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Abstract
Using the recent reformulation for the Eliashberg theory of superconductivity in terms of a
classical interacting Bloch spin chain model, rigorous upper and lower bounds on the critical
temperature Tc are obtained for the γ model—a version of Eliashberg theory in which the
effective electron–electron interaction is proportional to (g/|ωn − ωm |)γ , where ωn − ωm

is the transferred Matsubara frequency, g > 0 a reference energy, and γ > 0 a parameter.
The rigorous lower bounds are based on a variational principle that identifies (2πTc/g)γ

with the largest (positive) eigenvalue g(γ ) of an explicitly constructed compact, self-adjoint
operator G(γ ). These lower bounds form an increasing sequence that converges to Tc(g, γ ).
The upper bound on Tc(g, γ ) is based on fixed point theory, proving linear stability of the
normal state for T larger than the upper bound on Tc(g, γ ).

Keywords Superconductivity · Eliashberg theory · γ model · Critical temperature Tc;
Rigorous results

1 Introduction

Superconductivity is a property of certain materials to conduct electric currents without dissi-
pation. While in the metallic (normal) state the resistance decreases gradually with decreasing
temperature, the superconducting state sets in abruptly at a certain critical (transition) tem-
perature Tc where the electrical resistance of the material suddenly drops to zero. Another
defining characteristic of the superconducting state is the expulsion of magnetic flux from its
interior, which, in particular, allows superconductors to levitate in applied magnetic fields.

In this paper we initiate a rigorous inquiry into Tc, that will be continued in several follow-
up papers, each one building on the results of the previous one, yet written so that they stand
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in their own right—modulo the proofs of some of the results that will be referred to. In this
section we present what is meant as a “master introduction” to our project: After briefly
recalling the empirical, and then the theoretical state of affairs, we offer our mathematical
critique and propose our “plan of attack” for conquering this list of mathematical problems,
followed by a summary of the results obtained in the present paper.

1.1 Empirical State of Affairs

Since the discovery of superconductivity in mercury in 1911 by H. Kamerlingh Onnes [27],
there has been a sustained effort, particularly intense in recent years, to discover supercon-
ductors with higher values of Tc. One of the main goals is to achieve superconductivity at
room temperatures, which holds the promise of revolutionary technological applications.
The critical temperatures of elemental superconductors, such as mercury, aluminum, and
niobium, do not exceed 10 K, though, and conventional superconducting compounds reach
values of Tc higher than that only by less than an order of magnitude, up to 39 K in MgB2

[2, 4, 11, 29, 44].
In 1986, high-temperature superconductors were discovered by G. Bednorz and K. A.

Müller [7]. These are materials with critical temperatures above 77 K, the boiling point of
liquid nitrogen at ambient pressure. A notable example is the cuprate of mercury, barium,
and calcium with Tc above 130 K at ambient pressure [38]. Moreover, much higher values
of Tc were discovered, albeit at very high pressures, in entirely different types of materials
– metallic hydrogen and hydride compounds. The current verified record belongs to LaH10,
(La,Y)H10[15, 41, 42], (La, Sc)H10[39], and other ternary compounds containing lanthanum
with Tc = 250 K.

1.2 Theoretical State of Affairs

No compelling quantum-statistical physics explanation of the phenomenon of supercon-
ductivity has yet been supplied that would work with the genuine quantum-mechanical
Hamiltonian HZ,N of N nuclei and of N Z spin- 1

2 electrons, with electrical Coulomb inter-
actions between all the charged particles, and reasonable spin-spin interaction among the
electrons; here, Z would have to be the atomic number of an elemental superconductor such
as Hg or Pb. To show that the canonical free energy −kBT ln tr e−HZ ,N /kBT of an ensemble
of such systems at a given density, taken per nucleus or per volume and considered in the
thermodynamic limit, will at some Tc > 0 feature a continuous phase transition between
a normal (metallic) phase that exists in a right neighborhood of Tc, and a superconducting
phase in a left neighborhood of Tc, remains a truly hard challenge for current and future
generations of theoretical physicists.

For the time being, the default point of departure continues to be the electron–phonon
Hamiltonian

H F = ∑

p,σ
ξ(p)c†

p,σ cp,σ + ∑

q
ω0(q)b†

qbq (1)

+ 1√
N

∑

p,q,σ

α(q)√
2Mω0(q)

c†
p+q,σ cp,σ

[
b†
−q + bq

]

for an ideal gas of spin- 1
2 fermions of momentum p and spin projection σ in interaction

with an ideal gas of spin-0 bosons of momentum q , introduced in 1954 by Fröhlich [20].
The fermions represent conduction band electrons, and the bosons represent phonons, i.e.,
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the quantized vibrational excitations of the ionic lattice presumed to be formed by the N
nuclei of mass M and their bound electrons when embedded in the neutralizing ideal gas of
conduction band electrons. The momentum–energy dispersion relations ξ(p) and ω0(q), and
the electron–phonon coupling function α(q), are theoretical input. The Fröhlich Hamiltonian
still offers what can be called a microscopic approach to metals in condensed matter physics,
yet one that is reduced to what are thought to be the effective microscopic degrees of freedom,
compared to HZ,N. For rigorous results on its ground state, see [19].

1.2.1 BCS Theory in a Nutshell

The first successful semi-microscopic theory of superconductivity was proposed by Bardeen,
Cooper, and Schrieffer (BCS) in 1957 [5, 6]. The theoretical discovery of phonon-mediated
electron–electron pairing into what was soon to become known as Cooper pairs suggested to
BCS to drastically simplify H F further into

H BCS = ∑

p,σ
ξ(p)c†

p,σ cp,σ − λ
ν0

∑

p,q
|ξ(p)|<
cut|ξ(q)|<
cut

c†
q,↑c

†
−q,↓cp,↑c−p,↓, (2)

a Hamiltonian that operates only on the electron degrees of freedom. Here ν0 is the bulk
density of states at the Fermi level. In going from H F to H BCS the two terms involving phonon
degrees of freedom have been eliminated from the Fröhlich Hamiltonian in favor of an
effective interaction term involving pairs of Cooper pairs; only an electron–phonon coupling
constant, λ, remains as reminder of the role that phonons play in mediating the formation of
Cooper pairs and their interaction. A spectral gap �(0) is opened up at the Fermi level by the
formation of Cooper pairs. Thanks to the energy gap the Cooper pairs can support a loss-less
electrical supercurrent, as long as this current is not too large.

In tr exp
(− H BCS/kBT

)
the quartic femionic term is itself simplified by replacing it by

a symmetrized product of one quadratic factor with the expected value of the other one –
invoking a mean-field approximation. This yields the order parameter �(T ) > 0 as solution
of what is known as the BCS gap equation,

1 = λ

∫
�
cut

0

tanh
(√

ε2 + �2/2kBT
)

√
ε2 + �2

dε for λ � 1, (3)

which exists for T < Tc, where Tc is the unique T value solving (3) for when � = 0; note
that for T > Tc r.h.s. (3) is < 1, and the BCS order parameter ceases to exist. For T ↓ 0 the
order parameter �(T ) becomes the spectral gap �(T = 0). Measuring Tc allows one to infer
the spectral gap �(0) = ATc, where A does not depend on λ or 
cut and can be computed
from the theory.

While the BCS theory of superconductivity caused by phonon-induced Cooper pairs has
been very successful, earning its authors a Nobel Prize in physics, it leaves many things
desired. In particular, the BCS Hamiltonian invokes an ad-hoc frequency cutoff 
cut, some-
where near the Fermi energy of the ideal electron gas (in units of � = 1); without such a
cutoff, i.e. when 
cut → ∞, then r.h.s. (3) diverges to ∞ for any T > 0, � > 0, and λ > 0.

As a result, BCS theory is neither able to accurately determine the superconducting Tc,
nor the coupling constant λ, nor many other properties. Moreover, it is quantitatively valid
only for weak electron–phonon interactions (the small λ regime).1

1 This criticism of the original BCS theory does not apply to a variation on the theme of BCS theory that
was developed about 25 years ago [10] to predict the onset of superfluidity in trapped ultracold fermion gases.
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1.2.2 Eliashberg Theory in a Nutshell

Eliashberg [16] remedied these issues in 1960 by building on an earlier work of Migdal
[34] on electron–phonon interactions in metals that also took H F as point of departure.
Eliashberg theory extends BCS theory to stronger electron–phonon interactions and allows
one to directly incorporate the actual phonon spectrum; for reviews, see [4, 11, 33]. Moreover,
Moon and Chubukov recently introduced a modification of the standard Eliashberg model
[35] (see also [1, 13, 46, 47]), which they named the γ model and which seeks to describe
superconductivity in systems close to quantum phase transitions, where the effective electron–
electron interactions are mediated by collective bosonic excitations (fluctuations of the order
parameter) instead of phonons.

Eliashberg theory, like BCS theory, is obtained from the quantum statistical mechanics
formalism through a mean-field approximation to the free-energy density in the thermody-
namic limit; in addition to the original papers and the cited reviews, see also [50], and also
[26] for a renormalization group argument. Yet, Eliashberg theory is much more refined than
BCS theory. In Eliashberg theory, the BCS gap equation (3) is replaced by an infinite set of
coupled nonlinear equations for the Eliashberg gap function n �→ �n(T ) ≥ 0, known jointly
as the Eliashberg gap equation, from which the order parameter �(T ) ≥ 0, and the energy
gap �(0), can be extracted. The Eliashberg gap equation reads (cf. eq.(38) in [50])

∀n ∈ Z : ωn�n = πT
∑

m∈Z

λn,m
ωn�m − ωm�n
√

ω2
m + |�m |2 . (4)

Here, the ωk := (2k + 1)πT for k ∈ Z are fermionic Matsubara frequencies, and λn,m ≡
λ(n−m) ≡ V (ωn −ωm) is a dimensionless effective electron–electron interaction, of which
we are particularly interested in the following kinds.

In units where Boltzmann’s constant kB = 1 and the reduced Planck constant � = 1, the
effective electron–electron interaction mediated by generally dispersive phonons is given by

Vph(ωn − ωm) := 2
∫ ∞

0

α2F(ω)ω

ω2 + (ωn − ωm)2 dω. (5)

Here, ω �→ α2F(ω) ≥ 0 is the electron–phonon spectral function,2 defined as the thermo-
dynamic limit of a sum of Dirac δ measures with positive coefficients that are concentrated
on a discrete set of frequencies 
k ∈ (0,
] with 
 < ∞, and which converges in the sense
of distributions to a Lebesgue integrable function α2F(ω) (∝ ω2 for small ω). The quantity
Vph(0) =: λ is the dimensionless electron–phonon coupling constant of the theory,

λ = 2
∫ ∞

0

α2F(ω)

ω
dω. (6)

Note that our λ is the standard (renormalized) dimensionless electron–phonon coupling
constant of the Eliashberg theory; cf. [3, 4, 11].

The interactions between the fermionic atoms in such systems are very different from the phonon-mediated
electron–electron interactions that cause Cooper pairs in superconductors. In recent years this model has
received much attention by mathematical physicists, see e.g. [21–23, 32], but these studies do not alleviate the
criticism of the BCS theory of phonon-mediated superconductivity.
2 We note that in this standard notation, α2F is a compound symbol. This notation has its historical roots
in early models with a function α2(ω) ≥ 0 and phonon density of states F(ω) ≥ 0 that where defined
separately. Subsequently it was realized that the combination α2F generalizes to situations in which the
individual functions are not separately defined. It would be prudent to just write f (ω) (say), yet here we
follow the tradition of the superconductivity literature.
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Since ωn −ωm = (n−m)2πT , it has also become customary to use the notation λ(n−m)

instead of Vph(ωn − ωm), i.e.

λ(n − m) := 2
∫ ∞

0

α2F(ω)ω

ω2 + 4π2T 2(n − m)2 dω. (7)

With this convention, the coupling constant λ ≡ λ(0). In order to avoid any ambiguous state-
ments, we will use λ exclusively to mean the coupling constant (6), and not as abbreviation
for the map j �→ λ( j), with j ∈ Z, as defined by (7)—something that is sometimes done
in the superconductivity literature, unfortunately. Whenever we invoke (7) we will use the
notation λ( j), with j ∈ Z (or j ∈ N).

