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I. ELECTRONIC SPECIFIC HEAT

We define the grand canonical partition function for the
electron subsystem as (in our units kg = h = 1)
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where Z is the full partition function of the electron-phonon
system and Z}, is the partition function of noninteracting
phonons. This definition for the partition function of an in-
teracting subsystem or, equivalently, of a system coupled to
a bath (recall that phonons have a much larger heat capacity
and effectively serve as a thermal bath for the electrons) arises
naturally within the effective action approach [1-5]. As dis-
cussed in the introductory part of the main text, one should
not renormalize the phonon frequencies within the ME the-
ory but borrow them from ab initio calculations or experiment
instead. For this reason, we take H. ph in Eq. (1) to be the non-
interacting phonon Hamiltonian but with the physical rather
than bare phonon energies.

Accordingly, we define the electronic grand (Landau) po-
tential f.) per lattice site and the electronic specific heat C
through
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where N is the number of lattice sites. It follows from these
standard definitions that the total grand potential £ and total
specific heat C are

f=1Ffq+ fph7 C=Cq+ Cpl’h 4

where f,, and Cpy, are the grand potential and specific heat
of noninteracting phonons, respectively.

Since the specific heat of a metal C' and the specific heat of
noninteracting phonons Cy, are both well-defined and finite,
Ce = C — Cpy, is free of any divergences when calculated
correctly. Divergences discussed in [6—10] are merely artifacts
of an inaccurate expression for f.; on the Matsubara axis. We
employed the zeta-function regularization procedure to obtain
the correct answer [6-8] (see below), while [9] performed a
cutoff regularization. In contrast, Prange and Kadanoff obtain
the following answer on the real axis [11], which is divergence
free from the beginning without any regularization (see also

[12]):
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where . is the equilibrium self-energy given by Eq. (4) of the
main text with f — fo and fj is the equilibrium Fermi distri-
bution function. For simplicity, we specialized the second and
third lines of Eq. (5) to Einstein phonons with energy 2. To
write down the answer for a general Eliashberg function, sim-
ply replace -/, Fdwa®F(w) and Q — w in the denom-
inator in the thlrd line. Prange and Kadanoff derived Eq. (5)
from the kinetic equation [Eq. (1) of the main text] by con-
sidering the change in the energy density ¢ of the electronic
subsystem in response to a gradual change of temperature and
using
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Note that there is a typo in [11] — the term in the square brack-
ets in Eq. (5) should have the same sign as in the kinetic equa-
tion, i.e., minus rather than plus. Note also that with the help
of Egs. (5) and (6) and the chain rule, we immediately find the
rate of change of the energy density for f(E,t) = fo(T(t))
in terms of Cy,
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Prange and Kadanoff used this result to derive the expres-
sion (5) for C,) and we used it to obtain Eq. (16) of the main
text.

Lee and Rainer showed [13] that Eq. (5) corresponds to the
following expression for the Landau potential on the Matsub-
ara axis:
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where w,, = 7T(2n + 1) are the fermionic Matsubara fre-
quencies, i.e., Eq. (5) obtains by differentiating Eq. (8) twice
with respect to T', see Eq. (3). On the other hand, a straightfor-
ward evaluation of the continuous time path integral produces
a divergent result [6—8]
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Indeed, it is well known that the evaluation of path integrals
without proper time slicing and a precise definition of the
integration measure often results in badly divergent expres-
sions [14-16]. This is already so for, e.g., free particles or a
harmonic oscillator. The same divergences as in Eq. (9) arise
in the Luttinger-Ward free-energy functional after integrating
over the single-electron energy [13]. The way out is either
to do the path integral correctly or to properly regularize the
divergencies. Both approaches result in Eq. (8).

Clearly, not any regularization method will work. In partic-
ular, the cutoff regularization of Eq. (9) does not produce the
right answer, in particular because the cutoff dependence does
not cancel out. As Lee and Rainer point out [13]: “Obviously,
the sum in (1) diverges, and cannot be regularized in a simple
way, for instance by a frequency cut off.” Here (1) refers to
the low-temperature limit of our Eq. (9).

