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Start with time-independent integrability
Example: 1D Hubbard model — tight-binding plus onsite Coulomb (or XXZ, BCS etc.)
x T o . . '
K (u) = (6s Q415+ @ 1 Gs)t U B4,
s =14 J

Exact solution of the stationary Schrodinger eq. via Bethe ansatz [ Lieb & Wu (1969) ]

H(u)! n(u) = En(w)! q(w)

Infinite sequence of integrals of motion polynomial in U [ Shastry (1986) ]
[Hagk] = [Hkvfgj] =0

Suppose we make U a (smooth) function of time, U — U(t)
In general, this will break the integrability

dH_k — i[|—A|, HAk] + aHk — aHk o () Commuting partners are no

dt ot ou dt longer integrals of motion
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A’ Yes, we can at least for some integrable models



"H$96& () *1"HSY6Y6&)) Yot +,-#.%//%#01!(+203)$%40)/056*%6#, ) &S
:90#3.0;"50*4650*" . #.&;0.&7%#",7.)&50<%7=%%&0/%#3.)&5

Pecs = 'kQ, 0 =9  G,0.0Q 0
K, ! ik
> 2060@6<<"#$A07-%#%0.50"8&0%B", 705)467.)&0/) 20D HB55)EMHBIDRI0
&)&T#.8.'g5%*%&$%&70,)3367.8&;0°"#7 &UHED":: )AOD.8"5A0+"#" %&"0LEFFJ20|

' K&O: %686 AA0T - 50<H%"2507-060.& 7% H#"'<.4.79
0! 9(t) 1670=06L4405%9%07-"70/)#0,%#7".&05*%, 14B)-).,%50)/00000000C
H963" &50.87%:#'<A%



"H$96& () *1"HSY6Y6&)) Yot +,-#.%//%#01!(+203)$%40)/056*%6#, ) &S
:90#3.0;"50*4650*" . #.&;0.&7%#",7.)&50<%7=%%&0/%#3.)&5

Pecs = 'k, 0! 9 Q9,0.0 0
K, ! ik
C.@%0D6<<"#$707-%#9%0.50"&0%B", 705)467.) &0/ 0T - V4351860 TG BRSO
&)&7T#.8.'gG%*%&$%&70,)3367.8&;0% #7 &OEHB0":.)?0F .8"520+"#" %&"01GHHL20K

| >80 % &Y 4207 50<#%" @507-%0.87% #'<.4.79
g! d(t) 1670=06A4405%0607-"70/)%0,%#7" &05*%, (HD)-).,%50)/00000000
463" &50.87%:#'<A%

1
>&0*"#7.,64"#’?0:%N42F£15P/45%@3/00"&0%B",705)46!7.(&))/)#(QIQ@O@O?%OOO/)#O



IHS%E ()M $%"& () (+,4& . &10-1,2'0)&3* 145 (+85%9:8<5=&

BEC - side M BCS-side F~G(5(@MHo ! 2us (B " Bp)

AB

Eh-rn-:jmg__
4 a =0 attractive

>1*5(*1:&7* @, IBAEBCHIRGESS7=



Example2: I"# $%"&"()*(+,-*&".&/0-1,2'0)&3*145'(+8589:8<5=&
BEC - side Ad BCS-side Kk J(5(@Mo! 2ug(B" By)

¢ >0 repulsive

> 2n
AB ?*+((2*&F5)-GM = 2 #FF <1

Eh-rn-:jmg__
4 a =0 attractive

>1*5(*1:&7* @, IBAEBCHIRGESS7=

3'1&,&(, 11'F&L*+'(,(2*&-G*&VE"&2' ()*(+,-*&5+&F*00&)*+215H*)&HI&
-G*&(G 4 @*(* I+&K52L*84' )*o&&

19y = ekQ O + WO?\b"' 9 B 6 ko Oy + Eq#q K"
k.,! 54+ 40%230*+ K

ﬁb = BTE

#5450,1&-'&!"#:&-G5+&5+&(&!*NFF'00, H0*&4') *0& F 5 ®* ()*(-&
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I"#3$%&'()*BCS-BEC Condensate of Ultracold Fermions (*°K, °Li)

BEC - side Ad  BCS-side Detuning: 'o! 2ug (B " Bo)

¢ >0 repulsive

> 9°VF

E AB Resonance width: v = 1
binding EF

| a <0 attractive

Greiner, Regal & Jin, JILA, 4°K (2004)
For a narrow resonance the BCS-BEC condensate is well described by Le,
the inhomogeneous Dicke model
M = «q, G t ot g B0 6+ 83,0 ae
k! atoms  molecules K o g = om
N, =Db b

Ground state:
(@) 'o! 4" Fermigas

() !o!"# No atoms, everything condensed into a single mode b
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BEC - side Ad BCS-side  K*J(5(@Nvo ! 2ug (B " By) :

a >0 repulsive E—
. 2n (a) T k
' \B 7*+'(,(2*&F5)-GN! = I F g
Et:-rn-:jmg_ - ’ #F
« <0 attractive
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"HBOR (‘H)*+,-+" &,')0/12#'3
H(t)= A+ Bt i%:ﬁ’(t)!

