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S1 Stability analysis

To evaluate the stability of a metal with respect to electron-phonon interactions, we use the standard
kinetic equation for the electron distribution function f(E,t)[1, 2],

ox\ of 0 of
(1 - a_E) o Yot T eplep(E) + eelee(E), (51)

where we added nonnegative constant coefficients aepn and aee for convenience. The electron self-energy
is

00 E — f(E —
Z:][dE’/Odwa2F(w)f< +‘27)_]J;f w) (2)
and the electron-phonon collision integral is
lop(E) = —QW/O dw o F(w) {No(Ton)[2f — fo = [+ f(fr = f2) + f = f+}, (S3)

where f = f(E,t), f+ = f(E £ w,t), and

1

NO(TP ) = ew/Tph o 1

(54)
is the equilibrium Bose (phonon) distribution at temperature 7,;,. The kinetic equation (S1) assumes
spatially uniform initial conditions and, as usual, that phonons remain in thermal equilibrium, see below
and, e.g., [2], which also provides an explicit expression for the electron-electron collision integral .

We will prove that the metal is unstable when Cy < 0 by contradiction. Let

FEt=0)= fo(T) = - (85)

eB/T 41
be the equilibrium Fermi distribution with temperature 7" that is slightly higher than the phonon tem-
perature Tp,. Experimentally, initial conditions of this type are created by heating the electrons with an
ultrashort laser pulse[3, 4, 5]. Note, however, that we do not assume the two-temperature model, but
merely chose an initial condition of the form (S5). The true fermion distribution f(E,t) will generally
become nonthermal in the course of the actual time evolution of the system.
Suppose the system is stable with respect to the electron-phonon interaction (ae, = 1, aee = 0). Since
the phonon specific heat is much larger than that of the electrons, Cpp/|Ca| ~ Er/wp > 1, the change
in the phonon temperature and, more generally, the deviation of the phonon distribution from the equi-
librium Bose distribution Ny(7py) is negligible. Phonons serve as a thermal bath for the electrons, and
electrons equilibrate at temperature T}, up to corrections of order wp/Er, which are beyond the accu-
racy of the Eliashberg theory anyway.
Linearizing the kinetic equation and f(£,t) around the equilibrium at 7" = T, with the help of the
usual substitution[6],

fo(Ton) [t = fo(Tpn)]

f(Evt):f0+5fEf0<Tph)+ Th SO(E7t)7 (86)
p
we obtain after some algebra
/ AE'A(E, E)$(E' 1) = — / 0E [topMop (B, E') + e Moo E. E')| (. 1), (57)

where A(E, E'), Mep(E, E'), and Me.(E, E') are real symmetric integration kernels (matrices) and ¢ =
Jp/0t. Letting p(E,t) = e "(FE), we reduce the problem to a generalized eigenvalue equation of the
form yAy = Mqp. It is straightforward to show that M, and M., are positively defined for any electron-
phonon couplings \; [by, e.g., considering the weak coupling limit where the system is obviously stable
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(v > 0) for any physical phonon spectrum]. The assumption that the system is stable with respect to
the electron-phonon interaction (i.e., for M = M,,) implies that A is positively defined as well. Since a
linear combination of two positively defined real symmetric matrices with positive coefficients is similarly
positively defined, it follows that it must also stable for M = aep Mep + Gee Mep for any aep, > 0 and aee >
0.

Therefore, if the metal is stable with respect to the electron-phonon interaction, Equation (S1) must also
be linearly stable for any choice of a., > 0 and aee > 0. Let aee > aep, > 0. Then, electron-electron
collisions dominate, and the electron distribution thermalizes essentially instantaneously with temper-
ature T'(t), i.e., f(E,t) = fo(T(t)), corresponding to the instantaneous energy density €(t) of the elec-
tronic subsystem. However, since electron-electron collisions conserve €(t) (this follows formally from
[dEEI.(E) = 0), the latter is able to relax only through electron-phonon collisions. Multiplying Equa-
tion (S1) by E, integrating over E, and using f(E,t) = fo(T'(t)), we obtain

061% = 27ry0aep/ dwaQF(w)w2 [NO(Tph) — No(T)], (58)
0
where 00\ 0fy 0% 0f,
_ _ Y9203} %  Y=0CJo
C’el—ZVg/dEE{<1 aE) 57+ a7 aE} (59)

is the electronic specific heat. Here Equation S9 and fy are the equilibrium electron self-energy and dis-
tribution function at temperature 7. Equation (S9) for C was derived by Prange and Kadanoff in 1964[1]
and later shown to be equivalent to Equation (1) in the main text[7, 8]. Note that there is a typo in [1]
— the sign in front of % should be minus and not plus as they have.

