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Prediction of metallic hydrogen: 
E. Wigner, H. B. Huntington, 
On the possibility of a metallic modification of hydrogen,
J. Chem. Phys., 3, 764 (1935). 
Pressure needed: > 25 GPa. Now: 450-500 GPa

Prediction of the superconductivity: 
N. W. Ashcroft, 
Metallic Hydrogen: A High-Temperature Superconductor?
Phys. Rev. Lett., 21, 1748 (1968). 

Chemical pressure:
E. Zurek et. al.,
A little bit of lithium does a lot of hydrogen,
PNAS, 106, 17640 (2009).

Pressure needed: 
450 GPa 150 GPa

History of superconductivity in metallic hydrogen

Now: 
Tc=374K



What happens at Pc? Why do Tc and the 
electron-phonon coupling suddenly dropQ: ?



Migdal-Eliashberg Theory

1. Retarded electron-electron interaction mediated by phonons

A. B. Migdal G. M. Eliashberg

SOVIET PHYSICS JETP VOLUME 34 (7), NUMBER 6 DECEMBER, 1958 

INTERACTION BETWEEN ELECTRONS AND LATTICE VIBRATIONS IN A NORMAL METAL 

A. B. MIGDAL 

Moscow Institute of Engineering Physics 

Submitted to JETP editor July 12, 1957; resubmitted March 20, 1958 

J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 1438-1446 (June, 1958) 

A method is developed which enables one to obtain the electron-energy spectrum and disper-
sion of the lattice vibrations without assuming that the interaction between electrons and pho-
nons is small. 

1. INTRODUCTION 

THE attraction between electrons due to the ex-
change of phonons leads in superconductors to the 
formation of a bound state of two electrons with 
opposite momenta. In the ground state of a super-
conductor a condensed component consisting of 
these bound electrons is formed and a gap results 
in the energy spectrum. 1 

In papers on the theory of superconductivity1 

the interaction between electrons and lattice vibra-
tions has been assumed to be small, although we 
know that this condition is not fulfilled for all super-
conductors. is therefore of interest to construct 
a theory which is not limited in this way. 

In the present paper we develop a method which 
enables one to consider the interaction between 
electrons and lattice vibrations in a normal metal 
without assuming that the interaction is small. The 
method is based on the use of quantum field-theo-
retical equations. 

The application of field theory to superconduc-
tors involves certain difficulties. The state which 
contains the "condensate" of bound electrons can-
not be obtained from the ground state of noninter-
acting particles by applying the interaction adiabat-
ically. The necessary condition for the use of or-
dinary field-theoretical methods it,> thus violated. 
The method developed below for a normal metal, 
where this difficulty does not occur, can therefore 
be extended to a superconductor only through a 
separate investigation. 

The interaction between electrons and lattice 
vibrations in a normal metal is certainly of inter-
est in itself. Frohlich2 used perturbation theory 
to investigate this interaction. He considered an 
isotropic model of a metal described by the Hamil-
tonian 

996 

H = H0 + H1 , H0 = L + L 
P q<qrn 

H 1 == L rtqat+qap (bq + b:!=q), (1) 
p,q<qm 

where ap, ap and bq, bq are the annihilation and 
creation operators of electrons and phonons and 
qm is the maximum phonon momentum. We know 
that which determines the interaction between 
electrons and phonons, is given for small q (in 
atomic units) by 

= ('-o'IT2/po) = coq, (2) 

where is the unrenormalized velocity of sound, 
c0 "' M-¥ 2, M is the mass of an ion and 71.0 is a 
dimensionless parameter, introduced by Frohlich,2 

which does not contain the ion mass; 71.0 1. 
It will be shown below that the energy spectrum 

of the Hamiltonian (1) cannot be obtained by pertur-
bation theory, despite the smallness of the param-
eter M-1/ 2 in aci. The criterion for the applica-
bility of perturbation theory is the smallness of 71.0, 
which does not contain the ion mass. Field theo-
retical methods3 enable us to obtain the energy 
spectrum, without assuming that 71.0 is small, as 
a power series in M-112• 

2. METHOD OF SOLUTION 

We introduce the electron and phonon propaga-
tion functions G and D: 

G = i (T'Y (1) '¥+ (2)), D = i (Tcp (1) cp (2)), (3) 

where the averaging is performed over the ground 
state of the system 

'P = eifft L (b + b±  ) eiqrrt e-iHt, 
q<qm q q q 

'Y = eiHt L 
p 

Dyson's equations relate D and G to the vertex 
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A perturbation theory is developed for the Green's function in which the Green's function cal-
culated for the superconducting ground state is used as the zero approximation. Dyson equa-
tions are written down from which the electron Green's function can be determined. Interac-
tion between electrons and phonons is not assumed to be small. The spectrum and the damping 
of the excitations are calculated. 

1. INTRODUCTION 

As Migdal1 has shown in his work, a perturbation 
series for the vertex function of electron-phonon 
interaction converges rapidly, independent of 
whether the interaction is weak or strong. The 
expression A.0hw0 /EF served as the expansion 
parameter, where A.0 :S 1, w0 -maximum fre-
quency of the phonons, E F - Fermi energy. For 
this reason, it was possible to solve the Dyson 
equation and find the Green's function of the elec-
trons and the phonons with accuracy up to 
A.0hw0/EF. 

Application of this method to the study of the 
superconducting state is not possible if one starts 
out from the states of non-interacting electrons. 
Contemporary superconductivity theory makes use 
of a new system of approximate wave functions. 2•3 

The corresponding energy spectrum has a gap 

E (k) = Ve2 (k) + C2 (k)' 

where ( k) is the spectrum of the normal state 
reckoned from the Fermi surface and C ( k) is a 
quantity defining the gap. The wave functions of the 
new collection of states depend both on the C ( k) 
and on the parameter. It is possible to determine 
them, for example, by a variational method2 or by 
the method of Bogolyubov. 3 Starting out from the 
new states, Bogolyubov determined the single par-
ticle spectrum of the superconductor with accuracy 
up to A.0hw0 /EF.4 

It is of interest to apply the Migdal method, 
using superconductivity theory, to the determina-
tion of the Green's functions of the electrons in 
the superconductor. In addition to the results of 
Bogolyubov et al., 4 this also allows us to compute 
the damping of the excitation. 

The Green's functions of the electrons in a 
superconductor were computed by Gor'kov5 for 
a model with a simplified four-fermion interaction. 
Use of a simplified Hamiltonian assumes the aver-
aging of all quantities over the region with linear 
dimensions of order v0 /w0 "' 10-5 em (v0 - ve-
locity of electrons on the Fermi surface). Since 
the depth of penetration of the magnetic field in a 
superconductor far removed from the transition 
point has the same order of magnitude, then the 
obtaining of equations of the type of the Gor'kov 
equations for the Frohlich Hamiltonian is of par-
ticular interest. Such equations are derived in 
the present work with the aid of superconductivity 
theory, in which the Green's functions computed 
for the "superconducting" BCS-Bogolyubov ground 
state are used as the zero approximation. 

2. ZERO HAMILTONIAN IN THE INTERACTION 
REPRESENTATION 

Following the work of Migdal, we shall consider 
a system with the Frohlich Hamiltonian (the sys-
tem of units is used in which h = m = 1 ) : 

H = dx (x) [H (x) - p.] cj>., (x) 

+ (x) cj>, (x) q:> (x)} + H ph, 

(x) = v-'f, 2} akaeikx. 
k 

q:> (x) = v-'f, IXq (bq + iqx . 
q<qM 

(1) 

(2) 

Here H ( x) is the one -electron Hamiltonian, qM 
is the maximum momentum of the phonons; for 
q « qM, 

(3) 
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renCαα0
κκ0 ðqÞ ¼

1

N

Z ! ∂nðrÞ
∂uακ ðqÞ

"$ ∂V ionðrÞ
∂uα0κ0 ðqÞ

dr; (1)

with N, nðrÞ, uðqÞ, and V ionðrÞ being the number of unit
cells in the crystal, electron density, ionic displacement, and
ionic potential, respectively. Here, renCαα0

κκ0 ðqÞ gives the
renormalization of the phonon frequencies via the linear
e-ph coupling, and bareCαα0

κκ0 ðqÞ gives the bare phonon
frequencies [31]. The e-ph couplings are evaluated
as gνn0nðk;qÞ ¼

P
καe

α
κ ðqνÞdκαn0nðk;qÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Mκωqν

p
, where

dκαn0nðk;qÞ ¼ hψn0kþqj∂VSCFðrÞ=∂uακ ðqÞjψnki is a coupling
between the Bloch states ψnk with momentum k and band
n and ψn0kþq. The derivative of the self-consistent field
potential ∂VSCFðrÞ=∂uακ ðqÞ is written as

∂VSCFðrÞ
∂uακ ðqÞ ¼ ∂V ionðrÞ

∂uακ ðqÞ þ
Z !

e2

jr− r0j
þ dVxcðrÞ

dn
δðr− r0Þ

"

×
∂nðr0Þ
∂uακ ðqÞdr

0; (2)

with VxcðrÞ being the exchange-correlation potential. In
the rhs of this formula, the first term denotes the bare
potential and the second one denotes the screening poten-
tial. The electron density response ∂nðrÞ=∂uακ ðqÞ in
Eqs. (1) and (2) gives the renormalization of the phonon
frequencies and the screening for the e-ph couplings. This
response is explicitly written as

∂nðrÞ
∂uακ ðqÞ¼ 2

X

nmk

fnk−fmkþq

εnk−εmkþq
ψ$
nkðrÞψmkþqðrÞdκαmnðk;qÞ; (3)

where εnk and fnk are the eigenvalue and its occupancy,
respectively.
For the derivation of the effective model, we calculate the

density response with excluding the contribution from the
case where both ψmkþq and ψnk belong to the t subspace.
Then, with the resulting density response, we evaluate the
partially screened (renormalized) quantities such as gðpÞ and
ωðpÞ. We call the scheme “constrained DFPT (cDFPT)”.
Without theconstraint, fullyscreenedquantitiesarecalculated,
to which we attach the superscript “f”, instead of “p” [33].
Now, we write down the phonon-related terms in the

effective model. The effective e-ph interactions are

He-ph¼
1ffiffiffiffiffiffiffi
Nk

p
X

qν

X

kijσ

gðpÞνij ðk;qÞcσ†ikþqc
σ
jkðbqνþb†−qνÞ; (4)

where bqν (b
†
qν) is the annihilation (creation) operator of the

phonon with the wave vector q and the branch ν. cσik (cσ†ik)
annihilates (creates) the i-th Wannier orbital’s electron with
the wave vector k and the spin σ. Nk is the number of k
points. The phonon one-body part is given as

Hph ¼
X

qν

ωðpÞ
qν b†qνbqν: (5)

The momentum-space-averaged phonon-mediated effec-
tive e-e interaction VðpÞ

ij;i0j0 [Fig. 1(a)] is given by

VðpÞ
ij;i0j0ðωlÞ ¼

1

Nq

X

qν

$
1

Nk

X

k

gðpÞνij ðk;qÞ
%
DðpÞ

qν ðωlÞ

×
&

1

Nk

X

k0

½gðpÞνi0j0 ðk
0;qÞ'$

'
; (6)

where ωl ¼ 2πlT is the boson Matsubara frequency and
DðpÞ

qν ðωlÞ ¼ −2ωðpÞ
qν =ðω2

l þ ωðpÞ2
qν Þ. Note that VðpÞ

ij;i0j0 corre-
sponds to the on site quantity because of the momentum-
space averaging. This VðpÞ

ij;i0j0 is distinguished from the
momentum-space-averaged phonon-mediated effective
pairing interaction V 0ðpÞ

ij;i0j0 [Fig. 1(b)] as

V 0ðpÞ
ij;i0j0ðωlÞ¼

1

NqNk

X

qν

X

k

gðpÞνij ðk;qÞDðpÞ
qν ðωlÞ

h
gðpÞνj0i0 ðk;qÞ

i$
:

