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The Berry connection encodes the momentum-space geometry of occupied Bloch states in gapped insulators
and plays a central role in topological materials. While gauge-invariant quantities can be evaluated from
overlap matrices between neighboring k points, accessing the Berry connection itself as a smooth field requires
specifying a continuous gauge over the Brillouin zone. Wannier-based workflows achieve this through projection
onto localized orbitals, enabling stable evaluation of geometric quantities and response functions. In this setting,
the Berry connection enters directly in Wannier-interpolated calculations of polarization, Berry curvature, and
related response functions. In practical implementations, however, the projection-gauge Berry connection is
typically constructed from finite-difference overlaps between neighboring k points, discretizing momentum
derivatives and introducing errors tied to k-mesh spacing and gauge alignment. These effects can become
numerically delicate in systems with small band gaps or when evaluating higher-order responses such as the
Chern-Simons axion angle. Here, we derive an exact expression for the non-Abelian Berry connection in
the projection gauge that is local in crystal momentum. Starting from projected and orthonormalized Bloch-like
states, we obtain a closed-form equation expressed entirely in terms of k-local quantities. We validate the
formulation in one and three dimensions by computing the Berry phase and Chern-Simons axion angle in
tight-binding models. The resulting framework provides a stable route to evaluating geometric properties within

Wannier-interpolation schemes and future first-principles implementations.
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I. INTRODUCTION

The modern theory of electronic structure has revealed that
many physical properties of crystalline solids are governed
not only by band energies, but by the geometry of the oc-
cupied Bloch states in momentum space. This geometry is
encoded in the Berry connection and its derivatives, which
define a gauge structure over the Brillouin zone. Observable
consequences of this structure include electric polarization,
anomalous and nonlinear Hall effects, orbital magnetization,
optical and transport responses, and the magnetoelectric cou-
pling [1]. These quantities depend on the geometric structure
of the occupied-band bundle, rather than solely on the disper-
sion relation of the bands. In multiband systems, the relevant
geometric object is the non-Abelian Berry connection,

(A;L)mn = i(umk|8uunk)v (1)

where |u,k) are the occupied cell-periodic Bloch eigenstates
and 9, denotes differentiation with respect to the pth Carte-
sian component of crystal momentum [2].

In practical electronic-structure calculations, the Bloch
eigenstates are obtained by diagonalizing the Hamiltonian
independently at each k point. The resulting gauge, here
referred to as the Hamiltonian gauge, is therefore arbitrary
up to k-dependent single-band phase factors and may have
nonanalytic behavior at degeneracies in the Brillouin zone.
As a consequence, direct finite-difference evaluations of the
Berry connection in this gauge are numerically unstable and
ill defined, even though gauge-invariant quantities constructed
from them may remain well behaved.
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Evaluating A, itself requires specifying a smooth and con-
tinuous gauge over the Brillouin zone. The Berry connection
is not gauge covariant and, under a smooth and continuous
k-dependent unitary rotation U (k) within the occupied sub-
space, transforms as

A, =U'AU +iU'8,U. 2)

For any initially discontinuous gauge, the unitary that
smoothens the gauge will also itself be discontinuous, making
9, U ill defined.

Wannier-based workflows provide a practical solution by
constructing a smooth gauge through projection onto local-
ized trial orbitals, optionally followed by disentanglement and
maximal localization [3-5]. The resulting projection (or Wan-
nier) gauge enables stable evaluation of geometric quantities.
In this setting, the projection-gauge Berry connection encodes
the off-diagonal position matrix elements in the Wannier basis
[1,2]. These terms represent what is often referred to as the
“external” contributions to the band geometry, in contrast to
the “internal” contributions that are captured by the tight-
binding eigenvectors. These external terms are needed, for
example, when computing electric-dipole transition moments
for the interband optical conductivity [6], and Wannier inter-
polating the Berry curvature [7].