The right hand side of Equation (S8) is negative when 7" > T}, indicating that the heat flows from hot-
ter electrons to the colder phonon bath. Linearizing this equation in (7" — T}y,), we see that 1" grows ex-
ponentially when C < 0. Note that Equation (S8) does not describe the actual dynamics of the system
but is a consequence of the assumption that it is stable with respect to the electron-phonon interaction.
Thus, C. < 0 is a sufficient condition of the instability. For further details on this stability analysis, see
[9]. This reference also demonstrates that the loss of kinetic stability occurs at smaller values of A, while
Uy remains positive — that is, before the equilibrium Migdal-Eliashberg theory detects instability.

For A > )\, the electronic specific heat is negative in a temperature interval from 7 to 7'y, > T,. In par-
ticular, T_ — 0 and T, — 2.1335T. in the strong coupling limit A\ — 0o[10]. However, a more complete
kinetic analysis shows that the normal state remains unstable for all temperatures below T as well, em-
phasizing that C, < 0 is sufficient but not necessary for the instability. To put it another way, the nor-
mal state is unstable for all 7" < T, even though Cy < 0 only for T < T < T',. We also note that the
existence of a new global minimum of the free energy just above T, implies by continuity that the super-
conducting state is metastable at least for temperatures not too much below 7.[10].

S2 Proof of the stability condition ¢ < 1

Since the primary theoretical result presented in this manuscript is the stability condition expressed by
inequality (3) in the main text, we explicitly outline the logic underlying its derivation here rather than
relying on previous publications.

ME theory is obtained from the stationary point of the action, describing electrons interacting through a
retarded potential mediated by physical phonons. Provided the system is a stable metal, this stationary
point corresponds to a global minimum of the thermodynamic potential[10]. Corrections to this station-
ary solution, known as loop corrections, are controlled by a small parameter—the ratio of the maximum
phonon frequency to the Fermi energy[11, 12, 13, 14]. This fact, although presented differently, was orig-
inally demonstrated by Migdal and Eliashberg themselves[12, 13], who observed lattice instability at a
bare coupling A\g ~ 0.5 within the Frohlich Hamiltonian. They emphasized two essential conditions for
their theory’s validity: (1) a small ratio of maximum phonon frequency to Fermi energy, and (2) a sta-
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ble lattice. This second condition has often been overlooked in subsequent studies employing effective
electron-phonon models.

In typical metals, the ratio of the maximum phonon frequency to the Fermi energy ranges between 1072
and 107, thus providing excellent accuracy for evaluating the electronic specific heat. Indeed, it is well-
established that the ME calculation of electronic specific heat consistently matches experimental results
within a few percent accuracy|[15, 16, 17, 18].

Our stability condition is proven by contradiction: assuming a stable metal described by a given Eliash-
berg function with Fermi energy much larger than the maximum phonon frequency, the ME formula for
electronic specific heat, Equation 3 in the main text, must apply. However, the kinetic stability analy-
sis of the previous subsection reveals instability when the specific heat becomes negative. Thus, a metal
characterized by a negative ME electronic specific heat cannot physically exist, establishing inequality

(3).

S3 Kinetic instability vs. polaronic and CDW instabilities arising from ef-
fective electron-phonon models

It is important to clearly distinguish the kinetic instability, which yields our stability condition, equa-
tion (3) in the main text, from the well-known polaronic/charge-density-wave (CDW)/lattice instabilities
arising in effective electron-phonon models[11, 12, 13, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]
(such as the Frohlich or Holstein Hamiltonians). A key feature of our kinetic instability is that it estab-
lishes a strict upper bound on the physical electron-phonon interaction strength A—a bound that, to the
best of our knowledge, has not been previously identified. In contrast, polaronic/CDW transitions do
not impose a sharp upper limit on A, as A — 0o at the onset of such instabilities[11, 12, 13, 20, 21, 33].
Secondly, while the polaronic/CDW /lattice instability describes an equilibrium phase transition, our ki-
netic instability is inherently a nonequilibrium phenomenon, occurring prior to any equilibrium phase
formation. Moreover, the subsequent evolution following our instability does not necessarily lead to po-
laronic or CDW phases. For example, pressurized hydrides follow a completely different route, namely,
hydrogen diffusion and the formation of new chemical compounds[39, 40, 41, 42, 43, 44].