For materials predominantly featuring what’s known as optical phonons it suffices to work
with dispersionless (Einstein) phonons of renormalized frequency 
, for which

α2F(ω)

∣
∣
∣

Ein
:= g2

2

δ(ω − 
). (8)

This model is sometimes called the Holstein model, after [24, 25], but one should keep in mind
that in the original Holstein model it is the bare phonons that are dispersionless, while here
the physical (renormalized) phonons are. With this understanding, we will interchangeably
refer to this model as the Holstein or the Einstein phonon model. The dimensionless effective
electron–electron interaction mediated by Einstein phonons therefore reads

Vph(ωn − ωm)

∣
∣
∣

Ein
= g2


2 + (ωn − ωm)2 . (9)

In this realization of Eliashberg theory the dimensionless electron–phonon coupling constant
is given in terms of g and 
, as

λ = g2


2 . (10)

We remark that with λ = λ(0) well defined, it appears to not enter the Eliashberg gap
equation (4) because the m = n term in the summation manifestly vanishes identically. Yet,
appearances are misleading. This is clear in the Holstein model, where g can be eliminated
in favor of λ, yielding

Vph(ωn − ωm)

∣
∣
∣

Ein
= λ


2


2 + (ωn − ωm)2 . (11)

Similarly, we can rewrite the effective electron–electron interaction mediated by generally
dispersive phonons as

Vph(ωn − ωm) =: λ

∫ ∞

0

ω2

ω2 + (ωn − ωm)2 P(dω), (12)

where P(dω) is a non-negative normalized measure, integrating to unity, having a Radon–
Nikodym derivative P ′(ω) ∝ ω for small ω.

In the γ model the dimensionless effective electron–electron interaction by definition is

Vγ (ωn − ωm) := gγ

|ωn − ωm |γ , n �= m, (13)

and Vγ (0) := 0; here, γ can in principle take arbitrary positive values. In particular, it has
been argued that γ = 1

3 , respectively γ = 1
2 , for two-dimensional nematic, respectively

magnetic quantum critical points, that γ ≈ 7
10 for a spin-liquid model for the cuprates, and
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γ = 1 for pairing mediated by an undamped propagating boson in two dimensions; see [13]
and references therein for details.

We remark that (13) in the special case γ = 2 is obtained for m �= n by letting 
 ↘ 0
in (9). Thus the γ model might be thought of as a generalization of a λ → ∞ limit of the
rescaled Holstein model, the rescaling being expressed through the finite coupling constant
g being used in place of the infinite λ. Incidentally, we emphasize that in this series of papers
we study bounds on Tc within the above models, as opposed to bounds stemming from the
limits of their applicability to actual physical systems [12, 17, 18, 37, 40, 43, 49, 51, 52]. In
particular, even though λ in real metals cannot exceed a critical value λc ∈ [3, 4], the study
of the λ → ∞ limit is still quite useful; e.g., it provides a simple asymptotic upper bound
on Tc that presumably is valid for all λ. Note also that the suitably rescaled limits λ → 0
(yielding the BCS theory) and λ → ∞ are the two universal limits of the Eliashberg theory
[3, 4, 11, 14, 49], in the sense that the theory becomes independent of the phonon spectrum
and other microscopic details. Some of its key features become most apparent, then.

Coming back to the Eliashberg gap equation, a manifestly obvious solution is �n ≡
0 ∀ n ∈ Z; it maps into a vanishing order parameter �(T ) ≡ 0. Since the order parameter
vanishes above Tc when the material is in its normal state, the trivial solution �n ≡ 0 ∀ n ∈ Z

corresponds to the normal state, for all T > 0.
However, the normal state has been numerically found to be linearly stable, in the sense

of locally minimizing the free-energy density of Eliashberg theory, only for temperatures
above a critical temperature Tc, and unstable below Tc. Furthermore, nontrivial solutions of
the nonlinear Eliashberg gap equation that can be identified with a superconducting state
have been found numerically only for T < Tc. Most importantly, such types of numerical
evaluations of the Eliashberg equations have accurately predicted Tc for a broad range of
superconductors, including the hydrides [3, 4, 11, 44].

1.3 Mathematical Critique and Goals

While the advantages of the Eliashberg theory over the BCS theory for the treatment of
electron–phonon superconductors are not seriously in doubt, it should be noted that this
success story is based primarily on a practical mix of ad-hoc approximations to the Eliashberg
equations and heuristic assessments of when the computational schemes appear to have
converged. For mathematically minded readers it is rather difficult to appreciate what is
actually being accomplished in standard references like [3, 8] that claim to accurately compute
Tc, when in [8] one also reads that “The frequency summation in the [linearized]3 gap
equation (2) should be done up to a frequency of the order of the band width. For technical
reasons one only does the summation up to a cut-off frequency somewhat larger than the
maximum phonon frequency.” This sounds very much like a BCS-type frequency cutoff

cut having re-entered through a backdoor. Note that [3] start directly with Eq. (7) of [8],
also their Eq. (7), a judiciously truncated version of the linearized Eliashberg gap equations.4

Numerical evaluations of such truncated linearized equations in themselves cannot address the
question whether a critical temperature Tc is actually well-defined in terms of the untruncated

3 Inserted by the present authors.
4 In Eq. (7) of [8] the kernel λ(n − m) is shifted by the addition of an N -dependent “reduced Coulomb
repulsion parameter” μ∗(N ). We emphasize that no such Coulomb term can be extracted from the Fröhlich
Hamiltonian (1), and so it has no place in Eliashberg theory as derived from (1). It is “smuggelt” into the
truncated equations using some hand-waving physical reasoning, basically for the purpose of obtaining better
fits to experimental data. Note that no non-zero constant can be added to λ(n−m) in Eliashberg theory because
the summations over all Matsubara frequencies would diverge, then.
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linearized Eliashberg gap equations, and even supposing so, whether this Tc satisfies the
thermodynamical definition. Even then, it is not a-priori clear whether Tc can be accurately
computed by the approximation through truncation.

Put differently, in Eliashberg theory (here understood to include the standard Eliashberg
model as well as the γ model), Tc is thermodynamically defined. If the theory predicts a
thermodynamically well-defined critical temperature Tc, as function of λ for the standard
Eliashberg model, respectively as function of γ for the γ model, then Tc has to be the
borderline temperature between a connected high-temperature regime where the normal
state is the thermal equilibrium state, and a connected low-temperature regime where a
superconducting state is the thermal equilibrium state. If this is the case, and if the phase
transition at Tc is a continuous phase transition, then the normal state is linearly stable
against superconducting perturbations for temperatures above Tc, and unstable against such
perturbations at temperatures below Tc. However, we are not aware of any rigorous arguments
in the literature that this is what the theory predicts. The only rigorous result that we are aware
of states the absence of odd- f superconductivity for certain model realizations of Eliashberg
theory; odd- f superconductivity has been reported to feature in the extended γ model [48],
though.

Instead, in the traditionally cited standard literature [3], reviewed in [4], it has been claimed
that Tc can be approximated from below arbitrarily precisely by determining when the largest
eigenvalue of a real-symmetric N×N truncation of an operator associated with the linearized
Eliashberg gap equation vanishes,5 as long as N is “large enough.” Numerical studies involv-
ing up to N = 64 Matsubara frequencies in [3] have been offered in support of this narrative,
yet a mathematical vindication has been missing.

More explicitly, it is easy to understand that the largest eigenvalue of a family of sym-
metric N × N truncations of (let’s call it) the “linearized Eliashberg gap operator” grows
monotonically with N , since these truncations are projections onto an expanding family of N -
dimensional subspaces of the Hilbert space on which the linearized Eliashberg gap operator
acts. Yet, without a suitable monotonic dependence of this eigenvalue on T it does not follow
that increasing N would lead to an increasing sequence of lower approximations to Tc. True,
for a truncation of this eigenvalue problem to a single (the first positive) Matsubara frequency
it is manifest that the only eigenvalue of the pertinent 1 × 1 matrix depends monotonically
on T and changes sign once when T is varied (cf. the text surrounding equations (18)–(21)
in [3]). However, when the first N > 1 positive Matsubara frequencies are involved in the
truncation the largest eigenvalue of the pertinent N × N matrix does not manifestly depend
suitably monotonically on T , claims to the contrary in [3] notwithstanding. While the numer-
ical studies in [3] apparently suggest this monotonicity also for N ∈ {2, 4, 8, 16, 32, 64},
this cannot replace a proof that holds for all N , and for other values of the coupling constant
λ than those covered in the numerical studies of [3].

Also lacking in the literature has been an argument for why the eigenmode associated with
a largest eigenvalue of the Eliashberg gap operator of the normal state corresponds to the
superconducting minimizer of the free energy functional in Eliashberg theory. For this to be
the case one needs to have �n > 0 ∀ n ∈ Z [50], something that cannot be taken for granted
just because the corresponding numerically computed mode in the N × N truncations with
particular choices of N and λ feature the analogous positivity.

5 Intuitively, think of the eigenvalues as rates for exponentially time-dependent eigenmodes. If they are all
negative, the eigenmodes decay in the course of time and the normal state is linearly stable. But if there is
even only a single positive eigenvalue, then there is an exponentially growing mode, and the normal state is
unstable.
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One could easily go on and list further points of criticism, but the above list of problems
already is too long to be addressed rigorously in a single paper. It paves the ground for
explaining what we plan to do in a series of papers, of which the present one features part I.

The present paper is devoted to a study of Tc as defined by the linearized Eliashberg gap
equations for the γ model. The results obtained here are of interest in their own right, yet
they also will be important ingredients for the follow-up part II paper, which deals with the
linearized Eliashberg gap equations for the standard version of Eliashberg theory in which
the effective electron–electron interactions are mediated by generally dispersive phonons. In
our part III paper we in turn will specialize our results of paper II to their non-dispersive limit,
sometimes called the Holstein model, where much more detailed results can be obtained that
also are of interest in their own right. Recall that the special case γ = 2 of the γ model
captures the λ → ∞ limit of a properly rescaled Holstein model.

A study of the nonlinear Eliashberg gap equations is reserved for yet another publication.

1.4 Synopsis of Our Results for Tc(g,�)

The γ model features two parameters, g and γ . We rigorously study the linear stability of
the normal state, i.e. of the trivial solution of the linearized Eliashberg gap equation, against
small perturbations, as a function of g and γ . We find that for each γ > 0 and g > 0 there is a
critical Tc(g, γ ) such that the normal state is linearly stable when T > Tc(g, γ ) and unstable
against superconducting perturbations when T < Tc(g, γ ). Thus Tc(g, γ ) is well-defined in
the sense of linear stability analysis.

We characterize Tc(g, γ ) by a variational problem for the largest eigenvalue g
(
γ
)

of a
γ -dependent self-adjoint, compact operator G(γ ) on the Hilbert space of square summable
sequences, introduced explicitly in section 4. The critical temperature Tc(g, γ ) is given by

Tc(g, γ ) = g
2π

[
g
(
γ
)] 1

γ . (14)

Formula (14) for Tc(g, γ ) reveals that g plays a rather simple role in the analysis. In
particular, for many purposes we may simply think of Tc as measured in units of g, which is
equivalent to setting g = 1, and ease the notation by simply writing Tc(γ ) for Tc(1, γ ). For
other purposes, such as comparisons of the γ model results with results of other models that
do not feature g, it is of advantage to keep g as an overall factor, and so we will continue to
do so for now. We will explicitly alert the reader when we switch to setting g = 1.

We also show that the eigenmode for the largest eigenvalue of G(γ ) is the eigenmode
for the spectral radius of a (non-symmetric) operator that maps the positive cone of �2 into
itself. With the input of the Krein–Rutman theorem that eigenmode can be identified as
corresponding to the superconducting minimizer of the condensation energy functional.

The compactness ofG(γ ) on the Hilbert space �2 implies thatG(γ ) can be arbitrarily accu-
rately approximated through truncations G(N )(γ ) to N -dimensional subspaces, by choosing
their dimensions large enough. Each G(N )(γ ) is a real-symmetric N × N matrix that is the
upper left N × N block of the ensuing matrix G(N+1)(γ ). We give G(4)(γ ) explicitly below,
featuring G(N )(γ ) for N ∈ {1, 2, 3} as submatrices, and revealing the pattern to construct
G(N )(γ ) for any N ∈ N. Our truncations lead to a strictly increasing infinite sequence of
lower bounds on Tc(g, γ ) that converges to Tc(g, γ ), viz.