However, in standard Wannier codes, such as WANNIER9(
[8], the projection-gauge Berry connection is not computed
analytically; instead, it is approximated by finite-difference
overlaps between the first-principles Bloch eigenstates at
neighboring k points [3,9]. Higher-order generalizations of
this finite-difference scheme for computing A,, have recently
been introduced [10]. These methods are robust and practical,
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and have been central to the success of Wannier interpolation
across a wide range of applications. At the same time, because
momentum derivatives are discretized from the outset, their
accuracy is ultimately controlled by the k-mesh spacing, the
smoothness of the chosen gauge, and the quality of the gauge
alignment between neighboring points. These effects may
lead to appreciable quantitative differences in the derived ob-
servables, including optical conductivities, in certain regimes
[11].

In this work, we derive an explicit closed-form expression
for the non-Abelian Berry connection directly in the simple
projection gauge (i.e., obtained as in the usual Wannierization
procedure but without maximal localization) without recourse
to finite differences or neighboring-k overlaps. Starting from
the projected and orthonormalized Bloch-like states produced
by the projection method, we obtain a single-point, Kubo-
like formula for A, (k) expressed entirely in terms of overlap
matrices, position matrix elements of the trial orbitals, and
interband velocity matrix elements. The connection is thus
determined exactly at each k from local information in mo-
mentum space.

We apply the formulation derived in Sec. III to tight-
binding models in one and three dimensions. In Sec. IV, we
compute the Berry phase of the Su-Schrieffer-Heeger model,
providing a controlled one-dimensional test of the single-
point construction. In Sec. V, we evaluate the Chern-Simons
axion angle in the Fu-Kane-Mele model, demonstrating that
the analytic projection-gauge connection remains stable in
higher-dimensional, non-Abelian response calculations. To-
gether, these tests illustrate the numerical robustness of the
approach.

II. PROJECTION GAUGE

A central practical difficulty in evaluating Berry connec-
tions is that the eigenstates produced by a band-structure
calculation are defined only up to an arbitrary k-dependent
phase rotation acting on each individual band. As a result, the
“Hamiltonian gauge” obtained by diagonalizing the Hamilto-
nian independently at each k typically exhibits random phases
and nonanalytic behavior across the Brillouin zone. The pro-
jection method provides a simple and widely used way to
impose a smooth periodic choice of frame for the occupied
subspace by aligning it to a set of localized trial orbitals and
orthonormalizing the result [4,5].

Let {|¥,x)} denote the Bloch eigenstates of the Hamilto-
nian at crystal momentum k, with band index »n and {|u,x)}
their cell-periodic counterparts. We assume a gapped insulator
with J occupied bands and denote the occupied-band projector
by

occ

PR) =) ) (k- 3)

The projection method begins by choosing a set of J localized
trial orbitals {|g,,)} _, in the home unit cell. Physically, these
are intended to resemble the desired Wannier functions (or,
more generally, to span a subspace close to the occupied
manifold).

Each |g,,) has a phase-twisted counterpart,

ltuk) = € %" |g,), )

that can be projected onto the occupied subspace at k to define
a set of “Bloch-like” states,

occ

|¢mk) = p(k)|tmk> = Z |unk><unk|tmk>- (5)

These states lie entirely in the occupied subspace by construc-
tion, but they are generally neither orthonormal nor linearly
independent.

Because the projected states in Eq. (5) are not orthonormal,
we introduce their Gram matrix,

(Ok)mn = <¢mk|¢nk>- (6)

It is convenient to collect the overlaps between occupied
Bloch states and trial orbitals into the J x J matrix,

Snm (k) = <unk |tmk> s

Using Eqs. (5) and (7) and the orthonormality of the Bloch
eigenstates, one immediately finds that

Ok = S!St @®)

n € occ. 7)

Thus, Ok is Hermitian and positive semidefinite. A necessary
condition for the projection method to define a J-dimensional
frame is that Ok be invertible, i.e., that the projected states
{|®mk)} be linearly independent. In practice, small eigenvalues
of O signal a poorly conditioned projection and can lead to
numerical instability.

When Ok is invertible, we obtain an orthonormal frame by
symmetric (Lowdin) orthonormalization,

lit) = D i) (O %), ©)

By construction,

il = [(O5")) OO = 8ums  (10)

so {|ii.k)} acts as an orthonormal basis of the occupied sub-
space at each k. We refer to this orthonormal frame as the
projection gauge (or, equivalently, the Wannier gauge pro-
duced by projection).