Finally, the lattice instability observed in effective electron-phonon models is an artifact of these models,
which at best, obscures the accompanying polaronic or CDW transitions. Fundamentally, the physical
system is governed by the Coulomb Hamiltonian, describing electrons and ions interacting via Coulomb
forces. Phonons naturally emerge as collective quasiparticle excitations from this Hamiltonian, inher-
ently incorporating electron-ion interactions. Specifically, the electron density dynamically adjusts to
ionic movements, leading to electronic polarization which directly shapes the phonon spectrum.

In simplified models such as the Holstein or Frohlich Hamiltonians, the phonon frequency renormaliza-
tion improperly counts the electronic polarization twice. This double-counting issue results in artificial
phonon softening or lattice instability at a bare electron-phonon coupling A\g &~ 0.5. This spurious in-
stability arises from incorrectly including the static part of the electron polarization operator more than
once[34, 35], see also [27, 36, 37, 38]. Rigorous adiabatic perturbation theory starting from the Coulomb
Hamiltonian does not produce such lattice instabilities[34, 35]. Hence, the instability seen in simplified
electron-phonon models is essentially an artifact of double-counting (or “overscreening”[37, 38])—with
ion-ion interactions effectively screened twice.

Indeed, Holstein, Frohlich, and related models cannot be consistently derived from the underlying Coulomb
Hamiltonian at any order of adiabatic perturbation theory[35], resulting in fundamental limitations. These
effective models successfully capture phonon-mediated electron-electron interactions but fail to provide
accurate phonon spectra. In reality, the Coulomb Hamiltonian naturally produces a unique phonon spec-
trum. Therefore, the standard and widely accepted practice in phonon-mediated superconductivity is to
treat the phonon spectrum as an external input rather than attempting to renormalize it within these
simplified effective models[15, 16, 45, 46].

Our approach avoids these pitfalls by directly working with physical phonons, employing the Eliashberg
function as a fixed input. Rather than relying on effective electron-phonon models, our theory addresses
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electrons interacting through retarded, phonon-mediated interactions. Consequently, a consistent for-
mulation of our theory is inherently non-Hamiltonian, expressed instead via a nonlocal fermionic action,
with the nonlocality reflecting the retarded nature of interactions mediated by physical phonons.

S4 Derivation of upper bounds on the electron-phonon interaction constant
A and T,

It is helpful to disentangle the notions of the shape, height (overall scale), and support (spread) of the
Eliashberg function a?F(w) from each other. To this end, we introduce a normalized shape function

12a%F(w)
Plw) = —-————. S10
W)= 3222 (s10)
By the definition of A in Equation (4) in the main text and since a?F(w) > 0,
/ Plw)dw =1, P(w)>0, (S11)
0

so we can think of P(w) as the distribution function of phonon frequencies. It determines the shape of
the Eliashberg function, while A controls its overall height. Note that we can specify A and P(w) inde-
pendently of each other.
Now it is straightforward to determine the upper bound A, on the electron-phonon coupling A from the
stability condition [Equation (3) in the main text],
A = ! (S12)
" e (U0 () Py}

The function g(x) reaches its single maximum gpa, = 0.2709 at Ty = 0.3273. The upper bound A, is
smallest, A\, = 1/gmax = 3.6915, for Einstein phonons, i.e., for P(w) = d(w — wg), because in this case the
denominator of Equation (S12) assumes its maximum possible value gpax. Similarly, Equation (S12) pro-
vides A, for other phonon spectra, e.g., for the Debye model [P(w) = 2w/w? for w < wp and zero other-
wise| or for the same spectrum [same P(w)] as that for any of the materials in Extended Data Table S1.
Furthermore, the definition of the stability parameter £ in Equation (3) in the main text together with
Equation (S12) imply Equation (5) in the main text.

To bound T, we need to bound both A and the phonon spectrum. Suppose the highest phonon frequency
iS Wmax and let * = w/wpay. Then,

fol 22 P(z)dx '
max, {fol g(%) P(:E)da:}

By analyzing the variational derivative of the right hand side of this equation with respect to P(x), we
find that it is maximal for P(z) = §(x — 1), i.e., for Einstein phonons with frequency wg = wyay. Taking
this into account, we immediately obtain Equation (7) from Equation (6) in the main text.

