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Abstract

The dispersionless limit of the standard Eliashberg theory of superconductivity is studied,
in which the effective electron-electron interactions are mediated by Einstein phonons of
frequency Q2 > 0, equipped with electron-phonon coupling strength A. The general results
on T, for phonons with non-trivial dispersion relation, obtained in a previous paper by the
authors, (II), then become amenable to a detailed evaluation. The results are based on the
traditional notion that the phase transition between normal and superconductivity coincides
with the linear stability boundary .7 of the normal state region against perturbations toward
the superconducting region. The variational principle for .%, obtained in (I), simplifies as
follows: If (A, 2, T) € %, then A = 1/h(w), where @ := /27T, and where h(w) > 0
is the top eigenvalue of a compact self-adjoint operator $)(z ) on £2 sequences; $ () is the
dispersionless limit P(dw) — §(w — Q)dw of the operator K(P, T') of (II). It is shown that
when @ < /2, then the map @ — h(w) is invertible. For sufficiently large A (A > 0.77 will
do) this yields the following: (i) the existence of a critical temperature 7. (A, ) = Qf(A);
(ii) an ordered sequence of lower bounds on f(A) that converges to f(1). Also obtained is
an upper bound on 7T, (A, 2), which is not optimal yet agrees with the asymptotic behavior
T.(x, ) ~ CQ23/A for large enough A, given €2, though with a constant C that is a factor

~ 2.034 larger than the optimal constant ﬁg(Z)% = 0.1827262477..., with g(y) > 0 the
largest eigenvalue of the compact self-adjoint operator &(y) for the y model, determined
rigorously in the first one, (I), of this series of papers on 7, by the authors.

Keywords Superconductivity - Eliashberg theory - Einstein phonons - Critical temperature
T, - Rigorous results

Communicated by Bruno Nachtergaele.

B M. K.-H. Kiessling
miki @math.rutgers.edu

Department of Mathematics, Rutgers, The State University of New Jersey, 110 Frelinghuysen
Road, Piscataway 08854, NJ, USA
2 Department of Physics, Columbia University, 538 West 120th Street, New York 10027, NY, USA

Center of Materials Theory Department of Physics and Astronomy, Rutgers, The State University of
New Jersey, 136 Frelinghuysen Road, Piscataway 08854, NJ, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10955-025-03469-y&domain=pdf
http://orcid.org/0000-0001-8582-9560

93 Page2of26 M. K.-H. Kiessling et al.

1 Introduction

This paper continues our rigorous inquiry into the critical temperature 7, in the Eliashberg
theory of superconductivity [1-4, 7, 15, 16] that we initiated in [13], where we also supplied
a “master introduction” to this whole project, to which the reader is referred for general
background information. In [13] we studied a version of this theory known as the y model,
introduced recently by E.-G. Moon and A. Chubukov [17] (see also [21]), which seeks to
describe superconditivity in systems close to quantum phase transitions where the effective
electron-electron interactions are mediated by collective bosonic excitations (fluctuations in
the order parameter field). This effective interaction mechanism differs from the one in the
standard version of Eliashberg theory where the effective electron-electron interactions are
mediated by generally dispersive phonons of spectral density (Eliashberg function) o2F (w)
and electron-phonon coupling constant A := 2 foooozzF (a))%‘). Yet at y = 2 the y model
captures the asymptotics at large coupling constant A of the standard version of Eliashberg
theory. In [14] we studied 7, in the standard version of Eliashberg theory, building on our
results obtained in [13]. While the results obtained in [13] are quite explicit and quantitative,
the results obtained in [14] are rather qualitative, expressed in terms of integrals over the
Eliashberg function o>F () that was left largely unspecified except for some basic restrictions
imposed by physical theory. To obtain more quantitative results within the standard version
of Eliashberg theory, a detailed specification of o?F (w) is required.

In the present paper we choose such a specification of «F (w) by considering the important
dispersionless limit, in which o?F (w) — %8@) — ), featuring optical (Einstein) phonons
of a single frequency € > 0. All the integrals over oF () in the results of [14] then reduce
to their integrands evaluated at w = 2. This allows for much more detailed insights into the
Eliashberg theory than would be possible with numerical quadratures of more than a half
dozen temperature-dependent integrals over some spread-out function ’F (w); of course,
these more detailed insights are limited to the case of Einstein phonons and its immediate
vicinity in the “space of dispersion relations.”

Incidentally, the dispersionless limit of the standard Eliashberg model is sometimes called
the Holstein model, after [10], [11]; note though that in the Holstein model the bare phonons
are dispersionless, while in the Eliashberg model with Einstein phonons the renormalized
phonons are.

The Eliashberg model with Einstein phonons comes equipped with three parameters:
A > 0and Q > 0 are temperature-independent material characteristics, while 7 > 0 is the
thermodynamic temperature. After many years of (nonrigorous) theoretical and numerical
work a “thermodynamic narrative” for the Eliashberg theory has emerged [1, 2, 4] that, for
the version with Einstein phonons, can be summarized thus:

Narrative: There is a critical temperature T, > 0, depending on A > 0 and 2 > 0, such that
for temperatures T > T, the normal state is the unique thermal equilibrium phase whereas
at temperatures T € (0, T.) a superconducting state is the unique thermal equilibrium phase,
up to an irrelevant gauge transformation. Moreover, the phase transition at T, from normal
to superconductivity is continuous.

In our previous papers [13] and [14] we took some steps toward the rigorous vindication of
the analogous thermodynamic narrative for the y model and for the standard Eliashberg model
with dispersive phonon model, with 2 > 0 replaced by y > 0, respectively by P(dw) € P,
where P is the set of (formal) probability measures over the positive frequencies w € R that
have a density w.r.t. Lebesgue measure that is o< w for small w and vanishes for & > Q(P).
In the limit P(dw) — §(w — Q)dw, with 2 > 0, our results in [14] yield the analogous
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(partial) vindication of the thermodynamical narrative stated above for the Eliashberg model
with Einstein phonons.

By “partial vindication” we primarily mean the following. As in [14], we here assume the
existence of a continuous phase transition between normal and superconductivity, so that its
location in the phase diagram coincides with the linear-stability boundary .7 of the normal
state region against perturbations toward the superconducting region. Thus the results of
[13] and [14], and also those of the present paper that are obtained by specialization, are
based on a rigorous study of the Eliashberg gap equations linearized about the normal state.
As emphasized in [14], and already in [13], a proper confirmation of the existence of a
continuous transition between the normal superconductivity phases requires a study of the
nonlinear Eliashberg gap equations, which we hope to present in a later publication.

Another element of “partial vindication” is specific to [ 14], where the proof of existence of
T. (A, P) is restricted to & > A, (P), with L,(P) given explicitly as an elementary function,
though involving more than a half dozen averages over P (dw), left largely unspecified. For
the Eliashberg model with Einstein phonons we will inherit this restriction to A > A, (P),
yet with P(dw) = §(w — Q)dw the averages can be carried out explicitly. No analogous
restriction occurs for the y model, where we proved the existence of 7.(g, y) forall y > 0,
and any coupling constant g > 0 of the y model. The restrictions on A expressed above
are due to the technical limitations of our techniques of proof and not expected to be of any
model-intrinsic significance.

We next state our main results in more detail.

2 The Main Results

Although most, though not all of our results in the present paper are special cases of the
results we proved in [14], we state them as theorems or propositions in their own right, rather
than as corollaries.

The phase diagram we will be discussing in this paper consists of normal and supercon-
ducting thermal equilibrium regions in the positive (A, €2, T')-octant. The results in [14] yield
the following theorem about these two regions.