A well-known technique for dealing with divergent func-
tional determinants is the zeta-function (a.k.a. analytic) reg-
ularization [14, 17-19], which does lead to the correct re-
sult [6-8]. Specifically, we manipulate the first term in Eq. (9)
as
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where ((s,a) = > 7 ﬁ is the Hurwitz zeta function

and we used ¢ (—1, %) = i. Another way to arrive at this
result is to use the Poisson summation formula or convert the
Matsubara sum to a contour integral with a suitable conver-
gence factor [20].

In the second term in Eq. (9), we add and subtract 1 in the
numerator. This results in a convergent expression [the second
term on the RHS of Eq. (8)] plus a divergent extra term,
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Applying the zeta-function regularization prescription to this
term, we find
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Here L = n+m, | =n—m and we used (0) = —3. In fact,

divergent Matsubara sums of the from ) const that regular-
ize to zero are ubiquitous when evaluating functional integrals

without proper time slicing, see, for example, p. 164 in [14].
We see that the zeta-function regularization does indeed pro-
duce the correct answer (8).

Lee and Rainer further evaluated Eq. (5) explicitly in terms
of the digamma function ¥ (z) [13],
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where
g(z) = 622 + 122°Im[y Y (iz)] + 62*Re[)? (iz)], (14)

where ¥ (z) and () (z) are the first and second deriva-
tives of the digamma function [¢)(") (z) is also known as the
trigamma function]. The digamma function enters through
the equilibrium normal state self-energy. Indeed, evaluating
Y[f] according to its definition [Eq. (4) of the main text] for

f=fo(T) =[eT + 1], we find
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where ¢1. = ¢ (3 + £2£2) Incidentally, we used this result
to derive the equilibrium inverse quasiparticle weight function
[Eq. (5) of the main text].

Let us estimate % at relevant temperatures for A = 1
ph

We will employ the 3D Debye model for definiteness, even
though a similar result holds in 2D and for Einstein phonons.
We have T, > 0.10 — 0.18Q for A = 1 [21-23], and we used
T = 0.18(2 as our lowest temperature in the main text. The
phonon heat capacity at 7" = 0.18Q2 is 0.92N, where N is the

number of the ions [25]. According to Eq. (13), Ce ~ 2“ N T
assuming one conduction electron per ion. We conclude that
indeed |Ce|/Cpn ~ §U/Er as stated in the main text, see
also [7, 10].

Recently, Zhang et al. presented [10] one more calcula-
tion of Cy (for Einstein phonons in 2D) [24], which is over-
all similar to the one by Lee and Rainer [13]. Just as [13]
it starts with the Luttinger-Ward functional and obtains the
same well-known answer for Cy (see, e.g., [7, 26, 65]) that
Lee and Rainer originally derived in [13], though the inter-
mediate steps are not the same. In particular, an interesting
feature of [10] is that the “counter term” (11) emerges natu-
rally, while [13] merely suggests that it must arise from the
phonon part of the Luttinger-Ward functional without provid-
ing further details.

In addition, Zhang et al. conjecture [10] that the normal
state is stable even when C; < 0 just because |Cy| is para-
metrically smaller than the phonon specific heat C,;, and the
total specific heat Cg) + Cpp, > 0. However, the smallness of
Ce1 is not a valid argument in favor of stability. As a matter of
fact, a system with a small negative heat capacity connected to
another system (thermal bath) with positive and much larger
in magnitude heat capacity (thus resulting in a positive total
specific heat) is a textbook example of an absolute instability
of this type [28-30]. The situation is more complicated in our
case since the interaction between the electron and phonon
systems is not weak. Due to this, a more detailed analysis of



the deviations from the the thermal equilibrium between the
electrons and phonons, such as the one we performed in the
main text, is necessary to prove or disprove the instability de-
cisively.

In practice, the stability condition C;; > 0 can be directly
tested for any metal with a known Eliashberg function. The
specific heat for a general o? F'(w) takes the form [13]
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with g(z) given by Eq. (14). The requirement C, > 0 thus
imposes a quantitative constraint on the Eliashberg function
a?F(w).