For an isolated group of bands in an ordinary insula-
tor, P(k) can be chosen smooth over the Brillouin zone,
and for suitably chosen localized trial orbitals, the matrices
S(k) and O(k) vary smoothly as well, leading to a smooth
and (when topologically allowed) periodic frame {|y/,x)}
[3,5]. In Z, topological insulators, a smooth and periodic
time-reversal-symmetric gauge is obstructed; nevertheless, a
smooth periodic gauge can still be constructed by choosing
trial orbitals that explicitly break 7, thereby avoiding the
constraint that enforces the obstruction [12].

III. NON-ABELIAN CONNECTION
IN THE PROJECTION GAUGE

The goal of this section is to obtain the non-Abelian Berry
connection associated with the projection-gauge frame {|i,x)}
constructed in Sec. II. We will derive a closed, single-k for-
mula for the projection-gauge connection, expressed entirely
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in terms of (i) overlaps to trial orbitals, (ii) position matrix
elements involving the trial orbitals, and (iii) interband (Kubo-
like) velocity matrix elements. No finite differences and no
overlaps between neighboring k points are required.

The projection-gauge connection is defined as

Au,mn = i<ﬁmk|8ﬂﬁnk>~ (11)
It is convenient to use matrix notation, in which |¢) is the
column vector of states |¢,x), and similarly for |iz). We also
drop k labels, which are now always implicit. Then,

i) = ¢) O, (12)

Differentiating with respect to k,, gives
duli) = (3.1¢) O~ +19) 8,071, (13)
Substituting into (11) and using (¢|¢) = O yields the identity
A, =i07 "2 (¢la,¢) O +i 029,07, (14)

Using 9,(0V2071?)=0, we have OY?9,(071?) =
—(9,0'2)0~1/2, and hence

A, =iO07(pla,p) OV —i 9, (OVH OV (15)

Equation (15) is at the core of the derivation. It shows that
flﬂ is determined once we can compute (i) the derivative of
O'/2 and (ii) the projected-state matrix element (¢|3,¢), both
at fixed k.

A. Sylvester equation for 3, O'/2

We next obtain 9,0'/? in closed form. Differentiating the
identity (O'/2)? = O gives

0'2(3,0'*) + (3,00 = 3,0, (16)

which is a Sylvester equation of the standard form MX +
XM =Y for the unknown X = 8M(’)1/2, with M = O'/2 and
Y =9,0.

Consider the Sylvester map Ly : X > MX + XM for a
Hermitian positive-semidefinite matrix M. If M is positive
definite, £y, is invertible on the full matrix space. More
generally, when M has a nontrivial kernel, £, remains in-
vertible on the subspace of matrices with no components in
ker M ® ker M. On this subspace, the Sylvester equation ad-
mits a unique solution, which we denote X = ﬁ;,,l [Y].

With this notation, the formal solution to Eq. (16) reads

9,0'? = L),[0,01. 17)

To evaluate Eq. (17) numerically, we transform Eq. (16) into
the eigenbasis of O!/2, letting

OV2 =vzvl ¥ =diag,..., o)), (18)

where V is unitary and o; > 0 are the eigenvalues' of O'/2.

Some algebraic manipulation yields the componentwise solu-
tion (see Appendix for the full derivation),

(VT(auO)V)ij:|

0it+0;

vi (19)

Jn’

£611/2 [auo]mn = Vmi|:

'Equivalently, o; are the singular values of the projection matrix S.

where the division is understood to be elementwise inside
the brackets, and outside the brackets, repeated indices are
implicitly summed over.

Because o; > 0, the only potentially vanishing denom-
inators satisfy o; +o0; =0, which implies o; =0; =0.
Therefore, C(’Ql, » is well defined provided that 9,0 has no
components in the null-null block, ker(0'/?) ® ker(O'/?). If
O/ is strictly positive definite (all 5; > 0), L2 is invertible
on the full matrix space.