Theorem 1 The positive (A, 2, T)-octant of the model consists of two simply connected
regions. In one region the normal state is unstable against small perturbations toward the
superconducting region, in the other region it is linearly stable. The boundary between the
two regions, called the critical surface .%,, is a graph over the positive (2, T')-quadrant, i.e.
S =11, Q,T) € Rﬁr A = AL(R,T)}. The function A, is continuous and depends
on Q and T only through the combination w := 27%; thus, A,(2,T) = L,(w). The
thermal equilibrium state at temperature T of a crystal with Einstein phonon frequency 2
and electron-phonon coupling constant X is the superconducting phase when A > L (@)
and the normal phase when A < L, (o).

Moreover, it follows from the results in [14] that the function Lg(z) is explicitly charac-
terized by a variational principle.

Theorem 2 The function L (@) is determined by the following variational principle,

1
Li(w) = b)) ey
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where h(z) > 0 is the largest eigenvalue of an explicitly constructed compact self-adjoint
operator $)(z') on the Hilbert space of square-summable sequences over the non-negative
integers.

Our variational principle (1) is obtained in the limit P(dw) = §(w — Q)dw from the
variational principle A = 1/¢(P, T), where ¢(P,T) > 0 is the largest eigenvalue of a
compact self-adjoint operator R(P, T') constucted in [14].

In [14] we also discussed the approximation of (P, T') with a nested sequence of finite-
rank operators that converges to (P, T'), and so obtained an increasing sequence of rigorous
lower bounds on £(P, T'). The first four of these we computed in closed form, though involv-
ing up to seven T-dependent quadratures over P(dw) that cannot be carried out without
specification of P, and even then would in general require a numerical quadrature scheme.
In the dispersionless limit P(dw) = §(w — Q)dw, these quadratures become trivial. This
gives the following theorem.

Theorem3 Forall N € N, L. (w) < 1/h(N)(w), where HV) (@) is the largest eigenvalue
of HN) (@), the restriction of $(w) to the first N components of ¢2(Ny). The eigenvalues
h¥) () can be explicitly computed for N € {1, 2, 3, 4}. They read

2
D () = 2
(@) = ;s @
which is the one and only eigenvalue of H W
1) = 1(r9® +/(115)” — 4det 5 ) (@), 3)

where $® (w) is the upper leftmost 2 x 2 block of the matrix $H¥ (=) displayed further

below;
hP () = 4 (tI'fJ(S) + 6\/§cos |:% arccos (% /(%)3 )])(w), )

with (temporarily suspending displaying the dependence on @ )

2 .
p=3(r9?) —wadjo®, )

g =2 (rH?) - L 5)(radj H¥) + det 6O, (6)

where $) (w) is the upper leftmost 3 x 3 block of the matrix H® (z) displayed further
below;

4 1 3 1 1 AP—4AB+8C _ 1
b ) =[\/12 +\/EA2—§B—§Z+TTZ+—ZA]@), %

where Z(w) is a positive zero of the so-called resolvent cubic associated with the charac-
teristic polynomial det (nf)’ — .‘7)(4)(w)), given by (temporarily suspending displaying the
dependence on w again)

Z = %[\/?cos (% arccos 2%) — B+ %Az], (8)
with
X =2B3 —9ABC +27C* +27A>D — 12BD, )
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Y =B?> —3AC + 12D, (10)
where
A=—-tr 9@, (11)
B=1((r9s®) —u(99)?), (12)
C=—4((ra®) =3t (99)(r 5®) + 2t (99)*), (13)
D = det @V, (14)
and where
s = (15)
1 (84 %(m +[11) %([{3]} +[21) %([{4}] + [31)
¢([[211 +[11) §1([[3]] —2[11) 1 ﬁ(m +[11) ﬁ([[511 +[21) ’
$([[3]]+[[2]]) ﬁ(m“{u}) g([[S]l]—Z([[Z]]+|Il]])) 1 55 (161 +111)
A+ 131) 7 (IST+020) 60+ 011) 7 (170 = 230 + 121 + [11)
with (restoring the dependence on @) [n]l(w) = w?ijnl forn € N.

Also the explicit rigorous upper bound on (P, T') obtained in [14] can now be evaluated
in elementary closed form as rigorous upper bound on §(z ), which translates into a rigorous
lower bound on on L (). Explicitly, we have

Theorem4 Let w > 0 be given. Then L (w) > 1/b*(w), where
2

1
b (@) = +2((2‘+8 _ 1){(1—1—8){(5—8))2132, (16)

1+ w?
with ¢ = 0.65.

Our Theorems 1 — 4 do not rule out that some lines .Z (A, Q) := {(A,Q,T) € Ri A=
c1 & 2 = ¢3} could pierce .% more than once, in which case the critical surface would
not be a graph over the positive (X, 2)-quadrant of the electron-phonon model parameters.
This would be at odds with the narrative that is expected to hold for the Eliashberg model
with Einstein phonons, for a multiple piercing would mean that there is no unique critical
temperature 7 (X, 2) for certain (X, €2). To rigorously confirm the empirical thermodynamic
narrative for the Eliashberg model, still assuming the existence of a continuous transition
between normal and superconducting phases, one needs to show that L (z) depends strictly
monotonically on . Monotonicity for a bounded interval of z values follows from the
pertinent result in [14].

Theorem 5 For all N € N the eigenvalues h™) (w) increase strictly monotonically with
w € [0, wy). Moreover, wy, > /2. As a consequence, the map w +> Ly (o) is strictly
monotonic decreasing on [0, w,], with @, > /2. Thus the portion of the critical surface ..
over the region {A > M.} in the positive (A, 2)-quadrant is also a graph, yielding the critical
temperature T. (A, 2), viz.

Felyan ={.Q.T)eRL T =T.(A, Q), 1 > 1.} (17)
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Moreover, T. (A, Q) = Q f (L), where f (L) is continuous and strictly monotonically increas-
ing for . > Ay. Furthermore, A, < 0.7670....

While we have not succeeded in showing that the map @ + h(w) is strictly monotonic
increasing for all w € R, our lower bounds to h(z) stated explicitly in Theorem 3 for
N € {1,2,3,4} all are strictly monotonic increasing with zr. This is manifestly obvious
only for h (). For h® (w) this is a consequence of Proposition 9 in [14]. For H3 ()
and h® (z) the monotonicity for A < A, is vindicated through visual inspection of the plots
(see below).

We note that the explicit upper bound (16) on h(z) is manifestly strictly monotone
increasing with @ on R...

Our Theorems 1 and 2 reveal that the critical surface .# in the positive (1, 2, T')-octant
is a ruled surface that maps into a critical curve %, in the positive (A, @ )-quadrant, and
that critical curve is a graph over the positive & axis. By Theorems 3 and 4 in concert, that
graph Li(w) is sandwiched between 1/h*(z) (explicit lower bound) and 1/ HM) () for
any N € N (a decreasing sequence of upper bounds).

Furthermore, by Theorem 5 that critical curve defines a unique critical temperature
T.(A, 2) = Qf(X) at least for all A > Ay, with L, < 0.7670.... By their strict mono-
tonic dependence on @, also our explicit upper bound h*(z@w) on h(zw) can be inverted
to yield an upper critical-temperature bound T (A, ) = Qf*(1), and our explicit lower
bounds h™) (@), N € {1, 2, 3, 4}, on h(w) can be inverted to yield lower critical-temperature
bounds TC(N)()L, Q) =QfM0), N e({1,2,3,4}. Only f*(1) and FM () can be expressed
in closed form, though. Yet we have convenient explicit parameter representations of £ (1)
forall N € {1, 2,3, 4}.

