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It all started in 2001 with a paper by Heilmann and Lieb:

1D Hubbard model on          3 spin up & 3 spin down electronsAnnals New York Academy of Sciences 

FIGURE 1. The eigenvaiues for (P, S, 3, a, I(0)) = (0, 0, 0, 1, l ) ,  lA1, in units of 
U4T as a function of U; - - - represents also the eigenvalues for (P, S, 9, u, I(@) = 
(0, 0, 0, -1, l ) ,  1Aa. 
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“Violation of the noncrossing rule: The Hubbard 
Hamiltonian for benzene”  (1971) 

H(u) = T + uV400 x 400 matrix of the form:

Symmetry: u-independent Hermitian operator 
that commutes with the Hamiltonian
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⌦

Identified all symmetries: translation, reflection, spin, particle-hole…
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[⌦, H(u)] = 0

Multiple crossings of levels of the same symmetry 
(same complete set of quantum numbers) 
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E. Lieb
B. S. Shastry



Noncrossing rule (theorem): “The intersection of terms [energy 
levels] of like symmetry is impossible” (E. Wigner and J. von 
Neumann 1929)

F. Hund

E. Wigner J. von Neumann

H(u) = T + uV

“The noncrossing rule is apparently violated in the case of the 1D Hubbard Hamiltonian for 
benzene molecule” (Heilmann and Lieb)

Annals New York Academy of Sciences 

FIGURE 1. The eigenvaiues for (P, S, 3, a, I(0)) = (0, 0, 0, 1, l ) ,  lA1, in units of 
U4T as a function of U; - - - represents also the eigenvalues for (P, S, 9, u, I(@) = 
(0, 0, 0, -1, l ) ,  1Aa. 
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Random T & V 1d Hubbard



In addition to the usual space-time and internal space symmetries the 1D Hubbard 
has “dynamical” 𝑢-dependent symmetries discovered by Shastry in 1986 
[B. S. Shastry, PRL 56, 1529 (1986)]

Ĥ1(u) = −i

N�

j=1

�

s=↑↓
(c†j+2scjs − c

†
jscj+2s)− iu

N�

j=1

�

s=↑↓
(c†j+1scjs − c

†
jscj+1s)(n̂j+1,−s + n̂j,−s − 1)

!𝐻!(𝑢) – linear in 𝑢  !𝐻! 𝑢 , !𝐻" 𝑢 , !𝐻# 𝑢 …  – higher order polynomials in 𝑢 B. S. Shastry

n̂jσ = c†jscj s

This situation is generic in parameter-dependent integrable models (e.g., XXZ, BCS): they 
typically violate the nonxing rule and at least one symmetry is linear in the parameter

Q: Can parameter-dependent symmetries explain the level xings in integrable models? 
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(ĉ†jsĉj+1 s + ĉ
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Problem with allowing symmetries with arbitrary parameter dependence
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H(u) =

0

BBBB@

⇥ 0 0 0 0
0 ⇥ 0 0 0
0 0 ⇥ 0 0
0 0 0 ⇥ 0
0 0 0 0 ⇥

1

CCCCA

Go to the u-dependent basis where 𝐻(𝑢) is diagonal:

All diagonal matrices commute with 𝐻 

For any 𝐻 there is full set of 𝐻! : 𝐻,𝐻! = 𝐻! , 𝐻" = 0	

“If one allows symmetry groups that are u-dependent the ‘theorem’ is a mere tautology…one 
can always invent, post hoc, a u-dependent symmetry group to account for any violations” 
(Heilmann & Lieb, 1971). Just take a diagonal matrix with distinct eigenvalues!

All Hermitian matrices, parameter dependent or not, look the same. No way to 
tell one that came from an integrable system from any other.



Proposed solution: fix parameter dependence

Suppose we require a commuting partner also linear in 𝑢: H1(u) = T1 + uV1

These commutation relations severely constraint matrix elements of 𝑇. For a generic/typical 
𝐻(𝑢) – no commuting partners except a linear combination of itself and identity. Now can 
separate generic (no integrals) from special (integrable).

[V, V1] = 0, [T, V1] = [T1, V ], [T, T1] = 0

Let H(u) = T + uV , u – real parameter, T, V – N ⇥N Hermitian matrices

[H(u), H1(u)] = 0

B. S. Shastry, EY & collaborators: 2002 – 2025 

for all 𝑢 



N x N Hamiltonians linear in a parameter separate into two distinct classes

H(u) = T + uV No commuting partners linear in u other than a linear combination 
of itself and identity (typical) – nonintegrable, need 𝑁#/2 real 
parameters to specify 𝐻(𝑢)

Linearly independent commuting partners 𝐻! 𝑢 = 𝑇! + 𝑢𝑉! exist – integrable, turns 
out need less than 4𝑁 parameters – measure zero in the space of linear Hamiltonians

Classification by the number 𝑛 of integrals of motion
𝑛 = 𝑁 − 1 (maximum possible) – type 1 integrable matrix
𝑛 = 𝑁 − 2	– type 2
…
𝑛 = 𝑁 −𝑀 – type M
… 



Can obtain examples of integrable matrices from known integrable 
models: 1D Hubbard, XXZ, BCS. But let us abstract from all such models 
and ask the following questions:

What follows from this definition alone, i.e., the existence of 
integrals of motion? In particular, can we construct such matrices 
generally for a given n, i.e., resolve the nonlinear commutation 
relations?

[Vi, Vj ] = 0, [Ti, Vj ] = [Tj , Vi], [Ti, Tj ] = 0

Q:

B. S. Shastry, EY & collaborators: 2002 – 2025 
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i, j = 1, . . . , n



Simplest case: 𝑛 = 𝑁 − 1 (type 1 – max # of integrals)

Every type 1 family is uniquely specified by a choice of a Hermitian matrix and a vector  

Hermitian matrix E Arbitrary vector |γ�

N commuting N ×N Hermitian matrices Hi(u)

General member of the commuting family: H(u) =
X

i

diHi(u) = T + uV

[H(u)]km = u�k�m

✓
dk � dm

"k � "m

◆
, [H(u)]mm = dm � u

X

j 6=m

�
2
j

✓
dj � dm

"j � "m

◆

Constructed all 𝑛 = 𝑁 − 1, 𝑁 − 2, 𝑁 − 3 (types 1, 2, 3) and some for all other n

To pick a typical member of the commuting family 𝐻 𝑢  pick matrix T (or V) randomly 

𝜀! 	– eigenvalues	of	 𝐸, 	𝑑! 	– 	eigenvalues	of	𝑇, 	γ$	– 	components	of	 ⟩|γ



What follows from this definition of quantum integrability?

§ Exact solution through a single algebraic equation for all types (cf. Bethe’s Ansatz)

(type 1)

§ Number of level crossings  as a function of  type, i.e. the number (n) of  integrals of motion

# of crossings = (N2 � 5N + 2)/2 + n� 2k, k = 1, 2, . . .

Typically ⇡ N2/2 crossings.

Any type 1 Hamiltonian has at least one crossing.

But for higher types it is also possible to have no crossings.