T (1)
c (g, γ ) < · · · < T (n)

c (g, γ ) < T (n+1)
c (g, γ ) < · · · < T (∞)

c (g, γ ) (15)

= Tc(g, γ ). (16)
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The first four of these bounds can be computed explicitly. They read

T (1)
c (g, γ ) = g

2π
; (17)

T (2)
c (g, γ ) = g

2π

[

1
6

(

1+ 1
3γ +

√
(
1 + 1

3γ

)2+12
((

1 + 1
2γ

)2+2 − 1
3γ

)
)]1

γ

; (18)

T (3)
c (g, γ ) = g

2π

(
r(γ )

3 + 2
√

p(γ )
3 cos

[
1
3 arccos

(
q(γ )

2

√(
3

p(γ )

)
3
)]) 1

γ

(19)

with p, q, r given by

p(γ ) = 1
3

(
tr G(3)(γ )

)2 − tr adjG(3)(γ ), (20)

q(γ ) = 2
27

(
tr G(3)(γ )

)3 − 1
3 tr G(3)(γ ) tr adjG(3)(γ ) + det G(3)(γ ), (21)

r(γ ) =tr G(3)(γ ), (22)

where G(3) is the upper left 3×3 block of the matrix G(4) given below. The trace, the trace of
the adjugate, and the determinant of G(3) are given in Appendix B.2. At last, and temporarily
suppressing the dependence on γ of the coefficients of the characteristic polynomial det

(
ηI−

G(4)(γ )
) = η4 + A(γ )η3 + B(γ )η2 + C(γ )η + D(γ ), we have

T (4)
c (g, γ ) = g

2π

[

− 1
4 A +

√
1
2 Z +

√
3
16 A

2 − 1
2 B − 1

2 Z + A3−4AB+8C
16

√
2Z

] 1
γ

, (23)

where Z(γ ) is a positive zero of the so-called resolvent cubic associated with the characteristic
polynomial det

(
ηI−G(4)(γ )

)
, given by (temporarily suspending displaying the dependence

on γ again)

Z = 1
3

[√
Y cos

(
1
3 arccos X

2
√
Y 3

)
− B + 3

8 A
2
]
, (24)

with

X = 2B3 − 9ABC + 27C2 + 27A2D − 72BD, (25)

Y = B2 − 3AC + 12D, (26)

where

A = −tr G(4), (27)

B = 1
2

((
tr G(4)

)2 − tr
(
G(4)

)2
)
, (28)

C = − 1
6

((
tr G(4)

)3 − 3tr
(
G(4)

)2(tr G(4)
) + 2tr

(
G(4)

)3
)
, (29)

D = det G(4), (30)

and with (restoring the dependence on γ )

G(4)(γ )

=

⎛

⎜
⎜
⎜
⎜
⎝

1 1√
3

[ 1
2γ + 1

] 1√
5

[ 1
3γ + 1

2γ

] 1√
7

[ 1
4γ + 1

3γ

]

1√
3

[ 1
2γ + 1

] 1
3

[ 1
3γ − 2

] 1√
15

[ 1
4γ + 1

] 1√
21

[ 1
5γ + 1

2γ

]

1√
5

[ 1
3γ + 1

2γ

] 1√
15

[ 1
4γ + 1

] 1
5

[ 1
5γ − 2

2γ − 2
] 1√

35

[ 1
6γ + 1

]

1√
7

[ 1
4γ + 1

3γ

] 1√
21

[ 1
5γ + 1

2γ

] 1√
35

[ 1
6γ + 1

] 1
7

[ 1
7γ − 2

3γ − 2
2γ − 2

]

⎞

⎟
⎟
⎟
⎟
⎠
. (31)
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The trace of the first three powers of G(4), and its determinant, are given in Appendix B.3.

For all N > 4 the lower bounds T (N )
c (g, γ ) on Tc(g, γ ) have to be computed by numerical

approximation of (14). Practically, this can be done accurately if N is not too large, and γ

not too small.
We also constructed an upper bound Tc(g, γ ) ≤ T ∗

c (g, γ ), with

T ∗
c (g, γ ) = g

2π

[

1 + 2
(
(21+ε(γ )− 1)ζ(1+ε(γ ))ζ(1 + 2γ − ε(γ ))

) 1
2

] 1
γ

, (32)

where ε(γ ) = min{γ, 0.65}. In (32), ζ(s) := ∑
n∈N

1
ns for s > 1 is the Riemann ζ function.

When γ → ∞, then T ∗
c converges to the exact value Tc(g,∞) = g

2π
, while it diverges

∼ g
2π

(2/γ )
1
γ when γ ↘ 0, in agreement with the estimated behavior Tc ∼ C ′ (C/γ )

1
γ

when γ ↘ 0 for certain C,C ′ > 0; see [45, 52].
In the formula for Tc(g, γ ), and in all our bounds on Tc(g, γ ), we have displayed g

explicitly for later convenience and reference. In much of what follows we will set g = 1
and simply write Tc(γ ) for Tc(1, γ ), to ease the notation.

The next figure shows our lower bounds T (N )
c (γ ) for N ∈ {1, ..., 4}, our upper bound

T ∗
c (γ ), and also a numerically computed approximation to 10 decimal places precision of

the lower bound T (400)
c (γ ) for a sampling of γ values between 0.4 and 3.1 spaced by steps

of 0.1; we also added half a dozen intermediate γ values below 1 to fill in the larger gaps
between the Tc values that open up for smaller γ values when these are equally spaced. We
produced the T (400)

c (γ ) data points using the Eigenvalues command of the LinearAlgebra
package of Maple2021 to compute the largest eigenvalue of G(400), then used the analog
of (14) for this truncation of the eigenvalue problem. We reproduced our numerical results
with the alternate method described in [52], finding agreement to 8 decimal places. We
also checked the accuracy of the numerical Maple routine against the value of our exact
lower bound T (4)

c (γ ), finding agreement to 9 decimal places. This gives us confidence in the
accuracy of the data points for T (400)

c (γ ).
Figure 1 reveals that for γ > 2 our numerically computed data points with N = 400

virtually lie on the N = 4 graph, and for 1 < γ < 2 they lie barely above that graph.
This indicates a rapid convergence of the sequence of lower bounds to the limiting graph
of Tc(γ ) when γ > 1. Due to the blow-up of Tc(γ ) when γ ↘ 0, accurate approximation
requires larger N for smaller γ , visually indicated by the fact that our numerically computed
T (400)
c (γ ) data lie higher and higher above T (4)

c (γ ) the smaller γ becomes. The plot of the
explicitly computed upper bound T ∗

c (γ ) indicates how far at most the lower bounds could be
off of Tc(γ ). As γ → ∞, the upper and lower bounds converge to 1

2π
; hence, so does Tc(γ ).

It is also of interest to compare our explicit bounds with (approximate) Tc(γ ) data that have
been computed numerically by other authors. In Fig. 2 we show for the interval 1 < γ < 3.2
the evaluation of our explicit bound T (4)

c (γ ), our numerically computed data for T (400)
c (γ ),

and this time also the data for Tc(γ ) used to produce Fig. 1 in [46] (here multiplied with 2π

to match the units for Tc in our Fig. 2). The truncation used in [46] corresponds to N = 5000
in our approach. Our upper bound T ∗

c (γ ) is off the charts for Fig. 2.
Figure 2 reveals some interesting details. For γ values from 1.1 to 2.9, separated by steps of

0.1, our numerical data points (dots) that have been computed with 400 positive Matsubaras
are barely distinguishable from the numerical data points of [46] (crosses) that have been
computed with the much larger number of Matsubaras (corresponding to 5000 positive ones).
For γ ≥ 2 those numerically computed Tc(γ ) data are actually barely distinguishable from
the N = 4 lower approximation to Tc(γ ), indicating that the N = 4 approximation is accurate
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Fig. 1 Shown for the γ model are data points for Tc(γ ), numerically computed with sequences truncated to

the first 400 positive Matsubara frequencies. Shown also are the graphs of the explicit lower bounds T (N )
c (γ )

with N ∈ {1, 2, 3, 4}, and the graph of the explicit upper bound T ∗
c (γ ). The temperature T is in units of g/2π

enough for all γ ≥ 2. We also computed T (400)
c (γ ) for γ = 3 and γ = 3.1, whereas in [46]

Tc(γ ) data have been computed for γ = 2.99 and γ = 2.999. Our numerical N = 400
data for γ ∈ {3, 3.1} essentially agree with the N = 4 lower bound, but the same is true
only for the γ = 2.99 data point of [46], while the data point for γ = 2.999 lies below the
N = 4 lower bound on Tc(γ ). This is indicative of some kind of singularity at γ = 3 in the
algorithm of [46] that slows down its speed of convergence when γ = 3 is approached from
below, so much so that for γ = 2.999 the computed result has not the same accuracy as the
one for γ = 2.99.

For γ < 2 a narrow convex wedge opens up between the N = 4 lower bound and the
numerical data. Our numerical data and those of [46] continue to virtually agree also down
to γ = 0.7, but for smaller γ values numerical differences begin to show in the data. Yet,
with the exception of the γ = 2.999 data point of [46], all numerical data satisfy our rigorous
lower bound T (4)

c (γ ).
The case γ = 2 is of special interest, for it coincides with the 
 → 0 limit of the Eliashberg

model with dispersionless (Einstein) phonons as given in (9) with fixed g. We thus state the
explicit values of T (N )

c (2) for N ∈ {1, 2, 3, 4} in units where g = 1. Our algebraic formulas

yield T (1)
c (2) = 1

2π
≈ 0.159154943 and T (2)

c (2) = 1
2π

√
60+3

√
13819

18 ≈ 0.1796160944; we
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Fig. 2 A finer comparison of the rigorous lower bound T (4)
c (γ ) and data points for Tc(γ ) computed with

different algorithms; see main text. Again, T is in units of g/2π

also have a closed transcendental expression for T (3)
c (2):

T (3)
c (2) = 1

2π
1
9

√
1

103

[
−3284 + √

a cos
(

1
3 arccos

(
b√
a3

))]
,

with a ≈ 12587996749 and b ≈ 1101048630645068; hence, T (3)
c (2) ≈ 0.1820383. Also

for T (4)
c (2) we have a closed transcendental expression, but this is already too unwieldy to be

displayed on two lines. Decimal expansion yields T (4)
c (2) ≈ 0.1825137102. Last not least,

T ∗
c (2) ≈ 0.3708637, a factor ≈ 2.032 larger than T (4)

c (2).
Thus, truncation to merely N = 3 Matsubara frequencies yields a lower bound on Tc that

agrees to three significant digits with the value 0.182g reported in [3] (cf. their eq.(25)),
computed with a truncation of the Eliashberg gap equation to N = 64 Matsubara fre-
quencies.6 Yet, already the N = 4 truncation yields the numerically better lower bound
T (4)
c (2) = 0.1825..., which rounds up to Tc ≈ 0.183; cf. eq. (2.29) in [11] where, however,

[3] is given as reference. The N = 64 computation of [3] should have produced this slightly
larger rounded value than the one they reported, but apparently it did not.

Nowadays it is easy to reliably compute many more significant digits; cf. [46, 48, 52].
We found that for N beyond 200 the first 10 decimal places of the sequence of lower bounds

6 Note that Allen and Dynes state N + 1 = 64, because their N count is shifted down by one unit compared
to ours.
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T (N )
c (γ ) have stabilized, yielding Tc(2) = 0.1827262477...; none of the displayed digits has

been rounded.
The remainder of this paper is devoted to vindicating our rigorous results that we have

stated in this subsection. We will work with the recent reformulation of Eliashberg theory in
terms of a classical Bloch spin chain [49, 50, 52].