We state this as

Corollary 1 For » > 1 we have

TV, Q) = 2Va—1, (18)
while for .. > 0 we have
T, Q) = %\/5 (ra+p -1+ Joa+m -1+ 42 (19)

1
with b = 2((2‘+8 — 1)+ )¢5 — s)) > ande = 0.65.

For TN (n, Q) with N € {2, 3, 4} we have
V0, Q) =f™M 0, (20)

where A — N (L) are the special cases N € {2, 3, 4} of the curves %;C(N) in the positive
(A, T/2)-quadrant thatV N € N are given by

S(N T 2 .y 1 T _ 1 .
TV ={(n L) eR = mis&b=51) Nen @1

IfN € {1, 2, 3, 4} then %”NL.(N) is a graph over the interval [\y, 00) on the A axis, where Ly is
the endpoint of %NC(N) on the A axis.

We conjecture that all %;(N) are such graphs for general N € N. So far, for general
N € N, our Theorem 5 guarantees that each ‘JZC(N) is a graph over [max{A,, Ay}, 00), for
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Lower and upper bounds on TC(?\,, Q) / Q

0.5

Fig. 1 Shown are the graphs of the maps A TC(N)()», Q)/Q for N € {1,2, 3,4}, the graph of the map
A TF(A, )/, and the graph of the map A +— T (%, 2)/ 2 of Conjecture 1. All displayed curves are
plots of A as given by some explicitly computed elementary functions of 7'/ Q2

some A, < 0.7670.... Moreover, below we show that each (JZFN) is asymptotic to a graph
over a right neightborhood of Ay, with A N\ O given in (23).

Besides knowing the best explicitly available “sandwiching bounds” on T, (%, €2), it is of
interest to plot all these bounds in a single diagram to get some visual impression of the speed
of convergence; recall that we only know that the sequence LEN)(ZU) converges downward
to Lg(zw) when N — o0, but don’t know how fast — analogously for the lower critical-
temperature bounds TC(N) (A, 2) when A > max{iy, 0.7671}, for which these bounds are
well-defined functions of €2 and A through inversion of L,(EN) (). In this spirit, the lower
bounds TC(N), N € {l1,2, 3,4}, the upper bound T on any 7 stated in Corollary 1, and the
conjectured upper bound 7,7 of Conjecture 1 below, are displayed in Fig. 1 as functions of
A.

It is obvious from Figure 1 that our upper bound on 7, (A, €2) is not optimal; yet it agrees
with the asymptotic behavior 7, (A, 2) ~ CQV/a for large enough A, given €2, though with
C =~ 2.034C, where Co, = 0.1827262477... is the optimal constant.

Further visual inspection of Figure 1 reveals that the sequence of lower bounds TC(N) , )
on T.(A, 2) appears to converge upward very rapidly to some limiting curve T, (A, ) =
Qf(A) when A > 0.7 (say). For then the gap between the TC(3) and TC(4) curves is so small
that the line width of the plotted curves fills it.

@ Springer



93 Page8of 26 M. K.-H. Kiessling et al.

On the other hand, when A is less than ~ 0.5, then the gap between these two curves
becomes clearly visible. In fact, near the A axis convergence is slow. The sequence of upper
bounds L,(;N)(w) to Lg(ww) meets the A axis at explicitly computable locations Ay that
converge slowly to O like 1/In N as N — oo.

More precisely, we have:

Theorem 6 The eigenvalues HN) (@) are analytic about & = o0, with

hN (@) = h™ (00) — By 25 + O(Lr) (22)
where
) N-1 1
b (oo)=—l+220m (23)
n=
and
N—1N-1 N-1 4
(=m)*+(ntm+1)* 2 2
Z:o X—:o n(zr':zﬂ)(};mr-'il) - 43;) (2e+1)2 kzlk
By = == T = = >1 (24)
1
= 2j+1

Thus, as w — oo the N -th upper approximation LEN) () to the critical curve given by
@ +> Ly(w) converges downward to .y = 1/6™ (00). Moreover, both h™) (c0) and By
are strictly monotonically increasing with N, diverging to co as N — 00.

Only the existence of the h™) (c0) follows as special case of the analogous result about
the 7 — 0 limit of the eigenvalues ¢™Y)(P, T) of the Eliashberg model with dispersive
phonons that we proved in [14]. Theorem 6 in full therefore will be proved in this paper. It
establishes that the LéN)(w) are asymptotic to strictly monotonically decreasing functions
when @ ~ oo. Thus, in the vicinity of the point (Ay,0), the critical curve E™) in the
positive (A, 7'/ 2)-quadrant is also asymptotic to a graph over some small interval on the A
axis to the right of A, there defining TC(N) (A, ©2). More precisely, we have

Corollary 2 As A approaches Ay from the right, we have

TNV0. )~ L 4 (55— 1), for NeN. (25)

Together with our upper bound 7" (A, ) this proves that the continuous critical curve
%. that divides the positive (x, T / 2)-quadrant into simply connected normal and supercon-
ducting regions, and which is a graph over the 7'/ 2 axis, starts at (0, 0). The upper bound
on 7, guarantees that (0, 0) is the only point of the critical curve on the T / €2 axis. The upper
bound on 7, in concert with any of the lower bounds TC(N), N € {1, 2, 3,4}, in turn proves
that &, goes to (00, 00), asymptotically for A ~ oo bounded above and below o $2+/A.

The lower bound on L(w), and thus the upper bound on 7.(A, €2), can certainly be
improved, yet it is a challenging task to improve it to the precision that is suggested by a small
@ analysis of the operators ™) (z), and the apparent rapid convergence of the sequence
of eigenvalues h™) (z) for small & . Small & analysis yields the same result as the large-T
analysis of the dispersive phonons paper [14] in the special case P(dw) = §(w — Q)dw, viz.
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Theorem 7 The eigenvalues h™Y) (w) are analytic about w = 0, with

M (@) = g™ @)w? — (6N @), o + O(®) (26)

where g™ (2) is the largest eigenvalue for the N -Matsubara frequency approximation to the
operator &(y) of the y model at y = 2, and where (&I (4)), > 0 denotes the quantum-
mechanical expected value of the N-Matsubara frequency approximation to the operator
&(y) at y = 4, taken with the N -frequency optimizer of the y model at y = 2.

Corollary 3 The N-Matsubara frequency approximation CKI.(N) to the critical curve 6, in the
positive (A, %)-quadrant is asymptotic to a graph over the asymptotic region A ~ oo of the
A axis, given by

Q 1
7M., Q) ~ > . 27)

g 1 e™M@ (1 _ [1_ 4%1
2 (M), g™ @22 a

This result also holds when N — oo (with the superscripts ™) purged).

For large A the r.h.s.(27) can be expanded to yield M0, Q) ~ %\/ g™ (2)A, with N €
N. By a simple convexity estimate, r.h.s.(27)< %\/ g™ (2)A, so the asymptotic expression
% g™ (2)A is an upper bound on 7M1, Q) for large enough A that is asymptotically
sharp as A ~ oo. Moreover, in [13] we showed that g(N )(2) converges upward to g(2).
Furthermore, as noted earlier, each TC(N) (A, ) vanishes for A < Ay, while VA > Oforall A.

All the above, plus the rapid convergence for A > 0.77 of the TC(N) (A, ) with N discernible
in Fig. 1 now suggests

Conjecture 1 There is a critical temperature T, (A, 2) > 0 which for all 2 > 0 and A > 0 is
bounded above by T. (A, 2) < T,” (A, 2), with

T (L Q) == 52 /a(Q)k; (28)

here, g(2) is the spectral radius of the operator (y) aty = 2.
For the numerical approximation of ﬁ«/ 9(2) to 10 significant decimal places, see the
comments in the introduction of [13].