𝑑! , 𝜀! , 𝛾!  – given, solve for 𝜆
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k=1

|ωk|2

ε→ ϑk
= 0, E(ε) =

∑

k

dk|ωk|2

ε→ ϑk
, |ε↑ =

∑

k

dkωk
ε→ ϑk



I. Statistics are typically Poisson as long as the number of integrals (= size-type) isn’t too small 2
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FIG. 1: (colour online) The level spacing distribution for a
4000⇥4000 real symmetric integrable matrix H(x) = xT +V

(defined in Sect. II), x = 1. This particular matrix is a sum of
200 linearly independent matrices that commute for all values
of the real parameter x. Note that the spacing distribution is
maximized at s = 0, a feature known as level clustering. The
smooth curve is a Poisson distribution, which is theorized to
be typical of integrable matrices. Compare to the generic real
symmetric matrix case in Fig. 2.
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RandomMatrix

FIG. 2: (colour online) The level spacing distribution of a
4000⇥4000 random real symmetric matrix with entries chosen
as independent random numbers from a normal distribution
with zero mean and unit variance. Such a matrix belongs to
the Gaussian orthogonal ensemble (GOE) of real symmetric
matrices, studied in random matrix theory (RMT). The main
feature of the spacing distribution here is its vanishing for
small spacings, also known as level repulsion. The smooth

curve is the Wigner surmise P (s) = ⇡
2 se

�⇡
4 s2 . Compare to

the integrable matrix case in Fig. 1.

not be represented as a collection of decoupled harmonic
oscillators.

Our main results are as follows. For a generic choice
of parameters, the level statistics of integrable matrices
H(x) are Poissonian in the limit of the Hilbert space size
N ! 1 if the number of conservation laws n scales at
least as logN . Exceptions to Poisson statistics fall into

two categories. First, it is always possible to construct
a commuting family that has any desired level spacing
distribution at a given isolated value, x = x0, of the cou-
pling (or external field) parameter. The statistics quickly
cross back over, however, to Poisson at deviations from
x0 of size �x ⇠ N

�1. Second, one obtains non-Poissonian
distributions by introducing correlations among the or-
dinarily independent parameters characterizing an inte-
grable matrix H(x); the reduced BCS model falls into
this category. The statistics again revert to Poisson at
O(N�1) deviations from such correlations. We also show
numerically that as N ! 1, integrable matrix ensembles
satisfy two distinct definitions of ergodicity with respect
to the nearest-neighbor spacing distribution P (s). Not
only are the statistics of a single matrix representative of
the entire ensemble, but the statistics of the j-th spacing
across the ensemble are independent of j.
In Sect. III, we present numerical results on the level

statistics of type-1 matrices, defined to be integrable ma-
trices H(x) with the maximum number nmax = N � 1
of linearly independent commuting partners. Section IV
contains numerical results for integrable matrices with
n  nmax. We present our analytical justification of nu-
merical results using perturbation theory in Sect. V. Fi-
nally, we give numerical results on ergodicity in Sect. VI.

II. BASIC NOTIONS

Refs. 12–14 contain a comprehensive account of the
rigorous definition of an integrable matrix, including mo-
tivating factors and connections to known quantum in-
tegrable models. Ref. 11 then uses this definition to
construct basis-independent ensembles of such matrices.
Here, we give a brief definition of integrable matrices be-
fore delving into their level statistics. We say that H(x)
is integrable if there exist n > 1 nontrivial linearly inde-
pendent N ⇥N Hermitian matrices Hi(x)

H
i(x) = xT

i + V
i such that

⇥
H(x), Hi(x)

⇤
= 0, [Hi(x), Hj(x)] = 0

for all x and i, j = 1, . . . , n.

(1)

Multiples of the identityH
0(x) ⌘ (bx+c) are considered

trivial and linear independence is therefore understood
up to a multiple of the identity, i.e.

Pn
i=1 aiH

i(x) =
(bx + c) with real ai if and only if all ai = 0 and
b = c = 0. In addition, we impose an (optional) con-
dition that H

i(x) have no common x-independent sym-
metries – there is no constant matrix ⌦ ( 6= a ) such that
[⌦, Hi(x)] = 0 for all x and i. If there are such sym-
metries, H

i(x) are simultaneously block-diagonal and
Eq. (1) reduces to that for smaller matrices without x-
independent symmetries. Further, it follows that up to a
multiple of the identity H(x) must be a linear combina-

H(u) = T + uV

Integrable Matrix Theory (IMT) – ensemble theory of quantum integrability

Now can study ensembles of integrable matrices and obtain integrable counterparts of the RMT 
results as opposed to only a spectral statistics of isolated integrable models

Nearest neighbor level spacing distribution for a 4000⇥ 4000 time

reversal invariant integrable Hamiltonian H(u) = T + uV at u = 1

Integrable matrices are ergodic
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all type-1 matrices, i.e. independent of the number n of
basis matrices (conservation laws) in linear combination
as long as n > O(logN).

We fit all spacing distributions P (s) to the Brody
function1 P (s,!), where ! is the Brody parameter

P (s,!) = a(!)s!e�b(!)s!+1

. (7)

The distribution in Eq. (7) has unit mean and norm with
appropriate choices of constants a(!) and b(!). It in-
terpolates between a Poisson distribution P (s) = e

�s at

! = 0 and the Wigner surmise P (s) = ⇡
2 se

�⇡
4 s2 at ! = 1,

and hence is a convenient fitting function. The Brody pa-
rameter ! can take all values ! > �1, which means it
also can detect enhanced level clustering or repulsion.

C. Crossover in coupling parameter x

Here we show that even if statistics are engineered to
be non-Poissonian at a given coupling value x = x0 (we
set x0 = 0), level clustering is restored at small devia-
tions from x0. For any N , the matrices T and V each
have eigenvalues that lie on an O(1) interval centered
about zero. We consider the primary type-1 construc-
tion encountered in Eq. (3) and explore the level statis-
tics of large matrices. In Fig. 3, we see qualitatively how
the statistics change with x when N = 4000. We find
that Poisson statistics dominate until a crossover begins
near N

�1. Finally, only once x < N
�1 do we find level

repulsion in integrable type-1 matrices.
To verify that the crossover scaling inferred from Fig. 3

is correct for all N � 1, in Fig. 4 we plot how the
Brody parameter ! (see Eq. (7)) evolves with x for vari-
ous choices of N . It turns out that !(x,N) can be fit to
a relatively simple function, for any N � 1

!(x,N) = ↵� � tanh

✓
logN x�X0

Z

◆
. (8)

The numbers (↵,�, X0, Z) are fit parameters and take the
values (0.482, 0.474,�1.04, 0.157) in Fig. 4. Most impor-
tant is that for any N � 1 we find X0 ⇠ �1, which solid-
ifies our claim that the crossover occurs when x ⇠ N

�1.
Analytical arguments explaining this scaling are given in
Sect. V.