(7)

Results.—We performed density-functional calculations
with QUANTUM ESPRESSO package [34]. The generalized-
gradient approximation with the Perdew-Burke-Ernzerhof
parameterization [35] and the Troullier-Martins norm-
conserving pseudopotentials [36] in the Kleinman-
Bylander representation [37] are adopted. The cutoff
energy for the wave functions is set to 95 Ry, and we
employ 8 × 8 × 6 k points. The phonon frequencies and
the e-ph interactions are calculated using the DFPT [25]
with and without the constraint, where 4 × 4 × 3 q mesh
and a Gaussian smearing of 0.02 Ry are employed. The
maximally localized Wannier function [38] is used as the
basis of the model. The lattice parameter and the internal
coordinates are fully optimized and we get a ¼ 4.0344 Å,
c ¼ 8.9005 Å, zLa ¼ 0.14233, and zAs ¼ 0.63330. These
values are in good agreement with those of Refs. [39,40].
We show in Fig. 2(a) our calculated band structure (solid

curves)ofLaFeAsOwith theoptimizedstructureandcompare
with theWannier-interpolatedband(dottedones) for theFe-3d
orbitals.Hereafter,d3Z2−R2 ,dXZ,dYZ,dX2−Y2 , anddXY orbitals
arerepresentedas1,2,3,4,and5,respectively,wheretheX and
Y axes are parallel to the nearest Fe-As bonds and theZ axis is
perpendicular to theFeAs layer.Thescreeningandself-energy
effects within the energy range from the bottom of the Fe-3d
bands up to 2.32 eVare excluded to derive gðpÞ and ωðpÞ.

(a) (b)

FIG. 1. Feynman diagrams for phonon-mediated effective (a)
e-e [Eq. (6)] and (b) pairing [Eq. (7)] interactions. Solid lines with
arrows are electron propagators, wavy lines are phonon Green’s
functions, and dots represent e-ph couplings.

PRL 112, 027002 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

17 JANUARY 2014

027002-2

<latexit sha1_base64="a+Vau+5ClMe+hdAsC3b6PVqg/WY="></latexit>g <latexit sha1_base64="a+Vau+5ClMe+hdAsC3b6PVqg/WY="></latexit>g
<latexit sha1_base64="8lqI0OAdf93PwRB+0A0MXDD8gTE=">AAACHHicbVDLSgNBEJz1bXxFPXoZDEJECLtR1IsgevFmBJMI2RhmJ73r4OyDmV4xLPshXvwVLx4U8eJB8G+cPA4aLRgoqrrpqfISKTTa9pc1MTk1PTM7N19YWFxaXimurjV0nCoOdR7LWF15TIMUEdRRoISrRAELPQlN7/a07zfvQGkRR5fYS6AdsiASvuAMjdQp7jY6LsI9ZiLCvOzGIQRs+8j1FeNZcF3Ns6F0XaU77vmQ5Z1iya7YA9C/xBmREhmh1il+uN2YpyFEyCXTuuXYCbYzplBwCXnBTTUkjN+yAFqGRiwE3c4G4XK6ZZQu9WNlXoR0oP7cyFiodS/0zGTI8EaPe33xP6+Von/YNrmTFCHiw0N+KinGtN8U7QoFHGXPEMaVMH+l/IaZYtD0WTAlOOOR/5JGteLsV/Yv9krHJ6M65sgG2SRl4pADckzOSI3UCScP5Im8kFfr0Xq23qz34eiENdpZJ79gfX4DpwihtA==</latexit>

Vint(!) =
g2

!2 + ⌦2
(assume Einstein phonons for now)

2. Mean-field theory controlled by a small parameter                     . Quantitatively accurate 
predictions for Tc and other properties.
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⇠ 10�3

3. BCS theory is the weak-coupling limit              of the ME theory
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Dimensionless electron-phonon coupling:
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Total specific heat in the normal (metallic) state
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Ctot = Cel + Cph

Specific heat of electrons 
interacting via virtual phonons

Specific heat of physical phonons

<latexit sha1_base64="m/Agfutim1nuF8HtSx/bRpoYc3c="></latexit>

Cph =

✓
⌦

2T

◆2

sinh�2

✓
⌦

2T

◆
Einstein phonons:

<latexit sha1_base64="kxpNGGjDod1/HiAXaF5e6G9nGhQ=">AAACLnicbVDLSgMxFM34rPVVdekmWARXZUakuhSl4s4KtgqdMmTSO20wyQxJRhiG+SI3/oouBBVx62eYabvwdSBwcs69JOeECWfauO6LMzM7N7+wWFmqLq+srq3XNja7Ok4VhQ6NeaxuQqKBMwkdwwyHm0QBESGH6/D2tPSv70BpFssrkyXQF2QoWcQoMVYKai0/UoTmp4EviBkpkSejovh2BV4UvmYCT+ZawVmR+xcChqTAvomxz2RksqBWdxvuGPgv8aakjqZoB7UnfxDTVIA0lBOte56bmH5OlGGUQ1H1Uw0JobdkCD1LJRGg+/k4boF3rTLAUazskQaP1e8bORFaZyK0k2UK/dsrxf+8Xmqio37OZJIakHTyUJRybHOW3eEBU0ANzywhVDH7V0xHxPZibMNVW4L3O/Jf0t1veM1G8/KgfnwyraOCttEO2kMeOkTH6By1UQdRdI8e0St6cx6cZ+fd+ZiMzjjTnS30A87nF9ylqtg=</latexit>

Cph

Cel
⇠ EF

⌦
! 1 Phonons serve as a heat bath with infinite heat 

capacity for electrons



<latexit sha1_base64="Wzm3WJAFBG9whk4kXCa32mNiA6E="></latexit>

T

⌦

<latexit sha1_base64="wuwzcAaxcnTKTC5LWviv6GfYtjM="></latexit>

CFL = �0T (1 + �)

– digamma functionElectronic specific heat:

<latexit sha1_base64="rv+X3XSH44wAYza+hT5cFYsapDI="></latexit>

T+ > Tc for all �
<latexit sha1_base64="w5UmaahNZuuG6JkXN6YlfWrg8/4=">AAACNHicbVDLSgMxFM34rOOr6tJNsAiCUGa0aJdFN4ILK/QFnWG4k6ZtaOZhkhHL0I9y44e4EcGFIm79BtMHqG0PBA7nnJvkHj/mTCrLejUWFpeWV1Yza+b6xubWdnZntyajRBBaJRGPRMMHSTkLaVUxxWkjFhQCn9O637sc+vV7KiSLworqx9QNoBOyNiOgtORlrysecSCORfSArbxdxI68Eyp1uL6iBQPnJqAdcByz4h3/xk7nx7xszspbI+BZYk9IDk1Q9rLPTisiSUBDRThI2bStWLkpCMUIpwPTSSSNgfSgQ5uahhBQ6aajpQf4UCst3I6EPqHCI/XvRAqBlP3A18kAVFdOe0NxntdMVLvopiyME0VDMn6onXCsIjxsELeYoETxviZABNN/xaQLAojSPZu6BHt65VlSO8nbZ/nCbSFXupjUkUH76AAdIRudoxK6QmVURQQ9ohf0jj6MJ+PN+DS+xtEFYzKzh/7B+P4BI9uqlA==</latexit>

Tc ⇡ 0.18
p
�⌦

T+ ⇡ 0.38
p
�⌦

T+T-

Electronic specific heat in the normal state 
<latexit sha1_base64="5zBjZP8gpkjvVUfhWTjZZiGruGk="></latexit>

Cel =
2⇡2⌫0T

3


1� �g

✓
⌦

2⇡T

◆�
<latexit sha1_base64="95xwxT25kbxqDjSeoKGP5CAzq/U=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGZrMhyYpl6Y/w4kERr/4eb/4bs+0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5DbzO49UaRaLBzOV1I/wSLCQEWys1OlLzapP54Nyxa25c6BV4uWkAjmag/JXfxiTJKLCEI617nmuNH6KlWGE01mpn2gqMZngEe1ZKnBEtZ/Oz52hM6sMURgrW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIhE0MFWSwKE45MjLLf0ZApSgyfWoKJYvZWRMZYYWJsQiUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIFneIU3RzovzrvzsWgtOPnMMfyB8/kDzQiPPA==</latexit>

 (x)

<latexit sha1_base64="z57ezUfGHabtCNv9wfTkeusdNdA=">AAACCHicbVDLSgNBEJz1GeNr1aMHF4PgKeyKRI/BgHjwEME8IAlhdtKbDJl9MNMrhmWPXvwVLx4U8eonePNvnCSLaGJBQ01VN9NdbiS4Qtv+MhYWl5ZXVnNr+fWNza1tc2e3rsJYMqixUISy6VIFggdQQ44CmpEE6rsCGu6wMvYbdyAVD4NbHEXQ8Wk/4B5nFLXUNQ/anqQsqXTbCPeYgEjTn8fldZp2zYJdtCew5omTkQLJUO2an+1eyGIfAmSCKtVy7Ag7CZXImYA0344VRJQNaR9amgbUB9VJJoek1pFWepYXSl0BWhP190RCfaVGvqs7fYoDNeuNxf+8VozeeSfhQRQjBGz6kRcLC0NrnIrV4xIYipEmlEmud7XYgOpkUGeX1yE4syfPk/pJ0SkVSzenhfJFFkeO7JNDckwcckbK5IpUSY0w8kCeyAt5NR6NZ+PNeJ+2LhjZzB75A+PjGxbTmq0=</latexit>

Cel

CFL

<latexit sha1_base64="vH2j95uh+5LF5DmFPOJBkmJRy9g="></latexit>

Cel < 0 for � > 3.69
and T� < T < T+

<latexit sha1_base64="mS9BR2QytCwEpjanqF8S5reFi6E="></latexit>

g(x) = 6x+ 12x2Im 0(ıx) + 6x3Re 00(ıx)



<latexit sha1_base64="Wzm3WJAFBG9whk4kXCa32mNiA6E="></latexit>

T

⌦

<latexit sha1_base64="wuwzcAaxcnTKTC5LWviv6GfYtjM="></latexit>

CFL = �0T (1 + �)

Electronic specific heat:

T+T-Is the state with equal temperatures 
of electrons and phonons stableQ: ?