Remark 1 We remark that the asymptotic behavior T.(}, 2) ~ CQ+/A for large enough A,
given €2, was anticipated in [1], though based on nonrigorous arguments; see their eq. (22).
Incidentally, in [1] the value C = 0.182 was stated to be computed with a 64 Matsubara mode
approximation to the linearized Eliashberg gap equation. Apparently their computation was
not very accurate, for the rounded approximation to three significant digits reads C = 0.183,
and 0.183 is already the rounded value of the closed form approximation with merely four
Matsubara modes obtained in our paper.

The next figure shows the large-A behavior of our four lower bounds, and of the conjectured
global upper bound, on 7¢ (%, 2).

The dashed horizontal line in Fig. 2 highlights the asymptotic connection with the y
model, made precise in the following proposition.

Proposition 1 We have
lim —=f () = ;Te(8,2), (29)
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Lower and upper bounds on Tc(k, Q)/ Q\/T
0.20 7

T i

0.05

c c c c

Fig. 2 Shown are the graphs of the maps 1/\/X > TC(N)(A, SZ)/SZ\/X for N € {1,2,3,4}, with the
ESN) (A, 2) our explicitly computed members of the strictly monotonically increasing sequence of lower
bounds to T (A, €2). The third and fourth approximates virtually agree with each other if ﬁ < 0.5, and only

minute discrepancies are visible when 0.5 < % < 1, indicating the rapid convergence of our lower bounds

to the exact result when A > 1. All four lower bounds hit zero, the N-th one at ﬁ > 1. The conjectured

global upper bound 7.7 (A, Q) (dashed line) is visibly seen to be asymptotically exact (as proved), yet not
very accurate away from the asymptotic regime A ~ co. Our rigorous bound (not shown) would be an almost
horizontal line twice as high as the dashed one

where T,(g, y) is the critical temperature of the y model. Numerically, a 200 mode approx-
imation yields éTC(g, 2) = 0.18272624717....

‘We now turn to the verification of our results.

3 Verification of the Main Results

We will present only the proofs of those results that are not special cases of the results that
we proved in [14]. For all other results we confine ourselves to stating the simplifications in
the proofs of our more general results of [14] for dispersive phonons.

The results stated in the previous section are based on the linear stability analysis of the
normal state in Eliashberg theory, carried out in [14], specialized to the non-dispersive limit
P(dQ) = §(w—RQ)dw. Thus, we again work with a normalized version of a functional given
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in [23], known as the condensation energy of Eliashberg theory [the difference between
the grand (Landau) potentials of the superconducting and normal states], using units where
Boltzmann’s constant k; = 1 and the reduced Planck constant i = 1. Its Bloch spin chain
representation reads (cf. [13], eq. (32))

H(SIN) :=27 Y " ,No - (N, — S,,) (30)

+7T2T ZZ)\””" (Nn N — Sn . Sm)a
n#m

where 2, ,, is a (dimensionless) positive spin-pair interaction kernel, chosen below, and
where the summations here run over Z. In (30), N € (S!)Z is the Bloch spin-chain associated
with the normal state of the Migdal-Eliashberg theory, having n-th spin given by N,, :=
—NopeS!' cR?forn <0andN,, := Ny forn > 0. Any other Bloch spin chain S € (SHZ
admissible in (30) has to satisfy the asymptotic conditions that, sufficiently fast, S,, — N,
when n — oo and when n — —o0, where S,, € S! ¢ R? with n € Z denotes the n-th spin
in the spin chain S, and where “sufficiently fast” is explained below. In addition, admissible
spin chains must satisfy the symmetry relationship that foralln € Z, No-S_, = —No-S,—1
and Ko -S_, = Kg - S,_1, where Ko € S! ¢ R?is an arbitrary vector perpendicular to Np.

Since in this paper we study the Eliashberg model with Einstein phonons of frequency €2,
the spin-pair interaction kernel A, ,, reads (cf. [13], eq. (11))

QZ

A R 31
. Q2 + (wn — a)m)2 G

here, X is the dimensionless electron-phonon coupling constant of the theory. Note that our
A is the standard (renormalized) dimensionless electron-phonon coupling constant of the
Eliashberg theory; cf. [1]. Note also that r.h.s.(31) is the special case P(dw) = §(w — Q)dw
of the r.h.s.(7) in [14].

Since w, —wy,, = (n—m)2x T, it has also become customary to use the notation A(n —m)
instead of Apms and to write A = A(0). In order to avoid any ambiguous statements, we will
use A exclusively to mean the coupling constant (33), and not (as sometimes done in the
superconductivity literature) as abbreviation for the map j +— A(j), with j € Z.

Incidentally, (31) can also be rewritten as

g2

A = 32
- Q2 + (wn — wm)z G2
(cf. eq. (9) in [13]), and then X is given in terms of g and Q2 as
2
8
r= o G

(cf. eq. (10) in [13]). Using this representation (32) of A, ,,,, and taking the limit & \ O while
keeping g fixed, one obtains the condensation energy functional for the y model at y = 2.
Subsequently replacing g2 — g and (w, — wm)? = |wy — wy|? With y > 0 one obtains
the condensation energy functional for the y model discussed in [13].

We now complete our definition of admissibility of a spin chain S to mean that after
expressing the summations over negative Matsubara frequencies by summations over positive
ones, as per the symmetry relationship Ng-S_, = —Np - S,—1 and Ko - S_, = Ko - S,
for all n € Z, the resulting series resulting from the sum and double sum in (30), viz. (34),
converge absolutely.
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Having introduced the condensation energy functional for the Eliashberg model with
Einstein phonons, we can now rephrase the “thermodynamic narrative” of the introduction
in a precise manner.

Conjecture 2 There is a critical temperature T, > 0, depending on . > 0 and Q2 > 0,
such that for temperatures T > T, (X, Q2), the spin chain of the normal state N is the unique
minimizer of H(S|IN), whereas at temperatures T < T.(A, 2) a spin chain S # N for
a superconducting phase minimizes H (S|N) uniquely up to an irrelevant gauge transfor-
mation (fixing of an overall phase). Moreover, the phase transition at T, from normal to
superconductivity is continuous.

Conjecture 2, if confirmed, implies that the normal (metallic) state is linearly stable against
small perturbations toward the superconducting region when 7 > T.(A, €2), and unstable
whenT < T.(A, 2). This is the stability criterion we will study in the following, by expanding
H (SIN) about N to second order in the perturbations and study its minimization over the set
of normalized perturbations.

For this investigation it is prudent to first rewrite (30) into a more convenient format,
following [13] and [14]. First of all, the symmetry relationship No - S_,, = —Np - S,,—1 and
Ko-S_, =Ko -S,_1 forall n € Z allows us to work with effective spin chains S € (SI)NO,
with Ny := NU{0}. The summations over Z can therefore be rewritten in terms of summations
over Ny := N U {0}. Second, the restriction that the vectors S,, are in slis implemented by
introducing an angle 6, € R/(2nZ) (= [0, 2x] with 27 and 0 identified) defined through

No-S, =: cos b, forall' n € Ny. Setting H (SIN) =: 472TK (©) with © := (9,,),1ENO yields
2
@? 1 —cos(26,)
K:(®) = 2 1)(1 — Op) —A———-—"— 34
:(©) %{(n+)( cos 6,) 3 w2+@n+04 (34)

’

w? 1 —cos (6 — Om) 1 — cos (6, + Om)
w2+ (n —m)? w24+ m+m+1)2

+r—>>

2 n#m

here, the summations run over Ny, and @ := Q/27 T > 0. The functional K;(®) stated in

(34) is the special case P(dw) = §(w — Q)dw of the functional K (®) given in eq. (34) of

[14]. The variations of Ky(®) w.r.t. ® yield a non-linear Euler-Lagrange equation for any
stationary point ®° of K;(®); viz., Vrn € Ny:

|: w2 sin (G,f —|—0,sn) w2 sin (6';1v —O,Sn):l

(2n+1)sin9rf=)\z w2+(n—|—m—|—1)2_ o S ——]

m=>0

(35)

In the following we shall omit the superscript ¢ from ®°.

