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It all started in 2001 with a paper by Heilmann and Lieb:

“Violation of the noncrossing rule: The Hubbard
Hamiltonian for benzene” (1971)

1D Hubbard model on <:> 3 spin up & 3 spin down electrons
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Identified all symmetries: translation, reflection, spin, particle-hole...

Symmetry: #-independent Hermitian operator 2
that commutes with the Hamiltonian [€2, H (u)] = 0

Multiple crossings of levels of the same symmetry
(same complete set of quantum numbers)




Noncrossing rule (theorem): “The intersection of terms [energy

levels] of like symmetry i1s impossible” (E. Wigner and J. von
Neumann 1929)
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“The noncrossing rule 1s apparently violated in the case of the 1D Hubbard Hamiltonian for
benzene molecule” (Heilmann and Lieb)



In addition to the usual space-time and internal space symmetries the 1D Hubbard

has “dynamical” U-dependent symmetries discovered by Shastry in 1986
[B. S. Shastry, PRL 56, 1529 (1986)]
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This situation 1s generic in parameter-dependent integrable models (e.g., XXZ, BCS): they
typically violate the nonxing rule and at least one symmetry 1s linear in the parameter

QI Can parameter-dependent symmetries explain the level xings in integrable models?



Problem with allowing symmetries with arbitrary parameter dependence

Go to the u-dependent basis where H (1) is diagonal:

/ e 0 00 \ | | .
e o0 00 All diagonal matrices commute with H
B ) — W) > 0 -0
\ O 0 0 X 0 |[Forany H there is full set of Hj,: |H, Hk] = [Hk:Hj] =0
B 0 B ()4x

“If one allows symmetry groups that are #-dependent the ‘theorem’ 1s a mere tautology...one

can always invent, post hoc, a U-dependent symmetry group to account for any violations™
(Heilmann & Lieb, 1971). Just take a diagonal matrix with distinct eigenvalues!

All Hermitian matrices, parameter dependent or not, look the same. No way to
tell one that came from an integrable system from any other.



Proposed solution: fix parameter dependence

Let H(u) =T 4+ uV, u — real parameter, T,V — N x N Hermitian matrices

Suppose we require a commuting partner also linear in U: Hy (u) =17 +uV;

[H(u),Hl(u)] — () forallu

I

W =0 v — v ]

These commutation relations severely constraint matrix elements of T. For a generic/typical

H(u) — no commuting partners except a linear combination of itself and identity. Now can
separate generic (no integrals) from special (integrable).

B. S. Shastry, EY & collaborators: 2002 — 2025



N x N Hamiltonians linear in a parameter separate into two distinct classes

H (u) L AR :> No commuting partners linear in # other than a linear combination
of itself and identity (typical) — nonintegrable, need N 2 /2 real

ﬂ parameters to specify H(u)

Linearly independent commuting partners H, (u) = T, + uV,, exist — integrable, turns
out need less than 4N parameters — measure zero in the space of linear Hamiltonians

U

Classification by the number n of integrals of motion

n = N — 1 (maximum possible) — type 1 integrable matrix
n=N-—2 - type2

n=N — M —type M



Can obtain examples of integrable matrices from known integrable

models: 1D Hubbard, XXZ, BCS. But let us abstract from all such models
and ask the following questions:

. What follows from this definition alone, i.e., the existence of
g Integrals of motion? In particular, can we construct such matrices

generally for a given n, i.e., resolve the nonlinear commutation
relations?
Vi, Vi1 =0, [T;,V;]=[1;,Vi], [13,T5]=0

g =dle i

B. S. Shastry, EY & collaborators: 2002 — 2025



Simplest case: n = N — 1 (type 1 — max # of integrals)

Every type 1 family 1s uniquely specified by a choice of a Hermitian matrix and a vector

Hermitian matrix E Arbitrary vector |v)

U

N commuting N x N Hermitian matrices H;(u)

General member of the commuting family: H(u Z diH;(u) =T +uV

To pick a typical member of the commuting family H (1) pick matrix T (or ¥) randomly

[H ()] km = WYk Ym (d’“_dm>, [H ()] = dm —u ) ( J_5m>

“k T Em JFEM

&, —eigenvalues of E, d; - eigenvalues of T, v, - components of |y)

Constructedallm = N —1, N — 2, N — 3 (types 1, 2, 3) and some for all other 7



What follows from this definition of quantum integrability?