In practice, very small o; correspond to trial orbitals with
weak support on the occupied subspace, leading to an ill-
conditioned projection and numerical instability in Eq. (19).
This can be mitigated by improving the choice of trial or-
bitals or, when appropriate, restricting to the well-conditioned
subspace. If the projection loses rank—for example, due to
a topological obstruction—some o; vanish at certain k, sig-
naling that a globally smooth projection gauge cannot be
constructed.

The remaining ingredient is the derivative of the overlap
matrix, O, = (¢ |P,). By direct differentiation,

0.0 = (0u0|9) + (910up) = (910,¢) +He., (20

where “H.c.” denotes the Hermitian conjugate of the matrix,
(¢]0,¢). Notably, the same matrix (¢|0,¢) also appears in
the first term of Eq. (15). A closed, single-k expression for
this object will be derived in Sec. III B.

B. Single-k evaluation of (¢|d,¢)

We now turn our attention to the evaluation of (¢|d,¢),
which is the central quantity that appears explicitly in the first
term of Eq. (15) and implicitly in the second term via Eq. (17).
To show that it can be expressed only in terms of single-k
ingredients, we differentiate Eq. (5) to get

(Dn|dubn) = (twlP (B, P) [ta) + (tw|P B,ltn),  (21)

which cleanly separates two physical effects: (i) the explicit
k dependence of the k-periodic trial orbital, which produces
a term proportional to the position operator, and (ii) the k
dependence of the occupied projector P(k), which encodes
interband mixing and produces a Kubo-like contribution. We
evaluate these two terms in turn.

(i) Trial-orbital (position-matrix-element) term. Using
|t,) = e T|g,), one finds

iau“n) = f'u|tn>- (22)

It is therefore natural to define the occupied-trial position-
matrix elements,

(R/L)mn = <Mm|?'u|tn>’

Then, returning to the second term in Eq. (21),

m € occ. 23)

occ

i(tm|p aultn) = Z(tm|u£> <u£|f’u|tn>
¢

occe

=S5 Rin = SR (24)
¢

Thus the trial-orbital contribution to i(¢|9,,¢) is simply S TRH.
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(ii) Interband (Kubo-like) projector-derivative term. The
remaining term involves P(d,P), which only has support be-
tween occupied and unoccupied spaces because P(SMP)P =
0. Introducing the complementary projector Q = 1 — P and
inserting a complete set of unoccupied eigenstates, one finds

occ empty

P@,P) = P@0,P)Q =" > lue)(@yuueluc)ucl.  (25)
4 c

The cross-gap matrix elements of the non-Abelian Berry con-
nection matrix in the Hamiltonian gauge can be written as

0, H |u,
(D e = (el = i%; ¢ € oce, ¢ € empty.
26)

It is also convenient to define the complementary overlap
matrix,

(5H)en

(uclty), ¢ € empty. 27

Then,

occ empty

| PPty = i) {tmlae) (Dputtelue) el
4 c

occ empty

==> > 8,Dl.5h (28)
l c

This is precisely a Kubo-like expression that takes the com-
pact matrix form

i{t|1P(3,P)|t) = —S" DI s+ (29)
Combining (24) and (29), we obtain
i(¢19,¢) = SR, — D). (30)

Equation (30) is the desired single-k expression for the
projected-state matrix element entering Eq. (15).

C. Final single-k form

Together with the Sylvester solution given by Egs. (17)
and (20), Eq. (30) provides a fully local construction of the
projection-gauge Berry connection ,Zlﬂ (k) in terms of single-k
quantities. Substituting, we find

Auk) = 0728 (R, — DiIsH) o012
—iLop[—iST (R, — DIISY) +He] 0712
€1y

All dependence on k derivatives has been eliminated in favor
of the overlap matrices between Bloch eigenstates and trial
orbitals, position matrix elements involving the trial orbitals,
and a Kubo-like interband term that depends only on the occu-
pied and empty projectors. As long as the occupied subspace
is smooth and the projection is well conditioned, this expres-
sion yields a well-defined and numerically stable non-Abelian
connection without recourse to finite-difference schemes or
overlaps between neighboring k points.