Mw?) = Whas

(S13)
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S5 Properties
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Figure S1: Statistical analysis of the results of DFT calculations of electron-phonon interaction parameters in metals,
polyhydrides, and other compounds. (a) Correlation between the logarithmic average phonon frequency wiog in Kelvin

and pressure P in GPa. For about 95% of the compounds wi,g lies below the line 500 +

5P. (b) Correlation between

wieg in Kelvin and the electron-phonon coupling parameter A. For about 95% of the compounds wiee in Kelvin falls

below the line 2500 —
Refs. [53, 47, 49, 50, 51, 52, 48, 54].

500)A. Red areas indicate unlikely combinations of wieg, P and A. Data for the plot are from
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Table S1: Various superconducting metals, compounds, and compressed polyhydrides and the values of T,, electron-phonon
coupling constant A, stability parameter &, and average logarithmic (wios) and maximum (wmax) phonon frequencies for
them.

Compound T., K A 13 Wiog; K Wmax, K

Experimental Materials

Ga (amorph.)[55] 8.6 2.25 0.16 62 302

Pb (amorph.)[55] 7.2 1.91 0.29 35 155

Bi (amorph.)[55] 61 1.84-246 0.19 42 163
Heg[55] 42 1.0-16 0.4 86 165

Nb[55] 9.2 0.82 -1.05 0.2 163 325
NbsSn[56] 17.9 1.6 -1.8 0.27 142 422
MgB5[57] 40 0.87 0.16 680 1624

PbBi (amorph.)[58] 7.0 3.0 0.26 33.3 150
PbBiz (amorph.)[58] 6.8 2.78 0.23 33.4 154
H;3S (157 GPa)[41] 190 1.84 0.32 1078 2704
LaHy, (214 GPa)[59, 60] 245 2.06 0.43 1340 3145
YHg (165 GPa)[61] 9924 171 0.39 1333 2450
ThH, (150 GPa)[62] 146 173 0.32 957 3362
ThH;, (170 GPa)[62, 63] 161 1.65 0.31 1116 — 1470 3122
YHy (205 GPa)[39, 53] 235 2.66 0.36 916 — 1054 3167
(La,Y)Hyo (180 GPa)[64] 253 3.87 047 868 3119
(La,Ce)Hy (123 GPa)[43, 65] 190 227 033 582915 2804

DFT Calculations

CaHg (172 GPa)[95] 215 2.69 0.42 950 2877

LaHyg (250 GPa)[67] 141 1.89  0.31 1511 3481

ScH,a (200 GPa)[68] 325 2.85 047 1189 2059
Li;MgHyg (250 GPa)|[69] 473 330 0.49 1111 3783
MgHg[66] 263 3.29 0.58 1408 3719

Hydrogen (I41/amd, 500 GPa)[70] 374 2.85 0.45 1616 4089




WILEY-VCH

Table S2: Data for Figure 1: evolution of superconducting materials in 20th — 21st centuries.

Material Year of discovery  Critical temperature, K

Low-temperature superconductors[71]

Hg 1911 4.2
Pb 1914 7.3
Nb 1933 9.7
NbN 1941 16

NbsSn 1952 18.3
V3Si 1953 17.1
NbsGe 1973 23.2
NbTi 1962 9.2
CaCq|[72] 2005 115
MgB, 2001 40

Unconventional superconductors[73]

KWO3 1967 6
LiTis Oy 1973 1.2
BaPbBiOg 1975 13
Lay;BaCuQOy 1986 30
YBasCuszO7 1987 90
BaKBiOg3 1988 20
BiSrCaCuyOg 1988 105
TlBagCagCu;:,Og 1989 110
HgBa2CaCu206 1993 120
GdFeAsO 2008 53.5
SrFFeAs 2009 72

Superhydrides[71, 53]

LaH;o 2018 250
ThHyg 2020 146
ThH;o 2020 161
YHg 2021 224
YHy 2021 243
CeHyg 2021 100
CeHig 2021 115
BaH;4 2021 20
YHy 2022 82
(La,Y)Ho 2021 253
LU4H23 2023 70
SnHy 2022 74
PH; 2015 100
SbH4 2023 115
(La,Ce)Hg_lo 2023 190
NbHj3 2024 42
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S6 Parameters of the electron-phonon interaction in various metals, alloys,
and superhydrides

Table S3: Parameters of the electron-phonon interaction in metals, polyhydrides and, other compounds. We used this data
to draw Figure 2.