2 The Classical Spin ChainModel

In [50] it was shown that the thermal equilibrium state in Migdal–Eliashberg theory can be
represented as a classical spin chain S ∈ (S1)Z. We let Sn ∈ S

1 ⊂ R
2 with n ∈ Z denote

the n-th spin in the spin chain S, written as a vector in R
2 of unit length. A spin chain N is

associated with the normal state of the Migdal–Eliashberg theory, having n-th spin given by
Nn := −N0 ∈ S

1 ⊂ R
2 for n < 0 and Nn := N0 for n ≥ 0. Any other admissible spin

chain satisfies the asymptotic conditions that, sufficiently fast, Sn → Nn when n → ∞ and
when n → −∞, where “sufficiently fast” is explained below. Moreover, admissible spin
chains satisfy the symmetry relationship that for all n ∈ Z, N0 · S−n = −N0 · Sn−1 and
K0 · S−n = K0 · Sn−1, where K0 ∈ S

1 ⊂ R
2 is an arbitrary vector perpendicular to N0.7

This reduces the problem to effective spin chains S ∈ (S1)N0 , with N0 := N ∪ {0}.
Admissibility is only a necessary condition for a spin chain to qualify as thermal equilib-

rium state. For such a spin chain to actually represent a thermal equilibrium state it needs to
minimize a certain thermodynamic functional. In this paper we work with a normalized ver-
sion of the functional given in [50], known as the condensation energy of Eliashberg theory
[the difference between the grand (Landau) potentials of the superconducting and normal
states]. Its spin chain representation reads

H(S|N) := 2π
∑

n
ωnN0 · (Nn − Sn

)
(33)

+ π2T
∑∑

n �=m
λn,m (Nn · Nm − Sn · Sm) ,

where the summations still run over Z; we will switch to summations over N0 in the next
section. Furthermore, λn,m could be any of the (dimensionless) positive spin-pair interaction
kernels listed in the introduction. In this paper we work with

λn,m := Vγ (ωn − ωm), (34)

given in (13), though in the following in units of g = 1, for simplicity; recall our remark
after (14). In our final formulas we restore g.

At last we are able to define admissibility of a spin chain S to mean, that after using their
stipulated symmetry relations to convert all summations over negative Matsubara frequencies
into summations over positive ones in the sum and the double sum in (33), the resulting series
converge absolutely.

Based on many theoretical and numerical studies of its traditional formulation, a general
“thermodynamic narrative” for the Eliashberg theory has emerged [3, 4, 11, 16, 33, 34]. It
translates into the following mathematical conjecture for our classical spin chain γ model:
Conjecture 1: There is a critical temperature Tc(γ ) > 0 such that for temperatures T ≥ Tc,
the spin chain of the normal state is the unique minimizer of H(S|N), whereas when T < Tc a
spin chain S �= N for a superconducting phase minimizes H(S|N) uniquely up to an irrelevant

7 In [52] we chose N0 to point along the z axis and K0 along the x axis.
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gauge transformation (fixing of an overall phase). Moreover, the phase transition at Tc from
normal to superconductivity is continuous.

In this paper we take some steps toward the rigorous vindication of this conjecture, without
aiming to give a proof of all its assertions. Instead, we assume that for each γ > 0 and T > 0
there exists a minimizing spin chain of (33) in the set of admissible spin chains S, leaving
a rigorous inquiry into the existence and uniqueness of minimizers to a future work. It is
easy to see that any minimizer is a stationary point of H(S|N) on the set of admissible S.
The present paper thus is exclusively concerned with the Euler–Lagrange equation for the
stationary points of H(S|N). Our discussion of the Euler–Lagrange equations, linearized
about the normal state (trivial) solution, leads to rigorous lower and upper bounds on Tc—
defined as usual as the borderline value between the temperature regimes of linear stability
vs. instability of the spin chain of the normal state against “superconducting perturbations.”

3 The Euler–Lagrange Equations

Recall that the symmetry relationship that for all n ∈ Z, N0 · S−n = −N0 · Sn−1 and
K0 · S−n = K0 · Sn−1, where K0 ∈ S

1 ⊂ R
2 is an arbitrary vector perpendicular to N0,

allows us to work with effective spin chains S ∈ (S1)N0 , with N0 := N ∪ {0}. Thus the
Euler–Lagrange equations can be expressed in terms of summations over N0 := N ∪ {0}
instead of Z.

The restriction that the vectors Sn have unit length can easily be taken into account with
the help of infinitely many Lagrange multipliers. Since H(S|N) consists of linear and bilinear
terms in S, and since each unit-length constraint Sn ·Sn = 1 is quadratic, one obtains a linear
Euler–Lagrange equations for infinitely many vectors Sn ∈ R

2, n ∈ N0, though constrained
by infinitely many nonlinear conditions.

Alternatively, the restriction that the vectors Sn have unit length can be implemented
directly by introducing an angle θn ∈ R/(2πZ) (= [0, 2π] with 2π and 0 identified) defined
through N0 · Sn =: cos θn for all8 n ∈ N0. Setting H(S|N) =: 4π2T Kγ (�) yields

Kγ (�) = ∑

n

[
(
2n + 1

)(
1 − cos θn

) − βγ 1

2

1 − cos
(
2θn

)

(2n + 1)γ

]

(35)

+ βγ 1

2

∑∑

n �=m

[
1 − cos

(
θn − θm

)

|n − m|γ − 1 − cos
(
θn + θm

)

(n + m + 1)γ

]

where the summations run over N0; here, � := (θn)n∈N0
, and β = 1

2πT . The variations of
Kγ (�) w.r.t. � are unconstrained, but now one obtains non-linear Euler–Lagrange equations
for any stationary point �s of Kγ (�); viz., ∀n ∈ N0:

(
2n + 1

)
sin θ sn + βγ ∑

m≥0

[
sin

(
θ sn − θ sm

)

|n − m|γ − sin
(
θ sn + θ sm

)

(n + m + 1)γ

]

= 0, (36)

with the stipulation that
sin(θ sn−θ sn)

|n−n|γ := 0. In the following we shall omit the superscript s from
�s .

The system of equations (36) has infinitely many solutions when the θn are allowed to take
values in [0, 2π], restricted only by the asymptotic condition that θn → 0 rapidly enough

8 If one also introduces angles for spins with negative suffix by defining N0 · Sn =: cos θn for all n ∈ −N,
a sequence of angles with non-negative suffix yields the angles with negative suffix as θ−1 = π − θ0,
θ−2 = π − θ1, etc., thanks to the symmetry of S ∈ (S1)Z with respect to the sign switch of the Matsubara
frequencies.
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when n → ∞; see [50]. However, we here are only interested in solutions that are putative
minimizers of H(S|N), i.e. of Kγ (�). In [50] it was shown that a sequence � = (θn)n∈N0

that minimizes Kγ (�), must have � ∈ [0, π
2 ]N0 =: S; i.e., all9 θn ∈ [0, π

2 ]. The normal
state corresponds to the sequence of angles � := (θn = 0)n∈N0

. This trivial solution of (36)
manifestly exists for all γ > 0 and T > 0. Next we inquire into the question of its linear
stability versus its instability against modes � ∈ S for which Kγ (�) converges absolutely.

4 Linear Stability Analysis of 2

In this section we will show that for all γ > 0 there exists a unique critical temperature
Tc(γ ) > 0 such that the trivial solution � is linearly stable for T > Tc, yet it is unstable
against superconducting perturbations for T < Tc. Moreover, we will establish a novel
variational principle that directly characterizes Tc(γ ).

We note that Kγ (�) = H(N|N) = 0. Now expanding Kγ (�) about � = � to second
order in � yields the quadratic form

K (2)
γ (�) =

∑

n

[
1

2

(
2n + 1

)
θ2
n − βγ θ2

n

(2n + 1)γ

]

(37)

+ βγ 1

4

∑∑

n �=m

[(
θn − θm

)2

|n − m|γ −
(
θn + θm

)2

(n + m + 1)γ

]

,

which for all γ > 0 and T > 0 is well-defined on the Hilbert space H of sequences that
satisfy ‖�‖2

H := ∑
n≥0(2n + 1)θ2

n < ∞. If K (2)
γ (�) ≥ 0 for all � ∈ H, with “= 0” iff

� = �, then Kγ (�) > 0 for all � �= � in a sufficiently small neighborhood of �, which
means that the trivial sequence � is a local minimizer of Kγ (�) and thus linearly stable,

then. If on the other hand there is at least one � �= � in H∩ S for which K (2)
γ (�) < 0, then

the trivial sequence � is not a local minimizer of Kγ (�) in H ∩ S, and therefore unstable
against “superconducting perturbations.” The verdict as to linear stability versus instability
depends on γ and T .

To investigate this stability problem we first simplify K (2)
γ (�). After using the binomial

formula (θn ± θm)2 = θ2
n ± 2θnθm + θ2

m , the contributions in the double sum that involve
the θ2

n and θ2
m terms can be summed over the remaining index by noting that these sums of

the kernel differences are telescoping. This allows us to separate the positive and negative
contributions, viz.

K (2)
γ (�) = 1

2

∑

n

[
(
2n + 1

) + βγ
n∑

k=1

2

kγ

]

θ2
n (38)

− βγ 1

2

∑

n

∑

m

θn

[
1 − δn,m

|n − m|γ + 1

(n + m + 1)γ

]

θm,

where in the double sum n = m is now allowed, and where it is understood that
1−δn,n
|n−n|γ := 0.

Next, we recast the functional K (2)
γ (�) defined on H as a functional Qγ (�) defined on

�2(N0). For this we note that we can take the square root of the diagonal matrix O whose
diagonal elements are the odd natural numbers. Its square root is also a diagonal matrix, and

9 Alternatively, all θn ∈ [−π
2 , 0]; these choices are gauge equivalent.
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its action on � componentwise is given as

(O
1
2 �)n = √

2n + 1 θn =: ξn . (39)

Since � := (θn)n∈N0 ⊂ H, the sequence � := (ξn)n∈N0 ⊂ �2(N0). The map O
1
2 : H →

�2(N0) is invertible. Thus we set K (2)
γ (�) =: 1

2 Qγ (�), viz.

Qγ (�) =
∑

n

[

1 + βγ 1

2n + 1

n∑

k=1

2

kγ

]

ξ2
n (40)

− βγ
∑∑

n �=m

ξn

[
1√

2n + 1

1

|n − m|γ
1√

2m + 1

]

ξm

− βγ
∑

n

∑

m

ξn

[
1√

2n + 1

1

(n + m + 1)γ

1√
2m + 1

]

ξm .

We now state the main properties of the functional Qγ (�), which decides the question of
linear stability vs. instability of the normal state against superconducting perturbations.

Theorem 1 For γ > 0 and T > 0, the functional Qγ given in (40) has a minimum on the
sphere

{
� ∈ �2(N0) : ‖�‖�2 = 1

}
. The minimizing (optimizing) eigenmode �opt satisfies

O− 1
2 �opt ∈ [0, π

2 ]N0 (after at most rescaling). Moreover, given γ > 0 there is a unique
Tc(γ ) > 0 at which min

{
Qγ (�) : ‖�‖�2 = 1

} = 0, and min
{
Qγ (�) : ‖�‖�2 = 1

}
> 0

when T > Tc, while min
{
Qγ (�) : ‖�‖�2 = 1

}
< 0 when T < Tc. Furthermore, the map

γ �→ Tc(γ ) is continuous.

We prepare the proof of Theorem 1 by defining several linear operators that act on �2(N0)

and which are associated with Qγ . Letting
〈
�, �̃

〉
denote the usual �2(N0) inner product

between two �2 sequences � and �̃, we write Qγ shorter thus:

Qγ (�) = 〈
� ,

(
I − βγG

)
�
〉
. (41)

Here, I is the identity operator, and G = −G1 + G2 + G3, where the G j = G j (γ ) for
j ∈ {1, 2, 3} are Hilbert–Schmidt operators that map �2(N0) compactly into �2(N0), and that
act as follows, componentwise:

(G1(γ )�)n =
[

1

2n + 1

n∑

k=1

2

kγ

]

ξn , (42)

(G2(γ )�)n =
∑

m

[
1√

2n + 1

1 − δn,m

|n − m|γ
1√

2m + 1

]

ξm , (43)

(G3(γ )�)n =
∑

m

[
1√

2n + 1

1

(n + m + 1)γ

1√
2m + 1

]

ξm ; (44)

in Appendix A we show that for j ∈ {1, 2, 3}, each G j ∈ �2(N0 × N0) for all γ > 0.
Note also that G1 is a diagonal operator with non-negative diagonal elements, G2 is a real
symmetric operator with vanishing diagonal elements and positive off-diagonal elements,
and G3 is a real symmetric operator with all positive elements.