We note that the present derivation is specific to the projec-
tion gauge, in which the gauge-defining states have an explicit
closed-form dependence on k. For a gauge that incorporates

additional numerical rotations—such as those arising from
maximal localization or disentanglement—the Berry connec-
tion acquires a term iU'9,U whose closed-form evaluation
is not accessible, since the unitary U (k) is determined iter-
atively. It is possible to modify our approach to incorporate
disentanglement without maximal localization, provided the
isolated states of interest are included in the frozen energy
window. However, for the isolated band manifolds on which
the Berry connection is defined, disentanglement is unneces-
sary, and projection-only Wannierization is already well suited
when the trial orbitals adequately span the target space.

In a first-principles setting, this same projection-gauge
Berry connection would represent the “external” contribu-
tion if computed from the projection matrices provided by
WANNIER9O, for example. In this context, the sum over the
unoccupied manifold can be avoided by iteratively solving
the Sternheimer equation, which is a standard step in imple-
mentations of density functional perturbation theory (DFPT).
Here, the computational load, i.e., one linear-system solve per
occupied band per Cartesian direction, is the same as that for
a standard DFPT evaluation of the dielectric tensor [13-16].
In a tight-binding or Wannier-interpolated setting, the Hilbert
space is finite dimensional, and the sum over empty states in
Eq. (26) is finite and exact.

Below, we test the applicability of the analytic expression
for A, in a tight-binding setting for simplicity and clarity,
allowing our expression to be compared against standard
finite-difference constructions without additional complica-
tions. We form the projection gauge by projecting the
tight-binding energy eigenstates onto a set of trial orbitals
constructed as linear combinations of the tight-binding basis
orbitals. We then compute the Berry connection in this gauge
via Eq. (31). All tight-binding calculations are performed
using PYTHTB [17,18], which provides tools for constructing
tight-binding models, generating smooth projection gauges,
and evaluating Berry phases and related geometric quantities.

IV. BERRY PHASE IN THE PROJECTION GAUGE

We first test the single-k expression for the Berry connec-
tion derived in Sec. III in the simplest possible setting: the
Berry phase of a one-dimensional insulator. In one dimension,
the Berry phase admits a well-known gauge-invariant formu-
lation in terms of Wilson loops or overlap matrices between
neighboring Bloch states. Our goal here is not to replace these
established constructions, which are optimal in this setting,
but rather to verify that the projection-gauge Berry connection
reproduces the correct Berry phase in the continuum limit
and to clarify the origin of discrepancies at finite k-mesh
resolution.

A. Berry phase in one dimension

In one-dimensional insulating systems, the Berry phase
accumulated by the occupied states upon traversing the Bril-
louin zone is a fundamental geometric quantity that admits
a physical interpretation in terms of electronic polarization
[19,20]. We consider this as a first test case for our single-k
formulation of the Berry connection.
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For a choice of Bloch states {|u,;)} spanning the occupied
subspace, the total Berry phase is given by

¢ = dk Te[ A(k)], (32)
BZ
where the trace is taken over the occupied bands. Because
only the trace appears, the Berry phase depends only on
the band-summed component of the non-Abelian connection.
The Berry phase is invariant modulo 27 under smooth k-
dependent gauge transformations of the occupied subspace.
In numerical calculations, the Berry phase is rarely evalu-
ated by simple quadrature of the integral in Eq. (32) on a k
mesh. Instead, it is typically obtained from the holonomy of
the occupied subspace around the Brillouin zone, expressed in
terms of Wilson loops or overlap matrices between neighbor-
ing k points. On a discrete k mesh {k;}, one defines the overlap
(or link) matrices,

an(kﬁ kj+l) = <umk/’|ul’lkj+1>7 (33)

which describes the parallel transport of the occupied sub-
space between neighboring k points in momentum space.
From these overlaps, one may define a discrete (band-traced)
Berry connection associated with the link (k;, kj;.1) as

Te[A™ (k)] = < Im IndetM (k. k). (34)

where 6k = kj | — k; and the branch of the logarithm is cho-
sen continuously along the path in k. For a single occupied
band, this reduces to the familiar Abelian expression, while
for multiple occupied bands, the determinant extracts the U(1)
part of the non-Abelian connection.