Electronic specific heat in the normal state 

– digamma function
<latexit sha1_base64="5zBjZP8gpkjvVUfhWTjZZiGruGk="></latexit>

Cel =
2⇡2⌫0T
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<latexit sha1_base64="95xwxT25kbxqDjSeoKGP5CAzq/U=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGZrMhyYpl6Y/w4kERr/4eb/4bs+0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5DbzO49UaRaLBzOV1I/wSLCQEWys1OlLzapP54Nyxa25c6BV4uWkAjmag/JXfxiTJKLCEI617nmuNH6KlWGE01mpn2gqMZngEe1ZKnBEtZ/Oz52hM6sMURgrW8Kgufp7IsWR1tMosJ0RNmO97GXif14vMeG1nzIhE0MFWSwKE45MjLLf0ZApSgyfWoKJYvZWRMZYYWJsQiUbgrf88ippX9S8eq1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIFneIU3RzovzrvzsWgtOPnMMfyB8/kDzQiPPA==</latexit>

 (x)

<latexit sha1_base64="z57ezUfGHabtCNv9wfTkeusdNdA=">AAACCHicbVDLSgNBEJz1GeNr1aMHF4PgKeyKRI/BgHjwEME8IAlhdtKbDJl9MNMrhmWPXvwVLx4U8eonePNvnCSLaGJBQ01VN9NdbiS4Qtv+MhYWl5ZXVnNr+fWNza1tc2e3rsJYMqixUISy6VIFggdQQ44CmpEE6rsCGu6wMvYbdyAVD4NbHEXQ8Wk/4B5nFLXUNQ/anqQsqXTbCPeYgEjTn8fldZp2zYJdtCew5omTkQLJUO2an+1eyGIfAmSCKtVy7Ag7CZXImYA0344VRJQNaR9amgbUB9VJJoek1pFWepYXSl0BWhP190RCfaVGvqs7fYoDNeuNxf+8VozeeSfhQRQjBGz6kRcLC0NrnIrV4xIYipEmlEmud7XYgOpkUGeX1yE4syfPk/pJ0SkVSzenhfJFFkeO7JNDckwcckbK5IpUSY0w8kCeyAt5NR6NZ+PNeJ+2LhjZzB75A+PjGxbTmq0=</latexit>

Cel

CFL

<latexit sha1_base64="vH2j95uh+5LF5DmFPOJBkmJRy9g="></latexit>

Cel < 0 for � > 3.69
and T� < T < T+

A system with negative heat capacity 
weakly coupled to a system with positive 
and much larger heat capacity (bath) is 
unstable.

But nominal coupling between electrons 
and phonon bath isn’t weak…

<latexit sha1_base64="mS9BR2QytCwEpjanqF8S5reFi6E="></latexit>

g(x) = 6x+ 12x2Im 0(ıx) + 6x3Re 00(ıx)



<latexit sha1_base64="vDxXgItw5qIuaiAv6629OFQvS4M="></latexit>

↵2F (!) =
1

N

X

k

�k!k

2
�(! � !k)

Dispersing phonons: Eliashberg function



Dispersing phonons: Eliashberg function
<latexit sha1_base64="vDxXgItw5qIuaiAv6629OFQvS4M="></latexit>
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Electronic specific heat:

<latexit sha1_base64="mS9BR2QytCwEpjanqF8S5reFi6E="></latexit>

g(x) = 6x+ 12x2Im 0(ıx) + 6x3Re 00(ıx)

<latexit sha1_base64="09A1/xw255rr1MJjaS9LnP/GwSM="></latexit>

Cel =
2⇡2⌫0T
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
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Z 1

0
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<latexit sha1_base64="5zBjZP8gpkjvVUfhWTjZZiGruGk="></latexit>

Cel =
2⇡2⌫0T
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Compare with 
Einstein phonons:

<latexit sha1_base64="s7NaQ+cpYyvSEguBlXM2Maepvm4="></latexit>
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<latexit sha1_base64="k24XCNW1NxgfpT5fjZDJZG6J33Y=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkpUt0IRTfurGAf0BlLJpNpQ5PMkGSEMnTjxl9x40IRt/6DO//GtJ2Fth4IHM45l5t7goRRpR3n2yosLa+srhXXSxubW9s79u5eS8WpxKSJYxbLToAUYVSQpqaakU4iCeIBI+1geDXx2w9EKhqLOz1KiM9RX9CIYqSN1LMPPWbCIbrwIolw1r+vjjPvhpM+Mqxnl52KMwVcJG5OyiBHo2d/eWGMU06Exgwp1XWdRPsZkppiRsYlL1UkQXiI+qRrqECcKD+bXjGGx0YJYRRL84SGU/X3RIa4UiMemCRHeqDmvYn4n9dNdXTuZ1QkqSYCzxZFKYM6hpNKYEglwZqNDEFYUvNXiAfI1KFNcSVTgjt/8iJpVSturVK7PS3XL/M6iuAAHIET4IIzUAfXoAGaAINH8AxewZv1ZL1Y79bHLFqw8pl98AfW5w9V0Jh8</latexit>

� =
g2
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Kinetic equation for electron distribution function              :
<latexit sha1_base64="SCiC120GVBaywclczeAvDSgZh2Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNgViR6DIniMYB6QLGF2MpsMmZ1dZnqFEPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFhw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ36zSeujYjVI44S7ke0r0QoGEUrNcPS3TnBs26h6JbdGcgy8TJShAy1buGr04tZGnGFTFJj2p6boD+mGgWTfJLvpIYnlA1pn7ctVTTixh/Pzp2QU6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDaHwuVpMgVmy8KU0kwJtPfSU9ozlCOLKFMC3srYQOqKUObUN6G4C2+vEwaF2WvUq48XBarN1kcOTiGEyiBB1dQhXuoQR0YDOEZXuHNSZwX5935mLeuONnMEfyB8/kDt/aOhw==</latexit>

f(E, t)

<latexit sha1_base64="xC1KabvG3T9vZzMuizKsTOUsz/M="></latexit>

⌃[f ] = �
Z

dx

Z 1

0
d!↵2F (!)

f(x+ !)� f(x� !)

E � x
– electron self-energy 

<latexit sha1_base64="GF8HU8c1HoS5oT6Ho/43mp2Yb9s="></latexit>

Iep = 2⇡

Z 1

0
d!↵2F (!)

⇥
N0(Tph)(f+ + f� � 2f)� f(f+ � f�) + f+ � f

⇤

<latexit sha1_base64="wUtiM7LtoUgw0z7YqFjqxpzWY+I="></latexit>

f± = f(E ± !, t)Phonons stay in equilibrium 
serving as a thermal bath, because:

<latexit sha1_base64="mghIdRonb272B0GY83a+5UBrp/M="></latexit>

⌧ph
⌧el

⇠ Cph

Cel
⇠ EF

!max
! 1

<latexit sha1_base64="nX9T88R1ZsqXAcQkmUj7QMSpG0c=">AAACG3icbVDLSsNAFJ34rPUVdelmsEgrYkmKVDdC0Y3uKtoHNKVMppN26EwSZiZCCf0PN/6KGxeKuBJc+DdO0iy09cDA4Zx779x73JBRqSzr21hYXFpeWc2t5dc3Nre2zZ3dpgwigUkDBywQbRdJwqhPGooqRtqhIIi7jLTc0VXitx6IkDTw79U4JF2OBj71KEZKSz2zAkv2iXNHBxwVj6DTDxT04LFXTOlUhxfwpudwpIaCxySc9MyCVbZSwHliZ6QAMtR75qcehiNOfIUZkrJjW6HqxkgoihmZ5J1IkhDhERqQjqY+4kR24/S2CTzUSh96gdDPVzBVf3fEiEs55q6uTFaUs14i/ud1IuWdd2Pqh5EiPp5+5EUMqgAmQcE+FQQrNtYEYUH1rhAPkUBY6TjzOgR79uR50qyU7Wq5entaqF1mceTAPjgAJWCDM1AD16AOGgCDR/AMXsGb8WS8GO/Gx7R0wch69sAfGF8/5rae9Q==</latexit>

(1� ⌃0)ḟ + f 0⌃̇ = Iep

Q: Is the state with equal temperatures of electrons and phonons stable?
Suppose phonons and electrons have slightly different temperatures and 
analyze resulting dynamics



Kinetic equation: Direct simulation
2

(b)(a)

FIG. 1. Instability in the full kinetic equation. We simulate Eq. (1) for Einstein phonons with (a) � = 2.169 > �c = 1.27 and (b) � =
1.0 < �c. The initial electron temperature Tin = 0.202 is slightly above the phonon temperature T0 = 0.20. Insets show the corresponding
inverse quasiparticle weight Z�1

0 (E). The solid red line in both panels is the equilibrium Fermi distribution f0(T0). The unstable growth of
the electron distribution function f(E, t) in (a) is most prominent near the energies E = 0.94 and 1.30 satisfying Z�1

0 (E) = 0. Because of
the highly oscillating behavior, the simulation can run only for a short time in (a). There is no instability in (b), since Z�1

0 (E) > 0, and the
solution converges to f0(T0).

is the Eliashberg function. All phonon frequencies satisfy
!k > 0, so our treatment does not involve phonon soften-
ing. Since the electron-phonon interaction enters through a
Fermi surface average in ↵2

F (!), its detailed momentum de-
pendence plays no role in the electron dynamics at leading
order in ⌦/EF , where EF is the Fermi energy and ⌦ the max-
imum phonon frequency.

The electron self-energy is

⌃[f ] = �
ˆ

dx

ˆ 1

0
d!↵

2
F (!)

f(x + !) � f(x � !)

E � x
, (4)

N0(T0) = [e
!
T0 � 1]�1 is the Bose distribution at temperature

T0, !k are phonon frequencies, and �k are the coupling con-
stants. This kinetic equation has been derived within the same
approximation as the Migdal-Eliashberg (ME) theory [41]. Its
r.h.s. explicitly takes into account the electron self-energy due
to the electron-phonon interaction, while the direct electron-
electron interactions are included through the effective param-
eters of the underlying Fermi liquid. We also took spatially
uniform initial conditions, so that the electron and phonon dis-
tribution functions are independent of the spatial coordinates,
and assumed that phonons are in thermal equilibrium. The
latter is an excellent approximation, because Cph

|Cel| ⇠
EF
⌦ [36].

Since the small parameter in the ME theory is ⌦
EF

! 0,
Cph ! 1 in the limit where this theory is exact. This means
that phonons act as a thermal bath with an infinite heat capac-
ity for the fermions [41].

The fixed point of Eq. (1) is the equilibrium Fermi distribu-
tion f0(E, T0) = [e

E
T0 + 1]�1. In equilibrium, 1 � ⌃0[f0] ⌘

Z
�1
0 (E) has the meaning of the inverse quasiparticle weight

function. Explicitly [42],

Z
�1
0 = 1 � (2⇡T0)

�1

ˆ
d!↵

2
F (!)Im( (1)

+ �  
(1)
� ), (5)

where  (1)
± =  

(1)
⇣

1
2 + iE±i!