D. Correlations between matrix parameters

In the eigenbasis of V , our parametrization of inte-
grable N ⇥N matrices is given in terms of about 3N in-
dependent parameters. Through an explicit construction
of the probability density function of integrable matri-
ces obtained through basis-independent considerations,
Ref. 11 shows that for a typical integrable matrix, di and
"i are indeed uncorrelated. We see in this section that if
correlations are introduced between "i and di, the statis-
tics become non-Poissonian. Small perturbations about
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+
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x ⇥ N�1
x ⇥ 1

FIG. 3: (colour online) Crossover in coupling x of the level
statistics of type-1 integrable N⇥N matrices H(x) = xT+V ,
N = 4000. See Sect. III A for their parametrization. V is
a random matrix so that H(x = 0) is engineered to have
level repulsion. Each distribution contains the levels statis-
tics of a single matrix H(x) at a given value of x. Note that
level repulsion does not start to set in until x = N

�1. Each
numerical distribution is fit to the Brody function P (s,!)
from Eq. (7); for couplings x =

�
1, N�1

, N
�1.5

�
the fits give

! = (0.94, 0.30, 0.01), respectively. The solid lines are ref-
erence plots of a Poisson distribution P (s) = e

�s and the

Wigner Surmise P (s) = ⇡
2 se

�⇡
4 s2 . See Fig. 4 for more on this

crossover.
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FIG. 4: (colour online) Crossover in level statistics with vari-
ation of coupling parameter x in type-1 integrable N ⇥ N

matrices H(x) = xT + V , quantified by the Brody parameter
!(x,N) from Eq. (7). The two important limits are ! = 0
for Poisson statistics and ! = 1 for random matrix (Wigner-
Dyson) statistics. Each plotted value !(x,N) is computed
for the combined level spacing distribution of several matri-
ces from the ensemble. We extract the crossover scale by
fitting !(x,N) to Eq. (8) (solid curve) to all curves simulta-
neously, where most notably X0 ⇠ �1 for all N investigated,
indicating that crossovers to Poisson statistics occur at cou-
plings x ⇠ N

�1 for integrable matrices H(x) when H(x = 0)
is engineered to have level repulsion. The precise crossover
point is indicated by a vertical line.

Integrable Matrix Theory, Level Statistics

Brody parameter w as a function of logN (u)

Brody distribution: P (s,!) = as!e�bs!+1

GOE

But it reverts to Poisson already at (u� u0) / 1/N

logN (u)

P (s, 1) = ⇡
2 se

�⇡
4 s2 – Wigner

P (s, 0) = e�s – Poisson

N ⇥N type 1, number of integrals = N � 1

I. Statistics are typically Poisson as long as the number of integrals (= size-type) isn’t too small
II. There are two exceptions to Poisson statistics 

A. There are isolated values of the coupling 𝑢 = 𝑢$ where the level statistics of 
𝐻 𝑢 = 𝑇 + 𝑢𝑉 are Wigner-Dyson (here 𝑢$ = 0)

– Dyson

Poisson



Exceptions to Poisson Statistics in IMT   
A.  There are isolated values of the coupling 𝑢 = 𝑢$ where the level statistics of 𝐻 𝑢 = 𝑇 + 𝑢𝑉 

are Wigner-Dyson

B. Statistics are non-Poisson when normally uncorrelated parameters (matrices 𝑇 and 𝐸) become 
correlated  (atypical integrable model, e.g., BCS has 𝑇 = 𝐸)
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FIG. 10: (colour online) Variation in the Brody parameter
!(�, N) when gi = �i(1+ �Gi) in the level statistics of N ⇥N

ansatz type-M integrable matrices H(x), Eq. (14), for various
N and M , x = 1. The ordered pairs given in the legend indi-
cate size and type (N,M) of the matrices used to generate the
curves. The number � is a parameter controlling the size of
the perturbation from correlation, and Gi is a O(1) random
number from a normal distribution. The crossover in � for
small M is very similar to the primary type-1 crossover in x

given in Fig. 4 and the primary type-1 correlation crossovers
in � in Figs. 7, 8. For larger M , correlations cannot be in-
troduced (see Eq. (21)). Although these matrices have fewer
than the maximum number of conservation laws, the crossover
still demonstrates the same universal scaling observed earlier;
fitting the numerical curves to !(�, N) given in Eq. (11) (solid
curves), with a crossover scale X0 ⇠ �1 (indicated by a verti-
cal line), we find again that deviations from correlation of size
N

�1 are enough for statistics to revert to Poisson. Each plot-
ted value !(�, N) is computed for the combined level spacing
distribution of several matrices from the ensemble. For the
case of correlations in ansatz matrices, we actually choose all
�k > 0 in order to avoid pathological statistics in H(x).

matrices. Denoting n as the number of conservation laws
contained in a linear combination, the Brody parameter
!(n,N) once again decays exponentially:

!(n,N) = ae
�( b

lnN )n
, (23)

where a and b are real constants that in principle depend
implicitly on N and M . We see from Fig. 11, N = 500,
that !(n,N) decays to zero in nearly the same way for
M = 470 as for M = 20. It is only for very large M ,
such as M = 497, that level clustering is forbidden, and
this only because we can use a maximum of 3 nontrivial
basis matrices. Similar behavior emerges for N = 2000
in Fig. 12. For all N and M tested, we find b ⇠ 1 so that
in order to obtain Poisson statistics in ansatz type-M
integrable N ⇥ N matrices with n conservation laws in
linear combination, we establish the same upper bound
on nmin as in Sect. III E, namely nmin < O(N↵) where
0 < ↵ < 1.
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FIG. 11: (colour online) Graph of the Brody parameter
!(n,N) (Eq. (7)) vs. number n of ansatz type-M basis ma-
trices H

i(x), see Eq. (18), contained in linear combination
H(x) =

Pn
i=1 giH

i(x) for N = 500, x = 1. The fits pre-
sume exponential decay and are expressed in terms of two
parameters (a, b) from Eq. (13). For M = (250, 480) we find
the decay constant b = (1.13, 1.04), indicating that we only
need nmin ⇠ logN conservation laws for Poisson statistics
to emerge, independent of type. We do not observe Poisson
statistics for M = 497 because the maximum number of non-
trivial basis matrices is 3 in this case, and we see that we
need at least ⇠ 15 conservation laws for Poisson statistics to
start emerging for N = 500. See Fig. 12 for a similar plot for
N = 2000 and Fig. 9 for the same concept in type-1 matrices
in the primary parametrization. Each plotted value !(n,N)
is computed for the combined level spacing distribution of
several matrices from the ensemble.

V. ANALYTICAL RESULTS: PERTURBATION
THEORY

Some of the numerical observations found in Sects. III
and IV can be understood using perturbation theory in
the parameter x. We restrict our analysis to the pri-
mary type-1 parametrization because our arguments for
this case are much more transparent than for the ansatz
construction. The analysis for ansatz matrices is similar.
The eigenvalues ⌘m(x) of H(x) to first order in x are

given by the second equation in (3), where we set con-
stant |�j |2 = N

�1 for clarity and to achieve proper scal-
ing for large N

⌘m(x) ⇡ dm �
x

N

X

j 6=m

✓
dm � dj

"m � "j

◆
. (24)

The first term comes from V , which we take to have a
Wigner-Dyson P (s), and the second term from T , which
is determined by the integrability condition and whose
level statistics we do not control. Let us estimate the x

at which the two terms in Eq. (24) become comparable.
Without loss of generality we can take dk = O(N0) =
O(1) and we must also take "k = O(1) so that T and
V scale in the same way for large N . Suppose "k are
ordered as "1 < "2 < · · · < "N . When dk and "k are

(N,M)

di = (1 + �Di)"i

Poisson

Brody parameter w as a function of logN (u)

Brody distribution: P (s,!) = as!e�bs!+1

P (s, 1) = ⇡
2 se

�⇡
4 s2 – Wigner

P (s, 0) = e�s – Poisson
– Dyson

N ⇥N type M, number of integrals = N �M , u = 1

T,E – random matrices, e.g. from GOE, |�i – random vector



Q: How many nontrivial integrals of motion must a system have so that its 
level statistics are Poisson? 