A,B DN ! N time-independent Hermitian matrices
L (t!"# )= 1[in§ ! (t! +#)= S|ing
S — scattering matrix = ? Transition probabilities: P;1 & = |S7;k|2

B D diagonal (diabatic basis



"HSORE (H)*+,-+" &,'1)0/12#'3
0

H(t)= A+ Bt 'ﬁ:@(t)!

A,B DN ! N time-independent Hermitian matrices
L (t!'"# )=1[|ing ! (! +#)= S|ing

SI "HE%%& )+ 3% (—+.+  05)"(%(1)+2'13$3(4(% [R5 = |Sik |2
B D diagonal (diabatic basis

N =2 Landau, Zener, Majorana, Stuckelberg (1932)

0 g/2 /20

HO=""92 o T 0 1172

t

I (t) b solution in terms of parabolic cylinder function:

| o2

67'8(8$4+2'13$3(4(%9+ O| 0 — 1 | e" L n 1 aSI " O
$)<$7>&)&'+?1',74$@ $<($35%6(#(%9@
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H (t) = A + Bt i%zﬁ(t)!

A, BBDN! N time-independent Hermitian matrices
L (t!'"# )=1[|ing ! (t! +#)= S|ing

S| "HE%%& ()*+,$%' (-+.+/  0F)"(%(1)+2'13$3(4(% &5 = |Sik |
B D diagonal (diabatic basis

N> 2 E1+&)&'$4+"14=9%(1):+1)4B+#&'%$()+"2&#(S4+#$"&"+

1"#6)78'+893%+#1)7(%(1) "HLjth+=+ A + Bt :+(;&;+<1'+89M8)7B ("'+
%9&+,=488(? &4+ @ $HEF&'+2'134& ,+&-$# % 4B +"1 4 CEBAEH '+ %69 &
"14=%(1)/

DB+7&<()(%(1)+"142$30&+<=5f clem (Ajj , Bij )
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" #$%8&9%0'()$*+,-%.(*/012/3%4.(*56// $.9675$8/63%:/%:/(%:*
" . %:/7%5*/5";:*7%-19%*(+
t:g?x+!t52!" gS(+ItSZ

$.967$$8/5+3/60(2)

0 g/2 [ !'/2 0

S g/l2 0 0 11/2
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" #$%&%'()$*+,-%.(*/012/3%4.(*56// 5 907555/635619% 5
" . %:/7%5*/5";:*7%-19%*(+
t:g?x+!t52!" gS(+ItSZ

'$.%7v§'§hv$*3/49(2)

0 g2 , 12 0

HO=" 42 o 0 11/2

H<*[T%5**&A(, 7%4:/143*$T74%/ . *(4:,6/74]7<*[=>?@A/;$4,3/?$477%4:A
U(t) = g il (1) 9, g i (1) S, g i#(t)9, l Iﬁ(! o H)
Euler angles! (1), " (t) and #(t) are the same as in the2! 2 LZ problem
#$':6%7%4:/3%4.'.% (% 7%*6/'$*/54+,(,6/6B,'$*+/49/7<*[*(*5*.76/49/7<*| B3 SH/D

Pt m' = |'m[R(! ", #)m™|?

G%4*H/N"1337"/=4-"'5"/KILHIMN@O/?



"#$%8& ()*&+#,&- (.| 8BS -& (2#3415-3-6(76*,&-.)
" #3%&%'()$H+,-%. (*/012/3%4.(*56//
IN

! 1] #
7$%&*8/9,'8:,5/;6%8</04+*(=H = 1 J  h(t)! X+ 1212 " h(t)=1!"t

n=1

After Jordan-Wigner followed by Fourier this reduces to the 2! 2 LZ problem
7>%'$5'<'?/@A1/BC?/DECFGH/ID

H=J | 2[h! coska)]c, ck +sin(ka)[c.c,  + C kC]! h”
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" #59%8%'()$*+,-%. (*1012/354. (*561/
IN