= Exact solution through a single algebraic equation for all types (cf. Bethe’s Ansatz)

d 2 d
(typel)z ‘f)/k‘ E()\):Z k‘/y]fl | ‘)\>:Z kVk

A —¢€ A — € A — €
k ” k ” k

dy, €k, Yk — given, solve for A

= Number of level crossings as a function of type, i.e. the number (1) of integrals of motion
# of crossings = (N2 — 5N +2)/2+n—-2k, k=1,2,...
Typically ~ N4/2 crossings.

Any type 1 Hamiltonian has at least one crossing.

But for higher types it is also possible to have no crossings.



Integrable Matrix Theory (IMT) — ensemble theory of quantum integrability

Now can study ensembles of integrable matrices and obtain integrable counterparts of the RMT
results as opposed to only a spectral statistics of 1solated integrable models

[. Statistics are typically Poisson as long as the number of integrals (= size-type) 1sn’t too small

Integrable matrices are ergodic
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Integrable Matrix Theory, Level Statistics

Statistics are typically Poisson as long as the number of integrals (= size-type) 1sn’t too small
There are two exceptions to Poisson statistics
A. There are 1solated values of the coupling u = uy where the level statistics of

H(u) = T + uV are Wigner-Dyson (here ug = 0)

But it reverts to Poisson already at (u — ug) o< 1/N
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N x N type 1, number of integrals = N — 1



Exceptions to Poisson Statistics in IMT

A. There are isolated values of the coupling u = ug where the level statistics of H(u) = T + uV

are Wigner-Dyson

T, E — random matrices, e.g. from GOE, |y) — random vector

B. Statistics are non-Poisson when normally uncorrelated parameters (matrices T and E) become

correlated (atypical integrable model, e.g., BCS has T = E)
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Q: How many nontrivial integrals of motion must a system have so that its
level statistics are Poisson’?

# of nontrivial integrals = Size — Type=N-M H(u Z d; H;( k<N-M
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Brody parameter w as a function of k for N x N type M matrices.
Fit: aexp(—bk/InN). b= (1.13,1.04;0.99,1.03) for M = (250, 480; 1000, 1980)

# of integrals needed ~ In N = log ot Hilbert space dim o< particle #



Connection to multi-level Landau-Zener problem

H(t) = A+ Bt Again, Hermitian matrix linear in a parameter (now parameter = time)

A, B — N x N time-independent Hermitian matrices

ov A
ZE = H(t)¥ U(t - —o0) = |in), Y(t — 4+o00) = Sl|in)
S — scattering matrix = ? Transition probabilities:  Di—sk = |Sik |’
N =
: 0 g X5
Landau, Zener, Majorana, Stuckelberg (1932) H(t) = L e G t

Ermy

Survival probability (Landau-Zener formula): Po—0 = 1—e



Only two new nontrivial exactly solvable multi-level Landau-Zener
problems have been found from 1932 to 2018

And both of them are type 1 integrable matrices!

et =

(0 g - gw)
g2 as - 0
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0\ To obtain the DO model set:

0 u:)\ta d1:17 61207 ’Yl:l
dm>1 =0, &m>1=—, Tm>1 = g_m
O) Am Am

The bow-tie model obtains from DO model by a variable change: G, = (Ap + At
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Many-body time-dependent integrability

Example: BCS model of superconductivity: H BCS — Z 261,57 — Z 573 Iy
k

Relatively simple integrable model, satisfies classical Yang-Baxter equation
S} —spin—1/2

; . A g Si - S
Integrals of motion: Gaduin magnets: H; = 28 SZ i E i operators

BT il o]
L i k
[HkaHj} = {HkaHBCS} = =

Suppose we make the superconducting coupling a function of time: B — B (t)

This immediately breaks usual integrability, e.g., commuting partners are no longer conserved

A

dH, [ } OH, OB

eal ol ol
e ot k7



Many-body time-dependent integrability

Example: BCS model of superconductivity: [:] BCS = Z 2€}. §Z o Z §+§,;
k
Suppose we make the superconducting coupling a function of time: B — B( )

Conventional exact solution — instantaneous (adiabatic) eigenstates. Not enough due to Landau-
Zener tunneling between them.

Conventional Bethe ansatz: [:[BCS (t) ®,(t) = £, (LB, (1
E

y We want to solve: zaa—\f = I:IBCS( )\If

\’///t For this, we need the Landau-Zenner tunneling dynamics on

— 0z a4 06 05 10 top of adiabatic eigenstates to be integrable
v—’\

K Turns out that for certain special choices of B(t) it is indeed
A{ integrable, 1.e., the non-stationary Schrodinger equation 1s

exactly solvable!