The discrete Wilson loop (holonomy) associated with a
closed traversal of the Brillouin zone is then defined as the
ordered product,

W = M(ko, k)M (ky, ko) - - - M (kn—1, ky), (35)

where ky = ko + G differs from ky by a reciprocal lattice
vector. The Berry phase is obtained as

¢rp = —Im Indet(W] = Y Tr[A™(k;)] 6k. (36)
J

Alternatively, we can evaluate the Berry phase in our
smooth projection gauge {|ii,x)}, replacing A by A in Eq. (32).
In view of the trace, we only need the total (band-summed)
Berry connection,

Tr[ A (k)] = ) A (k). (37)

n

which can be evaluated at each k point using the single-k
expressions derived in Sec. III, without finite differences in
momentum space. The single-point Berry phase then becomes

¢sp = > Tr[ A% (k))] 6k. (38)
J

By construction, ¢sp converges to the correct Berry phase in
the continuum limit; however, its accuracy will depend on how
well the k mesh resolves variations in A(k).

9 = Single point
--®-- Wilson loop (Nx =10)
38 -#-- Wilson loop (Nx =20)

-49-- Wilson loop (Nx =50)

T

0 m 2

FIG. 1. Berry connection in the projection gauge as a function
of crystal momentum (reduced coordinates) for v = 1 and w = 1.5.
The solid black curve shows the single-point Berry connection.
Dashed curves show the discrete connection obtained from Wilson
loops at increasing mesh densities. As N, increases, the discrete
connection converges to the single-point result.

B. Results for tight-binding model

To illustrate these considerations, we apply both ap-
proaches to the Su-Schrieffer-Heeger (SSH) model [21], a
one-dimensional dimerized tight-binding model consisting of
alternating A and B sites located at x = —a/4 and a/4, respec-
tively (a is the lattice constant). In second-quantized form, the
Hamiltonian is given by

H=>Y [vccip+wczeia+Hel (39
J

The model has inversion symmetry, which constrains the
occupied-band Berry phase to be quantized to 0 or m (mod
2m). Accordingly, the model exhibits two topologically dis-
tinct insulating phases with ¢ = 0 for |v| > |w| and ¢ = 7 for

|v] < |w]|. The transition between phases occurs at |v| = |w],
where the bulk band gap closes. For v = w, the gap closes at
the Brillouin-zone boundary k = 7 /a, while for v = —w, it

closes at the zone center k = 0. We choose the parametrization
v =1, w = 1.5, corresponding to the phase with ¢ = 7 and
a relatively large band gap. A simple trial orbital |g) = |A),
localized on sublattice A, is used to construct the projection
gauge.

Figure 1 shows the Berry connection in the projection
gauge as a function of crystal momentum. The solid black
curve corresponds to the single-point formulation developed
here, which yields the exact Berry connection at each sampled
k point. The dashed curves show the discrete Berry connection
extracted from overlap-based Wilson loops using Eq. (34),
evaluated in the same projection gauge. As the mesh density
increases, the Wilson-loop connection converges uniformly to
the single-point result.

When the Berry phase is computed using overlap-based
Wilson loops, convergence is rapid even on relatively coarse
k meshes. By contrast, evaluating the phase via numerical
integration of the projection-gauge Berry connection exhibits
slower convergence, particularly when the band gap is small.
In this regime, the Berry connection develops a narrow peak

245106-5



TREY COLE AND DAVID VANDERBILT

PHYSICAL REVIEW B 113, 245106 (2026)

TABLE I. Convergence of the Berry phase for the SSH model
as a function of k-mesh density N,. The table reports deviations
from the quantized value m obtained using the single-point (SP)
projection-gauge formulation and the overlap-based finite-difference
(FD) Wilson-loop approach. While the Wilson-loop method yields
the exact quantized phase even on coarse meshes, the single-point
method converges systematically as the mesh is refined.

Ny ¢sp— T ¢rp — T
10 5% 1072 0
20 9x107* 0
50 5% 107° 0
100 0 0

in k, and a coarse mesh may not adequately resolve its struc-
ture, leading to quadrature error in the discrete integral. The
convergence behavior of the two approaches is summarized in
Table 1.