# of nontrivial integrals = Size – Type = N - M 
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FIG. 10: (colour online) Variation in the Brody parameter
!(�, N) when gi = �i(1+ �Gi) in the level statistics of N ⇥N

ansatz type-M integrable matrices H(x), Eq. (14), for various
N and M , x = 1. The ordered pairs given in the legend indi-
cate size and type (N,M) of the matrices used to generate the
curves. The number � is a parameter controlling the size of
the perturbation from correlation, and Gi is a O(1) random
number from a normal distribution. The crossover in � for
small M is very similar to the primary type-1 crossover in x

given in Fig. 4 and the primary type-1 correlation crossovers
in � in Figs. 7, 8. For larger M , correlations cannot be in-
troduced (see Eq. (21)). Although these matrices have fewer
than the maximum number of conservation laws, the crossover
still demonstrates the same universal scaling observed earlier;
fitting the numerical curves to !(�, N) given in Eq. (11) (solid
curves), with a crossover scale X0 ⇠ �1 (indicated by a verti-
cal line), we find again that deviations from correlation of size
N

�1 are enough for statistics to revert to Poisson. Each plot-
ted value !(�, N) is computed for the combined level spacing
distribution of several matrices from the ensemble. For the
case of correlations in ansatz matrices, we actually choose all
�k > 0 in order to avoid pathological statistics in H(x).

matrices. Denoting n as the number of conservation laws
contained in a linear combination, the Brody parameter
!(n,N) once again decays exponentially:

!(n,N) = ae
�( b

lnN )n
, (23)

where a and b are real constants that in principle depend
implicitly on N and M . We see from Fig. 11, N = 500,
that !(n,N) decays to zero in nearly the same way for
M = 470 as for M = 20. It is only for very large M ,
such as M = 497, that level clustering is forbidden, and
this only because we can use a maximum of 3 nontrivial
basis matrices. Similar behavior emerges for N = 2000
in Fig. 12. For all N and M tested, we find b ⇠ 1 so that
in order to obtain Poisson statistics in ansatz type-M
integrable N ⇥ N matrices with n conservation laws in
linear combination, we establish the same upper bound
on nmin as in Sect. III E, namely nmin < O(N↵) where
0 < ↵ < 1.
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FIG. 11: (colour online) Graph of the Brody parameter
!(n,N) (Eq. (7)) vs. number n of ansatz type-M basis ma-
trices H

i(x), see Eq. (18), contained in linear combination
H(x) =

Pn
i=1 giH

i(x) for N = 500, x = 1. The fits pre-
sume exponential decay and are expressed in terms of two
parameters (a, b) from Eq. (13). For M = (250, 480) we find
the decay constant b = (1.13, 1.04), indicating that we only
need nmin ⇠ logN conservation laws for Poisson statistics
to emerge, independent of type. We do not observe Poisson
statistics for M = 497 because the maximum number of non-
trivial basis matrices is 3 in this case, and we see that we
need at least ⇠ 15 conservation laws for Poisson statistics to
start emerging for N = 500. See Fig. 12 for a similar plot for
N = 2000 and Fig. 9 for the same concept in type-1 matrices
in the primary parametrization. Each plotted value !(n,N)
is computed for the combined level spacing distribution of
several matrices from the ensemble.

V. ANALYTICAL RESULTS: PERTURBATION
THEORY

Some of the numerical observations found in Sects. III
and IV can be understood using perturbation theory in
the parameter x. We restrict our analysis to the pri-
mary type-1 parametrization because our arguments for
this case are much more transparent than for the ansatz
construction. The analysis for ansatz matrices is similar.
The eigenvalues ⌘m(x) of H(x) to first order in x are

given by the second equation in (3), where we set con-
stant |�j |2 = N

�1 for clarity and to achieve proper scal-
ing for large N

⌘m(x) ⇡ dm �
x

N

X

j 6=m

✓
dm � dj

"m � "j

◆
. (24)

The first term comes from V , which we take to have a
Wigner-Dyson P (s), and the second term from T , which
is determined by the integrability condition and whose
level statistics we do not control. Let us estimate the x

at which the two terms in Eq. (24) become comparable.
Without loss of generality we can take dk = O(N0) =
O(1) and we must also take "k = O(1) so that T and
V scale in the same way for large N . Suppose "k are
ordered as "1 < "2 < · · · < "N . When dk and "k are
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FIG. 12: (colour online) Graph of the Brody parameter
!(n,N) (Eq. (7)) vs. number n of ansatz type-M basis ma-
trices H

i(x), see Eq. (18), contained in linear combination
H(x) =

Pn
i=1 giH

i(x) for N = 2000, x = 1. The fits pre-
sume exponential decay and are expressed in terms of two
parameters (a, b) from Eq. (13). For M = (1000, 1980) we
find the decay constant b = (0.99, 1.03), indicating that we
only need nmin ⇠ logN conservation laws for Poisson statis-
tics to emerge, independent of type. We do not observe Pois-
son statistics for M = 1997 because the maximum number of
nontrivial basis matrices is 3 in this case, and we see that we
need at least ⇠ 20 conservation laws for Poisson statistics to
start emerging for N = 2000. See Fig. 11 for a similar plot for
N = 500 and Fig. 9 for the same concept in type-1 matrices
in the primary parametrization. Each plotted value !(n,N)
is computed for the combined level spacing distribution of
several matrices from the ensemble.

uncorrelated dm � dj is O(1) when j is close to m, i.e.
when ("m � "j) = O(N�1). The second term in Eq. (24)
is then xcm lnN , where cm = O(1) is a random number
only weakly correlated with dm. We performed simple
numerical tests that confirm this scaling argument.

If we now order dm, cm in general will not be ordered,
i.e. if dm+1 > dm is the closest level to dm and there-
fore (dm+1 � dm) = O(N�1), the corresponding di↵er-
ence (cm+1 � cm) = O(1). The contributions to level-
spacings from the two terms in Eq. (24) become compa-
rable for x = xc ⇡ 1/(N lnN). It makes sense that the
second term introduces a trend towards a Poisson dis-
tribution because it is a (nonlinear) superposition of "k
and dk – eigenvalues of two uncorrelated random matri-
ces. Thus, we expect a crossover from Wigner-Dyson to
Poisson statistics at x = xc. In our numerics we observe
xc ⇠ N

�1 likely because we do not reach large enough
N to detect the log component of the crossover.

This argument breaks down when dk = f("k), since in
this case (dm�dj) = O(N�1) when ("m�"j) = O(N�1).
The two terms in Eq. (24) become comparable only at
x = O(1); moreover, the second term no longer trends
towards Poisson statistics. Relaxing the correlation be-
tween dk and "k with dk = f("k)(1 + �Dk), Dk = O(1),
and going through the same argument, one expects a

crossover to Poisson statistics at � = O(1/N lnN) when
x = O(1).
We can gain additional insight into the case of corre-

lated di and "i from the BCS Hamiltonian. As mentioned
earlier, in this case di = "i. According to Eq. (10) the
eigenvalues are

⌘m(x) = x

NX

k=1

"k�
2
k

�m � "k
= �m � x

NX

k=1

�
2
k, (25)

where we used Eq. (5). It also follows from Eq. (5) that
�m lie between consecutive "i and therefore ⌘m(x) can
have no crossings characteristic of the Poisson distribu-
tion at any finite x.
What is the scale of the perturbation of the dk’s needed

to create such a crossing? Let us, for example, modify a
single dk

dk = "k + ��ik (26)

where �ik is a Kronecker-� function and � a small per-
turbation. We can write out the ⌘m explicitly as

⌘m = �m � x

X

k

�
2
k + x�

�
2
i

�m � "i
(27)

and after a few steps of algebra we find that

⌘m+1 � ⌘m = (�m+1 � �m)
�
1�

x��
2
i

(�m+1 � "i)(�m � "i)

�
.