With the help of (41) we will show that Qγ (�) has a minimum on the sphere
{
� ∈

�2(N0) : ‖�‖�2 = 1
}
, and that the minimizing �2(N0) mode �opt satisfies the pertinent linear
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Euler–Lagrange equation (
I − βγG(γ )

)
� = κ� (45)

when κ is the smallest eigenvalue of I − βγG(γ ). Since G(γ ) is independent of T , the
boundary between linear stability and instability of �(= �), corresponding to κ = 0, yields
a unique Tc(γ ).

To establish all this we will take advantage of some well-known properties of compact
operators that act on �2(N0), which for the convenience of the reader we collect in the
following lemmas:

Lemma 1 For j ∈ {1, 2, ..., N }, letC j : �2(N0) → �2(N0) be compact (and real symmetric),
and let a j ∈ R. Then also C = ∑

j a jC j (is real symmetric and) maps �2(N0) compactly

into �2(N0).

Lemma 2 Let C : �2(N0) → �2(N0) be compact, and letB : �2(N0) → �2(N0) be bounded.
Then alsoBC is compact.

Lemma 3 Let C : �2(N0) → �2(N0) be compact and real symmetric. Then its spectrum
σ(C) is a bounded, countable subset of the real line. The spectrum σ(C) contains 0 either as
eigenvalue of C (of finite or possibly infinite multiplicity) or as accumulation point of σ(C),
or possibly both. If 0 is not an accumulation point of σ(C), then it is an eigenvalue with
infinite multiplicity. All non-zero points in σ(C) are eigenvalues of C of finite multiplicity.

Lemma 4 Let C : �2(N0) → �2(N0) be compact and real symmetric, hence self-adjoint, and
let T : �2(N0) → �2(N0) be self-adjoint. Then also T + C is self-adjoint, and its essential
spectrum is that of T.

Lemma 5 Let C : �2(N0) → �2(N0) be compact and map the closed positive cone of �2(N0)

into itself. Then the spectral radius ρ(C) ∈ σ(C). Moreover, if ρ(C) > 0, then ρ(C) is
a simple eigenvalue of C, and the pertinent real eigenmode can be chosen to have all its
components positive (or negative, equivalently).

Lemma 6 Let C : �2(N0) → �2(N0) be compact (and real symmetric). Then C can be
approximated arbitrarily precisely in operator norm by compact (real symmetric) operators
of finite rank.

Remark 1 Our Lemmas 1–6 are special cases of more general facts that can be found, for
instance, in Sect. VI of [36] or Sect. VI of [9], and earlier references therein. Note that
Lemma 1 simply fleshes out what it means that the compact operators from �2(N0) to �2(N0)

form a Banach space, while Lemma 2 means that these compact operators form a left ideal
in the Banach algebra of bounded operators from �2(N0) to �2(N0). Lemma 3 is a special
case of Theorem 6.8 of [9]. Lemma 4 is known as Weyl’s theorem, here specialized to real
symmetric compact operators acting on the Hilbert space �2(N0). Lemma 5 is known as the
Krein–Rutman theorem (Theorem 6.13 in [9]), here specialized to compact operators acting
on �2(N0). Lemma 6 allows us to practically work with an N -angle mode truncation of �2(N0).
In this case the Krein–Rutman theorem reduces to the more widely known Perron–Frobenius
theorem. �

We are ready to prove Theorem 1. The proof will produce two useful characterizations
of Tc(γ ) in terms of the spectrum of G(γ ). Understanding all quantities to depend on γ , we
often omit the argument γ from the ensuing formulas.
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Proof of Theorem 1 We will show that Qγ (�) is the quadratic form of the self-adjoint operator
I−βγG. We then show that I−βγG has a smallest, non-degenerate eigenvalue that depends
continuously and monotonically on T , changing sign once when T varies over the positive
real line, with γ fixed. We also show that the components of the minimizing real eigenmode
of Qγ (�) do not change sign.

In this vein, we begin by noting that all four operators, I, G1, G2, and G3 are bounded
and thus defined on all of �2(N0); since they are real symmetric, they also are self-adjoint.
Since the operators G j , j ∈ {1, 2, 3}, are Hilbert–Schmidt operators (see Appendix A),
and since Hilbert–Schmidt operators are compact (see [9, 36]), by Lemma 1 the operator
G = −G1 + G2 + G3 is compact, and since G is also real-symmetric, it also is self-adjoint
on �2(N0). By Lemma 4, the operator I − βγG is then a self-adjoint operator, too. Since
therefore Qγ is the quadratic form of a self-adjoint operator, it suffices to discuss the spectrum
of this self-adjoint operator.

Recall, σ
(
I− βγG

) = σess

(
I− βγG

) ∪ σdisc

(
I− βγG

)
, a disjoint decomposition that is

true anyhow for all operators; see section VII in [36].
Now we first note that the essential spectrum of I− βγG consists of the single point {1}.

This follows from Lemma 4, since obviously σ
(
I
) = σpp

(
I
) = {1} = σess

(
I
)
, while βγG is

compact by Lemma 2.
Next we note that by Lemma 3, the non-essential spectrum of G is bounded, countable,

and consists of real eigenvalues of finite multiplicity, while the essential spectrum consists
of the single point {0}. Since any eigenmode � of G is automatically also an eigenmode of
the identity operator, the discrete spectrum of I − βγG consists of the discrete spectrum
of −βγG shifted upward by 1. And so, to show that I − βγG has a smallest eigenvalue it
suffices to show that G has a largest eigenvalue. This in turn follows if we can show that
σ
(
G
)

contains a positive value, for then σ
(
G
)

contains a largest positive value (because the
spectrum of an operator is closed, and the spectrum of a compact operator is also bounded),
and this largest positive value must be an eigenvalue of G because it lies above the essential
spectrum {0} of G.

It is readily shown thatG has a positive eigenvalue by noting that 〈�,G�〉 is positive when
� = �1 := (ξ0, 0, 0, ...) with ξ0 �= 0. Namely, since

〈
�1,G1�1

〉 = 0 and
〈
�1,G2�1

〉 = 0,
too, while

〈
�1,G3�1

〉 = ξ2
0 > 0, we have

〈
�1,G�1

〉 = 〈
�1,G3 �1

〉
> 0. The compactness

of G now implies that there is a normalized eigenmode �opt that maximizes
〈
�,G�

〉
, and〈

�opt,G�opt
〉

> 0. This same mode �opt then manifestly minimizes
〈
�,

(
I − βγG

)
�
〉 =

Qγ (�) over the normalized sphere in �2(N0). The suffix “opt” stands for “optimizer,” to avoid
any confusion that could entail when using the suffix “max” or “min.”

Next, since this optimizer �opt only depends on γ , but not on T , it follows right away that
when γ > 0 is fixed, then Qγ (�opt) = 〈

�opt, �opt
〉−βγ

〈
�opt,G�opt

〉
is a continuous, monotone

increasing function of T , which goes to −∞ in the limit T ↘ 0, and is = 0 iff βγ g(γ ) = 1,
where g(γ ) > 0 denotes the largest eigenvalue of G(γ ). This gives us T = Tc(γ ) with

Tc(γ ) = 1
2π

[
g(γ )

] 1
γ . (46)

We remark that g(γ ) also is the spectral radius of G(γ ), a useful fact that we prove later.
Next, since all components of the operator G(γ ) depend continuously on γ , then also the

eigenvalues of G(γ ) depend continuously on γ , and therefore so does Tc(γ ), as claimed.
The remaining claim to be verified is that, after at most multiplication by a positive constant

(because we face a linear problem), �opt ∈ (
0, π

2

]N0 (up to an irrelevant overall sign change).
This translates into the statement that (up to an irrelevant overall sign change) �opt is in the
closed positive cone of �2(N0), denoted �2≥0. Recalling that G = −G1 +G2 +G3, we rewrite
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the eigenvalue equation
G�opt = g�opt (47)

for the largest eigenvalue g of G into
(
G2 + G3

)
�opt = (

G1 + gI
)
�opt. (48)

Now recall that g > 0, and thatG1 is a non-negative diagonal operator. It follows thatG1+gI

is a positive diagonal operator, hence invertible. And so �opt (the eigenmode of the largest
eigenvalue of G) satisfies

(
G1 + gI

)−1(
G2 + G3

)
�opt = �opt. (49)

Recall next that G1 is a compact operator. Thus G1 + gI has a spectrum that is a bounded,
countable subset of the real line. Since G1 is non-negative, and since g > 0, it follows that
the spectrum of G1 + gI is bounded away from 0 by g > 0. Hence also

(
G1 + gI

)−1

is a positive, diagonal, and bounded operator (its spectrum is bounded from above by 1
g ).

Recall next that the G j are compact, real-symmetric operators. By Lemma 1 and Lemma 2

in concert,
(
G1 + gI

)−1(
G2 + G3

) =: C(g) is a compact operator. Moreover, since each
G j with j ∈ {1, 2, 3} maps the closed positive cone �2≥0(N0) into itself, and since so does

I, we conclude that the compact operator C(g) maps �2≥0(N0) into itself, too. Since it is
not the zero operator, Lemma 5 now applies and guarantees that its spectral radius is the
largest eigenvalue, and that the pertinent eigenmode has only non-zero elements of the same
sign—which can be chosen to be positive.

We now show that the spectral radius of C(g) equals 1. For then its pertinent eigenmode
is �opt, and as such has only positive elements (after choosing an overall sign).

To see that 1 is the spectral radius of C(g), note first that (49) reveals that 1 is in the
spectrum of C(g). Therefore its spectral radius ρ

(
C(g)

) ≥ 1. Now suppose that ρ
(
C(g)

)
> 1.

Replacing the fixed eigenvalue g > 0 by a parameter κ > 0, we note that the operator C(κ)

depends continuously on κ. In fact, C(κ) decreases monotonically when κ increases; in
particular, it decreases to the zero operator when κ → ∞. Therefore, since by hypothesis
ρ
(
C(κ)

)
> 1 when κ = g, we can increase κ and thereby continuously lower the spectral

radius ρ
(
C(κ)

)
until it equals 1, at (say) κ = κ∗ > g. But then C(κ∗)�∗ = �∗ for the

pertinent eigenmode �∗ of the eigenvalue 1 = ρ
(
C(κ∗)

)
, and by reversing the steps that

lead from (47) to (49), we see that �∗ is also an eigenmode of G, though with eigenvalue
κ∗ > g. This contradicts the fact that g > 0 is by definition the largest eigenvalue of G.
Hence ρ

(
C(g)

) = 1. ��

As announced in the proof of Theorem 1, it is useful to add the following non-obvious
fact about the spectrum of the operator G(γ ).

Proposition 1 Let γ > 0 be given. Then the largest eigenvalue g(γ ) of G(γ ) is also the
spectral radius ρ

(
G(γ )

)
.

Proof of Proposition 1 Suppose that g �= ρ(G). Since g > 0 is the largest eigenvalue of G,
there then is a negative eigenvalue κ < 0 of G with magnitude |κ| > g, and ρ(G) = −κ . By
the compactness ofG, the eigenspace of κ is finite-dimensional. Let �− denoted a normalized
eigenmode in this eigenspace.

Since κ = min σ(G), the operator G− κI is non-negative, with essential spectrum {−κ},
and with a non-trivial kernel space N := ker(G − κI); i.e., min�〈�, (G − κI)�〉 = 0
(minimization over normalized � is understood), and N is finite-dimensional. Furthermore,
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since G = −G1 + G2 + G3, and all G j are non-negative, the operator G2 + G3 − κI is
non-negative, too.