Compound Pressure, GPa EPC strength (A) wiog, K

DF'T predictions
ScHy[47] 300 1.94 1156
VHs[74, 75] 200 1.13 876
CrH;|76) 81 0.95 568
ZrHg[77, 78] 295 1.7 914
ZrH;[79] 250 1.77 1068
NbH,4([80, 81] 300 0.82 938
SrHg[49)] 100 1.65 1316
HfH,0[79] 250 2.77 677
TaHg[82] 300 1.56 1151
TiH14[49, 83] 200 0.81 1063
Hf5H;3[49] 100 1.1 497
RaH;[49] 200 1.36 998
MgHq|[66] 300 3.29 1450
CaYH,,[84] 200 2.2 1230
MgCaH;4([85] 200 2.53 1400
YH (86, 87] 250 2.58 1282
ScHio[88] 200 2.85 1189
LisMgH 6[69] 250 3.3 1111
ScH4[47, 89] 250 0.81 1892
Metals and alloys (experiment)
Nb[55] 0 1.05 229
V[55] 0 0.83 330
Sn[55] 0 0.72 165
Ta[55] 0 0.73 213
Hg[55] 0 1.3 86
a-Ga[bb] 0 2.25 62
a-Pb*[55] 0 1.91 35
a-Bi[55] 0 2.46 42
Nb;Sn[55] 0 1.7 142
MgBy**[57] 0 0.87 680
a-PbBi[58] 0 3.0 33.3
a-PbBi3[58] 0 2.78 33.4
Hydrides (experiment)
(La,Y)H;0[64] 180 3.87 868
(La,Ce)Hg_10[43] 123 2.27 915
H;3S[90] 157 1.84 1080
LaH;([91] 163 2.67 1118
YHq[53] 200 2.75 885
YHq[61] 170 2.24 1330
ThH 0[62] 170 1.91 1210
ThH,[62] 150 1.73 960
YH,[61] 155 1.1 1080
CeH,[92] 110 1.46 650
CeH[93] 100 2.0 1000
SnH4[94] 190 1.24 890
CaHg[95] 170 2.69 950

* Amorphous film of Pb
**Given for comparison
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Table S4: Values of the stability parameter £, electron-phonon coupling constant A, and the average logarithmic frequency
wiog for several hydrides at different pressures P.

Compound P, GPa £ A Wiog, K

100 0.175 0.83 1421
120 0.165 1.77 630
150 0.152 0.86 1134
200 0.131  0.69 1319

~50%* 0.96 5.32 1031

129 0.64 3.62 887

LaH;0[91] 163 0.53 2.67 1119
214 0.43 2.06 1340

264 0.37 173 1469

135 0.42 2.03 1482
157 0.39 1.88 1579

100 046 257 1048
ThH;0[63] 200 032 1.58 1184
300 025 1.33 1150

150%*  0.58 2.97 964

160 041 1.96 1204

CaHg[95] 170 040 1.89 1419
180 039 1.83 1249

190 039 1.84 1333

*Extrapolation obtained by scaling the Eliashberg function at 129 GPa by a factor of 1.5. Extrapolated T, = 353 K.
**DFT calculations for P = 150 GPa without accounting for the anharmonicity.

CeHg [92]

H3S[90]

600
@ Hydrides (exp.) /
QO Hydrides (DFT) /’
5004 O Metals and alloys y;
OfMQHs /
M9C3\H12 - //
10 ScH
x 400+ YH? d | /1%' LisMgH
= 1 Sc?—lg0 LaHP / O
< SeH, Thy CaYH,,
8300_ \O \18H3S L%Y)Hm
3 CeHyq, a—/-CaH
S IRERRS OFF ‘/\YHQ °
- YHThHg\ ) (a,Ce)H,
S 200 4 "He @A EO.
T,
Hf3H1’>VH AcHyo
CeHg
1004 Q_Hise e
Sn— ’V’NszrH3
To= ¥ _2>"Ho, g
a—GaF —%Z;—PEBT a-Pb N

0“"00 200 300 400 500 600
Experimental and DFT calculated T, K

Figure S2: Comparison of experimentally observed and DFT calculated critical temperatures T, for various superconduc-
tors with Allen-Dynes empirical strong coupling estimate T5™P = 0.182wiog V/A. Observe that for all experimentally studied
hydrides T;, < TS™P.
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Table S5: Debye temperatures (Tp) for some superconducting metals, intermetallic compounds and compressed polyhy-
drides.

Compound T., K EPC parameter (A\) Tp, K
Hg[55] 4.16 1.0 - 1.6 72
Nb|[55] 9.22 0.82 - 1.05 277
NbsSn[96] 17.9 1.6 -1.8 270
ThH;o (170 GPa)[62] 161 1.65 1350
YHy (205 GPa)[53, 39] 235 2.66 1275
(La,Ce)Hy (123 GPa)[43, 44] 190 2.27 1107
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