(28)
Since there are no crossings in the � spectrum we can say
that the condition for a crossing of ⌘m is

1

x
=

��
2
i

(�m+1 � "i)(�m � "i)
. (29)

We can extract the scale of � by recalling that �2
i ⇠ N

�1

and (�m � "i) ⇡ ("m � "i) ⇡ (m� i)/N . Finally, for the
case x ⇠ O(1) we find

� ⇠
(m� i)2

N
. (30)

So a perturbation of di in the BCS problem need only be
O(N�1) to produce a crossing at finite x.
The level repulsion observed in basis matrices is a con-

sequence of the level repulsion implicit in the parame-
ters �i, independent of the choice of "i. Indeed, basis
matrices H

k(x) in the primary type-1 parametrization,

Eq. (3), have eigenvalues ⌘
k
m(x) =

1

�m � "k
, which is a

smooth function of �m except near "k. The ⌘km(x) there-
fore inherit the level repulsion of the �m, which interlace
the "m and therefore repel each other regardless of the
statistics of "i (see Fig. 6). Analogous reasoning applies
to ansatz basis matrices.

H(u) =
kX

i=1

diHi(u), k  N �M

Brody parameter ! as a function of k for N ⇥N type M matrices.
Fit: a exp(�bk/ lnN). b = (1.13, 1.04; 0.99, 1.03) for M = (250, 480; 1000, 1980)

N = 500 N = 2000

# of integrals needed ⇡ lnN = log of Hilbert space dim / particle #



Connection to multi-level Landau-Zener problem

H(t) = A+Bt
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 (t ! �1) = |ini,  (t ! +1) = S|ini
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S – scattering matrix = ? Transition probabilities: 

A,B – N ⇥N time-independent Hermitian matrices
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<latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit><latexit sha1_base64="YhgdbA62I8wzBSApiUK43rJibDg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWomzIjgm6EopsuK9gHdIaSSTNtaOZBckcow/yFG3/FjQtF3OrOvzHTDqKtBwIn59x7k3u8WHAFlvVllFZW19Y3ypuVre2d3T1z/6CjokRS1qaRiGTPI4oJHrI2cBCsF0tGAk+wrje5yf3uPZOKR+EdTGPmBmQUcp9TAloamHXu+JLQ1ImJBE6E01I8+7lhyK6cMQHcrMFpbg3MqlW3ZsDLxC5IFRVoDcxPZxjRJGAhUEGU6ttWDG6aj6eCZRUnUSwmdEJGrK9pSAKm3HS2V4ZPtDLEfiT1CQHP1N8dKQmUmgaergwIjNWil4v/ef0E/Es35WGcAAvp/CE/0etGOA8JD7lkFMRUE0Il13/FdEx0TqCjrOgQ7MWVl0nnrG5bdfv2vNq4LuIooyN0jGrIRheogZqohdqIogf0hF7Qq/FoPBtvxvu8tGQUPYfoD4yPb2OpoAE=</latexit>

pi!k = |Sik|2
<latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit><latexit sha1_base64="s9QY/nwCMk0jGMbixXwKtwRbCTo=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN8EiuCpJEXQjFN24rGgv0MYwmU7aIZNJmJkIJQ34Km5cKOLW53Dn2zhts9DWHwY+/nMOc87vJ4xKZdvfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO2H15N6+5EISWN+r0YJcSM04DSgGClteeZh4mW0p2IrzC/Hd5rDfPxQ88yKXbWnshbBKaAChRqe+dXrxziNCFeYISm7jp0oN0NCUcxIXu6lkiQIh2hAuho5ioh0s+n6uXWinb4VxEI/rqyp+3siQ5GUo8jXnRFSQzlfm5j/1bqpCi7cjPIkVYTj2UdByix97iQLq08FwYqNNCAsqN7VwkMkEFY6sbIOwZk/eRFatapjV53bs0r9qoijBEdwDKfgwDnU4QYa0AQMGTzDK7wZT8aL8W58zFqXjGLmAP7I+PwBXNyVug==</latexit>

N = 2
<latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit><latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit><latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit><latexit sha1_base64="1IEaO9eumOm5B0ixIgn2gW0SYXM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9CIUvXiSivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7q2qvVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2akTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadIo2BG/x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDmX+NVQ==</latexit>

Landau, Zener, Majorana, Stuckelberg (1932)

Survival probability (Landau-Zener formula): p0!0 = 1� e�
⇡g2

� ! 1 as � ! 0
<latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit><latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit><latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit><latexit sha1_base64="Mq2sUqkK2S0ltHQ1a+ojZ2VMseo="></latexit>

H(t) =

✓
0 g

g 0

◆
+

✓
� 0
0 ��

◆
t

<latexit sha1_base64="7w3BQ1cKgOzRCsXz8JBAOsRJJzQ="></latexit><latexit sha1_base64="7w3BQ1cKgOzRCsXz8JBAOsRJJzQ="></latexit><latexit sha1_base64="7w3BQ1cKgOzRCsXz8JBAOsRJJzQ="></latexit><latexit sha1_base64="7w3BQ1cKgOzRCsXz8JBAOsRJJzQ="></latexit>

Again, Hermitian matrix linear in a parameter (now parameter = time)



HDO(t) =

0

BBB@

0 g2 · · · gN

g2 a2 · · · 0
...

...
. . .

...
gN 0 · · · aN

1

CCCA
+ t

0

BBB@

� 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

1

CCCA

<latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit><latexit sha1_base64="QMmvCZaYY7qS2Ku4OyuJjlHTRVU="></latexit>

Only two new nontrivial exactly solvable multi-level Landau-Zener 
problems have been found from 1932 to 2018 

Hbt(t) =

0

BBB@

0 g2 · · · gN

g2 0 · · · 0
...

...
. . .

...
gN 0 · · · 0

1

CCCA
+ t

0

BBB@

0 0 · · · 0
0 �2 · · · 0
...

...
. . .

...
0 0 · · · �N

1

CCCA

<latexit sha1_base64="n50OOXzgg3WIOM5dRdybHs7m1+s="></latexit><latexit sha1_base64="n50OOXzgg3WIOM5dRdybHs7m1+s="></latexit><latexit sha1_base64="n50OOXzgg3WIOM5dRdybHs7m1+s="></latexit><latexit sha1_base64="n50OOXzgg3WIOM5dRdybHs7m1+s="></latexit>

And both of them are type 1 integrable matrices!