II. DETAILS OF THE LINEAR ANALYSIS

Recall that the linear kinetic stability analysis reduces to
solving the generalized eigenvalue equation [Eq. (14) of the
main text],
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The metal is stable when all generalized eigenvalues ~ are
positive and unstable when at least one of them is negative.
The matrix (integration kernel) A ;. - reads
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and the matrix M in the case of the electron-phonon colli-
sion integral is M = M°P and

M =" A\QF, (19)
k

where (see also [31])
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fo = fo(E), fO = f()(E), and 5X,Y = 5(X — Y) When-
ever not shown, the temperature argument in equilibrium Bose
(Np) and Fermi (fy) distributions functions is T = Tj. Ob-
serve that Q’fE ,, and therefore MY are manifestly real sym-
metric. Keep also in mind that we rescaled the time variable
t — mt, which is equivalent to y — /7. Without this rescal-
ing, an extra prefactor of 7 will appear in Eq. (20).

The matrix M is always positively defined, because the
metal is obviously stable when the electron-phonon interac-
tion is infinitesimally weak. Indeed, suppose A\ # 0 only
for one value of k, i.e., only the k** phonon mode is present
and )\, is infinitesimally small. Since M°P = \, Q" is already
proportional to A\, the contribution of the self-energy terms to
the solution of the generalized eigenvalue equation are higher

(second) order in \g. To determine the solution to the leading
(first) order in Az, we need A only to the zeroth order. To ze-
rothorder, Z; ' = land Az, = — f5(E)6(E — E). This A is
positively defined, since it is a diagonal matrix with a positive
diagonal. Given that v > 0 (the metal is obviously stable at
weak coupling) and YA - ¢ = A\ QF - ¢, it is an elementary
exercise in linear algebra to show that Q" is positively de-
fined as well. But Q* is independent of \;, and since M/°P in
Eq. (19) is a linear combination of positively defined matrices
Q" with positive coefficients, it is positively defined for any
set of positive \g, i.e., for any physical Eliashberg function.
For the same reason, the matrix M °® obtained by linearizing
the electron-electron collision integral must also be positively
defined.

To determine the generalized eigenvalues y numerically, we
discretize the energy F in steps of € and introduce a high en-
ergy cutoff |E| < A = Le. We also fold the E-axis at E = 0
using p_g = —ypg, since, as a consequence of the particle-
hole symmetry, f(—E) = 1 — f(E), and 6 f(E) is therefore
odd in E. This results in a matrix equation

YA =M, 21

where A and M are L x L real-symmetric matrices. Explicitly,
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where i, j = 1,... L, E; = i¢, and 1y, = “* are integers.

We determine ~y by simultaneously diagonalizing matrices
A and M°P. At weak coupling, the matrix A is positively
defined and therefore all ¥ > 0. As we increase )\, the smallest
eigenvalue of A vanishes at A = A.. This implies that the
largest in magnitude generalized eigenvalue v — +oo as A —
A7 and v — —oo for A — AT. More specifically, v()) has a
pole at A = \.. In the main text, we formulated the criterion
of instability as [Eq. (10) of the main text]

mbin Zy Y (EB) <0, 24

i, A is the value of A for which the graph of Z;'(E)
touches the E-axis. For A close to \., ming Z; ' (E) o
(Ac — A). Therefore, the largest in magnitude eigenvalue eval-
uated with the help of the approximate strong coupling ex-
pression [Eq. (11) of the main text] similarly shows a simple
pole at A = )\, as a function of \.
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FIG. 1. Several representative eigenvectors ¢ = ¢(FE) of the linearized kinetic equation (17) in the unstable regime (A = 5.0 > A\, =
1.48). Panel (a) shows three stable eigenvectors and (b) three unstable ones. The corresponding eigenmodes exponentially decay (stable)
or exponentially grow (unstable) with exponents «. In both panels, the exponents 71,2, and 3 corresponding to the eigenvectors shown
in blue, orange, and green, respectively, satisfy |v1| < |y2| < |y3|. In fact, the green (blue) eigenvector in panel (a) corresponds to the
largest (smallest) positive eigenvalue, whereas, in panel (b), the same color coding indicates the smallest (largest) negative eigenvalue. Note
that unstable eigenvectors are localized in between the two zeros of Z; ' (E) (shown with vertical dashed red lines), i.e., in the region where
Z;Y(E) < 0. Phonon frequencies and couplings to the individual phonon modes are the same as for Table 1.