2⇡T0

⌘
and  (1)(x) is the trigamma

function. Let us also introduce the dimensionful (g) and di-
mensionless (�) electron-phonon coupling constants,

g
2 = 2

ˆ
d! !↵

2
F (!) =

X

k

�k!
2
k
, (6)

� = 2

ˆ
d!
↵

2
F (!)

!
=

X

k

�k. (7)

We first analyze the strong coupling limit � ! 1, where
the instability is most pronounced. Another attractive feature
of this limit is its universality: since � ! 1 is equivalent to
taking all phonon frequencies to zero, the results are indepen-
dent of the phonon dispersion [23]. Finite differences turn into
derivatives, e.g., f+ � f� ! 2f

0
!, and the r.h.s. of Eq. (1)

becomes ⇡g
2(T0f

00 � 2ff
0 + f

0). It is convenient to work in
energy units g = 1 and to rescale the time ⇡t ! t. In these
units, Tc = 0.1827 in the limit �! 1 [20]. For small devia-
tions from equilibrium and E � T , the f

0⌃̇ term on the l.h.s.
of Eq. (1) is negligible and 1�⌃0 ⇡ Z

�1
0 to the leading order

in the deviation. Eq. (1) therefore takes the form

Z
�1
0 ḟ = T0f

00 � 2ff
0 + f

0
. (8)

In terms of new variables u = 2f � 1 and y = E � ⌃[f0],
this is the well-known Burgers’ equation [43, 44] with energy
(position) dependent viscosity T0Z

�1
0 (E),

u̇ =
d

dy

✓
T0Z

�1
0

du

dy

◆
� u

du

dy
. (9)

The 2ff
0 term is similarly negligible for E � T and therefore

u
@u

@y
⇡ �@u

@y
. With this replacement, Eq. (9) becomes the 1D

convection-diffusion equation with position-dependent diffu-
sion coefficient T0Z

�1
0 (E). The expression (5) for Z

�1
0 (E)

Time evolution of fermion distribution for small deviations from thermal equilibrium for 
Einstein phonons

<latexit sha1_base64="xTWA5km2dmDN8Thc0sSz/+Sobwg=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgKiRFWjdC0Y3LCvYBbSyTyaQdOpmEmYlSQv/DjQtF3Pov7vwbp20W2npg4HDOudw7x084U9pxvq3C2vrG5lZxu7Szu7d/UD48aqs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH9/M/M4jlYrF4l5PEupFeChYyAjWRnrocxMN8IBcuXa1PihXHNuZA60SNycVyNEclL/6QUzSiApNOFaq5zqJ9jIsNSOcTkv9VNEEkzEe0p6hAkdUedn86ik6M0qAwliaJzSaq78nMhwpNYl8k4ywHqllbyb+5/VSHV56GRNJqqkgi0VhypGO0awCFDBJieYTQzCRzNyKyAhLTLQpqmRKcJe/vEraVdut2bW7i0rjOq+jCCdwCufgQh0acAtNaAEBCc/wCm/Wk/VivVsfi2jBymeO4Q+szx8OUpGV</latexit>

�c = 1.27

<latexit sha1_base64="wXlmuW3xoMEPgJc3+1Pt2FDScm0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkJSpLpRim5cVrAPaEOYTCbt0MmDmYlQQsFfceNCEbd+hzv/xmmbhbYeGDiccy73zvFTzqSy7W+jtLK6tr5R3qxsbe/s7pn7B22ZZILQFkl4Iro+lpSzmLYUU5x2U0Fx5HPa8Ue3U7/zSIVkSfygxil1IzyIWcgIVlryzKM+1+EAX9Ws2nXBPeKZVduyZ0DLxClIFQo0PfOrHyQki2isCMdS9hw7VW6OhWKE00mln0maYjLCA9rTNMYRlW4+O3+CTrUSoDAR+sUKzdTfEzmOpBxHvk5GWA3lojcV//N6mQov3ZzFaaZoTOaLwowjlaBpFyhgghLFx5pgIpi+FZEhFpgo3VhFl+AsfnmZtGuWU7fq9+fVxk1RRxmO4QTOwIELaMAdNKEFBHJ4hld4M56MF+Pd+JhHS0Yxcwh/YHz+AONGlNE=</latexit>

� = 2.2 > �c
<latexit sha1_base64="e6uALQphu07MyPkkdW2++oXE86o=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUhEqguFohuXFewD2hAmk2k7dDIJMxOhhIK/4saFIm79Dnf+jdM2C209MHA451zunROmnCntut/W0vLK6tp6aaO8ubW9s2vv7TdVkklCGyThiWyHWFHOBG1opjltp5LiOOS0FQ5vJ37rkUrFEvGgRyn1Y9wXrMcI1kYK7MMuN+EIX3uOe1XwgAR2xXXcKdAi8QpSgQL1wP7qRgnJYio04Vipjuem2s+x1IxwOi53M0VTTIa4TzuGChxT5efT88foxCgR6iXSPKHRVP09keNYqVEcmmSM9UDNexPxP6+T6d6lnzORZpoKMlvUyzjSCZp0gSImKdF8ZAgmkplbERlgiYk2jZVNCd78lxdJ88zxqk71/rxSuynqKMERHMMpeHABNbiDOjSAQA7P8Apv1pP1Yr1bH7PoklXMHMAfWJ8/24CUzA==</latexit>

� = 1.0 < �c

EY, Altshuler, Patra, Phys. Rev. Lett. (2025) 



Kinetic equation: Strong coupling limit (any phonon dispersion)
<latexit sha1_base64="G0gwW+F7lF2oXzC5KGH5kuuowgM=">AAACJHicbVDLSgMxFM3Ud31VXboJFsFVmSmiggiiG1eiYLXQqUMmzdTQPIbkjlCG+Rg3/oobFz5w4cZvMX0s1HogcDjnXG7uiVPBLfj+p1eamp6ZnZtfKC8uLa+sVtbWr63ODGUNqoU2zZhYJrhiDeAgWDM1jMhYsJu4dzrwb+6ZsVyrK+inrC1JV/GEUwJOiiqHoXDhDjkKE0NoHhT5eRHaTEY9PFK6Ue+2XuShlqxLhjwEHXKVQD+qVP2aPwSeJMGYVNEYF1HlLexomkmmgApibSvwU2jnxACnghXlMLMsJbRHuqzlqCKS2XY+PLLA207p4EQb9xTgofpzIifS2r6MXVISuLN/vYH4n9fKIDlo51ylGTBFR4uSTGDQeNAY7nDDKIi+I4Qa7v6K6R1x3YDrtexKCP6ePEmu67Vgr7Z3uVs9PhnXMY820RbaQQHaR8foDF2gBqLoAT2hF/TqPXrP3rv3MYqWvPHMBvoF7+sbzjmmLQ==</latexit>

� =
1

N

X

k

g2k
!2
k

! 1

<latexit sha1_base64="GF8HU8c1HoS5oT6Ho/43mp2Yb9s="></latexit>

Iep = 2⇡

Z 1

0
d!↵2F (!)

⇥
N0(Tph)(f+ + f� � 2f)� f(f+ � f�) + f+ � f

⇤

<latexit sha1_base64="wUtiM7LtoUgw0z7YqFjqxpzWY+I="></latexit>

f± = f(E ± !, t)
<latexit sha1_base64="gI+P+UHirkJs3l7im+QGg21iMyU=">AAACEnicbVDLSgNBEJz1GeMr6tHLYJAYxLAbJHoMetFbBKOBbFxmJ71xyOyDmV4xLPkGL/6KFw+KePXkzb9xEnPwVdB0UdXNTJefSKHRtj+sqemZ2bn53EJ+cWl5ZbWwtn6h41RxaPJYxqrlMw1SRNBEgRJaiQIW+hIu/f7xyL+8AaVFHJ3jIIFOyHqRCARnaCSvUD71XIRbzCAZuhi7iaC9qyrdOfdsGpRKe9XANLoblMpeoWhX7DHoX+JMSJFM0PAK72435mkIEXLJtG47doKdjCkUXMIw76YaEsb7rAdtQyMWgu5k45OGdNsoXRrEylSEdKx+38hYqPUg9M1kyPBa//ZG4n9eO8XgsJOJKEkRIv71UJBKijEd5UO7QgFHOTCEcSXMXym/ZopxNCnmTQjO75P/kotqxalVamf7xfrRJI4c2SRbZIc45IDUyQlpkCbh5I48kCfybN1bj9aL9fo1OmVNdjbID1hvn6q9muM=</latexit>

Iep ! ⇡g2(T0f
00 � 2ff 0 + f 0)

<latexit sha1_base64="J9ewjKmbCKopV4thSJxS24FnfGA=">AAAB/nicbVDJSgNBEO1xjXEbFU9eGoPgKcyIRI9BLx4jZINkGHo6laRJz2J3TTAMAX/FiwdFvPod3vwbO8tBEx8UPN6roqpekEih0XG+rZXVtfWNzdxWfntnd2/fPjis6zhVHGo8lrFqBkyDFBHUUKCEZqKAhYGERjC4nfiNISgt4qiKowS8kPUi0RWcoZF8+7jqO214SMWQVv02wiNmSX/s2wWn6ExBl4k7JwUyR8W3v9qdmKchRMgl07rlOgl6GVMouIRxvp1qSBgfsB60DI1YCNrLpueP6ZlROrQbK1MR0qn6eyJjodajMDCdIcO+XvQm4n9eK8XutZeJKEkRIj5b1E0lxZhOsqAdoYCjHBnCuBLmVsr7TDGOJrG8CcFdfHmZ1C+KbqlYur8slG/mceTICTkl58QlV6RM7kiF1AgnGXkmr+TNerJerHfrY9a6Ys1njsgfWJ8/QV+VtQ==</latexit>

T0 ⌘ Tph

EY, Altshuler, Patra, Phys. Rev. Lett. (2025) 

Fixed point: Fermi 
distribution at temperature T0 :

<latexit sha1_base64="Wz/mIBNs5lhQd6pSEhNmpuYaTUs=">AAACBHicbVDLSsNAFJ3UV42vqMtuBosgCDURqW6EogguK/QFbQyT6aQdOpmEmYlQQhZu/BU3LhRx60e482+ctllo64ELh3Pu5d57/JhRqWz72ygsLa+srhXXzY3Nre0da3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/dD3x2w9ESBrxhhrHxA3RgNOAYqS05FklaAaefdkLBMKpk6XkPr05aXh2duxknlW2K/YUcJE4OSmDHHXP+ur1I5yEhCvMkJRdx46VmyKhKGYkM3uJJDHCIzQgXU05Col00+kTGTzUSh8GkdDFFZyqvydSFEo5Dn3dGSI1lPPeRPzP6yYquHBTyuNEEY5ni4KEQRXBSSKwTwXBio01QVhQfSvEQ6TzUDo3U4fgzL+8SFqnFadaqd6dlWtXeRxFUAIH4Ag44BzUwC2ogybA4BE8g1fwZjwZL8a78TFrLRj5zD74A+PzB1cTlqc=</latexit>

f0 =
1

eE/T0 + 1

<latexit sha1_base64="9v8cPAputa1OCj1quXWUTmOQLxw=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlKkuiy6cSUV7AOaNEymk3ToZBJnJoUSsnXjr7hxoYhb/8Cdf+O0zUJbD1w4nHMv997jJ4xKZVnfxsrq2vrGZmmrvL2zu7dvHhy2ZZwKTFo4ZrHo+kgSRjlpKaoY6SaCoMhnpOOPrqd+Z0yEpDG/V5OEuBEKOQ0oRkpLngnDfs0hDykdO4FAOLPz7DZ3ZBp5Ixh6o37NMytW1ZoBLhO7IBVQoOmZX84gxmlEuMIMSdmzrUS5GRKKYkbyspNKkiA8QiHpacpRRKSbzT7J4alWBjCIhS6u4Ez9PZGhSMpJ5OvOCKmhXPSm4n9eL1XBpZtRnqSKcDxfFKQMqhhOY4EDKghWbKIJwoLqWyEeIp2I0uGVdQj24svLpF2r2vVq/e680rgq4iiBY3ACzoANLkAD3IAmaAEMHsEzeAVvxpPxYrwbH/PWFaOYOQJ/YHz+AHycmjY=</latexit>

g2 ⌘ 1

N

X

k

g2k

Kinetic equation:
<latexit sha1_base64="Mzti1tRB6/qAo5ecLbMPmyJffPQ="></latexit>

(1� ⌃0
0)ḟ + f 0

0⌃̇ = T0f
00 � 2ff 0 + f 0

<latexit sha1_base64="vcEXWXsEQEDulm5bybROnUbtVOQ=">AAACEnicbVDLSgMxFM34rPU16tJNsMi0SMtMkepGKLpxWbEvaIchkyZtaOZBkhFK6Te48VfcuFDErSt3/o1pOwttPXDhcM69yb3HjzmTyra/jZXVtfWNzcxWdntnd2/fPDhsyigRmDRwxCPR9pEknIWkoZjipB0LggKfk5Y/vJn6rQciJIvCuhrFxA1QP2SUYaS05JkFmHeK3XvWD5BnWwXY7UUKUgivIKx7NqSWVSxTap1RyzNzdsmeAS4TJyU5kKLmmV/6MZwEJFSYIyk7jh0rd4yEYpiTSbabSBIjPER90tE0RAGR7nh20gSeaqUHaSR0hQrO1N8TYxRIOQp83RkgNZCL3lT8z+skil66YxbGiSIhnn9EEw5VBKf5wB4TBCs+0gRhwfSuEA+QQFjpFLM6BGfx5GXSLJecSqlyd56rXqdxZMAxOAF54IALUAW3oAYaAINH8AxewZvxZLwY78bHvHXFSGeOwB8Ynz9kIpjp</latexit>