The system of equations (35) has infinitely many solutions when the 6, are allowed to take
values in [0, 277], restricted only by the asymptotic condition that 6, — 0 rapidly enough
when n — o0; see [23]. However, we here are only interested in solutions that are putative
minimizers of H(S|N), i.e. of K¢(®). In [23] it was shown that a sequence ® = (9")neNo
that minimizes K;(®), must have ® € [0, %]NO =: S;ie.,all? 6, € [0, %]. The normal
state corresponds to the sequence of angles © := (6, = 0), eNo- This trivial solution of (35)
manifestly exists for all A > 0 and & > 0. We note that K;(®) = 0 = H(N|N).

L If one also introduces angles for spins with negative suffix by defining Ng - S;; =: cos 6, foralln € —N,
a sequence of angles with non-negative suffix yields the angles with negative suffix as 6_1 = 7 — 6,

0_p = m — 01, etc., thanks to the symmetry of S € (SHZ with respect to the sign switch of the Matsubara
frequencies.

2 Alternatively, all 6, € [7%, 0]; these choices are gauge equivalent.
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3.1 Linear Stability Analysis of the Normal State

At last we are ready to inquire into the question of its linear stability versus its instability
against modes ® € § for which K;(®) is well-defined. We will show that for all @ > 0
there is a unique A = Lg(ew) > 0 such that the trivial solution ® is linearly stable for
A < Lg(w), but unstable against perturbations toward the superconducting region for A >
L (). Moreover, we formulate in detail the variational principle that directly characterizes
Li(w). This will establish Theorems 1 and 2.

For the linear stability analysis one needs K (®) expanded about ® = © to second order
in ®. This yields a quadratic form that is the special case P(dw) = §(w — Q)dw of eq. (36)
of [14], viz.

2n +1 1 w? " w?
KP(©) = M-y —— 62 36
e (©) Z[ 2 <2w2+(2n+1)2 ;w +k2)] (36)

n

2 w.2
% ZZ |:w2+(n m)2+w2+(n+m+1)2:|0m’

which for all A > 0 and @ > 0 is well-defined on the Hilbert space H of sequences that
satisfy |©]3, :== Y,.0@2n + 1)8? < oco. If K2 (@) > 0 for all ® € M, with “= 07 iff
® = O, then K (®) > 0 for all ® # O in a sufficiently small neighborhood of ®, which
means that the trivial sequence ® is a local minimizer of K;(®) and thus linearly stable,
then. If on the other hand there is at least one ® # ® in H N S for which K h(_2) (®) < 0, then
the trivial sequence © is not a local minimizer of K;(®) in H N S, and therefore unstable
against perturbations toward the superconducting region. The verdict as to linear stability
versus instability depends on A and .

Asin [13] and [14], we recast the functional KE(Q) (®) defined on H as a functional Q:(E)
defined on ¢2(Ng). For this we note that we can take the square root of the diagonal matrix
9 whose diagonal elements are the odd natural numbers. Its square root is also a diagonal
matrix, and its action on ® componentwise is given as

(D20), = V21 116, = &, G37)

Since © = (On)nen, C H, the sequence & : (Enneny C £2(Np). The map D% TH—
€2(Np) is invertible. Thus we set K@ (©) =: 1 0.(8), viz.

S | FITEI o WAl 38
QE(@_Z[ - 2n+12w2+k2]5n (38)

w? 1
_’\%;S"[ V2 +1 @2+ (n—m)? \/2m—|—1j|$m

2

w 1
_AZZS”[ VIl @i+ n+m+1)? «/2m+1]$””

where the contributions from the first line at r.h.s.(38) are positive, those from the second
and third line negative.

We note that Q(E) stated in (38) is precisely the non-dispersive limit P(d2) = §(w —
Q)dw of the functional Q(E) of the Eliashberg theory with dispersive phonons presented in
eq. (38) of [14]. As such it is endowed with all the characteristics of the functional Q(E)
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in general that we established in [14]. Namely, given A > 0 and @ > 0, the functional Qy
given in (38) has a minimum on the sphere {E e (2(Np) : | Ellp = 1}. The minimizing
(optimizing) eigenmode E* satisfies O-1E™ ¢ RIEO. Moreover, for each & > 0 there is
a unique Lg(w) > 0 at which min { Qx(8) : || Ell,2 = 1} = 0, and min { Q(8) : || El,2 =
1} > 0 when A < Ly(w), while min {Qu(E) : [|Ell;z = 1} < 0 when & > Ly(w).
Furthermore, the map @ + Lg(w) is continuous on R .

The functional Q(E) stated in (38) is the quadratic form of a self-adjoint operator. Letting
<u u) denote the usual £2(Ny) inner product between two £2 sequences E and &, we write
Q. shorter thus:

0:(8) = (g, (3-19)E). (39)

Here, J is the identity operator, and ) = —$1 + 2 + $3, where the $; = §;(w) for
Jj € {1, 2, 3} are operators that act as follows, componentwise:

PR 2
(sal(ms)n:[z sz +k2]sn, (40)
. 1 w? 1
(SZ(ZD-)H)n—mZ#n[m w2+(n_m)2 m]%-m7 (41)
($3(@)E) —Z[ : o 1 ]s (42)
P L i ok m+ D2 Sam 1

Note that $) is a diagonal operator with non-negative diagonal elements, £, is a real sym-
metric operator with vanishing diagonal elements and positive off-diagonal elements, and
3 is a real symmetric operator with all positive elements.

The operators §);(zw), j € {1, 2, 3}, are the dispersionless limit where P(dw) = §(w —
Q)dw of the operators &;(P,T), j € {1,2,3} introduced in [14]. As such they enjoy the
same characteristics as all the operators £ (P, T), j € {1, 2, 3}. Thus, in [14] we established
that for j € {1,2,3},each §; € EZ(NO x Np) for all @ > 0. This means that the operators
$Hj = $Hj(@) for j € {1,2,3} are Hilbert—Schmidt operators that map £2(Np) compactly
into £2(Np).

Specializing our pertinent discusion in [14] to the non-dispersive limit, we note that
min{QE(E) Elle = 1} = 0 iff Ah(m) = 1, with h(w) > 0 denoting the largest
eigenvalue of (). Precisely when A = L(ww), with

Le(@) = a5y (43)
then the pertinent eigenvalue problem for the minimizing mode E* of Q(E) reads
(3— Le(@)9H)E™ =0, (44)
which, since h = 1/Lg (@), is equivalent to
(@) E™ = 5" (45)
where here
() = (n3+ 1)~ (92 + H3). (46)

As in the proof of Theorem 1 in [13] one shows that €(#) for n > 0 is a compact operator
that maps the positive cone 62 o(Np) into itself, in fact mapping any non-zero element of

O(NO) into the interior of £2 O(NO) and that the spectral radius of QZ(F)) equals 1. Thus the
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Krein—Rutman theorem applies and guarantees that the nontrivial solution E® of (45) is in
the positive cone £2,(Np) (after at most choosing the overall sign), hence a perturbation of
the normal state & toward the superconducting region.

This establishes Theorems 1 and 2.