Embedding into generalized Knizhnik-Zamolodchikov equations

oV

: e i A ék . S
ZV—a H k\Ij Jhi— — g . _ Gaudin magnets
Ek ElLirmie
: J
J7k
Bics =5 205 . o %
k 7,k

Original KZ equations: B = 0 and no equation for H gcs. Describe N-point correlation
function W(&q, ..., Ey) in SU(2) Wess-Zumino-Witten CFT

Set B = vt. The last equation becomes the time-dependent Schrodinger equation for H scs ()

. - 1 L
HBgs(t) — ZQGkSk Ot Z S;-I_Sk,
k

7,k EY, Ann. Phys. (2018)



Off-shell Bethe ansatz solution of generalized KZ equations
at
S .

J

M N
Oft-shell Bethe states: d(A e) = H i;+()\a)\0>, j;+()\) — Z

A— €
j=1 J

1
Vo Yong o S e) = =28 Sy, +2B 3 ha = 5 303 sy —eu+

J k#j
1
S: D_siln(e; = Xa) =5 ) D> (s — o)
j « a  fFo
Babujian, J. Phys. A (1993)
. iS(A, €) il
Solution of KZ eqs: Wkz(B,e) = ¢ dAexp |— (N e), dA= H d)\,
v
Y a=1

To obtain the solution for the time-dependent Schrodinger equation for H pcs(t) set B = vt
and fix the magnitude of all spinsto §;; = s = 1/2



[:IBCS — Z ngﬁj — L Jf Jf Start in the ground state att = 0F and

1€14ChyCry
j 2vt ik U evolvetot — 400

1) Exact asymptotic wavefunction for Hgcg(t) [spins s = 1/2]:
\If(t N —I—OO CZ iAf oy H —2ztsa —70‘ —10,, } ‘{a}> ’ >
{o}

|{a}> — the state where energy levels {a} = {041, a9, . .. aM} are doubly occupied (spin
up) and the remaining levels are empty (spin down), A/ - number of Cooper pairs

1 1
= ;Zlﬂ\%‘ —&als Ay =7 ) Inles —eq

j#a pa

This is the exact answer for any /V single-particle levels €1, . . . , € y and arbitrary
number M of fermion pairs [Zabalo, Wu, Pixley & EY, PRB (2022)]




2) Exact mean-field (classical) solution [spin magnitudes S — ©0]:

N
\Ifmf(t — —|—OO) = H (uk -+ UkéJli:TélTw) |O>
k=1
Cr— 19k —iept —Ctipg
e 2 e e 2 1 w(k — 1)
e — ; —_— t h 1 . : —
o v/2cosh (j,’ ok /2 cosh (j, g y; anh G;ln lej — exl, Gk
N+1 N [ smbh TR}
. @ V
\Smh [7‘('77 i } }

Similar probabilities, but the total particle # is not fixed and phases are different



3) Mean field is exact for local observables in the thermodynamic limit!

Consider the most general product of 17 operators with nonzero expectation value:

A

) = ékl . 6kn ki,...,k, —-ndistinct energy levels

O is pair creation §Z = éLTéL , or annihilation §, = CxCkt or level occupancy N} operator

We say that () islocal if and only if % 3 () when N — o0

Averages of local operators in the exact asymptotic state coincide with their expectation
values in the mean-field wavefunction in the thermodynamic limit:

(M 4+ 1|O|M) oo = (Ot = (6, Yt - - - (6. Yme

AT AT _ *
Corrections to mean field are of Moreover, we know all <Cchk¢>mf — UkUg,
—— local asympto.tllc |:> <5k¢5m>mf = wjvy,
N averages explicitly



N
I:](t — —|—OO) = Zekﬁk
k=1

For both the quantum solution in N — 00 limit & the classical solution:

E—
LZ transition probabilities: PO—>{nk} — e 2k CkTUE (. = all y )
The asymptotic state is a gapless superconductor:
6—2i5kt i
CkCht) = e 2 #0 A(t) o Cr Crr) — 0
(CriCrt) 2 cosh &, 7 (t) o< ) _(éryérr)

k

[t is nonthermal but conforms to emergent Generalized Gibbs Ensemble:

ﬁGGE — o™ > 1 ¢k, Need only N numbers to specify p
instead of 2" required generally



4) Mean field breaks down for global observables

Example #1: Entanglement. The mean-field wavefunction is unentangled (a product
state), while the exact ground state and asymptotic wavefunctions are entangled