(1� ⌃0
0)ḟ = T0f

00 � 2ff 0 + f 0

equivalent to
<latexit sha1_base64="Kz2BXHJ8JbbWSYv4NlcIGgEwQg8=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKRI9BLx4jmAdklzA76U2GzGOZmRXCkt/w4kERr/6MN//GSbIHjRY0FFXddHfFKWfG+v6XV1pb39jcKm9Xdnb39g+qh0cdozJNoU0VV7oXEwOcSWhbZjn0Ug1ExBy68eR27ncfQRum5IOdphAJMpIsYZRYJ4WhEjAig0lolT+o1vy6vwD+S4KC1FCB1qD6GQ4VzQRISzkxph/4qY1yoi2jHGaVMDOQEjohI+g7KokAE+WLm2f4zClDnCjtSlq8UH9O5EQYMxWx6xTEjs2qNxf/8/qZTa6jnMk0syDpclGScWwVngeAh0wDtXzqCKGauVsxHRNNqHUxVVwIwerLf0nnoh406o37y1rzpoijjE7QKTpHAbpCTXSHWqiNKErRE3pBr17mPXtv3vuyteQVM8foF7yPb+RlkZs=</latexit>

!k ! 0
(strong coupling limit is universal) (single energy scale)



Kinetic equation in strong coupling limit: Burgers/Diffusion equation  

Within the same approximation
<latexit sha1_base64="3ENQmVB3Yz/TDHZBomc/XItGtDA=">AAACEHicbVDLSsNAFJ34rPEVdelmsIhuLIlIdVl047KCfUATymQyaYdOJmFmIoaQT3Djr7hxoYhbl+78G6dtFrb1wIXDOfdy7z1+wqhUtv1jLC2vrK6tVzbMza3tnV1rb78t41Rg0sIxi0XXR5IwyklLUcVINxEERT4jHX90M/Y7D0RIGvN7lSXEi9CA05BipLTUt06gmUI3FAjnQVrkQVa4KElE/Hg2q/atql2zJ4CLxClJFZRo9q1vN4hxGhGuMENS9hw7UV6OhKKYkcJ0U0kShEdoQHqachQR6eWThwp4rJUAhrHQxRWcqH8nchRJmUW+7oyQGsp5byz+5/VSFV55OeVJqgjH00VhyqCK4TgdGFBBsGKZJggLqm+FeIh0DkpnaOoQnPmXF0n7vObUa/W7i2rjuoyjAg7BETgFDrgEDXALmqAFMHgCL+ANvBvPxqvxYXxOW5eMcuYAzMD4+gVZuJ16</latexit>

u
du

dy
⇡ �du

dy

1D diffusion-convection equation

Position-dependent diffusion coefficient:

Burgers’ equation  

<latexit sha1_base64="41RGcSnjwCFwwvZP4/kIqx4LBDI=">AAACLXicbVBdSwJBFJ21L7OvrR57GZLAHpLdCOslkPKhR4NMwRWZnZ3VwdkPZu4GsviHeumvRNCDEb32Nxp1g9QODBzOOZc797ix4Aosa2zkVlbX1jfym4Wt7Z3dPXP/4FFFiaSsQSMRyZZLFBM8ZA3gIFgrlowErmBNd3A78ZtPTCoehQ8wjFknIL2Q+5wS0FLXrDleBDjB19jxJaGpN0q94cgRzIcSrv2KyUyVvNeHU3ym83NG1yxaZWsKvEzsjBRRhnrXfNNraRKwEKggSrVtK4ZOSiRwKtio4CSKxYQOSI+1NQ1JwFQnnV47wida8bAfSf1CwFP170RKAqWGgauTAYG+WvQm4n9eOwH/qpPyME6AhXS2yE8EhghPqsMel4yCGGpCqOT6r5j2ie4BdMEFXYK9ePIyeTwv25Vy5f6iWL3J6sijI3SMSshGl6iK7lAdNRBFz+gVjdGH8WK8G5/G1yyaM7KZQzQH4/sHQG2o0A==</latexit>

u̇ =
d

dy

✓
D
du

dy

◆
� u

du

dy

<latexit sha1_base64="41RGcSnjwCFwwvZP4/kIqx4LBDI=">AAACLXicbVBdSwJBFJ21L7OvrR57GZLAHpLdCOslkPKhR4NMwRWZnZ3VwdkPZu4GsviHeumvRNCDEb32Nxp1g9QODBzOOZc797ix4Aosa2zkVlbX1jfym4Wt7Z3dPXP/4FFFiaSsQSMRyZZLFBM8ZA3gIFgrlowErmBNd3A78ZtPTCoehQ8wjFknIL2Q+5wS0FLXrDleBDjB19jxJaGpN0q94cgRzIcSrv2KyUyVvNeHU3ym83NG1yxaZWsKvEzsjBRRhnrXfNNraRKwEKggSrVtK4ZOSiRwKtio4CSKxYQOSI+1NQ1JwFQnnV47wida8bAfSf1CwFP170RKAqWGgauTAYG+WvQm4n9eOwH/qpPyME6AhXS2yE8EhghPqsMel4yCGGpCqOT6r5j2ie4BdMEFXYK9ePIyeTwv25Vy5f6iWL3J6sijI3SMSshGl6iK7lAdNRBFz+gVjdGH8WK8G5/G1yyaM7KZQzQH4/sHQG2o0A==</latexit>

u̇ =
d

dy

✓
D
du

dy

◆
� u

du

dy

Variable change:
<latexit sha1_base64="vcEXWXsEQEDulm5bybROnUbtVOQ=">AAACEnicbVDLSgMxFM34rPU16tJNsMi0SMtMkepGKLpxWbEvaIchkyZtaOZBkhFK6Te48VfcuFDErSt3/o1pOwttPXDhcM69yb3HjzmTyra/jZXVtfWNzcxWdntnd2/fPDhsyigRmDRwxCPR9pEknIWkoZjipB0LggKfk5Y/vJn6rQciJIvCuhrFxA1QP2SUYaS05JkFmHeK3XvWD5BnWwXY7UUKUgivIKx7NqSWVSxTap1RyzNzdsmeAS4TJyU5kKLmmV/6MZwEJFSYIyk7jh0rd4yEYpiTSbabSBIjPER90tE0RAGR7nh20gSeaqUHaSR0hQrO1N8TYxRIOQp83RkgNZCL3lT8z+skil66YxbGiSIhnn9EEw5VBKf5wB4TBCs+0gRhwfSuEA+QQFjpFLM6BGfx5GXSLJecSqlyd56rXqdxZMAxOAF54IALUAW3oAYaAINH8AxewZvxZLwY78bHvHXFSGeOwB8Ynz9kIpjp</latexit>

(1� ⌃0
0)ḟ = T0f

00 � 2ff 0 + f 0 <latexit sha1_base64="g0bm/TihVNlLuh9GCxPCwvAPnPU=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4sCUpUt0UiiK4rGgfkIQwmUzaoZOHMxMhlG7c+CtuXCji1n9w5984bbPQ1gMXDufcy733eAmjQhrGt7awuLS8slpYK65vbG5t6zu7bRGnHJMWjlnMux4ShNGItCSVjHQTTlDoMdLxBpdjv/NAuKBxdCezhDgh6kU0oBhJJbn6QVqvBmXzxL5PkQ+z+lXZvqW9EFmBaziuXjIqxgRwnpg5KYEcTVf/sv0YpyGJJGZICMs0EukMEZcUMzIq2qkgCcID1COWohEKiXCGky9G8EgpPgxiriqScKL+nhiiUIgs9FRniGRfzHpj8T/PSmVw7gxplKSSRHi6KEgZlDEcRwJ9ygmWLFMEYU7VrRD3EUdYquCKKgRz9uV50q5WzFqldnNaalzkcRTAPjgEx8AEZ6ABrkETtAAGj+AZvII37Ul70d61j2nrgpbP7IE/0D5/ANuylus=</latexit>

u = 2f � 1, y = E � ⌃[f0]

The kinetic equation is unstable if 
<latexit sha1_base64="FVbo0kW5hkdZBLVPcY4CLSfSLw4=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR48FLXgsYL9gHYp2TTbhibZNckWSunv8OJBEa/+GG/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbGW3d3b39nMHh3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2gsHt1G8MqdIsko9mFFNf4J5kISPYWMlvCyY7FXRXqJxdu51c3i26M6Bl4qUkDymqndxXuxuRRFBpCMdatzw3Nv4YK8MIp5NsO9E0xmSAe7RlqcSCan88O3qCTq3SRWGkbEmDZurviTEWWo9EYDsFNn296E3F/7xWYsIrf8xknBgqyXxRmHBkIjRNAHWZosTwkSWYKGZvRaSPFSbG5pS1IXiLLy+T+nnRKxVLDxf58k0aRwaO4QQK4MEllOEeqlADAk/wDK/w5gydF+fd+Zi3rjjpzBH8gfP5A5cTkLE=</latexit>

min
E

D(E) < 0

same as reversing the time arrow – deviations grow and aggregate instead of 
becoming smaller and dispersing. Maxima increase and minima decrease. System moves away 
from rather than toward the equilibrium. 