While the criterion (24) holds with high accuracy, it is likely
not exact due to the presence of the second term on the RHS
of Eq. (18), which originates from the f’Y term in the Kinetic
equation. However, this term is small due to the smallness of
f5(E) at the minimum of Z; '(E). As a result, it produces a
relative error in \. of order 10~ as compared to the instability
criterion (24), see Table I. In fact, this error is so small that we
cannot confidently discern whether the Z; *(E) criterion is
exact or not within the accuracy of our numerics.
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FIG. 2. Critical values \. of the electron-phonon coupling vs the
equilibrium temperature 7. For A > ., the metal is unstable with
respect to small deviations from the thermal equilibrium between the
electrons and phonons. Green crosses obtain from the instability cri-
terion ming Z; ' (E) < 0 and blue circles from the linear stability
analysis. Note that these two methods produce visibly indistinguish-
able results. Zo(E) is the quasiparticle weight function. Phonon fre-
quencies are wi = (394 k)e with A, = 3y, where k = 1,2,...,21
and e is the discrete energy step.

’ To | Ac(Linear Analysis) | Ac(Minimize Z(;l)‘ A/ Ae ‘
0.180 1.1335 1.1333 1.8x 1071
0.192 1.3262 1.3253 6.8 x 1077
0.204 1.5644 1.5644 <1072
0.217 1.8991 1.8980 5.8 x 1077
0.229 2.3096 2.3094 0.9x 1077
0.241 2.8822 2.8820 0.7x 1077
0.253 3.7427 3.7416 2.9 x 1077
0.266 5.3639 5.3642 —0.6 x 10771
0.278 8.6508 8.6517 —1.0x 1077

TABLE I. Comparison of A.(70) values obtained from the full linear
stability analysis and from the instability condition ming Z; YE) <
0 [Eq. (24)]. Phonon frequencies wy, and couplings to the individual
phonon modes Ay, are the same as in Fig. 2.

Let us note that the matrix A is indefinite for A > A., and,
as a result, some of its eigenvalues vanish in the continuum
limit ¢ — 0. The corresponding ~ therefore diverge. For
discrete energies such divergent eigenvalues occur at a dis-
crete set of values of the coupling A [see Fig. 2 of the main
text]. To see this, first neglect the small second term on the
RHS of Eq. (18). Then, A is diagonal and its eigenvalues are
~Zy Y (E)f5(E). For A > \., —Z, '(E) always has two ze-
roes, which are generally in between of the grid points. The
pole-like divergencies seen in Fig. 2 happen when one of the
zeros snaps to the grid, i.e., coincides with one of the F;.

In Fig. 1, we also show a few representative stable and un-
stable eigenvectors for A > A.. All unstable eigenvectors
are localized between the two zeros of Z; L(E) in the region
where Z3 Y(E) < 0. Furthermore, the eigenvectors corre-
sponding to the largest positive (for A < A.) and the smallest
negative (for A > \.) v are always localized in the vicinity of



the same real root of Z; L(E). Note that these eigenvectors
are responsible for the pole-like divergence at A = ..

We did not use the explicit form of the electron-electron
collision integral and the corresponding matrix M°° in this
paper. The following two properties of the electron-electron
collisions are important for our proof: (1) they conserve the
total energy of the electronic subsystem and (2) M®° is real
symmetric. Property (1) reflects energy conservation — in the
absence of interactions with the phonons (with the thermal
bath) the total energy of the electrons is conserved. Prop-
erty (2) manifests itself thanks to the substitution 6 f = — f{j¢
[Eq. (12) of the main text], see also, e.g., the related discus-
sion in [32]. In addition, we have verified both these prop-
erties for an explicit example — electron-electron collisions in
weakly disordered conductors. The collision integral in this
case reads [33]

1 n w
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where
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fe = f(E,t) is the electron distribution function, and P(w)
is the transition probability. Importantly, P(w) is even in w.
The extra factor of % in Eq. (25) as compared to the expression
in [33] is due to our rescaling t — 7t. Observe that Io.(E) is
identically zero for the Fermi distribution f(E) = [eT +1]
for any 7T'.