<latexit sha1_base64="nM4GqP2lwvsJ7CZeVhtigrlUkbE="></latexit>

u = �t, d1 = 1, "1 = 0, �1 = 1

dm>1 = 0, "m>1 =
1

am
, �m>1 =

gm
am

To obtain the DO model set:

The bow-tie model obtains from DO model by a variable change:
<latexit sha1_base64="zZ3bXGY8Xsv715AuozYioTfy0wk=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhIpQZkSqG6HoxmUFe4F2GDKZTBuaZIYkI5ShbnwVNy4UcetbuPNtTNtZaOsPgY//nMPJ+YOEUaUd59sqLC2vrK4V10sbm1vbO/buXkvFqcSkiWMWy06AFGFUkKammpFOIgniASPtYHgzqbcfiFQ0Fvd6lBCPo76gEcVIG8u3D5DPryo9ZiZCg6c5nWjfLjtVZyq4CG4OZZCr4dtfvTDGKSdCY4aU6rpOor0MSU0xI+NSL1UkQXiI+qRrUCBOlJdNLxjDY+OEMIqleULDqft7IkNcqREPTCdHeqDmaxPzv1o31dGll1GRpJoIPFsUpQzqGE7igCGVBGs2MoCwpOavEA+QRFib0EomBHf+5EVonVXdWrV2d16uX+dxFMEhOAIV4IILUAe3oAGaAINH8AxewZv1ZL1Y79bHrLVg5TP74I+szx91AZZG</latexit>

am = (�m + �)t

<latexit sha1_base64="wan2lQm6F4ykTLLQCDgswZsKD0w="></latexit>

Hbt(t) = HDO(t)� �t 1



Many-body time-dependent integrability

Relatively simple integrable model, satisfies classical Yang-Baxter equation

Integrals of motion: Gaduin magnets:
<latexit sha1_base64="uq4PYaI+tmMG0/BgyRknAvQBaQ4="></latexit>

Ĥk = 2Bŝ
z
k �

X

j 6=k

ŝk · ŝj
"k � "j

Suppose we make the superconducting coupling a function of time:
<latexit sha1_base64="KoS8xw4pNYH/k4zg2pZUmA2zt2c=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIVJelblxWsA9ph5JJM21oJjMkd4RS+hVuXCji1s9x59+YtrPQ1gOBwzn3kntOkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFKj7UuxqRWwoteoeiW3TnIKvEyUoQM9V7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa/sUkrn6e2NCI2PGUWAnI4pDs+zNxP+8TorhjT8RKkmRK7b4KEwlsSln6UlfaM5Qji2hTAt7K2FDqilD21HeluAtR14lzcuyVylX7q+K1VpWRw5O4QxK4ME1VOEO6tAABhE8wyu8Odp5cd6dj8XompPtnMAfOJ8/ba+Phw==</latexit>

B ! B(t)

This immediately breaks usual integrability, e.g., commuting partners are no longer conserved

Example: BCS model of superconductivity:
<latexit sha1_base64="M0XaJuO7zxA3D6ahMHq1ii0Zw7E="></latexit>

ĤBCS =
X

k

2✏kŝ
z
k � 1

2B

X

j,k

ŝ
+
j ŝ

�
k

<latexit sha1_base64="sA0MIjYuesfYfhOXyKZDLGHKnoc=">AAACO3icdVC7SgNBFJ31bXxFLW0Gg2AhYVck2giijaWvJEJ2CbOTu8mY2Qczd8Ww5L9s/Ak7GxsLRWztnTwUNXpg4HDOudy5x0+k0GjbD9bY+MTk1PTMbG5ufmFxKb+8UtFxqjiUeSxjdekzDVJEUEaBEi4TBSz0JVT99lHPr16D0iKOLrCTgBeyZiQCwRkaqZ4/o9SVEGCNui2G9Lje3vpkV9RVotlCb///jItwg9nh0Xn3K2zX8wW7aPdBR4kzJAUyxEk9f+82Yp6GECGXTOuaYyfoZUyh4BK6OTfVkDDeZk2oGRqxELSX9W/v0g2jNGgQK/MipH31+0TGQq07oW+SIcOW/u31xL+8WorBnpeJKEkRIj5YFKSSYkx7RdKGUMBRdgxhXAnzV8pbTDGOpu6cKcH5ffIoqWwXnVKxdLpTODgc1jFD1sg62SQO2SUH5JickDLh5JY8kmfyYt1ZT9ar9TaIjlnDmVXyA9b7Bz5Bq08=</latexit>h
Ĥk, Ĥj

i
=

h
Ĥk, ĤBCS

i
= 0

<latexit sha1_base64="5AJQ3YTLNr6CmLRLmclm0R225Ck="></latexit>

dĤk

dt
= i

h
ĤBCS, Ĥk

i
+

@Ĥk

@t
= 2

@B

@t
ŝ
z
k 6= 0

<latexit sha1_base64="hOmoAIkLM9E2Cq//7KgZvyj0HQs=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoYxnBPCBZwuxkNhkyM7vOzAph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+Pbqd9+okqzSD6YSUx9gYeShYxgYyW/N8Im7QUC6aw/7pcrbtWdAa0SLycVyNHol396g4gkgkpDONa667mx8VOsDCOcZqVeommMyRgPaddSiQXVfjp7OkNnVhmgMFJ2pEEz9e9FioXWExHYTYHNSC97U/E/r5uY8NpPmYwTQyWZB4UJRyZC0wbQgClKDJ9Ygoli9ldERlhhYmxPCymByEq2FG+5glXSuqh6tWrt/rJSv8nrKcIJnMI5eHAFdbiDBjSBwCO8wCu8Oc/Ou/PhfM5XC05+cwwLcL5+AUFWmMY=</latexit>

ŝk – spin−1/2 
operators



Many-body time-dependent integrability

Example: BCS model of superconductivity:

Suppose we make the superconducting coupling a function of time:
<latexit sha1_base64="KoS8xw4pNYH/k4zg2pZUmA2zt2c=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBHqpsyIVJelblxWsA9ph5JJM21oJjMkd4RS+hVuXCji1s9x59+YtrPQ1gOBwzn3kntOkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1gOOE+xEdKBEKRtFKj7UuxqRWwoteoeiW3TnIKvEyUoQM9V7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa/sUkrn6e2NCI2PGUWAnI4pDs+zNxP+8TorhjT8RKkmRK7b4KEwlsSln6UlfaM5Qji2hTAt7K2FDqilD21HeluAtR14lzcuyVylX7q+K1VpWRw5O4QxK4ME1VOEO6tAABhE8wyu8Odp5cd6dj8XompPtnMAfOJ8/ba+Phw==</latexit>

B ! B(t)

FIG. 2: Energy levels of a 14× 14 Hamiltonian H (u) = A+ uB, where independent matrix elements of A

and B are uniformly distributed random numbers. Note that though levels do approach one another closely,

they never cross. A typical Hamiltonian with no u-independent symmetry exhibits such level repulsion, see

Eq. (1), in contradistinction to what takes place in integrable systems, see Fig. 1. Here and throughout this

paper we use Mathematica program to perform numerical tests and plot the results.

restrictions on the form of H̃ (u) are necessary to make meaningful contact between symmetries

and degeneracies.

To be specific, let H(u) = T + uV and H̃(u) = T̃ + uṼ be Hermitian operators acting on an

N -dimensional space, i.e. they can be represented by N ×N matrices. Eq. (2) implies

[T, T̃ ] = [V, Ṽ ] = 0, [T, Ṽ ] = [T̃ , V ]. (3)

For any linear H (u) there are always trivially related commuting partners H̃ (u) = aH (u) +

(b+ c u) I, where I is an identity matrix. However, the requirement that Eq. (3) have nontrivial

solutions leads to a set of nonlinear constraints that severely restrict the matrix elements of both

H(u) and H̃(u). For example, for N = 3 eliminating T̃ and Ṽ from Eq. (3), one obtains a single

nonlinear constraint on the matrix elements of H(u) [18]. In view of the preceding discussion

regarding the prevalence of level crossings in integrable models, a natural question is whether these

constraints, i.e. the existence of a nontrivial H̃(u), imply crossings in the spectrum of H(u) and

vice versa. This is indeed the case for N = 3. Specifically, one can show that 3 × 3 matrices

H(u) = T + uV that have nontrivial commuting partners also have a level crossing and vice

versa[18]. However, this is no longer true for N ≥ 4 – Eq. (3) does not necessarily lead to level

crossings. Moreover, crossings occur even in the absence of nontrivial partners and u-independent

symmetries, see below. We see that a single dynamical symmetry is insufficient to explain level

6
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Conventional exact solution – instantaneous (adiabatic) eigenstates. Not enough due to Landau-
Zener tunneling between them.