<latexit sha1_base64="/VbncHUToeTQQ3ZW4ChA3Di68gE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHrwEHyAxwjmAckSZiezyZjZmWVmVghL/sGLB0W8+j/e/BsnyR40WtBQVHXT3RXEnGnjul9Obml5ZXUtv17Y2Nza3inu7jW1TBShDSK5VO0Aa8qZoA3DDKftWFEcBZy2gtHV1G89UqWZFPdmHFM/wgPBQkawsVLzunxzfOH2iiW34s6A/hIvIyXIUO8VP7t9SZKICkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUCR1T76ezaCTqySh+FUtkSBs3UnxMpjrQeR4HtjLAZ6kVvKv7ndRITnvspE3FiqCDzRWHCkZFo+jrqM0WJ4WNLMFHM3orIECtMjA2oYEPwFl/+S5onFa9aqd6dlmqXWRx5OIBDKIMHZ1CDW6hDAwg8wBO8wKsjnWfnzXmft+acbGYffsH5+Abd+o4H</latexit>

D(E) < 0

<latexit sha1_base64="iV2QQbTsEkHizUfnoClfe22U1qE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR24UlEaluhOIDXFbsC9oQJtNJO3QmCTMTocQu/BU3LhRx62+482+ctllo64ELh3Pu5d57vIhRqSzr28gsLC4tr2RXc2vrG5tb5vZOQ4axwKSOQxaKlockYTQgdUUVI61IEMQ9Rpre4GrsNx+IkDQMamoYEYejXkB9ipHSkmvuwevCTfGi5loF+7hzT3scHblW0TXzVsmaAM4TOyV5kKLqml+dbohjTgKFGZKybVuRchIkFMWMjHKdWJII4QHqkbamAeJEOsnk/hE81EoX+qHQFSg4UX9PJIhLOeSe7uRI9eWsNxb/89qx8s+dhAZRrEiAp4v8mEEVwnEYsEsFwYoNNUFYUH0rxH0kEFY6spwOwZ59eZ40Tkp2uVS+O81XLtM4smAfHIACsMEZqIBbUAV1gMEjeAav4M14Ml6Md+Nj2pox0pld8AfG5w+3cJNe</latexit>

D(E) = T0(1� ⌃0
0)



λ=1.0

λ=1.4

λ=2.6
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λ=1.4

λ=2.6
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4

The minimum of              decreases as     increases and dips below zero for
<latexit sha1_base64="5O6nomsTBrvpODNVeQ0C2D97efs=">AAAB8HicbVDLSgMxFL1TX3V8VV26CRbBVZkRqS6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nTDnTxvO+ndLa+sbmVnnb3dnd2z+oHB61dZIpQlsk4YnqhlhTziRtGWY47aaKYhFy2gnHtzO/80SVZol8MJOUBgIPJYsZwcZKj8jtcxuO8KBS9WreHGiV+AWpQoHmoPLVjxKSCSoN4Vjrnu+lJsixMoxwOnX7maYpJmM8pD1LJRZUB/l84Sk6s0qE4kTZJw2aq78nciy0nojQJgU2I73szcT/vF5m4usgZzLNDJVk8VGccWQSNLseRUxRYvjEEkwUs7siMsIKE2M7cm0J/vLJq6R9UfPrtfr9ZbVxU9RRhhM4hXPw4QoacAdNaAEBAc/wCm+Ocl6cd+djES05xcwx/IHz+QPLJ4/G</latexit>

�
<latexit sha1_base64="6wxXT5YHFWQUF7JK2K1fIte5qYE=">AAAB/HicbVDLSsNAFL2prxpf0S7dDBbBVUlEqispunFZwT6gDWEymbRDJw9mJkII9VfcuFDErR/izr9x2mahrQeGOZxzLnPn+ClnUtn2t1FZW9/Y3Kpumzu7e/sH1uFRVyaZILRDEp6Ivo8l5SymHcUUp/1UUBz5nPb8ye3M7z1SIVkSP6g8pW6ERzELGcFKS55VQ+aQ63iAr8vbI55Vtxv2HGiVOCWpQ4m2Z30Ng4RkEY0V4VjKgWOnyi2wUIxwOjWHmaQpJhM8ogNNYxxR6Rbz5afoVCsBChOhT6zQXP09UeBIyjzydTLCaiyXvZn4nzfIVHjlFixOM0VjsngozDhSCZo1gQImKFE81wQTwfSuiIyxwETpvkxdgrP85VXSPW84zUbz/qLeuinrqMIxnMAZOHAJLbiDNnSAQA7P8ApvxpPxYrwbH4toxShnavAHxucPjWqUGA==</latexit>

� > �c

Plots of                                       for Einstein phonons at
<latexit sha1_base64="UHs9/5fS4AlYGVw6IC3g8lCKpXw=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8LbtFqhel6MVjhX7BdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aytb2xubRd2irt7+weHpaPjllGZpqxJlVC6ExHDBJesCRwE66SakSQSrB2N7md++4lpw5VswDhlYUIGksecErBS0Ljx3MoA3zZ6tFcqe643B14lfk7KKEe9V/rq9hXNEiaBCmJM4HsphBOigVPBpsVuZlhK6IgMWGCpJAkz4WR+8hSfW6WPY6VtScBz9ffEhCTGjJPIdiYEhmbZm4n/eUEG8XU44TLNgEm6WBRnAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtS0YbgL7+8SloV16+61cfLcu0uj6OATtEZukA+ukI19IDqqIkoUugZvaI3B5wX5935WLSuOfnMCfoD5/MHORaP7w==</latexit>
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Kinetic equation: Direct simulation
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FIG. 1. Instability in the full kinetic equation. We simulate Eq. (1) for Einstein phonons with (a) � = 2.169 > �c = 1.27 and (b) � =
1.0 < �c. The initial electron temperature Tin = 0.202 is slightly above the phonon temperature T0 = 0.20. Insets show the corresponding
inverse quasiparticle weight Z�1

0 (E). The solid red line in both panels is the equilibrium Fermi distribution f0(T0). The unstable growth of
the electron distribution function f(E, t) in (a) is most prominent near the energies E = 0.94 and 1.30 satisfying Z�1

0 (E) = 0. Because of
the highly oscillating behavior, the simulation can run only for a short time in (a). There is no instability in (b), since Z�1

0 (E) > 0, and the
solution converges to f0(T0).

is the Eliashberg function. All phonon frequencies satisfy
!k > 0, so our treatment does not involve phonon soften-
ing. Since the electron-phonon interaction enters through a
Fermi surface average in ↵2

F (!), its detailed momentum de-
pendence plays no role in the electron dynamics at leading
order in ⌦/EF , where EF is the Fermi energy and ⌦ the max-
imum phonon frequency.

The electron self-energy is

⌃[f ] = �
ˆ

dx

ˆ 1

0
d!↵

2
F (!)

f(x + !) � f(x � !)

E � x
, (4)

N0(T0) = [e
!
T0 � 1]�1 is the Bose distribution at temperature

T0, !k are phonon frequencies, and �k are the coupling con-
stants. This kinetic equation has been derived within the same
approximation as the Migdal-Eliashberg (ME) theory [41]. Its
r.h.s. explicitly takes into account the electron self-energy due
to the electron-phonon interaction, while the direct electron-
electron interactions are included through the effective param-
eters of the underlying Fermi liquid. We also took spatially
uniform initial conditions, so that the electron and phonon dis-
tribution functions are independent of the spatial coordinates,
and assumed that phonons are in thermal equilibrium. The
latter is an excellent approximation, because Cph

|Cel| ⇠
EF
⌦ [36].

Since the small parameter in the ME theory is ⌦
EF

! 0,
Cph ! 1 in the limit where this theory is exact. This means
that phonons act as a thermal bath with an infinite heat capac-
ity for the fermions [41].

The fixed point of Eq. (1) is the equilibrium Fermi distribu-
tion f0(E, T0) = [e

E
T0 + 1]�1. In equilibrium, 1 � ⌃0[f0] ⌘

Z
�1
0 (E) has the meaning of the inverse quasiparticle weight

function. Explicitly [42],

Z
�1
0 = 1 � (2⇡T0)

�1

ˆ
d!↵

2
F (!)Im( (1)

+ �  
(1)
� ), (5)

where  (1)
± =  

(1)
⇣

1
2 + iE±i!

2⇡T0

⌘
and  (1)(x) is the trigamma

function. Let us also introduce the dimensionful (g) and di-
mensionless (�) electron-phonon coupling constants,

g
2 = 2

ˆ
d! !↵

2
F (!) =

X

k

�k!
2
k
, (6)

� = 2

ˆ
d!
↵

2
F (!)

!
=

X

k

�k. (7)

We first analyze the strong coupling limit � ! 1, where
the instability is most pronounced. Another attractive feature
of this limit is its universality: since � ! 1 is equivalent to
taking all phonon frequencies to zero, the results are indepen-
dent of the phonon dispersion [23]. Finite differences turn into
derivatives, e.g., f+ � f� ! 2f

0
!, and the r.h.s. of Eq. (1)

becomes ⇡g
2(T0f

00 � 2ff
0 + f

0). It is convenient to work in
energy units g = 1 and to rescale the time ⇡t ! t. In these
units, Tc = 0.1827 in the limit �! 1 [20]. For small devia-
tions from equilibrium and E � T , the f

0⌃̇ term on the l.h.s.
of Eq. (1) is negligible and 1�⌃0 ⇡ Z

�1
0 to the leading order

in the deviation. Eq. (1) therefore takes the form

Z
�1
0 ḟ = T0f

00 � 2ff
0 + f

0
. (8)

In terms of new variables u = 2f � 1 and y = E � ⌃[f0],
this is the well-known Burgers’ equation [43, 44] with energy
(position) dependent viscosity T0Z

�1
0 (E),

u̇ =
d

dy

✓
T0Z

�1
0

du

dy

◆
� u

du

dy
. (9)

The 2ff
0 term is similarly negligible for E � T and therefore

u
@u

@y
⇡ �@u

@y
. With this replacement, Eq. (9) becomes the 1D

convection-diffusion equation with position-dependent diffu-
sion coefficient T0Z

�1
0 (E). The expression (5) for Z

�1
0 (E)

Time evolution of fermion distribution for small deviations from thermal equilibrium for 
Einstein phonons. Insets show 
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⌃[f ] = �
Z

dx

Z 1

0
d!↵2F (!)

f(x+ !)� f(x� !)

E � x
– electron self-energy 

Coefficients               and               added for argument sake; in the actual system, 
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Linearized kinetic equation
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�f = f � f0 = �f 0
0' – miraculous substitution from LL v. X
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A · '̇ =

Z
dẼAẼE'̇(Ẽ)
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M = aepMep + aeeMee

Separable solutions                                        form a basis. The metal is stable if all 
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Generalized eigenvalue equation:
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The metal is stable if all 
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� > 0

Generalized eigenvalue equation:
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�A · ' = M · '
3

simplifies in the strong coupling limit as well [42]. Plotting
it for various T0, we observe that for T0  1.63Tc there is a
region where it dips below the horizontal axis. In particular,
Z0(E) < 0 for 0.40 < E < 1.16 at T0 = Tc.

The existence of a region of negative viscosity in Burger’s
equation (9) or, equivalently, negative diffusion coefficient in
the diffusion-convection equation indicates an instability. In
the region where Z0(E) < 0, deviations of the electron dis-
tribution function f from equilibrium grow and aggregate in-
stead of decreasing and spreading out [45, 46]. Flipping the
sign of Z

�1
0 in Eq. (9) is equivalent to reversing the arrow of

time. As a result, the system moves away from rather than to-
ward the equilibrium. Another way to see this is to notice that,
according to Eq. (8), ḟ > 0 at the maxima of f(E, t) [f 0 = 0
and f

00
< 0] and ḟ < 0 at the minima when Z0 < 0. Opposite

to deviations from stable equilibria, maxima of f(E, t) grow
and minima decrease. Straightforward numerical simulations
of the full nonlinear kinetic equation (1) confirm this behavior
(see Fig. 1), i.e., the system is unstable whenever

min
E

Z
�1
0 (E) < 0. (10)

Note also that neglecting the �2ff
0 term in Eq. (8) and look-

ing for a solution of the form f / e
�✓t+ikE , we find

�(E) ⌘ Re[✓(E)] = T0Z0(E)k2
. (11)

Although this solution is good only at small times and for
E � T0, it reproduces the main features of the exact solu-
tion of the full kinetic equation (1). In particular, we see that
the solution grows in regions where Z0 < 0. The growth rate
is largest for large k, indicating a highly oscillatory behavior,
and diverges at the two points where Z

�1
0 (E) = 0, cf. Fig. 1.