! 1] #
7$%8+8/9,'8:,5/;6%8</04+*(=H = 1 J  h(t)! X+ 1212~ h(t)=1!"t

n=1

After Jordan-Wigner followed by Fourier this reduces to the 2! 2 LZ problem
7D%'$5'<'E/FG1/HIE/JKILMN/OIM

H=J) {Z[h! coska)]c, G +sin(ka)[GC y + Cr kGl h}
k

Density of kinks in N !'"  limit for a sweep across QP 1 n V2
from paramagnet (h # 1) to ferromagnet ath =0 =5 23

>~ (%8</2%: @/: @*1$' 256/
2%: @/A%E$*C/5*-@'8%65

"H$Y6& " $%6()*$+),-,&./)*#01,2.*$345$6)(2.%78
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" #$%E&&' (%%&)*+(,-&'&./+0-1'23-4/,-&'567'8%3,-&92'2(:+&",<=>"

?289@3A82%&%34'93)&- C34(&0'D$12"EF#D'J;<
0 ¢ &aadadgy 1 0 44ao
HDO(t):;t L, :ngt;t: S :g

g O &&éaay 0 0 4440
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" #$%E&&' (%%&)*+(,-&'&./+0-1'23-4/,-&'567'8%3,-&92'2(:+&",<=>"

?289@3A82%&%34'93)&- C34(&0'D$12"EF#D'J;<
0 ¢ &aadadgy 1 0 &4aao
" O a aaa o? w0 0 44aaoy
Hoo (6 = - i ’
oM=L BT
on O aaaay 0 0 aaao0
>" 13K A(&'93)&- B20%342@1'L'M/@/9*%/N'E""D$12"0"
0 g &aadagy 0 0 44a 0~
" g 0 &aa o% w0 1, A4a og.g
= n + n |
He®= 3 . . Bt o LY

gv O &&& 0 0 0 &&aly



Exactly solvable multi-level Landau-Zener problems

" #$%E&&' (%%&)*+(,-&'&./+0-1'23-4/,-&'567'8%3,-&92'2(:+&",<=>"

" ?289@3B25&%34'93)&- C34(&0'D$12"EF#D'J;<
0 g aadaogy 1 0 aaao
" O a; 444 04 0 0 4aaog
HDO(U:;& S :g+t;¢l&: S :g
on 0 aaaay 0 0 aaao

>" 13K A(&'93)&- B20%342@1'L'M/@/9*%/N'E""D$12"0"

0 & - On

H t— ?+t5: ' ?
05 BT
ow O --- 0 O 0 ... |
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5= D kg, 60 ! ("DBp+ g) (B0 b+ BGLG (o )
k,! k



"HSY0& ()*&+#, &-(./&BoO-& (2#3415-3-6(76*,&-.)

" #P%&E' (%%&)*+(,-&'&.[+0-1'23-4/,-&'567'8%3,-&92'2(:+&'";<=>"

" ?289@3B25&%34'93)&- C34(&0'D$12"EF#D'J;<
0 @ &aadaogn 1 0 4a4ao’
« G a aaa o% «0 0 aaaoy
Hpo (1) = " + t" d
oM=L BT
gv O &aaay 0 0 4440
PEEL:Y CbPs & 4Py %GPa - - - PN kPs & apy daad oy
o D2 0 0 444 ogf
o P2 b0 Ps 0 aaa 0?
S= ; P23k Cb P30k B P4 aaa 0%
# . . . . . : (

Paapn: 1O epsaapy: 10n gPpsaapn: 108 psaapn: 10 aaa oy

! 9k :
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I "4$96&'%' () *&#+ %0, - $%3")') %/-0)#$%") $' % $") /Yot (#2$%32-/1%
-$")2%6#/&+$-4&#4%+&A)#2% &A% $&/) 1

H(t)= A+ Bt AB BN! N time-independent Hermitian matrices

74'88"$%032HWE)B2#, +) Y 9H$28:%;" 2 50) 2 (#2$%0-3%=#A40-/%9#$2
")-25%3-2%> #4$./%2)8.+#2%# %o-((-')0%$-%* #-$8&*%'5'$)/?

