( 20905 +o2B 204202 0 =0

e ()

9 Time-translation zero-mode

(8.49)

(8.50)

(8.51)

(8.52)

(8.53)

(8.54)

(8.55)

The zero-mode is written as a free particle in the reparametrized time Z given by

dz 1

dz  on'(2)?

(9.1)

The following calculates the periodicities of Z(z). The results are not used in the paper,

but will be relevant for further investigation of the zero-mode integral.
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The identities in section 9.1 below are used to integrate.
_ / dz / k*sn(2)? + dn(z)? q
zZ= = z
sn(z)?dn(z)? sn(z)2dn(z)?

:k:Q/nd2 dz+/n82 dz

]{?2
= W(S —k’sncd) + 2 —dnes =&
k2 k*snen dnen
— (= -1 _ _
(k” )S—i—z k2 dn sn

K cn 4.2 2 7.2

k*sn? +k"2 dn® = k*sn® +4/2(1 — k?sn?) = K2 + K2(k* — k'?) sn®

k? cn cn
A A _ _ 2012 102\ o2
: (k’2 )54-2 sndn k’andnk (k"= #7)sn

cn k? 5 CI ST
__Sndn+z+ (ﬁ_l) (5—]{: dn )

So Z has periodicities

Z(z +2K) — 2(z) = 2K +
Z(z42K'i) — 2(z) = 2K'i + <—/ - 1) (E(z+2K'i) — E(2))

9.1 More on Jacobi elliptic functions

These identities are from the DLMF [2, Chapters 22 and 19].
sn(z, k) and dn(z, k)
sn® +cn? =1 k?sn? 4+ dn® = 1
sn(z) ~ z + 0(2?) dn(z) ~ 1+ O(2?)

en’ = —sndn dn’ = —k’sncn

dn” = (14 k%) dn—2dn®  (dn')? = (1 — dn?)(dn® =%

13



half-periods

cn(z + 2K) = —cn(z) sn(z 4+ 2K) = —sn(z) dn(z + 2K) = dn(z)

9.9
en(z + 2K'i) = —cen(z) sn(z + 2K'i) = sn(z) dn(z + 2K'i) = — dn(z) (59)
the other Jacobi elliptic functions
nc=— ns = — nd:i ed=2 s = 2 (9.10)
cn sn dn dn sn
Jacobi’s amplitude function ¢ = am(z, k)
¢ =am(z) = / dn sn(z) = sin(¢) cn(z) = cos(¢)
0 (9.11)
am(z +2K) = am(z) + 7 am(2K) =7
Jacobi epsilon function £(z, k) and zeta function Z(z, k)
E(z) = / dn® = k*sncd +k'2/nd2 =z— dncs—/ns2 (9.12)
0
_ Ek) b
E(k) is the complete elliptic integral of the second kind,
(k) = (K) = B(x/2,k)  F(6,k) = £(2,k) (9.14)
satisfying
EK'+E'K — KK' = g (9.15)
E(—2z)=—&(z) E(z) =2+ 0(2?) (9.16)
E(u+v) =E(u) + E(v) — k*sn(u) sn(v) sn(u + v) 0.17)
9.17
Z(u+v) = Z(u)+ Z(v) — k*sn(u) sn(v) sn(u + v)
Z(z+2K) = 2(2)  Z(z+2K%) = 2(2) - % (9.18)
E(z+2K)=E(2)+2FE  E(z+2K'i)=E&(2)+2(K' — E')i (9.19)
/. /- E /-
E(z+2K") =E(2) + Z(z+2K") — Z(2) + §2K@
T E
=&(2) — =i+ —=2K"i
2 K K (9.20)
21 m ,
:E<2)+E(_§+EK)

— () +2(K — B

14



10 Classical mechanics analytic in complex time 2z

A(z) = oo a—i" ! (10.1)
K(z) 0 -1 0

K(z) =K(2)) <= AR)Q+QA(z)=0 (10.3)

11 Quantum mechanics analytic in complex time z

Canonical commutation relations

Q- (q> Q= (¢ ) Q0= (qqt qpt)

gt pp'