One last useful fact about the spectrum of the operator $)(z) is the following

Proposition2 Let w > 0 be given. Then the largest eigenvalue h(w) of H(w) is also the
spectral radius p (f)(w)).

The proof of Proposition 2 is implied by the proof of the analogous statement about
E(P,T)in [14].
Proposition 2 allows us to characterize Lg(w') as follows:

Ly(w) = 47

1
p(H@))
Each of (47) and (43) offer their own advantages to estimate L.

3.2 The Upper Bounds on L, (@)

3.2.1 The upper bounds LE(N) (@) forN € {1, 2, 3, 4}

We now turn to Theorem 3. We only need to specialize the pertinent discusion from [14] to
the non-dispersive limit.

Thus, the variational principle Ly(z) = ﬁ, with h(z) > 0 the largest eigenvalue of
9 (@), reads more explicitly as follows:

1

(2.9@) &)’
maxg ————+
23

Li(w) = (48)

where the maximum is taken over non-vanishing E € 22(Np).

Since $(z) is compact, in principle one can get arbitrarily accurate upper approximations
to Lg(w) by restricting $(z) to suitably chosen finite-dimensional subspaces of 2(Np). A
sequence of decreasing rigorous upper bounds on L (z) that converges to L (z ) is obtained
by restricting the variational principle to a sequence of subspaces of £2(Np) of vectors of the
type En = (§0,&1,...,6ny-1,0,0,...),with&; > Ofor j € {0,.., N —1}and N € N.
Evaluating (48) with By in place of E* yields a strictly monotonically decreasing sequence
of upper bounds L,E:N)(zzr) on Ly(w), viz.

1
(2. 9@) &)

(ev. )

LM () = (49)

maxg,

The evaluation of (49) is equivalent to finding the largest eigenvalue of a real symmetric
matrix N x N matrix 9, i.e. the largest zero of the associated degree-N characteristic
polynomial of 9. As noted in [13], the coefficients ¢; of the characteristic polynomial
det (LT — M) =: S ek are explicitly known polynomials of degree N — k in tr 0/,
j e {l,...,N}. When N € {1,2,3,4} the zeros of the characteristic polynomial can be
computed algebraically in closed form. For general real symmetric N x N matrices 91 these
spectral formulas have been listed in [13] and need not be repeated here.
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The task that remains is to substitute §), N € {1,2,3,4}, for M and to select the
largest eigenvalue for each N from these spectra. Since this was done in [14] for the pertinent
operators AN N € {1, 2, 3, 4}, all that needs to be done is to take the limit where P (dw) =
8(w — Q)dw. This yields the formulas for b(N)(w), N € {1, 2, 3, 4}, stated in Theorem 3.

Approximations with N > 4 require a numerical approximation for each value of & that
is of interest.

3.2.2 The Upper Bounds LgN) (w)atw>»>1forNeN

We here prove Theorem 6 by evaluating L (N)(z ) asymptotically, when @ ~ oo, up to the
first two significant terms, for all N € N.

Proof We begin by recalling a proposition of [14], specialized for the Hostein model. O

Proposition3 When @ — oo, we have
N—1
b (@) - BN (00) = =142 Zo T (50)
n=|

We note that r.h.s.(50) diverges to oo when N — oo, essentially like In N. Thus,
L(N) _ 1
E (OO) - h(N)(w)

The next proposition is novel.

— 0 as N — 00, as claimed in the introduction.

Proposition 4 In the limit when @ — o0, we have
(6% @) — 5™ (00) ) > By (51)

with By given in (24).

Proof of Proposition-4 By Taylor series expansion of V) () in powers of 1/w? about
1/w2 = 0, one obtains

Jim o (9™ (@) +3Y 285 @ 8 ) = £V (52)

By first-order perturbation theory [12],

Ol Q(N)r-*

lim_a? (6™ (@) — hV(00)) = (Nﬁiﬁ) (53)
7ol (E%- )
with £V) = SgN) - £§N) - SgN) acting componentwise as follows:
2 n
(N) 2 |ex
& )p = k 54
e, [zn+12 ]s,,, (54)
(n —m)?
£(N) :* — |: s 55
( Z V2n +14/2m + 1 43
n+m+1)2

eMeE), = [ g5 56
80 = 2| T a1 oo
Evaluation of (53) yields (51) with By given in (24). ]
Propositions 3 and 4 prove Theorem 6. O
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3.2.3 The upper bounds LE(N) (w)atwK1forNeN

We now turn to Theorem 7.
The proof of Theorem 7 is contained in the proof of Theorem 7 of [14], which yields the
small o expansion

9i(@) =602 — oS +---, jell,2,3) (57)

and the analogous expansion for their N-frequency truncations, then applies first-order per-
turbation theory [12], and finally establishes that for all N € N we have (Qi(N )(4))2 >0
where

(Ex@. M@ EFQ),

EHENEH)

(M), = ; (58)

ropt

here, Ey(2) denotes the eigenvector for the maximal eigenvalue g™ 2) of 8™)(2). The
inequality (&W )(4))2 > 0 is a consequence of the following stronger result proved in [14].

Proposition 5 Lety > 0 be given. Then for all y’ > 0 and N € Ny,

_ BV, eV o) EY ()
(Bvm, EY (1)

@M, >0, (59)

rmopt

with E% (v) any eigenvector of the top eigenvalue g™ (y) of &M ().

This establishes Theorem 7.

3.3 The Rigorous Lower Bound on L. (@)

Turning to Theorem 4, it suffices to note that its proof is included as limiting case P (dw) —
8(w — Q)dw with Q > 0 of the proof of Theorem 6 in [14].

We add the remark that our lower bound L (z) on Lg (o) is a uniform lower bound on the
analogous function in standard Eliashberg theory with dispersive phonons, i.e. on A(P, T),
forall P(dw) € P supported on [0, 2]. This follows by inspection of the proof of Theorem 6
and its corollaries in [14].

3.4 FromL, (@) to T (1, Q)

We turn to Theorem 5.

The proof of Theorem 5 is largely a special case of the pertinent proofs of Proposi-
tion 1, Theorem 2, and Corollary 1 in [14]. Indeed, the monotonicity of @ +— Lg(w) for
w € [0, v/2] follows simply by the specification P(dw) = §(w—2)dw in the proof of mono-
tonicity of T +— A(P,T) for T > T.(P), given P, in [14]. Also the bound A, < 0.767...
stated in Theorem 3, i.e. of the upper estimate of the left boundary of the interval of A val-
ues for which a unique critical temperature 7, (X, 2) is guaranteed by the monotonicity of
w +—> Lg(w) for when @w € [0, \/5], is obtained simply by evaluation of the bound stated in
Corollary 1 of [14] with P(dw) = §(w — Q)dw, followed by decimal expansion. One also
needs to note that with P(dw) = §(w — Q)dw the upper estimate of T, (P) in Theorem 2 of
[14] becomes Q/Zﬁn.
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3.5 Lower Bounds on T, (4, Q)

We here get to the part of Corollary 1 that follows from Theorem 4. The validity of Corollary 1
is largely obvious, so we confine ourselves to some additional remarks.

3.5.1 The Lower Bound Tc“)(,l, Q)

The lower T, bound (18) follows easily from the lower bound (2) on (') and the charac-
terization of L (w ) as reciprocal value of h(z ). Indeed, the map & +>r.h.s.(2) is obviously
monotone increasing, hence invertible for all r > 0. It is readily inverted and yields (18),
restricted to A > 1. This bound was previously obtained in [1], by discussing a truncation
to a single Matsubara frequency of the linearized Eliashberg gap equations in their original
model formulation.