In fact, G2 + G3 − κI is positive; for assume first that � /∈ N, then we have
inf�∈N⊥〈�, (G − κI)�〉 = B > 0 because 0 is an isolated eigenvalue of G − κI, and then
also inf�∈N⊥〈�, (G2 + G3 − κI)�〉 = B̃ > 0, with B̃ ≥ B, by the non-negativity of G1.
Assume next that � ∈ N, i.e. � = �−. But then 〈�−, (G2 +G3 −κI)�−〉 > 0; for �− ∈ N
together with (G2+G3−κI)�− = 0 would imply that alsoG1�− = 0; but, this is impossible
because G1 is a non-negative diagonal operator with one-dimensional kernel space spanned
by �1 = (ξ0, 0, · · · ) for some ξ0 �= 0, and �1 /∈ N since (G2 +G3 − κI)�1 = (

1 − κ
)
�1,

with −κ > 0. It therefore follows that G2 + G3 − κI is positive.
And so, since G2 + G3 − κI is self-adjoint, positive, and bounded away from zero, it is

invertible with a bounded inverse. Thus we can rewrite the eigenvalue problem G�− = κ�−
as

(G2 + G3 − κI)−1 G1�− = �−. (50)

By an obvious variation of the reasoning in the last part of the proof of Theorem 1, we now
conclude that 1 is the spectral radius of the compact, positive operator (G2 + G3 − κI)−1 G1.
The Krein–Rutman theorem now implies that the associated eigenspace is one-dimensional,
and is spanned by a real eigenmode, �−, whose components are all positive (after choosing
an overall sign). This implies that 〈�−, �opt〉 > 0; but this is impossible, becauses the
eigenmodes of a self-adjoint operator that belong to different eigenvalues are orthogonal.
Therefore, ρ(G) = g. ��

Proposition 1 allows us to characterize the critical Tc as follows:

Tc(γ ) = 1

2π

[
ρ
(
G(γ )

)] 1
γ . (51)

5 Rigorous Lower Bounds on Tc(�)

The explit determination of g(γ ) in closed form may not be feasible. Yet recall that (46)
poses a variational principle directly for Tc, viz.

Tc(γ ) := 1

2π

(

max
�

〈
�,G(γ )�

〉

〈
�,�

〉

) 1
γ

, (52)

where the maximum is taken over non-vanishing� ∈ �2(N0). Having the variational principle
(52) for Tc(γ ), we in principle can get arbitrarily accurate lower approximations to it by
working with cleverly chosen trial sequences � in (52).

Rigorous lower bounds on Tc(γ ) are obtained by truncation of �2(N0) to N -angle trial
sequences �N := (ξ0, ξ1, . . . , ξN−1, 0, 0, . . . ), with ξ j > 0 for j ∈ {0, ..., N − 1} and
N ∈ N. Evaluating (52) with �N in place of �opt yields a monotonically increasing sequence
of lower bounds on Tc(γ ), viz.

T (N )
c (γ ) := 1

2π

(

max
�N

〈
�N ,G(γ )�N

〉

〈
�N , �N

〉

) 1
γ

. (53)

The evaluation of (53) is equivalent to solving the eigenvalue problem for the truncated
variational principle, a finite-dimensional real symmetric matrix problem. With the help of
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algebraic software like Maple or Mathematica this can be accomplished in closed form when
N ∈ {1, 2, 3, 4}; yet these expressions get unwieldy soon. For N > 4 a numerical evaluation
is necessary, requiring choices of γ .

The next theorem states that our lower approximations to Tc(γ ) as function of γ can be
made arbitrarily precise.

Theorem 2 Let γ > 0 be given. Let g(N )(γ ) denote the largest eigenvalue of G(γ ) on the
subset of normalized N-angle sequences �N . Then T (N )

c (γ ) defined by (53) reads

T (N )
c (γ ) = 1

2π

[
g(N )

(
γ
)] 1

γ . (54)

The expressions T (N )
c (γ ) given by (54) converge upward to the continuous function Tc(γ )

when N → ∞.

Proof By Lemma 6, the maximizing sequences �N for (53) produce an increasing sequence
of lower approximations g(N ) to g that converges to g. Evidently then (54) is an increasing
sequence of T (N )

c that converges upward to Tc, which is continuous in γ because g is. ��
When N ≤ 4 then T (N )

c (γ ) can be worked out explicitly, given γ > 0. This follows from
the following known results about the characteristic polynomial of real symmetric N × N
matrices, here specialized for our needs.

Lemma 7 LetM : R
N → R

N be a real symmetric N × N matrix, and I the corresponding
identity matrix. Then the coefficients ck of its characteristic polynomial det

(
μI − M

) =:
∑N

k=0 ckμ
k are themselves explicitly known polynomials of degree N − k in tr M j , j ∈

{1, ..., N }.

Corollary 1 For N ≤ 4 the spectrum σ(M) consists of explicit algebraic expressions involv-
ing these polynomials in tr M j , j ∈ {1, ..., N }.

We illustrate Corollary 1 for the cases N ∈ {2, 3, 4}, skipping the case N = 1 here because
it is trivial. In our illustrations we refrain from unfolding some standard invariants such as
det M into their equivalent polynomials in tr M j , j ∈ {1, ..., N }. In this vein, for the cases
N ∈ {2, 3, 4} one has the following.

When N = 2, the familiar “quadratic formula” gives

σ(M) =
{

1
2

(
tr M + j

√
(
tr M

)2 − 4 det M
)}

j∈{±1}. (55)

When N = 3, Viéte’s formula yields

σ(M) =
{

1
3 tr M + 2

√
p
3 cos

[
1
3 arccos

(
q
2

√( 3
p

)3
)

− j 2π
3

]}

j∈{0,1,2}
, (56)

with

p = 1
3

(
tr M

)2 − tr adjM (57)

and

q = 2
27

(
tr M

)3 − 1
3

(
tr M

)(
tr adjM

) + det M, (58)
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where adjM denotes the adjugate matrix to M.
When N = 4, Cardano’s formula yields (cf. [30])

σ(M) =
{

− 1
4 A + j

[√
1
2 Z + k

√
3
16 A

2 − 1
2 B − 1

2 Z − j A
3−4AB+8C

16
√

2Z

]}

( j,k)∈{±1}2
(59)

where Z is a positive root of the associated resolvent cubic, which in this all-real-roots
situation is conveniently given by Viéte’s formula

Z = 1
3

[√
Y cos

(
1
3 arccos X

2
√
Y 3

)
− B + 3

8 A
2
]
, (60)

with

X = 2B3 − 9ABC + 27C2 + 27A2D − 72BD, (61)

Y = B2 − 3AC + 12D, (62)

where

A = −tr M (63)

B = 1
2

((
tr M

)2 − tr M2
)
, (64)

C = − 1
6

((
tr M

)3 − 3
(
tr M2)(tr M

) + 2tr M3
)
, (65)

D = det M. (66)

With the help of these spectral formulas, and the trivial case when N = 1, we now work
out the lower bounds on Tc(γ ) explicitly for when N ∈ {1, 2, 3, 4}. In the following, we let
G(N ) denote the upper left N × N block of G. Its spectrum is manifestly identical to the
spectrum of the restriction of G to the N -dimensional subspace of �2(N0) that consists of
sequences �N = (ξ0, ξ1, ..., ξN−1, 0, 0, ...). In particular, g(N ) is the largest eigenvalue of
G(N ).

5.1 The Lower Bound T(1)c (�)

We already invoked the single-angle truncation �1 := (ξ0, 0, 0, ...) of �2(N0) to show that
G has a positive eigenvalue on �2(N0), bounded below by

g(1)(γ ) = 1, (67)

which is the one and only eigenvalue of G(1)(γ ) = (1). Inserted in (54), this leads straight
to the lower bound Tc(γ ) ≥ T (1)

c (γ ), with

T (1)
c (γ ) = 1

2π
. (68)

Replacing T (1)
c (γ ) → T (1)

c (g, γ )/g yields (17).

5.2 The Lower Bound T(2)c (�)

The two-angle truncation yields the 2 × 2 matrix

G(2) =
(

1 1
2γ

√
3

+ 1√
3

1
2γ

√
3

+ 1√
3

1
3γ+1 − 2

3

)

. (69)
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The invariants tr G(2) and det G(2) of a 2 × 2 matrix are readily computed as

tr G(2) = 1
3

(
1 + 1

3γ

)
(70)

and
det G(2) = − 1

3

((
1 + 1

2γ

)2+2 − 1
3γ

)
. (71)

Equation (70) reveals that tr G(2) > 0, and (71) reveals that det G(2) < 0. Hence, g(2) is
obtained by setting M = G(2) in (55) and choosing the eigenvalue with j = 1. And so, (54)
yields the lower bound Tc(γ ) ≥ T (2)

c (γ ), with

T (2)
c (γ ) = 1

2π

(
1
2

(
tr G(2) +

√
(
tr G(2)

)2 − 4 det G(2)
)) 1

γ

, (72)

where the trace and determinant of G(2) are given in (70) and (71); explicitly:

T (2)
c (γ ) = 1

2π

[

1
6

(

1+ 1
3γ +

√
(
1 + 1

3γ

)2+12
((

1 + 1
2γ

)2+2 − 1
3γ

)
)]1

γ

. (73)

Note that r.h.s. (73)∼ 1
2π

(
1
6

[
1 + √

37
])1

γ
as γ → ∞. Note furthermore that r.h.s. (73)∼

1
2π

(
5
3

)1
γ

when γ ↘ 0. Hence, T (2)
c (γ ) ↘ 1

2π
as γ → ∞, but it blows up to ∞ faster than

any inverse power of γ when γ ↘ 0. Replacing T (2)
c (γ ) → T (2)

c (g, γ )/g yields (18).

5.3 The Lower Bound T(3)c (�)

The three-angle truncation yields the 3 × 3 matrix

G(3)(γ ) =
⎛

⎜
⎝

1 1√
3

( 1
2γ + 1

) 1√
5

( 1
3γ + 1

2γ

)

1√
3

( 1
2γ + 1

) 1
3

( 1
3γ − 2

) 1√
15

( 1
4γ + 1

)

1√
5

( 1
3γ + 1

2γ

) 1√
15

( 1
4γ + 1

) 1
5

( 1
5γ − 2

2γ − 2
)

⎞

⎟
⎠. (74)

With the help of Maple we found that G(3)(γ ) has exactly one positive and two negative
eigenvalues. The largest eigenvalue g(3)(γ ) > 0 is obtained by setting M = G(3)(γ ) in
(56)–(58) and choosing the eigenvalue with j = 0. Since we already showed that the largest
eigenvalue g(N )(γ ) of G(N )(γ ) maps into the largest eigenvalue of an N × N matrix with
all positive entries, the Perron–Frobenius theorem applies and guarantees that g(N )(γ ) is
non-degenerate.

T (3)
c (γ ) = 1

2π

(
1
3 tr G(3) + 2

√
p
3 cos

[
1
3 arccos

(
q
2

√(
3
p

)
3
)]) 1

γ

(75)

p = 1
3

(
tr G(3)

)2 − tr adjG(3), (76)

q = 2
27

(
tr G(3)

)3 − 1
3

(
tr G(3)

)(
tr adjG(3)

) + det G(3), (77)

where G(3) is given in (74). Also the invariants tr G(3), tr adjG(3), and det G(3) of a 3 × 3
matrix are readily computed. For the sake of completeness we supply these expressions
explicitly in Appendix B.2.
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We remark that for γ → ∞, we have the asymptotic behavior T (3)
c (γ ) ∼ 1

2π
(

1
45

[
18

√
10 cos

(
1
3 arccos 23

√
10

120

)
− 1

])1
γ
, and we have T (3)

c (γ ) ∼ 1
2π

( 31
15

)1
γ when γ ↘ 0.

So also T (3)
c (γ ) ↘ 1

2π
as γ → ∞, and it blows up to ∞ faster than any inverse power of γ

when γ ↘ 0. Replacing T (3)
c (γ ) → T (3)

c (g, γ )/g yields (19), with (20)–(22).

5.4 The Lower Bound T(4)c (�)

The four-angle truncation yields the 4 × 4 matrix (31). Its largest eigenvalue g(4)(γ ) > 0 is
obtained by setting M = G(4)(γ ) in (59)–(66) and choosing the eigenvalue with j = 1 and
k = 1. This yields

T (4)
c (γ ) = 1

2π

(
g(4)(γ )

) 1
γ , (78)

and now replacing T (4)
c (γ ) → T (4)

c (g, γ )/g yields (23), with the symbols A, B, C , D, Z
given in (24)–(30).

We remark that it is relatively simple to determine the largest eigenvalue of the N = 4
problem, compared to the N = 3 problem. Namely, since in this all-real-roots situation the
square roots in Cardano’s formula (59) are real positive, it suggests itself to choose j = 1
and k = 1.

Our lower bounds T (N )
c (γ ) for N ∈ {1, 2, 3, 4} are shown in Fig. 1 in Iintroduction.

6 A Rigorous Upper Bound on Tc(�)

When T > Tc(γ ), then the largest eigenvalue κ of the linear operator I − βγG(γ ) satisfies
κ = 1 − βγ g(γ ) > 0. In that case Qγ (�) ≥ 0 on all of �2(N0), with “= 0” if and only if
� = 0.