It is simple to verify the energy conservation, i.e., that

(26)
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Linearization requires more work, but it is straightforward al-
gebra, which we do not show here. The end result is of the
form

1ol E) = [dE Mifpe (28)

with manifestly real-symmetric integration kernel M-

III. FULL KINETIC EQUATION

As we discuss in more detail in Sec. III below, the electron-
phonon kinetic equation,

(1=Sf + 'S = I, (29)

is derived (as usual for the kinetic framework) under the as-
sumption that the electron distribution function f(FE,t) varies
in time sufficiently slowly.

On the other hand, we saw that as we approach the insta-
bility from the right and for A > A, some of the generalized
eigenvalues vy diverge (Fig. 2 in the main text). The corre-
sponding eigenmodes change in time very fast, and the gra-
dient expansion is not valid for them. However, this does not

affect the existence of the instability. First, in a stable sys-
tem all fast modes quickly decay and its long-time dynamics
is still governed by Eq. (29). If the exact dynamics is stable,
we expect Eq. (29) to be stable too. Otherwise, the fast modes
decay until the dynamics is described by Eq. (29) and then
grow until Eq. (29) is no longer valid. Thus, the system os-
cillates perpetually instead of relaxing to the thermal equilib-
rium. Second, we see from the analysis of the kinetic equation
in the strong coupling regime [see, for example, Eq. (8) in the
main text] that if the initial deviation from the equilibrium is
very smooth in energy (varies little with £, its initial unsta-
ble dynamics is correspondingly very slow and is therefore
accurately described by Eq. (29).

To simulate the full kinetic equation (29), we use the same
discrete energy grid as in Sec. II. This converts Eq. (29) into a
differential algebraic equation (DAE) of the form

G (f', f) —0, (30)

where f is an L-dimensional vector
{f(e,t), f(2¢,t),..., f(Le,t)} and f denotes the time
derivative of f. To obtain the above equation, we used
the particle-hole symmetry and the following boundary
condition:

£, = 5.

fle,t) =0, ifj> L. (31)
Instead of rewriting the DAE (30) as an ordinary differen-
tial equation, we directly solved Eq. (30) using the package
Sundials. j1. This wrapper package in turn imports solvers
from the SUNDIALS integrator package [34, 35] that can be
implemented using the Julia programming language. These
solvers are particularly suitable for the kind of nonlinear and
stiff differential equation that we have in (30).

We integrate Eq. (30) with the boundary condition (31) and

the initial condition

f(t = 0) = {f(](ev/-rin)v f(](2671—‘in)7 DRI fO(LQT‘in)}? (32)

where f is the equilibrium Fermi distribution with a tempera-
ture T3, slightly higher than the phonon temperature 7j, using
the SUNDIALS DAE solver IDA [36]. In this algorithm, the
time derivatives at the n*? time step t,, are written using the
backward differentiation formula of order q as

Ftn) = 2> 0t ) (33)
" =0

where h,, = t,, — t,_1, ¢ ranges from 1 to 5, and the coeffi-
cients ay, ; are uniquely determined by the order g. Applying
the above formula to Eq. (30), we reduce the original DAE
problem to the problem of solving a nonlinear algebraic sys-
tem by Newton’s method at each time step. Given the initial
condition f(tg), one has to use ¢ = 1 to obtain f(¢1). Then
the step size h,, and the order q are selected after a local error
test [36]. For instance, it is possible to use ¢ = 2 to calculate
F(t2).

As has been mentioned in the main text, see Fig. 1, one ends
up having rapidly oscillating solutions — especially close to the



zeros of Z, *(E) —when A > ). This is also seen when one
numerically simulates the simplified kinetic equation [Eq. (8)
of the main text] in the strong coupling limit. As a result,
after a few time steps, the IDA integrator fails the local error
test too many times [36, 37]. This makes either ¢ > @ ax OF
hp < hmin. At this point, IDA stops and returns a give-up
message. If A < A, the simulation of Eq. (29) runs until the
provided end-times and obtains

.f(t = tcnd) = {fO(GvTO)v fo(QE,To), DR fo(LE,To)}.