3.5.2 The Lower Bound Tc(z) 1,Q)

The formula (20) for N = 2 does not have a closed form expression in terms of algebraic
functions, as we will see. As far as we can tell, it does not seem to have a closed form
expression in known special functions, either. Yet its parameter representation (21) is readily
discussed.

For the 2 x 2 matrix given by the upper leftmost 2 x 2 block of r.h.s.(15) the largest
eigenvalue (3) can be written explicitly as function of o with the help of the formulas for the
invariants tr 9@ () and det H® () listed in Appendix A.1. Recalling the abbreviations

2 . . .
[2](w) := nﬁﬁ for n € N, after some algebraic manipulations we find

rn® = %([[1]] +[131) (60)
and !
det §® = 2 (117 + 121)*+ [1101T - [3D) - ©61)

2 . .
Note that (60) reveals that tr 9@ > 0; note furthermore that n nﬁﬁ > 0 is strictly

decreasing with increasing n € N, and so (61) reveals that det $® <o. Inserting (60) and
(61) into the formula

0 ) = 3 (115 +/(r9@)” —4det 5 ). (62)
then taking its reciprocal, yields the upper bound Léz) () on Lg(w) explicitly
LY = (63)
6

17+ 131 + \/([[1]] +31)°+ 12 (([11]] + 21+ [T — [[3]]))

The map @ +— L.(iz)(w) is readily seen to be continuous. The fact that it also is strictly
decreasing when @ > 0 increases from 0 to oo is a special non-dispersive limit case of
the analogous monotonicity result proved in [14] for the Eliashberg model with dispersive
phonons.
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Therefore, as @ runs from 0 to co, the map @ +>r.h.s.(63) is continuous and strictly
monotonically decreasing to A2, given by (23) for N = 2; viz.

A =32=06. (64)

It follows that the map @ +— A = Léz) () is invertible, and recalling that @ = %, this

yields a unique lower critical-temperature bound TC(Z) (%, 2) which is directly propotional to
2 and increasing in A on its domain of definition [A;, 00).

We remark that the inversion of @ +— A = Léz) () is equivalent to finding a particular
root to a polynomial in z? of degree > 4, which is known not to be expressible in closed

form algebraically.

3.5.3 The Lower Bound Tc(3) 1,Q)

Forthe N = 3 frequencies approximation we have not found a way to write the & dependence
of 5(3) () explicitly in a manner that is more condensed than the formulas given in (21) for
N = 3, supplemented by the formulas of Appendix A.2 for the invariants of the 3 x 3 matrix
$H3 (). All the same, by our Theorem 4 we know that for o < /2 the map @ > h(3) ()
is strictly monotonic increasing, and by reasoning analogously to how we argued in the
paragraph before Corollary 1, we conclude that for & < +/2 the map @ — HP (@) is
invertible to yield for A > 1/ b(3)(\f2) a TC(3)(A, 2) that is proportional to €2 and strictly
monotonic increasing in A. Evaluation yields 1/§® (+/2) = 1.0158.... Moreover, we know
by Theorem 6 that in a small right neighborhood of A3 = % = 0.48387... our explicit
parameter representation for ‘5;(3) yields a TC(3) (1, ©2) that is proportional to €2 and strictly
monotonic increasing in A. With some extra (not too hard, but daunting) work, one should be
able to rigorously prove that A TCG) (A, ) is strictly monotonic increasing for all A > A3,
but here we are content with pointing out that the plot of our parameter representation for
TC(3) (A, ) in Fig. 1 reveals that there is no sudden “horizontal oscillation” in the critical
curve 42 for 1 € (0.4838..., 1.0158...).

3.5.4 The Lower Bound Tc(4) 1,Q)

Essentially everything we wrote about the lower bound TCG) (A, 2) carries over to the lower
bound TC(4) (%, ), by analogy. Minor adjustments compared to the N = 3 approximation are
that 7Y (i, Q) is well defined for > 1/5® (v/2) = 0.7670..., while g = 195 = 0.4251...,
and that the plot of our parameter representation for TC(4) (%, ©2) in Fig. 1 reveals that there is
no sudden “horizontal oscillation” in the critical curve ‘5;(4) for A € (0.4251...,0.7670...).

3.6 Upper Bounds on T.(4, Q)

3.6.1 The Upper Bound T} (4, §2)

Our proof of Theorem 5 extablishes rigorously an explicit lower bound 1/b* (@) on Ly (@),
with h* (@) given in (16). Since @ +— h* (@) is manifestly strictly monotonically increasing

with @, this map is invertible, moreover explicitly so in closed form. This yields the upper
bound on 7, given as function of A and €2 in eq.(19) of Corollary 1.
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For large A ~ oo this bound is ~ C+/A with a C that is larger than the optimal coefficient
in Conjecture 1 by a factor ~ 2.034.

3.6.2 The large-A Upper Bound 7" (4, )

The discussion in section 2 establishes that 7.7 (A, £2) in Conjecture 1 is an upper bound
on T.(A, Q) for large enough A. This is a consequence of Corollary 3 to Theorem 7, which
establishes Proposition 1.

Recall that Conjecture 1 proposes that 7. (A, €2) is an upper bound on 7T, (A, 2) for all
A > 0and ©Q > 0. Fig. 1 and Fig. 2 present numerical evidence for its veracity.

4 Summary and Outlook
4.1 Summary

In this paper we rigorously studied the phase transition between normal and superconducting
states in a representative version of the standard Eliashberg theory in which the effective
electron-electron interactions are mediated by dispersion-free Einstein phonons of frequency
€ > 0, having electron-phonon coupling strength A > 0. The model is obtained by taking the
dispersionless limit of the standard Eliashberg model in which the effective electron-electron
interactions are mediated by phonons with Eliashberg spectral function «2F (w) that defines
the electron-phonon coupling strength A > 0. The standard Eliashberg model we studied
in [14]. The results obtained in the present paper are mostly special cases of the results of
[14]. We emphasize that our results for the Eliashberg model with Einstein phonons are more
detailed and quantitative than those of [14], which remained rather qualitative since o?F (w)
was left largely unspecified.

After a suitable rescaling with A the Eliashberg model with Einstein phonons is asymptotic
to the y model at y = 2 when A — 00. The y model was studied in our previous paper [13].

We showed in this paper that the normal and the superconducting regions in the positive
(X, 2, T) octant are both simply connected, and separated by a critical surface .7 that is a
ruled graph over the positive (€2, T') quadrant. It is given by a function A = A¢(2, T') that
depends on 2 and T only through the combination Q/T =: 27w, thus Ax(R2, T) = Lg(@).
Therefore, the critical surface .7, is completely characterized by a critical curve %, in the
positive (A, @) quadrant that is a graph over the @ axis, viz. 6, = {(A, @) € Ri A=
Li(w)}.

We furthermore showed that Ly () = 1/h(w ), where hh(zo) > Ois the largest eigenvalue
of an explicitly constructed compact operator $)(z) on 22(Np), where Ny is the set of
non-negative integers that enumerates the positive Matsubara frequencies. Since a compact
operator on a separable Hilbert space can be arbitrarily closely approximated by truncating
it to finite-dimensional subspaces, in this case spanned by the first N positive Matsubara
frequencies, we obtained from our variational principle a strictly monotonically decreasing
sequence of rigorous upper bounds on L;(z), the first four of which we have computed
explicitly in closed form.

Through spectral estimates of h(z) from above we also rigorously obtained an explicit
lower bound on Ly(@).