To investigate this instability at finite � and for various
phonon spectra, we perform linear stability analysis of the ki-
netic equation (1). Linearizing this equation in small devia-
tions from equilibrium and substituting (Sec. 79 of [47])

�f = f � f0 = �f
0
0', (12)

we obtain

A · '̇ = �M · ', (13)

where A · '̇ =
´

dẼA
ẼE

'̇(Ẽ) and similarly for M · '. The
metallic state is stable when all separable solutions of Eq. (13)
decay exponentially, ' / e

��t with � > 0, i.e., when all
eigenvalues � of the generalized eigenvalue equation

�A · ' = M · ' (14)

are positive. Since A and M are real symmetric and M is pos-
itively defined [42], � are real. It is straightforward to see that
at weak coupling, �k ! 0, A is positively defined as well [42]
and, therefore, all � > 0. As we increase the coupling, one
of the eigenvalues diverges at � = �c (when A becomes sin-
gular) and becomes negative for � > �c (Fig. 2). The same
behavior is seen in Eq. (11), and �c coincides with � for which
�c obtained from minE Z

�1
0 (E) = 0 up to a relative error of

order of 10�4 [42]. Note that initial conditions are irrelevant
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FIG. 2. Results of the linear stability analysis: generalized eigenval-
ues � vs the electron-phonon coupling � at temperature T0 = 0.20g.
The metal is unstable when at least one � < 0. At this temperature,
the instability takes place at �c = 1.4788. The inset shows the part
of the spectrum with smallest |�|. Note the polelike divergencies in
�(�). The first of them is at � = �c when the inverse quasiparticle
weight first touches the horizontal axis, i.e., minE Z�1

0 (E) = 0, see
the main text and [42] for more details. Phonon frequencies and cou-
plings �k are the same as in Fig. 2 of [42].

in linear stability analysis; instability arises if a single normal
mode is unstable.

It is important to mention that the stability condition (10)
underestimates �c due to the quasiclassical nature of the ki-
netic equation (1), which ignores the quantum uncertainty in
the electron energy [40]. The length �E of the interval of
energies where Z0(E) < 0 needs to be comparable to the
energy uncertainty �E to ensure the instability. Consider,
for example, Einstein phonons, ↵

2
F (!) = �⌦

2 �(! � ⌦), at
T = 0.183g > Tc. Using Eq. (5), we find that Z0(E) touches
the horizontal axis at Emin = 1.44⌦ and �c = 1.27. Since
all relevant energies are of the order of ⌦, the uncertainty
�E ⇠ ⌦. However, �E � ⌦ only for � � 3.40. On the
other hand, �E > �E already at T = Tc in the strong cou-
pling regime [42].

The instability of the metallic state we discovered is an ab-
solute instability (as opposed to metastability). Instabilities of
this type are often accompanied by the violation of fundamen-
tal thermodynamic inequalities. Indeed, we mentioned earlier
that the electronic specific heat turns negative at sufficiently
large �. Even though electrons are strongly coupled to the
phonons and the total specific heat is positive [33], the fact that
electrons retain many features of an independent system [39]
does suggest that Cel > 0 is required for stability as usual. In
particular, the rate of change of the total energy of the elec-
tron subsystem and, as a consequence, Cel depend only on the
electron distribution f(E, t) (and not on the phonon distribu-
tion). Moreover, the r.h.s. of the kinetic equation (1) has the
same form for any electron-phonon coupling. This suggests
that the heat flows from hot to cold as usual. If the electrons
are initially hotter and Cel < 0, their temperature will only
increase and the system will never equilibrate.

To see this explicitly, i.e., to prove that Cel < 0 is a suffi-
cient condition for the instability, it is helpful to incorporate

10

(a) (b)

FIG. S1. Several representative eigenvectors 'E ⌘ '(E) of the linearized kinetic equation (S15) in the unstable regime (� = 5.0 > �c =
1.48). Panel (a) shows three stable eigenvectors and (b) three unstable ones. The corresponding eigenmodes exponentially decay (stable)
or exponentially grow (unstable) with exponents �. In both panels, the exponents �1, �2, and �3 corresponding to the eigenvectors shown
in blue, orange, and green, respectively, satisfy |�1| < |�2| < |�3|. In fact, the green (blue) eigenvector in panel (a) corresponds to the
largest (smallest) positive eigenvalue, whereas, in panel (b), the same color coding indicates the smallest (largest) negative eigenvalue. Note
that unstable eigenvectors are localized in between the two zeros of Z�1

0 (E) (shown with vertical dashed red lines), i.e., in the region where
Z�1

0 (E) < 0. Phonon frequencies and couplings to the individual phonon modes are the same as for Table S1.
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FIG. S2. Critical values �c of the electron-phonon coupling vs the
equilibrium temperature T0. For � > �c, the metal is unstable with
respect to small deviations from the thermal equilibrium between the
electrons and phonons. Green crosses obtain from the instability cri-
terion minE Z�1

0 (E) < 0 and blue circles from the linear stability
analysis. Note that these two methods produce visibly indistinguish-
able results. Z0(E) is the quasiparticle weight function. Phonon fre-
quencies are !k = (39+ k)✏ with �k = �

21 , where k = 1, 2, . . . , 21
and ✏ is the discrete energy step.

seen in Fig. 2 happen when one of the zeros snaps to the grid,
i.e., coincides with one of the Ei.

In Fig. S1, we also show a few representative stable and
unstable eigenvectors for � > �c. All unstable eigenvectors
are localized between the two zeros of Z

�1
0 (E) in the region

where Z
�1
0 (E) < 0. Furthermore, the eigenvectors corre-

sponding to the largest positive (for � < �c) and the smallest
negative (for � > �c) � are always localized in the vicinity of
the same real root of Z

�1
0 (E). Note that these eigenvectors

T0 �c(Linear Analysis) �c(Minimize Z�1
0 ) ��c/�c

0.180 1.1335 1.1333 1.8⇥ 10�4

0.192 1.3262 1.3253 6.8⇥ 10�4

0.204 1.5644 1.5644 < 10�4

0.217 1.8991 1.8980 5.8⇥ 10�4

0.229 2.3096 2.3094 0.9⇥ 10�4

0.241 2.8822 2.8820 0.7⇥ 10�4

0.253 3.7427 3.7416 2.9⇥ 10�4

0.266 5.3639 5.3642 �0.6⇥ 10�4

0.278 8.6508 8.6517 �1.0⇥ 10�4

TABLE S1. Comparison of �c(T0) values obtained from
the full linear stability analysis and from the instability condition
minE Z�1

0 (E) < 0 [Eq. (S21)]. Phonon frequencies !k and cou-
plings to the individual phonon modes �k are the same as in Fig. S2.

are responsible for the pole-like divergence at � = �c.
We did not use the explicit form of the electron-electron

collision integral and the corresponding matrix M
ee in this pa-

per. The following two properties of the electron-electron col-
lisions are important for our proof: (1) they conserve the total
energy of the electronic subsystem and (2) M

ee is real sym-
metric. Property (1) reflects energy conservation – in the ab-
sence of interactions with the phonons (with the thermal bath)
the total energy of the electrons is conserved. Property (2)
manifests itself thanks to the substitution (12), �f = �f

0
0',

see also, e.g., the related discussion in [S32]. In addition, we
have verified both these properties for an explicit example –
electron-electron collisions in weakly disordered conductors.
The collision integral in this case reads [S33]

Iee(E) = � 1

⇡

ˆ
d!

ˆ
dẼP (!)R!

EẼ
, (S22)
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Linearized kinetic equation
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�f = f � f0 = �f 0
0' – miraculous substitution from LL v. X
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A · '̇ = �M · '
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A · '̇ =

Z
dẼAẼE'̇(Ẽ)
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M = aepMep + aeeMee

Separable solutions form a basis. The metal is stable if all 
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Generalized eigenvalue equation:
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�A · ' = M · '

Matrices           and          are positive definite                                                          for any
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aep, aee > 0
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aepMep + aeeMee > 0

System is stable iff A > 0 and then it is stable for all
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aep, aee > 0

Assume system is stable and                            .  Then, electrons equilibrate among themselves 
at instantaneous temperature         much faster than they equilibrate with phonons
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f = f0[Tel(t)] =
1

eE/Tel(t) + 1

Linear stability analysis
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Multiply both sides of the kinetic eq. by E and integrate over E
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RHS < 0. If also                 , heat flows from hot to cold, but          increases instead of 
decreasing and the system never equilibrates
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Thermal equilibrium between electrons and phonons is unstable

Linear stability analysis

EY, Altshuler, Patra, Phys. Rev. Lett. (2025) 



Stability condition
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Stability parameter
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Table S1: Various superconducting metals, compounds, and compressed polyhydrides and the values of Tc, electron-phonon
coupling constant �, stability parameter ⇠, and average logarithmic (!log) and maximum (!max) phonon frequencies for
them.

Compound Tc, K � ⇠ !log, K !max, K

Experimental Materials

Ga (amorph.)[54] 8.6 2.25 0.16 62 302
Pb (amorph.)[54] 7.2 1.91 0.29 35 155
Bi (amorph.)[54] 6.1 1.84 – 2.46 0.19 42 163

Hg[54] 4.2 1.0 – 1.6 0.14 86 165
Nb[54] 9.2 0.82 – 1.05 0.2 163 325

Nb3Sn[55] 17.9 1.6 – 1.8 0.27 142 422
MgB2[56] 40 0.87 0.16 680 1624

PbBi (amorph.)[57] 7.0 3.0 0.26 33.3 150
PbBi3 (amorph.)[57] 6.8 2.78 0.23 33.4 154
H3S (157 GPa)[41] 190 1.84 0.32 1078 2704

LaH10 (214 GPa)[58, 59] 245 2.06 0.43 1340 3145
YH6 (165 GPa)[60] 224 1.71 0.39 1333 2450
ThH9 (150 GPa)[61] 146 1.73 0.32 957 3362

ThH10 (170 GPa)[61, 62] 161 1.65 0.31 1116 – 1470 3122
YH9 (205 GPa)[39, 52] 235 2.66 0.36 916 – 1054 3167
(La,Y)H10 (180 GPa)[63] 253 3.87 0.47 868 3119

(La,Ce)H9 (123 GPa)[43, 64] 190 2.27 0.33 582 – 915 2894

DFT Calculations

CaH6 (172 GPa)[65] 215 2.69 0.58 950 2877
LaH16 (250 GPa)[66] 141 1.89 0.31 1511 3481
ScH12 (200 GPa)[67] 325 2.85 0.47 1189 2959

Li2MgH16 (250 GPa)[68] 473 3.30 0.49 1111 3783
MgH6[65] 263 3.29 0.58 1408 3719

Hydrogen (I41/amd, 500 GPa)[69] 374 2.85 0.45 1616 4089
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Stability condition:
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Recall: for Einstein phonons 
this is equivalent to
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Since strong coupling limit is universal, 
expect the upper bound on l for other 
phonon spectra to be close to 3.69
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What happens at Pc? Why do Tc and the 
electron-phonon coupling suddenly dropQ: ?
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is the point of absolute 
instability of the original lattice

The lattice becomes metastable 
much earlier at a certain
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Fundamental limit on superconducting Tc

Migdal-Eliashberg theory
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Tc < 0.18
p

�h!2i

Let            be the maximum phonon frequency.             is maximized by concentrating entire 
phonon weight at                     , i.e., for Einstein phonons with frequency 
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Stability condition for Einstein phonons:
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Fundamental limit on superconducting Tc

Observation: maximum phonon frequency        ionic plasma frequency:
Interactions will only renormalize             down
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Assume             is highest in 
metallic hydrogen 
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molecular phase VI, the transition temperature is mostly linear with pres-
sure and correlateswell with the value of theDOS at the Fermi level. Because
of this, the SSCHA structures consistently show higher transition tem-
peratures than the classical harmonic ones. The difference in TC between
these two methods increases with pressure, again due to the stronger
dependence of the electronic DOS on the pressure in the SSCHA structures
(see Fig. 1), as well as due to the increased electron-phonon coupling due to
the anharmonic softening of the phonon modes.