Now recall that precisely at T = Tc(γ ), when κ = 0 so that (2πTc)γ = g, the pertinent
eigenvalue problem (45) for the minimizing mode �opt reads

(
gI − G

)
�opt = 0, (79)

which is equivalent to
C
(
g
)
�opt = �opt (80)

with
C
(
g
) := (

gI + G1
)−1(

G2 + G3
); (81)

i.e., (49), restated here for the convenience of the reader. In the last part of the proof of
Theorem 1, we showed that not only is 1 ∈ σ

(
C
(
g
))

, but 1 is the spectral radius of C
(
g
)
.

This showed that the non-trivial solution of (80), �opt, is in the positive cone �2≥0(N0) (after
at most choosing the overall sign).

These two observations together imply that for T > Tc, the compact operator C
(
(2πT )γ

)

has spectral radius ρ
(
C
(
(2πT )γ

))
< 1, and since it is leaving �2≥0(N0), invariant, this now

means that when T > Tc then C
(
(2πT )γ

)
is a contraction mapping on �2≥0, with � = 0 as

the only fixed point. Put differently,
∥
∥C

(
(2πT )γ

)
(� − �′)

∥
∥ ≤ L(γ, T )

∥
∥� − �′∥∥, (82)
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with L(γ, T ) := ρ
(
C
(
(2πT )γ

))
< 1 the Lipschitz constant for the linear map C

(
(2πT )γ

) :
�2≥0 → �2≥0.

We next construct an upper bound T ∗
c on Tc, given γ > 0, by showing that

ρ
(
C
(
(2πT ∗

c )γ
))

< 1. We accomplish this by invoking another well-known lemma, here
already taylored to our needs.

Lemma 8 Let κ > 0 be given. Then

ρ
(
C(κ)

) ≤ ρ
((

κI + G1
)−1

)
ρ
(
G2 + G3

)
. (83)

Recall that
(
(2πT )γ I + G1

)−1 is a diagonal operator with all positive entries, and that
G1 has non-negative entries including 0. Hence,

ρ
((

(2πT )γ I + G1

)−1) = max
n≥0

1

(2πT )γ + 1
2n+1

n∑

k=1

2
kγ

= 1

(2πT )γ
. (84)

Since the operator G2 +G3 is independent of T , we now arrive at the following conclusion.

Proposition 4 Let γ > 0 be given. Suppose

T ≥ 1
2π

(
ρ
(
G2 + G3

)) 1
γ
. (85)

Then T ≥ Tc.

Proof By Lemma 8 and by (84), and by the hypothesis (85) of the Proposition, we have that

ρ
(
C
(
(2πT )γ

)) ≤ 1

(2πT )γ
ρ
(
G2 + G3

) ≤ 1 = ρ
(
C
(
g
))

. (86)

Since T �→ ρ
(
C
(
(2πT )γ

))
is monotonically decreasing, the claim of the Proposition follows.

��
Corollary 2 Proposition 4 implies that

Tc(γ ) ≤ 1
2π

(
ρ
(
G2 + G3

)) 1
γ
. (87)

We next recall another lemma.

Lemma 9 Let γ > 0 be given. Then

ρ
(
G2 + G3

) ≤ ρ
(
G2

) + ρ
(
G3

)
. (88)

We next estimate these two spectral radii from above.

Proposition 5 Let γ > 0 be given. Then for any ε ∈ (0, min{2γ, 1}),

ρ
(
G2(γ )

) ≤ (
(21+ε − 1)ζ(1 + 2γ − ε)ζ(1 + ε)

) 1
2 . (89)
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Proof By the symmetry of G2, and its vanishing diagonal elements,

∑

n≥0

∑

m≥0

ξn

[
1√

2n + 1

1 − δn,m

|n − m|γ
1√

2m + 1

]

ξm = (90)

2
∑

n≥0

∑

m>n

ξn

[
1√

2n + 1

1

(m − n)γ

1√
2m + 1

]

ξm .

By the Cauchy–Schwarz inequality,

∑

n≥0

∑

m>n

ξn

[
1√

2n + 1

1

(m − n)γ

1√
2m + 1

]

ξm (91)

≤
(∑

k≥0

ξ2
k

) 1
2
(∑

n≥0

1

2n + 1

[∑

m>n

1

(m − n)γ

1√
2m + 1

ξm

]2) 1
2

,

and
∑

k≥0 ξ2
k = ‖�‖2

�2(N0)
. Next, with ε ∈ (0, min{2γ, 1}) we rewrite

1√
2m + 1

ξm = 1

(2m + 1)
1
2 − ε

2

1

(2m + 1)
ε
2
ξm, (92)

then use the Cauchy–Schwarz inequality again, and obtain

∑

m>n

1

(m − n)γ

1√
2m + 1

ξm (93)

≤
(∑

m>n

1

(m − n)2γ

1

(2m + 1)1−ε

) 1
2
(∑

m>n

1

(2m + 1)ε
ξ2
m

) 1
2

.

Now
∑

m>n

1

(2m + 1)ε
ξ2
m ≤ 1

(2n + 1)ε

∑

m>n

ξ2
m, (94)

and
∑

m>n ξ2
m ≤ ‖�‖2

�2(N0)
. Moreover, since 2m + 2n + 1 > 2m and ε ∈ (0, min{2γ, 1}),

hence ε < 1, we estimate
∑

m>n

1

(m − n)2γ

1

(2m + 1)1−ε
=

∑

m>0

1

m2γ

1

(2m + 2n + 1)1−ε
(95)

≤ 1

21−ε

∑

m>0

1

m1+2γ−ε
, (96)

and since the hypothesis ε ∈ (0, min{2γ, 1}) implies ε < 2γ , the sum at r.h.s. (96) exists
and equals ζ(1 + 2γ − ε). Finally, with (91)–(96), r.h.s. (90) is estimated by

∑

n≥0

∑

m>n

ξn

[
1√

2n + 1

1

(m − n)γ

1√
2m + 1

]

ξm (97)

≤ ‖�‖2
�2(N0)

(
1

21−ε
ζ(1 + 2γ − ε)

∑

n≥0

1

(2n + 1)1+ε

) 1
2

,

and the remaining sum under the square root equals (1 − 1
21+ε )ζ(1 + ε). Multiplying r.h.s.

(97) by 2 and dividing by ‖�‖2
�2(N0)

yields r.h.s. (89). ��
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Proposition 6 Let γ > 0 be given. Then for any ε ∈ (0, min{2γ, 1}),
ρ
(
G3(γ )

) ≤ 1 + (
(21+ε − 1)ζ(1 + 2γ − ε)ζ(1 + ε)

) 1
2 . (98)

Proof By the symmetry of G3, and its non-vanishing diagonal elements, we have

∑

n≥0

∑

m≥0

ξn

[
1√

2n + 1

1

(n + m + 1)γ

1√
2m + 1

]

ξm = (99)

∑

n≥0

[
1

(2n + 1)1+γ

]

ξ2
n

+ 2
∑

n≥0

∑

m>n

ξn

[
1√

2n + 1

1

(n + m + 1)γ

1√
2m + 1

]

ξm .

For the single sum at r.h.s. (99) we estimate

∑

n≥0

[
1

(2n + 1)1+γ

]

ξ2
n ≤ ‖�‖2

�2(N0)
. (100)

For the double sum at r.h.s. (99) the Cauchy–Schwarz inequality gives

∑

n≥0

∑

m>n

ξn

[
1√

2n + 1

1

(n + m + 1)γ

1√
2m + 1

]

ξm ≤ (101)

(∑

n≥0

ξ2
n

) 1
2
(∑

n≥0

1

2n + 1

[∑

m>n

1

(n + m + 1)γ

1√
2m + 1

ξm

]2) 1
2

,

and one more time we note that
∑

n≥0 ξ2
m = ‖�‖2

�2(N0)
. Using next (92) again, and then the

Cauchy–Schwarz inequality again, we obtain
∑

m>n

1

(n + m + 1)γ

1√
2m + 1

ξm ≤ (102)

(∑

m>n

1

(n + m + 1)2γ

1

(2m + 1)1−ε

) 1
2
(∑

m>n

1

(2m + 1)ε
ξ2
m

) 1
2

.

The last sum in (102) is again estimated by (94), followed by the estimate
∑

m>n ξ2
m ≤

‖�‖2
�2(N0)

. The first factor is estimated by

∑

m>n

1

(n + m + 1)2γ

1

(2m + 1)1−ε
= (103)

∑

m>0

1

(m + 2n + 1)2γ

1

(2m + 2n + 1)1−ε
≤ (104)

1
21−ε

∑

m>0

1

m1+2γ−ε
= 1

21−ε ζ(1 + 2γ − ε), (105)

where we used that 2n + 1 > 0. Finally, with (100)–(105), r.h.s. (99) is estimated by

∑

n≥0

∑

m>n

ξn

[
1√

2n + 1

1

(n + m + 1)γ

1√
2m + 1

]

ξm ≤ (106)
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‖�‖2
�2(N0)

(

1 + 2

(
1

21−ε
ζ(1 + 2γ − ε)

∑

n≥0

1

(2n + 1)1+ε

) 1
2
)

,

and the remaining sum under the square root equals (1 − 1
21+ε )ζ(1 + ε). Dividing r.h.s. (106)

by ‖�‖2
�2(N0)

yields r.h.s. (98). ��

From Corollary 2 in concert with Propositions 5 and 6, we now obtain an explicit upper
bound on Tc(γ ).

Theorem 3 Let γ > 0 given. Then Tc(γ ) ≤ T ∗
c (γ ), with

T ∗
c (γ ) = 1

2π

[

1 + 2
(
(21+ε(γ )− 1)ζ(1+ε(γ ))ζ(1 + 2γ − ε(γ ))

) 1
2

] 1
γ

, (107)

where ε(γ ) := min{γ, 0.65}. R.h.s. (107) ∼ 1
2π

(
2
γ

)1
γ
when γ ↘ 0, and ↘ 1

2π
as γ → ∞.

Proof Clearly, ε(γ ) := min{γ, 0.65} satisfies the hypothesis on ε stated in Propositions 5
and 6, for all γ > 0. The upper bound on Tc(γ ) thus follows immediately from Corollary 2,
Lemma 9, and Propositions 5 and 6. The asymptotics is easily established. ��

The graph of T ∗
c (γ ) is shown in Fig. 1, together with several lower bounds T (N )

c (γ ).
We remark that the particular value of 0.65 for ε is suggested by replacing ε(γ ) with ε

at r.h.s. (107), then setting γ = 2, and then plotting the resulting expression vs. ε. One then
notices that a minimum occurs for ε ≈ 0.65. For small enough γ the value ε = 0.65 violates
the hypotheses on ε, though. Replacing ε with ε(γ ) takes care of this.

Replacing T ∗
c (γ ) → T ∗

c (g, γ )/g in (107) yields (32).

7 Summary and Outlook

7.1 Summary

For a version of the Eliashberg theory known as the γ model [35] we have conducted a
rigorous linear stability analysis of the normal state. The γ model features two parameters,
g > 0 and γ > 0. We established that for each γ > 0 and g > 0 there exists a critical
temperature Tc(g, γ ) >

g
2π

such that the normal state is linearly stable against any small
perturbations for T > Tc and unstable against superconducting perturbations for T < Tc.

We formulated a variational principle for the critical temperature Tc(g, γ ) in terms of
the largest positive eigenvalue of an explicitly given compact operator G(γ ) on the Hilbert
space of square-summable sequences. By restricting the variational principle to an increasing
sequence of N -dimensional subspaces, our variational principle yields explicit lower bounds
T (N )
c (g, γ ) on Tc(g, γ ) that can be expressed in closed form when N ∈ {1, 2, 3, 4}. If

demanded, the accuracy can be arbitrarily increased by increasing N beyond N = 4, thanks
to Lemma 6, but the lower bounds then have to be approximated by using one of the many
available numerical methods to approximately compute the largest eigenvalue of G(N ) with
acceptable accuracy.
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For γ = 2, our rigorous bound T (3)
c (g, 2) ≈ 0.18204g agrees to three significant digits

with the approximate numerical Tc(g, 2) value reported in [3], computed using a 64 Matsub-
ara frequency truncation of the Eliashberg gap equation. Thus, empirically the three-angle
truncation seems already remarkably accurate when a three-digit precision suffices—if one
assumes that the computations with N = 64 Matsubara frequencies in [3] have converged to
at least three significant digits. However, already the explicit formula obtained for the trun-
cation with N = 4 Matsubara frequencies shows a value of T (4)

c (g, 2) ≈ 0.1825...g, which
establishes that the N = 64 computations of Allen and Dynes [3], if they have converged
to more than two significant digits, correctly produced only the first two of these. This is an
interesting lesson about computer-empirical evidence.