Physical intuition, based on empirical evidence, suggests that the phase transition can be
characterized in terms of a critical temperature T, (A, 2), which is equivalent to saying the
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critical surface . is a graph over the positive (%, ) quadrant. This in turn is equivalent
to saying that the map @ +— Lgy() is strictly monotone, hence invertible to yield o =
L, 1()\). Recalling the definition of e, this would give T.(A, 2) = Qf(}) with f(}) =

———. By taking the dispersionfree limit of our results in [14], we showed that all our
2Ly (W)

upper approximations to the map @ +— Ly(), and this map itself, are strictly monotone
decreasing for @ € [0, v/2]. We also supplied compelling evidence for the conjecture that
the map @ +— Lg(w) is strictly monotone decreasing for all w € [0, 00), but to prove it
would require a different strategy.

Since the explict fourth upper bound on L () yields Lg‘) (+v/2) = 0.7670...., what we just
wrote proves that a unique critical temperature 7, (1, 2) in the Eliashberg model with Einstein
phonons is mathematically well-defined in terms of the untruncated linearized Eliashberg
gap equations whenever A > 0.7670.... Also this A value is not a sharp boundary but a
consequence of our method of proof. While mathematically desirable to prove the existence
of a unique T.(A, ) for all A > 0, from a theoretical physics perspective the range A >
0.7670... covers all cases of interest so far. Moreover, as detailed above already, on the
interval . > 0.7670... the critical temperature 7, (X, 2) takes the form T, (1, Q) = Q f(}),

and f(A) = ani, o is strictly monotonic increasing with A, asymptotically for large A

like Cv/A, with C = %«/9(2) = 0.1827262477..., where g(2) is the spectral radius of a
compact operator & (2) associated with the y model for y = 2. This monotonicity had been
anticipated previously and widely used in the superconductivity literature, though without
proof. In particular, it has been instrumental in obtaining bounds on 7, based on the limits
of applicability of the Eliashberg theory to physical systems [5, 8, 9, 18-20, 24] (in contrast
to bounds from within this theory that we constructed here).

With the existence of a unique critical temperature secured for most situations of inter-
est, we have the following interesting application of our results (pretending the Einstein
phonon model would accurately capture the behavior of some superconductors in the labo-
ratory). Namely, measuring the phonon frequency 2 and the critical temperature 7, yields
the electron-phonon coupling constant through our formula

A= Ly(Q, T, (65)

with the function Ly determined by our variational principle (1), see Theorem 3. Since there
has not been any experimental means yet to measure the electron-phonon coupling constant
directly, our formula (65) provides a useful algorithm to obtain it from the easy-to-measure
quantities €2 and 7.

We conclude with the remark that our assessment, in the summary section in [14] of our
upper and lower bounds on 7, in the standard Eliashberg theory with generally dispersive
phonons, inregard to the existing superconductivity literature applies also to the nondispersive
limit of Einstein phonons. It need not be repeated here.

4.2 Outlook

The present paper completes our series of three papers on the rigorous study of the Eliashberg
gap equations as linearized about the normal state. There are further issues concerning the
linearized Eliashberg gap equations that merit clarification or vindication, but these fall
outside the thrust of our three papers about bounds on 7. for various realizations of Eliashberg
theory, and will be addressed elsewhere.
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Our next goal is the study of the non-linear Eliashberg gap equations. It should not come
as a surprise that the results on the linearized Eliashberg gap equations will play an important
role in our study of the nonlinear equations, too. However, in general our Hilbert space
analysis of papers I-III will have to be replaced by an analysis of operators in a certain
Banach space.
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Appendix A The Matrix Invariants

In this appendix we list the matrix invariants that enter our explicit spectral formulas.

A.1 Trace and Determinant for @

With the help of Maple, we computed

2 wi5+o?)
@ _
t = - 66
R W P e B (66)
and 4 2 4 6
1 497 + 357 81 5
det @ = 17 BT+ 357" + Blo + 5w ) 67)
3 (1+a2)22*+ @223 +@?)
A2 tr$H®,tradj$H?®, and det H®
With the help of Maple, we computed
1 @+
(€) 2]+2
r 5 Z Pjw (68)
H(J +w?) =0
=1
with
— 1642, (69)
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Py = —1123, (70)
P, = —56, (71)
Py =1, (72)
and where
1 52
r ad] 5(3) _ ( + ZD' Z Q ZD.2j+4 (73)
H (j2+w?)? =0
j=1
with
Qo = —178415760 (74)
Q1 = —184933048, (75)
0, = —76880761 (76)
Q03 = —16105091, 77
04 = —1840578, (78)
0s = —115414, (79)
Q¢ = —3701 (80)
07 =-47, 81
and where
1 42 2 52
det § = 15( ot + @) ZR 2, (82)
1—[ (12 + w2)3 j=0
j=1
with
Ro = 2558100032, (83)
R = 4173421560, (34)
R, = 2816977328, (85)
= 1019355095, (86)
R4 = 217124598, 87
Rs = 28353481, (88)
Rg = 2283172, (89)
R7 = 109833, (90)
Rg = 2870, on
Rg = 31. (92)
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A3 tr (f)(4))j forj e {1, 2, 3}, and det H¥

With the help of Maple we computed

p® A @)@ +o?) i AP,
105 7
[G2+@? =0
j=1
with
Ayg = —587614,
A = —378887,
Ay = —48741,
Az = —1741,
Ag = —17,
and where
, 4 1 2 .
w(9H®)? = T 3 Byt
12+ w2)? i=0
j=1
with
By = 5528840384999510784,
B; = 6599696503410581760,
By = 3326645732455221568,
B3 = 918435365485009440,
B4 = 155456935099854829,
Bs = 17126757404561210,
Bg = 1269043196251444,
B7 = 64176958757030,
Bg = 2212609975954,
By = 51013415750,
Bio = 750481900,
Bi1 = 6354810,
By = 23521,
and where
r(9@)° = 1:53 €S J7r @) (6* + o) i C i,
[TG2+@»)3 =0
j=1
with

Co = 9010878250269017144157696,
Cy = 16624865829373037483712768,
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(96)
C0)
98)

99)

(100)
(101)
(102)
(103)
(104)
(105)
(106)
(107)
(108)
(109)
(110)
(111)
(112)
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and where

with

4
detS’J 4) —_

Cy = 13540239499558750620520256,
C3 = 6364419134756953975352320,
C4 = 1926113327143598489598662,
Cs = 398191036579545928245331,
Ce = 58319255322911645778671,
C7 = 6195524225171893946797,

Cg = 484500448290278415303,

Cy = 28103545935504703422,

Cio = 1210147834157786502,

C11 = 38427425846357114,

Ci2 = 885377791146772,

C13 = 14357222218367,

Ci4 = 155016577051,

Ci5 = 998583881,

Ci6 = 2899087,

7
2 2yj—4
[TG +a)/ ™"

J

=5
105 7 ,
]_[(j2+w2)4 j=0
j=1

Dy = —2194302107987911471104,
Dy = —5722539809029202405376,
Dy = —6613012359516668960000,
D3 = —4486664421458423037184,

D4 = —2001088031779516779472,
Ds = —623790394528514282984,
De = —141205209279440754839,
D7 = —23808533231074266904,
Dg = —3041182357980945318,
D9 = —297427880736874480,

Do = —22388520649376121,

D11 = —1297313989039664,
D1y = —57565369848100,
D13 = —1933131508936,
D4 = —48125134553,

D5 = —858109496,

Dig = —10330246,

3 Dy,

(116)
(117)
(118)
(119)
(120)
(121)
(122)
(123)
(124)
(125)
(126)
(127)
(128)
(129)
(130)

(131)

(132)
(133)
(134)
(135)
(136)
(137)
(138)
(139)
(140)
(141)
(142)
(143)
(144)
(145)
(146)
(147)
(148)
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D7 = —74976, (149)
Dig = —247. (150)
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