The estimate of the superconducting transition temperature obtained
utilizing full phonon spectral function in all cases is larger than the one
obtained using auxiliary SSCHA force constants and Gaussian approx-
imation by ~30 K. On the other hand, Gaussian approximation coupled
with the phonons from the Hessian of the total free energy gives a larger
critical temperature than the full phonon spectral function calculation (at
most 15 K). SinceHessian calculations only incorporate the softening of the
phonon modes, the conclusion is that the softening of phonon modes
increases the critical temperature while the broadening of the phonon
spectral lines reduces it. Considering that α2F(ω) is intimately related to the
electron self energy37 we can assume that the phonon spectral functions will
have an influence on other material properties that strongly depend on the
electron self-energy, such as electrical conductivity, Seebeck coefficient,
band gap renormalization, etc. We would like to highlight that at this
moment, the effects of the finitely lived phonon quasiparticles are not
accounted for in any first-principles calculations, while our results show
they might have a large effect.

Considering the critical dependence of TC on the DOS at the Fermi
level and that local exchange-correlation functionals tend to overestimate
it13,15,21,22,41,42, we perform DFT calculations for the quantum SSCHA struc-
tures of phase VI using the B3LYP hybrid functional43 (see Supplementary
Note 2). Since the critical temperature correlates linearly with the electronic

DOS in theCmca-12 phase, we can estimate the superconducting transition
temperature using the DOS from the better B3LYP calculation. With this
procedure, we predict that superconductivity will emerge in solid hydrogen
in the Cmca-12 phase between 450 and 500GPa. This result is consistent
with a recent experiment19, which failed to observe superconductivity at
440 GPa in what was identified as a molecular phase VI26.

In the atomic tetragonal phase, the critical temperature is mostly
constant with pressure. In this phase, TC is mostly decorrelated with the
value of the electronic DOS at the Fermi level because the structures are far
away from themetal-insulator phase transition27 and, despite quantum and
anharmonic effects enhancing the DOS as well, its relative increase is small
compared to the molecular case. Accounting for the full phonon spectral
function in the calculation of α2F(ω) increases the estimate of the critical
temperature by 20 K compared to the case using the Gaussian approx-
imation and SSCHA auxiliary force constants (see Supplementary Note 4).
This increase is much larger than the one induced by the SSCHA structure
renormalization (<5 K away from the structural instabilities, see Supple-
mentary Note 4). This highlights the important role that anharmonicity
plays in the superconductivity of high-pressure hydrogen also in the atomic
phase, contrary to the previous calculations that only estimated its effect
within the Gaussian approximation of the spectral function15.

In conclusion, our first-principles calculations considering ionic
quantum effects and anharmonicity show that superconductivity will
emerge in solid hydrogen inmolecular phaseVI, between 450 and 500 GPa,
andTC will rapidly soar with pressure.We expect a jump ofTC to ~350 K at
the transition to the atomicphase.Quantumanharmonic effects have ahuge
impact on the structural, vibrational, and superconducting properties of
both molecular and atomic phases by, for instance, increasing the H-H
bonds and making the phonon spectral functions extremely broad and
anomalous. We show that considering the full phonon spectral function in
the calculation of α2F(ω) enhances the predicted critical temperature by
25 K in the atomic phase and 30 K in the molecular phase VI.

Methods
DFTanddensity functional perturbation theory (DFPT)44 calculationswere
performed using Quantum Espresso software45,46, implementing the gen-
eralized gradient approximation (GGA) with the BLYP parameterization47

Fig. 4 | Superconducting critical temperature in solid hydrogen. Calculated
superconducting transition temperature in solid hydrogen in different phases and
pressures within the stochastic self-consistent harmonic approximation (SSCHA)
using the full phonon spectral functions (full symbols and solid lines) and the
harmonic approximation using the Gaussian method (empty symbols and dashed
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Line colors denote for which phase calculations were performed (red for molecular
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Fig. 3 | Eliashberg spectral function α2F(ω) and integrated electron-phonon
coupling constant λ(ω) of solid hydrogen. Eliashberg spectral function α2F(ω) and
integrated electron-phonon coupling constant λ(ω) of solid hydrogen in amolecular
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spectral function. Gaussian-Hessian refers to results calculated with phonons from
free energy Hessian calculated for the stochastic self-consistent harmonic approx-
imation (SSCHA) structures in the Gaussian approximation for phonon spectral
function. Finally, Full results were obtained for SSCHA structures with the α2F
calculated with the full phonon spectral function matrix. Legend in panel b applies
for a as well.
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molecular phase VI, the transition temperature is mostly linear with pres-
sure and correlateswell with the value of theDOS at the Fermi level. Because
of this, the SSCHA structures consistently show higher transition tem-
peratures than the classical harmonic ones. The difference in TC between
these two methods increases with pressure, again due to the stronger
dependence of the electronic DOS on the pressure in the SSCHA structures
(see Fig. 1), as well as due to the increased electron-phonon coupling due to
the anharmonic softening of the phonon modes.

The estimate of the superconducting transition temperature obtained
utilizing full phonon spectral function in all cases is larger than the one
obtained using auxiliary SSCHA force constants and Gaussian approx-
imation by ~30 K. On the other hand, Gaussian approximation coupled
with the phonons from the Hessian of the total free energy gives a larger
critical temperature than the full phonon spectral function calculation (at
most 15 K). SinceHessian calculations only incorporate the softening of the
phonon modes, the conclusion is that the softening of phonon modes
increases the critical temperature while the broadening of the phonon
spectral lines reduces it. Considering that α2F(ω) is intimately related to the
electron self energy37 we can assume that the phonon spectral functions will
have an influence on other material properties that strongly depend on the
electron self-energy, such as electrical conductivity, Seebeck coefficient,
band gap renormalization, etc. We would like to highlight that at this
moment, the effects of the finitely lived phonon quasiparticles are not
accounted for in any first-principles calculations, while our results show
they might have a large effect.

Considering the critical dependence of TC on the DOS at the Fermi
level and that local exchange-correlation functionals tend to overestimate
it13,15,21,22,41,42, we perform DFT calculations for the quantum SSCHA struc-
tures of phase VI using the B3LYP hybrid functional43 (see Supplementary
Note 2). Since the critical temperature correlates linearly with the electronic

DOS in theCmca-12 phase, we can estimate the superconducting transition
temperature using the DOS from the better B3LYP calculation. With this
procedure, we predict that superconductivity will emerge in solid hydrogen
in the Cmca-12 phase between 450 and 500GPa. This result is consistent
with a recent experiment19, which failed to observe superconductivity at
440 GPa in what was identified as a molecular phase VI26.

In the atomic tetragonal phase, the critical temperature is mostly
constant with pressure. In this phase, TC is mostly decorrelated with the
value of the electronic DOS at the Fermi level because the structures are far
away from themetal-insulator phase transition27 and, despite quantum and
anharmonic effects enhancing the DOS as well, its relative increase is small
compared to the molecular case. Accounting for the full phonon spectral
function in the calculation of α2F(ω) increases the estimate of the critical
temperature by 20 K compared to the case using the Gaussian approx-
imation and SSCHA auxiliary force constants (see Supplementary Note 4).
This increase is much larger than the one induced by the SSCHA structure
renormalization (<5 K away from the structural instabilities, see Supple-
mentary Note 4). This highlights the important role that anharmonicity
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Fig. 3 | Eliashberg spectral function α2F(ω) and integrated electron-phonon
coupling constant λ(ω) of solid hydrogen. Eliashberg spectral function α2F(ω) and
integrated electron-phonon coupling constant λ(ω) of solid hydrogen in amolecular
Cmca-12 phase VI at 500 GPa, and b atomic tetragonal I41/amd− 2 phase at
500 GPa. The Gaussian-Harmonic label refers to results calculated with harmonic
phonons of the DFT structures in the Gaussian approximation for the phonon
spectral function. Gaussian-Hessian refers to results calculated with phonons from
free energy Hessian calculated for the stochastic self-consistent harmonic approx-
imation (SSCHA) structures in the Gaussian approximation for phonon spectral
function. Finally, Full results were obtained for SSCHA structures with the α2F
calculated with the full phonon spectral function matrix. Legend in panel b applies
for a as well.
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for solid hydrogen in atomic tetragonal 
I41/amd -2 phase at 500 GPa
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molecular phase VI, the transition temperature is mostly linear with pres-
sure and correlateswell with the value of theDOS at the Fermi level. Because
of this, the SSCHA structures consistently show higher transition tem-
peratures than the classical harmonic ones. The difference in TC between
these two methods increases with pressure, again due to the stronger
dependence of the electronic DOS on the pressure in the SSCHA structures
(see Fig. 1), as well as due to the increased electron-phonon coupling due to
the anharmonic softening of the phonon modes.

The estimate of the superconducting transition temperature obtained
utilizing full phonon spectral function in all cases is larger than the one
obtained using auxiliary SSCHA force constants and Gaussian approx-
imation by ~30 K. On the other hand, Gaussian approximation coupled
with the phonons from the Hessian of the total free energy gives a larger
critical temperature than the full phonon spectral function calculation (at
most 15 K). SinceHessian calculations only incorporate the softening of the
phonon modes, the conclusion is that the softening of phonon modes
increases the critical temperature while the broadening of the phonon
spectral lines reduces it. Considering that α2F(ω) is intimately related to the
electron self energy37 we can assume that the phonon spectral functions will
have an influence on other material properties that strongly depend on the
electron self-energy, such as electrical conductivity, Seebeck coefficient,
band gap renormalization, etc. We would like to highlight that at this
moment, the effects of the finitely lived phonon quasiparticles are not
accounted for in any first-principles calculations, while our results show
they might have a large effect.
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procedure, we predict that superconductivity will emerge in solid hydrogen
in the Cmca-12 phase between 450 and 500GPa. This result is consistent
with a recent experiment19, which failed to observe superconductivity at
440 GPa in what was identified as a molecular phase VI26.

In the atomic tetragonal phase, the critical temperature is mostly
constant with pressure. In this phase, TC is mostly decorrelated with the
value of the electronic DOS at the Fermi level because the structures are far
away from themetal-insulator phase transition27 and, despite quantum and
anharmonic effects enhancing the DOS as well, its relative increase is small
compared to the molecular case. Accounting for the full phonon spectral
function in the calculation of α2F(ω) increases the estimate of the critical
temperature by 20 K compared to the case using the Gaussian approx-
imation and SSCHA auxiliary force constants (see Supplementary Note 4).
This increase is much larger than the one induced by the SSCHA structure
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Sharp maximum below 3000 K with 
quick drop from maximum to zero

Safe to take 

Note:             increases somewhat when pressure 
is increased beyond 500 GPa, but l decreases 
leading to an overall decrease in Tc
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Fundamental limit on superconducting Tc
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Conclusion: Stable room-temperature superconductivity can only be 
achieved in hydrogen and deuterium compounds. At the same time, 
there are no fundamental reasons why Tc cannot exceed room 
temperature in hydrides, at least at sufficiently high pressure.
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