Wit = H (uk + vkcl];Tcki) |0) — Entanglement entropy Sepy = 0

———————————————— In contrast, in exact quantum dynamics starting
o =8 : - .
o N=10 Sent (t) S from the unentangled mean-field ground state, the
| o N=12 P 1 :
10 N T entropy monotonically grows as
— — Analytical - g 5 5 ;
2r ! o7 7 T 1 T T
| e s Sent = |/ 1 + — coth 1+ —| 4+In—-, 7=nln—
: t
1.5+ | 2 5 """:’,?"“H“:::gg |
1 i 1 % and saturates at 7 ~ VN at Sent ~ In N
|
|
; ® | Inexact ground state Sent ~ In IV
0 ‘l \/

10710 107° 10°



4) Mean field breaks down for global observables

Example #2: Loschmidt echo (return amplitude): Z(t) — <\IJZ‘ e—“ﬁ” |\I/Z>

Mean-field analysis: Numerous singularities (DQPTs) in Z(t)for quench dynamics of

s-wave BCS superconductors and none for p-wave.
Rylands, EY, Gurarie, Zabalo, Galitski, Ann. Phys. (2021)

Quantum analysis: no singularities for s-wave and periodic singularities for the
topological p-wave superconductor, for the evolution starting from a quantum critical
point separating the topological and non-topological phases.

Gaur, Gurarie, EY, Phys. Rev. (2022)

Reason: mean field fails because it determines the bulk of the time-dependent system
wavefunction, while the Loschmidt is determined by the exponentially small tails of the
wavefunction



Classical Yang-Baxter equation and Knizhnik-Zamolodchikov eqgs

The connection between BCS-Gaudin models and KZ eqgs 1s not accidental. For every model
satisfying classical Yang-Baxter equation there are corresponding generalized KZ egs.

Classical Yang-Baxter equation:

735 (235 25), i (Zis )] + [rig (205 25), 75025, 206)] 4 [Phi (2, 25), ik (20, 2)] = 0

n
/
Corresponding generalized KZ eqs: g/ a\g(z) = H; ¥ (z) H; = Z T'ij (23, Zj)
24 .
71=1

b= e

These multi-time Schrodinger equations for W(Z) are compatible if and only if 7; j (z;, z j)
satisfy the classical Yang-Baxter equation [Cherednik, Dokl. Math. 40, 43 (1990)]

15,

For Gaudin model: 7;; (Zia Zj) e
(e Zj



Most other quantum integrable models (XXZ, 1D Hubbard, Kondo etc.) satisty quantum
Yang-Baxter equation. Q: What can we do for them?

Quantum YBE: RY (o2 R (2;.25) RI* G o= RI% (2iiz) R (zi:2c) RY (zii2)
Classical YBE obtains in # — 0 limit: R (z;, 2l Ll e O(h?)

L/2
Example: Kondo model with

time-dependent coupling: H(t) = —i / @@i(x) aﬂﬁs(x) dr + J(t) @22(0) 75 @@s’(o) .S
i

Integrable for: J(t) = At + p(t) £ \/ (At + p(t)]? + % p(t) — arbitrary function with period L

Maps to quantum Knizhnik-Zamolodchikov equations. Exact solution of the non-stationary
Schrodinger equation via off-shell Bethe Ansatz as before.

Pasnoori & EY, arX1v:2509.05640



Quantum Knizhnik-Zamolodchikov equations are a set of finite difference
equatrons: Sp(yOa cees Yy =+ K, ... 7yN) — Mj(y()a c .. 7yN) Sp(y()? vy Yjye e 7yN)

Transport operator:
M;(yo, .- yn) = BRI (yj41 — £,5) - RV (yv — £,95) R (yo, 5) - - RO (y5-1, 95)

Turn into usual KZ equations in A = 0 limait

Solution of non-stationary Schrodinger eq for Kondo Hamiltonian with J(t) = At &+ \/ A2t2 + 4

P10, Z H H VZZ +1—ic) H (wi — ) Tus — v + i) H B({vzi},uj;)|§)

o} iso o (vz; —u; +1) Y I(u; —uj —ic+ 1)

z; = x; — t — light-cone coordinates

Expect the answer to simplify greatly at late times as in the case of Hgcg(t). Take the plus sign
and let A > 0. This corresponds to switching on the Kondo coupling from zero at t - —oo.

Suppose 1nitially Slmp = s = and electrons are in their ground state. Determine the following

observables: (Sf ), <§1($)>, (S5 (x) Siy)

imp



Happy 75" Birthday, Sriram!!

Integrable Matrix Theory:
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