(34)

IV. KINETIC EQUATION: SHORT REVIEW

The electron-phonon kinetic equation (29) employed in
this work forms the backbone of the theory of nonequilib-
rium phenomena in metals, playing a role analogous to that
of Maxwell’s equations in electromagnetism. In its mod-
ern formulation, it is derived from the Dyson equation in
the Keldysh formalism [33, 38] under two principal assump-
tions: (a) the ions are much slower than the electrons, i.e.,
the maximum phonon frequency () < Er, and (b) the elec-
tron distribution function f(E, t) varies sufficiently slowly in
time. These conditions justify a gradient expansion and the
use of Migdal-Eliashberg theory, even for strong renormal-
ized electron-phonon coupling A > 1, as long as Q/Fr <
1[11, 39, 40].

The first step is a gradient expansion of the Dyson equation
in the Wigner representation with respect to relative frequency
and momentum. Assuming the so-called parameter of the ki-
netic equation, 77 Fyx > 1, where 7y and Ey; are the char-
acteristic time and energy scales over which f and the self-
energy X vary, it is justified to retain only the leading term —
the Poisson bracket

{£,5} =2 -2, (35)

on the left-hand side of the kinetic equation [40].

Next, one integrates over the single-particle energy &p. In
the limit Q/Er — 0, the self-energy ¥ becomes momentum-
independent, and the electron-phonon interaction scatters
electrons from one point on the Fermi surface to another.
Then, the summation over the phonon momentum q in the
electron-phonon collision integral reduces to

2 /
Jq a2 o,
zq: S §(w—wq) / o §(kp—kyp—q) = a®F(w), (36)

where g, is the electron-phonon matrix element and wy is the
phonon frequency [21-23, 42]. The left-hand side defines the
Eliashberg spectral function o F'(w).

The kinetic equation then takes the form

1=V + fE+vp-Vf =1y, (37)
where I, is the electron-phonon collision integral:
lop =27 [ doa®F@) [N@)(Fs + £~ 21)-
0
—f(f+ = f)+f+ =11

(38)

with fy = f(E £+ w) and N(w) the phonon distribution func-
tion. Note that the dimensionful electron-phonon coupling g4
is averaged over the Fermi surface in o? F(w); thus, its de-
tailed momentum dependence does not affect the dynamics of
the electron distribution to leading order in 2/ E'r [33, 38].

This kinetic equation has been derived within the conserv-
ing approximation framework [33, 40], and ensures energy
and particle number conservation when 3 is determined self-
consistently. In equilibrium, the Fermi-—Dirac distribution
fo(E, Tp) is a stationary solution, and the quasiparticle weight
Zy Y(E) = 1 — X[ ] emerges naturally from the formalism.

It is important to emphasize that our kinetic approach by-
passes the issue of phonon renormalization within electron-
phonon models (see the introductory part of the main text).
The kinetic equation treats the physical phonon spectrum
wq and the dimensionful electron-phonon coupling g4 as in-
puts. The goal of our work is to establish a stability con-
straint on these quantities, irrespective of how they are ob-
tained — whether from experiment, ab initio calculations, or
self-consistently from an electron-phonon Hamiltonian, as in
Prange and Kadanoff (1964) [11].

On the timescale relevant to the instability, the phonon sub-
system remains close to equilibrium (see below), so dynam-
ical phonon feedback is negligible. Accordingly, there is no
need for a separate kinetic equation for phonons: the influ-
ence of lattice dynamics is already encoded in the renormal-
ized inputs. This standard kinetic treatment is well-suited to
our purpose, which is to determine the onset of instability as a
function of the physical coupling strength, regardless of how
that coupling is determined.

In this work, we consider spatially uniform deviations of
the electron distribution function from equilibrium. Then, the
spatial gradient term vp - V f on the left-hand side vanishes,
and the distribution evolves according to Eq. (29).