@A.".%BC.D,#"5#4E%FG%H"5'G%I%<JKLL?
C.D,#"5#4%B%M"#'$25E%FG%MSHIGY%H"5'G%<
C.D,#"S5#4E%M"#'$25E% M*#2#/#DD#E%H=0%<Jk
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I"HSY6& (J*S"+ # -+~ SYHIOF  1,#2"%"-*2-0p#"8

O
O O

0
0
0

O O oo
QoL

[
O O OO
o OO
o O

0 !
3-4,3"%)'$,*$,'%)'%-54'-.)6%""%$" <%, TH#-."5"%8

N#',0-295,8'%0: #,"$*) *-066#-5"*)%")*') ;- *)*0olt"<" 5%, 7T#-5'):'2) %")*
N#-*8" M %: #,"$'-",655'S,%M, $6(:%:-%M,M;] = [M,M]=0

!N
=*+'-*8""*0/p, 7#-5");'2)%")*'M | = anM"
n=1

=55'1,#2"%"-*'2-%#"(,$'5))4'%:,'$-2, #)2'%:"$'9) "*%");'<" >



"HB06& () &*+$,")+-HU0S&. SIHBE&+ 0L (,#$2$.&3$4)0)5# HOSLHAH+1#

Let H(t) = A + Bt, t b real parameter andA, B B Hermitian matrices

6(44*YoHS/HS0HT (&OH#S)$,*55( &+-$4)0'+#0$)8%* S8R MAOBE+4 + Bt

F(t),H(t) =0, forall t

- —
-

B,B]=0, [AB]=[A B], [AA]=0

1"#%0#$,*55(")' &*+$0#8)' & *+%$%0#9#0#8:$,*+%'0) &+'$5)' 0& 3$# G +'%0F
*09)P-#+#0&,<"4& Y = +*3$,*55('&+-$4)0'+#0%$#3,#4'$&'%#8.3$) +1$& 1

>*$,)+$Y6#4)0) H$-#+#08,$5)' 0& #96$?+*$,*55('&+-$4)0'+#0% @$.0*5$%
2&+#-0)A8#$5)'0&,#% @



#1968, (J*+ Yo+, " (‘+-9%6." +"%"/%6.%68&-)-." -1%.9%6)-""+)*")0*"1" )'+2)
2(%”-1

H() = A+ Bt = 8" %%& )+ ). 400, H#t "L#1 )
(1.02#,)3#(3.) (4#5'4+($,0649() . *-,80. O#
ﬂ )..3# N2/2 -, 0t+ -, %." -[#"#]+ S(24HH(D)

Y-, OHS " %%& (V¥ +,-) .| H(w)=A,+Byt (I 7

().*-,80. OH'&-)/H#"&'H)..3H0. I, )N +- %.' -1# 7
V. /8- 1< "HOH L1+ $.#"2#0().,-#=,9%(0™)(,)/

J

>2@.'1.A),'< (B4, SH"0& (V2" -#1 #+.$-&%
C7D.:.0#$-"1/()*1#5'4+($, 02 $-"1/()*/6

E2F %)~ #8,0(1  A)3.+.)3.)#.)].%80./#"2#() *-,80.#
%, ~($./2#D..O#1', (I'($1#,- #4+($,0044#G"(II")(,)
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I T1"4#$9%& %' () *&#+%0#,-.$%3")") %0/-0) 5% ) $'%$") /Yot (#2$%32-/%
-$")2%6#/&+$-4&#4%+&4A)#2%E&4%$&/) 1
H(t)= A+ Bt AB DN! N time-independent Hermitian matrices

" 7 5%#2)%8&4%) 82#, +)%/#$28*) Yot %0)384)0%#,-9):
H#HP2#%<%=.> #"5#4?% @ A%;"5' A%
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| P1"%$96&'%' () *&#+%0##, - $%3$")') %/-0)#5%") $' % $") /Yot (#2$%32-/%
-$")2%6#/&+$-4&#4%+&4A)#2%E&4%$&/) 1

H(t)= A+ Bt AB DN ! N time-independent Hermitian matrices
" I'G"5%#2)%&4%)F2#,+)%/#$2&*) %#'%0)384)0%#,-E)H
|J#1(+)%BHOAV-E NO™)2-E%/-0)+ THS2H%8%9.: #"5H#4;%<=%T"5'=%>

N
Hpo = At|11"1] + ) (g [1"K| + gelk!" 1| + ac]k!"k]|)
k=2

6490 &40)()40)4$%4-4$2& E&H#+Y0*-/1. S&AFYo(H2$4)2' % +&A)#2%84%

boogi okl R+ g gk lEHD Rl gtk
ak ! q

Hi =(t! ap)lj"#| ! g |11 gi 7]+

k=

[Hj!Hk]:[Hj1HDO]:O
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Q!"What is special about these models? What sets them apart from any
other Hamiltonian linear in time?
H(t)= A+ Bt A,B BN ! N time-independent Hermitian matrices

A!“I'hey are integrable matrices as defined above!

Example 2: inhomogeneous Dicke model
By = ngfi! O — (vt)op + gz (@Té k" Oy + %l#dr k--)
k! . Kk

1° y
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Exactly solvable multi-level Landau-Zener problems
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