Nowadays one can easily compute with many more Matsubara frequencies. Increasing
N beyond 200, the first 10 significant digits of the sequence of lower bounds T (N )

c (g, γ )

have stabilized, yielding Tc(g, 2) = 0.1827262477...g independently with Maple and with
Mathematica numerical algorithms; note that none of the displayed digits has been rounded.
Needless to say that such a numerical precision is beyond the possibility of rigorous upper
and lower estimates.

Reformulating the linearized Eliashberg gap equation as a fixed point problem, we also
obtained a rigorous upper bound on Tc(g, γ ) expressed in closed form. While this bound is
more than twice as large than the numerical Tc value at γ = 2, it becomes asymptotically
exact with large γ . Indeed, T ∗

c (g, γ ) does converge to g
2π

from above when γ → ∞. Also
all lower bounds on Tc(g, γ ) converge to g

2π
when γ → ∞. Therefore, Tc(g,∞) = g

2π
.

The implied tightness of the lower and upper bounds for when γ � 1 implies that for
larger γ values the lower bounds converge more and more rapidly to Tc(g, γ ). This may not
be a cause for much celebration, though, as the empirically useful γ values so far are all ≤ 2
(recall that formally γ = 2 has physical significance in the sense that for γ = 2 the γ model
is obtained through a rescaled limit λ → ∞ of the Einstein phonon model). Empirical realms
aside, the large γ regime is of independent theoretical interest, see [52].

For small γ the rate of convergence of the lower bounds seems to slow down dramatically.

We note that all lower bounds blow up to ∞ when γ ↘ 0 like C
1
γ

N , with CN itself increasing

with N beyond any bound. Our upper bound on Tc(g, γ ) sets the upper bound C
(

2
γ

)1
γ

on

how fast Tc(g, γ ) can diverge to ∞ when γ ↘ 0, which is compatible with the estimated
blow-up behavior given in [45]. The asymptotic constantC in our upper bound is presumably
not sharp, though.

7.2 Outlook

In our follow-up paper, i.e. part II of our series on Tc in the Eliashberg theory, we will
address the standard version of Eliashberg theory in which the effective electron–electron
interactions are mediated by generally dispersive phonons. Since the γ model at γ = 2
captures the asymptotic λ → ∞ behavior of the standard version, the results obtained in
the present paper will serve us as important asymptotic input for controlling the large λ

regime. We emphasize that our control of the standard version of Eliashberg theory will be
not merely in terms of some asymptotic expansion around λ = ∞. It will also supply rigorous
convergence results valid for all λ > 0.

Moreover, and more subtly, to control the standard version of Eliashberg theory we will
need some results about the γ model for values of γ other than γ = 2, in particular for γ = 4.
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This is not a value distinguished by empirical physics which, so far, has seen applications
only for certain values of γ < 2 [13, 35].

Subsequently, in part III of our series of papers on Tc in Eliashberg theory, we will address
the dispersionless limit of the standard version of Eliashberg theory. The dispersionless limit
features Einstein phonons of frequency 
, yet is also known as the Holstein model. Several
results for the γ model will enter again. Since the normalized frequency measure P(dω)

of the standard version degenerates into δ(ω − 
)dω for the Holstein model, several gen-
eral expressions become explicitly evaluable, yielding additional insights into the materials
governed by optical phonons.

We close with the remark that the mathematical treatment of the γ model presented in
this paper can presumably be directly adapted to study the extended γ model of [48].
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Appendix A: Compactness ofG

In this appendix we establish that the three operators G j , j ∈ {1, 2, 3}, are Hilbert–Schmidt
operators, hence compact.

Proposition A For any γ > 0, G1 ∈ �2(N0) × �2(N0).

Proof The operator G1 is diagonal, with elements

(G1)n,m =
[

1

2n + 1

n∑

k=1

2

kγ

]

δn,m . (108)

Squaring (108) and summing n and m over N0 yields

∑

n∈N0

∑

m∈N0

(G1)
2
n,m =

∑

n∈N0

1

(2n + 1)2

[ n∑

k=1

2

kγ

]2

. (109)

A Riemann sum approximation now yields

n∑

k=1

1

kγ
≤ 1 +

{
1

1−γ

(
n1−γ − 1

) ; γ �= 1

ln n ; γ = 1
. (110)

123

http://creativecommons.org/licenses/by/4.0/


Bounds on Tc in the Eliashberg Theory... Page 31 of 35 69

Hence
∑

n

∑

m
(G1)

2
n,m < ∞. ��

Proposition B For any γ > 0, G2 ∈ �2(N0) × �2(N0).

Proof The operator G2 has elements

(G2)n,m = 1√
2n + 1

1 − δn,m

|n − m|γ
1√

2m + 1
(111)

Squaring (111), then summing n andm over N0, and using the symmetry (G2)n,m = (G2)m,n ,
we obtain

∑

n∈N0

∑

m∈N0

(G2)
2
n,m =

∑

n∈N0

∑

m∈N0

1

2n + 1

[
1 − δn,m

|n − m|γ
]2 1

2m + 1
(112)

= 2
∑

n≥0

∑

m>n

1

2n + 1

1

(m − n)2γ

1

2m + 1
. (113)

By relabeling,

∑

m>n

1

(m − n)2γ

1

2m + 1
=

∑

m>0

1

m2γ

1

2m + 2n + 1
. (114)

Now suppose first that γ > 1
2 . We simply estimate 2m + 2n + 1 > 2n + 1 for m > 0.

The sum over m in (114) then equals ζ(2γ ), multiplied by 1
2n+1 . The resulting sum over n

at r.h.s. (113) equals 1
8π2.

Suppose next that γ ≤ 1
2 . In this case we use the estimate

1

(2m + 2n + 1)
= 1

(2m + 2n + 1)1−γ (2m + 2n + 1)γ
(115)

≤ 1

(2m)1−γ (2n + 1)γ
. (116)

And so
∑

n≥0

∑

m>n

1

2n + 1

1

(m − n)2γ

1

2m + 1
≤ (117)

∑

n≥0

1

(2n + 1)1+γ

∑

m>n

1

m2γ

1

(2m)1−γ
≤ (118)

1

21−γ

∑

n≥0

1

(2n + 1)1+γ

∑

m≥1

1

m1+γ
.

At r.h.s. (118), the sum over n equals
(
1− 1

21+γ

)
ζ(1+γ ), and the sum overm equals ζ(1+γ ).

��

Proposition C For any γ > 0, G3 ∈ �2(N0) × �2(N0).
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Proof The operator G3 has elements

(G3)n,m = 1√
2n + 1

1

(n + m + 1)γ

1√
2m + 1

(119)

Squaring (119), then summing n and m over N0, we obtain

∑

n∈N0

∑

m∈N0

(G3)
2
n,m =

∑

n∈N0

∑

m∈N0

1

2n + 1

1

(n + m + 1)2γ

1

2m + 1
. (120)

Next we note that for any γ > 0

1

(n + m + 1)2γ
= 1

(n + m + 1)γ

1

(n + m + 1)γ
(121)

≤ 1

(n + 1)γ

1

(m + 1)γ
. (122)

And so,

∑

n∈N0

∑

m∈N0

(G3)
2
n,m ≤

[∑

n

1

(n + 1)1+γ

]2

= ζ 2(1 + γ ). (123)

��

Appendix B: TheMatrix Invariants

We list the evaluation of the matrix invariants that enter our spectral formulas.

A.1 Trace and Determinant forG(2)

One easily finds

tr G(2)(γ ) = 1

3

( 1

3γ
+ 1

)
(124)

det G(2)(γ ) = 1

3

(
− 1

4γ
+ 1

3γ
− 2

2γ
− 3

)
. (125)

We note that tr G(2)(γ ) > 0 and det G(2)(γ ) < 0 for all γ > 0, as readily seen by
inspection.

A.2 tr G(3), tr adjG(3), and detG(3)

With the help of Maple, we computed

tr G(3)(γ ) = 1

15

( 3

5γ
+ 5

3γ
− 6

2γ
− 1

)
, (126)

tr adjG(3)(γ ) = 1

15

(
− 1

16γ
+ 1

15γ
− 3

9γ
− 8

6γ
(127)

+ 1

5γ
− 10

4γ
+ 3

3γ
− 12

2γ
− 18

)
,
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det G(3)(γ ) = 1

15

(
− 1

27γ
+ 2

24γ
− 1

20γ
− 2

18γ
(128)

+ 1

16γ
+ 1

15γ
+ 1

12γ
− 2

10γ
+ 2

9γ

+ 4

8γ
+ 4

6γ
+ 8

4γ
− 3

5γ
+ 12

2γ
+ 5

)
.

A.3 trG(4), tr
(
G(4))2, tr

(
G(4))3, and detG(4)

With the help of Maple we have computed

tr G(4)(γ ) = 1

105

( 15

7γ
+ 21

5γ
+ 5

3γ
− 72

2γ
− 37

)
, (129)

tr
(
G(4)

)2
(γ ) (130)

= 1

1052

( 225

49γ
+ 630

36γ
+ 1491

25γ
− 900

21γ
+ 4620

16γ
− 900

14γ
+ 6300

12γ
+ 336

10γ
+ 9685

9γ

− 900

7γ
+ 11880

6γ
− 1764

5γ
+ 18414

4γ
− 3100

3γ
+ 20028

2γ
+ 28039

)
,

tr
(
G(4)

)3
(γ ) (131)

= 1

1053

( 3375

343γ
+ 14175

252γ
+ 19845

180γ
+ 23625

175γ
− 20250

147γ
+ 9261

125γ
+ 66150

120γ

+ 70875

112γ
− 28350

108γ
− 20250

98γ
+ 141750

84γ
+ 46305

80γ
+ 7875

75γ

+ 130410

72γ
+ 47250

70γ
+ 111375

63γ
+ 198450

54γ
− 102816

50γ
− 20250

49γ

+ 200025

48γ
+ 138915

45γ
+ 109350

42γ
+ 330750

40γ
− 153090

36γ
− 234360

32γ

+ 730170

30γ
+ 64125

28γ
− 125875

27γ
− 213066

25γ
+ 179550

24γ
+ 81000

21γ

+ 645057

20γ
− 557280

18γ
+ 901215

16γ
+ 330750

15γ
+ 81000

14γ
+ 1542510

12γ

− 92736

10γ
+ 631320

9γ
+ 447012

8γ
+ 54675

7γ
+ 2299410

6γ
+ 243432

5γ

+ 310986

4γ
+ 1331250

3γ
+ 837036

2γ
+ 784412

)

and

det G(4)(γ ) (132)

= 1

105

( 1

256γ
− 7

240γ
+ 1

225γ
+ 2

216γ
+ 2

200γ
− 1

189γ
− 14

180γ
+ 2

168γ

+ 2

162γ
− 2

160γ
+ 4

150γ
+ 2

144γ
− 1

140γ
− 1

135γ
− 2

126γ

− 1

125γ
− 2

120γ
+ 1

112γ
+ 1

108γ
+ 1

105γ
+ 7

100γ
− 2

96γ
+ 1

84γ

+ 2

81γ
+ 2

75γ
− 8

72γ
− 2

70γ
+ 2

63γ
+ 4

60γ
+ 4

56γ
+ 4

54γ
− 8

48γ
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− 2

45γ
+ 4

42γ
− 4

40γ
+ 14

36γ
− 7

35γ
− 28

32γ
− 14

30γ
+ 8

28γ
+ 2

27γ

+ 2

25γ
− 28

24γ
+ 5

20γ
− 16

18γ
− 56

16γ
− 2

15γ
+ 28

14γ
− 44

12γ

+ 28

10γ
− 11

9γ
− 32

8γ
+ 5

7γ
− 38

6γ
+ 8

5γ
− 41

4γ
− 13

3γ
− 30

2γ
− 7

)
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