Recall that in our proof that C,; < 0 is a sufficient condition
for instability, we assumed the initial electron distribution was
the (spatially uniform) thermal distribution at temperature 7i;,
slightly above the lattice temperature 7j. In linear stability
analysis, the specific initial condition is irrelevant: the system
is unstable as long as there exists a single unstable normal
mode, and stable otherwise.

Even though the initial dynamics of the instability are spa-
tially uniform (as in, e.g., the superconducting instability,
which is also translationally invariant), spatial structure can
emerge at later times due to coupling between degrees of free-
dom at different length scales, a common feature in nonlinear
media.

In charge density wave systems, for example, a Fermi-
surface instability leads to a periodic modulation of both the
electronic charge and the lattice distortion [41]. In high-
pressure hydrides, such as HsS, LaH;y, and YHy, strong
electron-phonon coupling can induce dynamical instabilities
in high-symmetry phases that resolve into distorted or mod-
ulated structures [43-50]. Similarly, post-quench dynamics
in superconductors can exhibit the spontaneous formation of
spatial inhomogeneities due to parametric excitation of pair-
ing modes and the onset of Cooper pair turbulence [51-55].
These effects are often understood as secondary instabilities



or modulational instabilities, and are sometimes described by
wave turbulence phenomenology [56].

The investigation of such late-time spatial structure lies be-
yond the scope of this work. Our goal here is to demonstrate
the existence of the instability itself. Since its onset is spa-
tially uniform, it is sufficient for our purposes to analyze the
dynamics in the homogeneous setting. The nonlinear spatial
evolution following the instability is an interesting direction
for future research.

Finally, we comment on the widely used equilibrium
phonon approximation, which we have also adopted in this
work. This approximation is well justified by the separation
of energy and time scales between the electron and phonon
subsystems [31, 33, 57-59]. At relevant temperatures, the
phonon specific heat exceeds the electronic specific heat by
a large factor, Cp/|Cel| ~ Er /), which typically ranges
from 102 to 10% in metals. As a result, the lattice can absorb
energy from electrons with minimal change in its distribution
and effectively serves as a thermal reservoir. In addition, the
phonon-electron collision integral — responsible for driving
phonons out of equilibrium — is smaller than the electron-
phonon one by a factor of T/Epr ~ Q/FEp [31], making the
dynamics of phonon distribution much slower. Consequently,
it remains near the initial equilibrium on the timescale relevant
to the instability.

Effects that fall outside the equilibrium phonon approxi-
mation, such as phonon drag (which is parametrically small
in metals [60]) or phonon bottlenecks in polar semiconduc-
tors [61], are irrelevant in our context. Moreover, although
the phonon distribution may evolve at later times — for in-
stance, through heating or structural transitions in hydrides —
such processes occur only after the instability has already de-
veloped. Since our goal is to establish the existence of the
instability and analyze its early-time dynamics, the equilib-
rium phonon approximation remains fully adequate for our
purposes.

V.  BENCHMARKING THE KINETIC EQUATION

Because our main results are based on the electron-phonon
kinetic equation (29) it is important to put our study into the
context of other applications of this equation. In particular, we
must demonstrate that the kinetic equation accurately captures
phenomena where the quasiparticle weight Z=1 = 1 — ¥/
plays a central role, as it does in our instability analysis. To
this end, we review the derivation of the kinetic equation (29)
and key benchmark cases where it has been successfully tested
against experiment and alternative theoretical approaches.

Applications of the kinetic equation where the quasiparticle
weight Z~! plays a central role are numerous and span a wide
range of materials, including normal metals, semiconductors,
and superconductors. Both the structure of the kinetic equa-
tion and the critical role of the quasiparticle weight have been
extensively validated through comparisons with experimental
data and alternative theoretical approaches. Below, we high-
light several representative examples where these validations

are particularly direct and relevant to the present work.