Conventional Bethe ansatz:  

We want to solve:

For this, we need the Landau-Zenner tunneling dynamics on 
top of adiabatic eigenstates to be integrable

Turns out that for certain special choices of 𝐵 𝑡  it is indeed 
integrable, i.e., the non-stationary Schrodinger equation is 
exactly solvable!
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z
k � 1

2B

X

j,k

ŝ
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Embedding into generalized Knizhnik-Zamolodchikov equations

– Gaudin magnets

Original KZ equations: 𝐵 = 0 and no equation for N𝐻%&'. Describe 𝑁-point correlation 
function Ψ 𝜀(, … , 𝜀)  in 𝑆𝑈 2  Wess-Zumino-Witten CFT

Set 𝐵 = 𝜈𝑡. The last equation becomes the time-dependent Schrodinger equation for N𝐻%&'(𝑡)
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ĤBCS =
X

k

2✏kŝ
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Off-shell Bethe states:

Yang-Yang action:

Solution of KZ eqs:

Off-shell Bethe ansatz solution of generalized KZ equations

To obtain the solution for the time-dependent Schrodinger equation for N𝐻%&' 𝑡  set 𝐵 = 𝜈𝑡 
and fix the magnitude of all spins to 𝑠! = 𝑠 = 1/2

Babujian, J. Phys. A (1993) 
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–	the	state	where	energy	levels	 	 	 	 	 																				are	doubly	occupied	(spin	
up)	and	the	remaining	levels	are	empty	(spin	down),							–	number	of	Cooper	pairs
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1) Exact	asymptotic	wavefunction	for	N𝐻%&' 𝑡 	[spins	𝑠 = 1/2]:
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M

This	is	the	exact	answer	for	any						single-particle	levels	 	 																		and	arbitrary	
number						of	fermion	pairs	[Zabalo,	Wu,	Pixley	&	EY,	PRB	(2022)]
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Start	in	the	ground	state	at	𝑡 = 0*	and	
evolve	to	𝑡 → +∞



2) Exact	mean-field	(classical)	solution	[spin	magnitudes	𝑠 → ∞]:
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Similar	probabilities,	but	the	total	particle	#	is	not	fixed	and	phases	are	different



3) Mean	field	is	exact	for	local	observables	in	the	thermodynamic	limit!
Consider	the	most	general	product	of						operators	with	nonzero	expectation	value:	
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k1, . . . , kn –					distinct	energy	levels

is	pair	creation	 	 	 						or	annihilation	 		 	 						or	level	occupancy								operator
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N ! 1

Averages	of	local	operators	in	the	exact	asymptotic	state	coincide	with	their	expectation	
values	in	the	mean-field	wavefunction	in	the	thermodynamic	limit:	
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Moreover,	we	know	all	
local	asymptotic	
averages	explicitly		

Corrections	to	mean	field	are	of	
order
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LZ	transition	probabilities:

For	both	the	quantum	solution	in	𝑁 → ∞	limit	&	the	classical	solution:	
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Ĥ(t ! +1) =
NX

k=1

"kn̂k

It	is	nonthermal	but	conforms	to	emergent	Generalized	Gibbs	Ensemble:

The	asymptotic	state	is	a	gapless	superconductor:	
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4) Mean	field	breaks	down	for	global	observables

Example	#1:	Entanglement.	The	mean-field	wavefunction	is	unentangled	(a	product	
state),	while	the	exact	ground	state	and	asymptotic	wavefunctions	are	entangled	
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the x-axis, Sj = hŝjimf =
x
2 . Since the spins and the effec-

tive magnetic field �2� are both parallel to the x-axis, the
spins are stationary, i.e., hŝ�

k
imf =

1
2 . We see that Eq. (104)

is the early-time version of Eq. (97). At later times the Gaus-
sian stops decaying as a function of t and saturates at t = t⇤.
Therefore, the conclusion below Eq. (97) that the thermody-
namic (N ! 1) and t0 ! 0

+ limits do not commute ap-
plies here as well. In addition, we see that the N ! 1 and
⌘ ! +1 (adiabatic) limits of the quantum solution do not
commute as well, while taken in any order in the classical
case they give hŝ�

k
imf =

1
2 .

Let us also provide a simple estimate of the characteris-
tic time t⇤ until which the early-time approximation, i.e., the
neglect of Ĥ0 compared to Ĥint is reliable. The estimate is
based on the mean-field (classical) equations of motion (18).
We neglected |"j | compared to |�| in these equations. At
short times the classical spins remain close to the x-axis and
therefore |�| ⇡ ⌘

2t . We require |"j | ⌧ ⌘

2t⇤
. Replacing |"j |

with W

2 , where W is the bandwidth, we obtain t⇤ ⌧ ⌘

W
. Nu-

merically, we find that

t⇤ ⇡ 0.1⌘

W
(105)

is a reasonable estimate, see Figs. 9 and 10. Note that in these
figures ⌘ = 1 and W = 1 � 1

N
, so t⇤ is about 10% larger

than t = 0.1, which is is hardly noticeable on the logarithmic
scale.

A. Von Neumann entanglement entropy

We found in Sec. VII B that lnN scaling of the von Neu-
mann entanglement entropy Sent for large N is generic for
the quantum BCS model. In particular, it holds for the late-
time asymptotic state  1, projected BCS states, and exact
infinite coupling ground state. We considered the case when
the ratio of the number of fermion pairs N" (equivalently, the
number of up pseudospins) to the number N of single-particle
energy levels N"

N
=

1
2 , but we expect the lnN scaling to be

valid in the thermodynamic limit for other finite ratios as well.
Next, we determine the early-time Sent for the quantum BCS
time evolution with coupling g(t) / ⌘

t
starting from the BCS

ground state at t = 0
+. We will find that Sent grows mono-

tonically from zero with Sent ⇡ ln ⌧ at large ⌧ . For finite N ,
the growth saturates at Sent / lnN as before.

We postpone derivations to Appendix B and present only
the main results and conclusions here. Let N be even. Our
first step is to calculate the reduced density matrix ⇢A for the
subsystem A consisting of N

2 spins for the early-time many-
body wave function (103),

⇢A = 2
�N

2

N
2X

K,K0=0

�K�
⇤
K0e�

⌧2

4N (K�K
0)2 |KihK 0|A, (106)

where

�K =

⇣ N
2

K

⌘ 1
2
e�

i⌧
N [K

2�K(
3N
2 +1)] (107)
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FIG. 10. Entanglement entropy Sent at short times for the quantum
BCS dynamics with time-dependent interaction strength g(t) / ⌘

t .
The initial state is the infinite coupling BCS ground state at t = t0.
System parameters are the same as in Fig. 9. Circles represent direct
simulation of the dynamics with the full quantum BCS Hamiltonian,
the corresponding colored dashed curves are Sent for the wave func-
tion (103) with a given N . Note that the early-time approximation
(neglecting the kinetic term in the Hamiltonian) accurately captures
all the structures in Sent to the left of dotted vertical line at t = 0.1.
Black dashed curve is the analytic answer (110) obtained by taking
the N ! 1 limit on top of the early-time approximation. It agrees
with the numerically exact finite N simulations until Sent stops grow-
ing at the Ehrenfest time tE [shown as a dash-dotted vertical line and
given by Eq. (112) with cE = 1.12 and N = 10] and finite size
oscillations (partial recurrences) begin.