(11.1)
e Aot ((ad) —adt (pg")' —qpt)
(Q9) -9~ ((qu)t pqd" (pp")" — pp'
(¢¢")" —aqq' =0
(00) -00'=Q = (") —m'=0 (11.2)
(pg')' —qp' =i
[(a) — qd']" = ¢ —a"d®  [@p")" — pp'] ., = PoDa — Dabs 113)
[(pg")" — ap'ls = poa® — "y
t [, ¢"] =0
(QQ) —Q9'=0 <= [pap| =0 (11.4)
[pe, ¢°] = 10}
Phase-space action
1, d 1 0 1 d 0 -1 (q)
2oL — (gt @
29 (dz+A) e=5 ¥ <—1 0) (dz <K(z) 0 >> p
IR DR (%—p) (11.5)
@ (5 (E8
Lydg Lidp 1,001,
oV @z Tl g TRl P e



18 Numerical evidence for Property P

18.1 Imaginary period monodromy M; at t = K
Identities for Jacobi elliptic functions. For 7 € R,

en(K + 7i k) = —k'sd(7i, k) = —K sd(7, k)i

sd(, k") = sd(7, k)
sd(—7, k") = —sd(1, k) sd(7 + 2K, k') = —sd(1, k)
Let t = K and let C'x be the vertical path passing through K.

z=K+7i  b(z)=ken(z, k) = —kk' sd(7, k)i = F(7)i

F(r) = —kK'sd(1, k)  K(z) = —KyF(1)* + Ko + K, F(7)i

F(r) = F(7) F(—7)=—F(7) F(r+2K') = —F(7)
Write the propagator along C
P(12,71) = Pey (K + Tai, K + T9i)
The symmetries of F(1) give
PAK' —12,4K' — 1) =P(r2,m1)  PRK' —72,2K' — 1) = RP(72,71)R
The imaginary period monodromy matrix is
M; = P(4K’,0)

Define
My = P(K',0) My = P(2K',0)

Then
M = 73(2[(’, K')P(K’, 0) = RP(0, K’)RP(K’, 0)

M; = P<4K/> QK/)P(QKla 0) = P(()? QKI)P(QK/7 O)

=My Mipp = QM) QM)

(18.1)

(18.2)

(18.3)

(18.4)

(18.5)

(18.6)

(18.7)

(18.8)

(18.9)

so to calculate M it is enough to calculate M. It is enough to integrate the ode from

K to K + K'i.
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18.2 Vphys(t)
For an ode with Ngauge > 0, the gauge solution is Weauge(2). The physical phase-
space Vpnys(f) is the quotient WgJ;Luge /CWaange Where W;auge(CN is the Q-complement of
Weange(2). For the numerical computations it is useful to represent Vpyys(t) as a subspace

of Wi Write

gauge*
V = V Vphys = VphyS(t) Wgauge = Wgauge(t) (1810)

Define the vector

Waange = 1 E20Wsauge (18.11)
satisfying 3 . .
WéaugewgaUge = 0 WéaugewgaUge = WéaugewgaUge
~ (18.12)
WéaugeQWgaUge = iwéaugewgaUge
Waauge 15 Teal so Wgauge is also real. The orthogonal complement Wi is the Q-

gauge
orthogonal complement of Wayge.

WV =0 & W . OW=0 (18.13)

gauge gauge

W is not a natural vector since  is a bilinear form on V, not a linear operator. W
depends on a choice of bilinear form on V. Choosing Wsauge give the decomposition

V = CWaauge ® CWaauge ® Vohys (18.14)
representing Vpnys as a codimension two subspace of V. Define
P= Wgauge(Wéaugewgauge)_lwéauge P = Wgauge(wéaugewgauge)_1Wéauge (18.15)
which are commuting projections
pP=p P*=P PP=PP=0 P=pP P'=pP (18.16)
Then define 3 R
Poavge =1 —P Pohys = Pyange —P=1—P —P (18.17)

SO -
F, gaugev = (Wgauge)LQ V= CWgauge ©® (Wgauge)LQ

Pphysv = Vphys (Wgauge>LQ — ngauge @ Vphys (1818)

V - CWgauge S¥) CWgauge e, Vphys
iQP(iQ)t = Wgauge(wt Wgauge)ilwt _p

gauge gauge

) ‘ ) ) (18.19)
OPQ=P QP=PQ Q=PQP+PQP
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