One of the earliest explicit uses of the kinetic equation
was by Prange and Kadanoff in 1964 in their study of nor-
mal metals [11]. Using this equation, they demonstrated
that steady-state transport coefficients (such as electrical and
thermal conductivities and spin diffusion) are unaffected by
electron-phonon many-body corrections to leading order. This
explained why conventional Boltzmann theory—which ne-
glects the energy-time Poisson bracket, {f,X} = f'Y —
b f—successfully accounted for experimental transport mea-
surements, thereby validating its consistency with many-body
theory. This provides an early and important confirmation that
the kinetic equation correctly incorporates key many-body ef-
fects, including the quasiparticle weight.

In the same work, Prange and Kadanoff also derived the
expression for the electronic specific heat, which matches ex-
perimental results within a few percent accuracy [62—65]. No-
tably, this expression directly follows from the left-hand side
of the kinetic equation, and the quasiparticle weight, together
with the ¥/ f term, plays an essential role. Without these con-
tributions, the specific heat would simply correspond to that
of free electrons, inconsistent with experimental observations.
Thus, the kinetic equation captures the essential renormaliza-
tion effects responsible for the accurate description of thermo-
dynamic properties.

Another benchmark is the high-field Nernst-Ettingshausen
effect, which relates the current density to the vector product
of the temperature gradient and the magnetic field. The kinetic
equation (with a minor modification to include magnetic field
terms) predicts the enhancement of the Nernst-Ettingshausen
coefficient by a factor of Z=1 = 1 — ¥, in good agreement
with thermopower measurements.

A third important example is the derivation by Allen [58]
of the hot-electron relaxation rate in metals from the kinetic
equation, explicitly retaining the quasiparticle renormaliza-
tion via the electron-phonon coupling constant A = —%'|g_g.
His prediction that the relaxation time is proportional to
Mw?), where (w?) is the average squared phonon frequency,
was subsequently confirmed by ultrafast pump-probe experi-
ments [66]. These experiments provided a new and accurate
method to measure the electron-phonon coupling strength in
metals, once again validating the predictive power of the ki-
netic equation.

Taken together, these examples demonstrate that the kinetic
equation reliably captures the key physical phenomena associ-
ated with electron-phonon interactions, even when quasiparti-
cle weight renormalization plays a decisive role. Effects orig-
inating from the quasiparticle weight, such as those described
above and the instability uncovered in our work, are therefore
not artifacts of the kinetic theory.

Therefore, the instability we uncover reflects a genuine
physical effect, not a shortcoming of the kinetic equation. The
logic of our proof is as follows. Assuming the system is a
stable metal with a large Fermi energy, the kinetic equation
must apply as the appropriate low-energy description. How-
ever, it then follows from the kinetic equation that the sys-
tem becomes unstable once the renormalized electron-phonon
coupling exceeds a certain threshold. This establishes that a



metallic state with such a coupling strength cannot be realized
physically. The conclusion follows by proof through contra-
diction.

VI. STRONG COUPLING REGIME

Let us estimate the energy uncertainty AFE in the strong
coupling regime 7" > (2 for Einstein phonons with frequency
Q. This uncertainty is of the order of the inverse dephasing
time 7,4. The electron-phonon collision time in this regime is
T ~ (AT)™1, see, e.g., [22]. The change in electron energy in
each collision is very small, of the order of {2. Modeling the
electron energy dynamics as a 1D random walk with a step 2,
we estimate that over the dephasing time the energy changes

by
AE~ Q)22 (39)
T

Since, on the other hand, AE ~ de L equating these two
expressions, we obtain

AE ~ (g°T)'/3. (40)

Since the Eliashberg theory is independent of the phonon
spectrum in the strong coupling limit, we expect this formula
for AE to hold for general phonon dispersion, not just Ein-
stein phonons.

The expression for Z; ! in the strong coupling limit obtains
from Eq. (5) of the main text by taking the limit w — O under
the integral. We have

1 e 1 iE
o1 I _Relp® (= L@l
Zo(E) In2E e [1/’ (2 + 27TTO>} “D

Here and in Eq. (40) we restored g for clarity (recall that we
are using the energy units where g = 1). The length of the
interval where Z; ' < 0is 0E = (1.16 — 0.40)g = 0.76g,
which is parametrically larger than the energy uncertainty (40)
at temperatures T' < g. Already at T' = T, = 0.1827¢g, we
have 6 F > (¢*T)"/% = 0.57¢.
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