and |KiA is the state of the subsystem A with a definite num-
ber K of up spins that is symmetric with respect to arbitrary
permutations of spins, i.e., with the maximum possible total
spin N

4 and a definite value K � N

4 of its z-projection. Us-
ing this result, we evaluate Tr [⇢n

A
] in the limit N ! 1 by

replacing the sums with integrals and employing the multi-
dimensional saddle point method,

Tr [⇢n
A
] =

n�1Y

j=0


1 +

⌧2

4
sin

2

✓
⇡j

n

◆�� 1
2

. (108)

Now consider the Rényi entanglement entropies for integer
n defined as

SR
n
=

lnTr [⇢n
A
]

1� n
. (109)

Treating n as a replica index that can be analytically contin-
ued [85], we obtain the von Neumann entanglement entropy
in the n ! 1 limit as

Sent =

r
1 +

⌧2

4
coth

�1

"r
1 +

⌧2

4

#
+ ln

⌧

4
. (110)

We see that Sent is intensive in the thermodynamic limit. It
monotonically grows from zero at ⌧ = 0 (t = t0) behaving as
Sent ⇡ ln ⌧ at large ⌧ .
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 mf =
Y⇣

uk + vk ĉ
†
k"ĉ

†
k#

⌘
|0i =) Entanglement	entropy

In	contrast,	in	exact	quantum	dynamics	starting	
from	the	unentangled	mean-field	ground	state,	the	
entropy		monotonically	grows	as

<latexit sha1_base64="jNgNoAryhaLL1JLnz1Heoitl4sk="></latexit>

Sent = 0

<latexit sha1_base64="iXrMzaFLYVDjrIaDAFkbIPe2Voo="></latexit>

Sent =

r
1 +

⌧2

4
coth�1

"r
1 +

⌧2

4

#
+ ln

⌧

4
, ⌧ = ⌘ ln

t

t0

and	saturates	at	 	 	 				at	 	 	
<latexit sha1_base64="3QdLj7ldvgdFb3leNtA7pwL1Fko="></latexit>

⌧ ⇠
p
N

In	exact	ground	state
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Sent ⇠ lnN
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Sent(t)
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Sent ⇠ lnN
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Z(t) = h i| e�iĤt | iiExample	#2:	Loschmidt	echo	(return	amplitude):

Mean-field	analysis:	Numerous	singularities	(DQPTs)	in											for	quench	dynamics	of	
s-wave	BCS	superconductors	and	none	for	p-wave.	
Rylands,	EY,	Gurarie,	Zabalo,	Galitski,	Ann.	Phys.	(2021)
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Z(t)

Quantum	analysis:	no	singularities	for	s-wave	and	periodic	singularities	for	the	
topological	p-wave	superconductor,	for	the	evolution	starting	from	a	quantum	critical	
point	separating	the	topological	and	non-topological	phases.
Gaur,	Gurarie,	EY,	Phys.	Rev.		(2022)

Reason:	mean	field	fails	because	it	determines	the	bulk	of	the	time-dependent	system	
wavefunction,	while	the	Loschmidt	is	determined	by	the	exponentially	small	tails	of	the	
wavefunction

4) Mean	field	breaks	down	for	global	observables



Classical Yang-Baxter equation and Knizhnik-Zamolodchikov eqs

<latexit sha1_base64="m6jpbB2TTLAI23aM3/7S1HTVcDE="></latexit>

[rij(zi, zj), rik(zi, zk)] + [rij(zi, zj), rjk(zj , zk)] + [rkj(zk, zj), rik(zi, zk)] = 0

<latexit sha1_base64="Z3smvKwsJlAwC4OoJn4VZj21JCk="></latexit>

i⌫
@ (z)

@zi
= Hi (z)

The connection between BCS-Gaudin models and KZ eqs is not accidental. For every model 
satisfying classical Yang-Baxter equation there are corresponding  generalized KZ eqs.

Classical Yang-Baxter equation: 

Corresponding generalized KZ eqs:

<latexit sha1_base64="ku3uJed5GOdBUz83ve7rrX1WEyw="></latexit>

Hi =
nX

j=1

0
rij(zi, zj)
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i = 1, . . . , n

These multi-time Schrodinger equations for Ψ 𝒛  are compatible if and only if 𝑟+"(𝑧+ , 𝑧") 
satisfy the classical Yang-Baxter equation [Cherednik, Dokl. Math. 40, 43 (1990)]

For Gaudin model:
<latexit sha1_base64="WcpYHCqPvT5sdOedbqh2rhA0bqQ="></latexit>

rij(zi, zj) =
ŝk · ŝj
zi � zj



Most other quantum integrable models (XXZ, 1D Hubbard, Kondo etc.) satisfy quantum 
Yang-Baxter equation. Q: What can we do for them?

<latexit sha1_base64="nHwEHQSoh1wo1J2T1Brbw+txsWs="></latexit>

Rij(zi, zj)R
ik(zi, zk)R

jk(zj , zk) = Rjk(zj , zk)R
ik(zi, zk)R

ij(zi, zj)Quantum YBE:
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R
ij(zi, zj) = 1 + ~ rij(zi, zj) +O(~2)Classical YBE obtains in ℏ → 0 limit: 

Example: Kondo model with 
time-dependent coupling:
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Ĥ(t) = �i

L/2Z

�L/2

 ̂
†
s(x) @x ̂s(x) dx+ J(t)  ̂†

s(0)~�ss0  ̂s0(0) · ~S

Integrable for: 
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J(t) = �t+ p(t)±
q
[�t+ p(t)]2 + 4

3
𝑝(𝑡) – arbitrary function with period L

Maps to quantum Knizhnik-Zamolodchikov equations. Exact solution of the non-stationary 
Schrodinger equation via off-shell Bethe Ansatz as before.

Pasnoori & EY, arXiv:2509.05640 

arXiv:2509.05640 



Quantum Knizhnik-Zamolodchikov equations are a set of finite difference 
equations: <latexit sha1_base64="guLi82MlL9IyMGP+9YvoYr300U8="></latexit>

'(y0, . . . , yj + , . . . , yN ) = Mj(y0, . . . , yN )'(y0, . . . , yj , . . . , yN )
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Mj(y0, . . . , yN ) = Rj+1 j(yj+1 � , yj) · · ·RN j(yN � , yj)R
0 j(y0, yj) · · ·Rj�1 j(yj�1, yj)

Transport operator:

Solution of non-stationary Schrodinger eq for Kondo Hamiltonian with                                       :
<latexit sha1_base64="LG9uKnVZcNDR7o/apeZTjHN4eug="></latexit>

J(t) = �t±
q

�2t2 + 4
3
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fN...10(z1, . . . , zN ) =
X

{uj}

NY

i=0

MY

j=1

� (⌫zi � uj + 1� ic)

� (⌫zi � uj + 1)

Y

1i<jM

(ui � uj)�(ui � uj + ic)

�(ui � uj � ic+ 1)

MY

j=1

B({⌫zi}, uj) |⌦i

𝑧% = 𝑥% − 𝑡 – light-cone coordinates

Turn into usual KZ equations in ℏ → 0 limit 

Expect the answer to simplify greatly at late times as in the case of !𝐻&'( 𝑡 . Take the plus sign 
and let 𝜆 > 0. This corresponds to switching on the Kondo coupling from zero at 𝑡 → −∞. 
Suppose initially 𝑆)*+, = + !

" and electrons are in their ground state. Determine the following 
observables: 
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el(x)i, hSz
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