This difference arises from the nature of the numerical
integration rather than from any deficiency of the single-point
construction. The Wilson-loop formulation discretizes paral-
lel transport at the level of the holonomy, thereby capturing the
accumulated geometric phase over each mesh segment. For
the Berry phase, this is sufficient since it depends only on the
band-traced component of the connection and can therefore
be expressed entirely in terms of the determinant of a product
of overlap matrices.

The single-point approach instead provides the local Berry
connection itself, whose integral must be approximated using
standard quadrature. While this introduces mesh-dependent
integration error, it provides direct access to the full connec-
tion matrix at each k point. The advantage of local access
to flu becomes apparent in higher-dimensional settings, as
in Sec. V, where quantities of interest depend explicitly on
the non-Abelian structure of the Berry connection, and where
no simple gauge-covariant discretization is known that can
reduce the problem to a product of overlaps.

V. AXION ANGLE IN THE PROJECTION GAUGE

The Chern-Simons axion angle 6 is a geometric property
of the occupied Bloch states of a three-dimensional insulator
and plays a central role in magnetoelectric response theory
and in the topological classification of insulating phases. The
axion angle can be expressed as a Brillouin-zone integral of
the Chern-Simons 3-form constructed from the non-Abelian
Berry connection. Explicitly [22-25],

1

0=—— [ d% 8“””Tr[AM8VAg - gA,LAVAU}, (40)
4 Jpz 3

where A, is the non-Abelian Berry connection from Eq. (1).

Because the Chern-Simons integrand is not gauge covari-
ant, the integral in Egs. (40) and (49) is invariant only modulo
27, giving O the interpretation of an angular variable. In the
presence of time-reversal (7)) or inversion () symmetry, this
ambiguity reduces to a quantization of 6 in integer multi-
ples of m, with odd (even) multiples corresponding to an
odd (even) strong Z, topological index in three dimensions
[25-27]. More generally, any cyclic adiabatic evolution of the

Bloch Hamiltonian H (k, A) whose associated second Chern
number in (K, 1) space is nonzero will pump 6 by an integer
multiple of 27 [25,28].

However, the direct numerical evaluation of 6 is nontrivial
[27,29-31]. The difficulty stems from the fact that—unlike
the one-dimensional Berry phase—no fully gauge-invariant
discretized expression for the Chern-Simons 3-form exists in
terms of products of overlap matrices, except in the single-
band case [27]. As a result, the construction of a smooth,
periodic gauge and the direct evaluation of .4, become un-
avoidable prerequisites for computing 6. The problem of
constructing a smooth, periodic gauge is closely related to
that of constructing well-localized Wannier functions. Ac-
cordingly, several approaches based on Wannier and hybrid
Wannier representations have been developed to compute the
Chern-Simons axion angle [27,30,31].

Here, we take a complementary approach. We combine
the single-k expression for the projection-gauge connection
flﬂ(k, B) derived in Sec. III with the Chern-Simons 3-form to
compute the axion angle along an adiabatic cycle in the Fu-
Kane-Mele (FKM) model. Once the projection gauge is fixed,
flﬂ can be obtained directly at each (k, 8) as a single-point
quantity, without finite differences or overlap matrices be-
tween neighboring k points. This eliminates branch-sensitive
matrix logarithms and reduces sensitivity to gauge discontinu-
ities, making it practical to evaluate the Chern-Simons integral
directly. We will compare our method against the stan-
dard finite-difference approach and against a gauge-invariant
formulation for changes in 6 along a cycle based on the 4-
curvature.

A. Model and adiabatic cycle

The FKM model is a tight-binding model on a diamond lat-
tice with spin-orbit coupling that realizes a three-dimensional
topological insulator with time-reversal (7°) and inversion (P)
symmetries. Each of these symmetries, in combination with
the model’s nontrivial topological nature, quantizes the axion
angleto 6 = m.

To break the symmetries that quantize 6, we follow
Ref. [25] by introducing an adiabatic parameter B that en-
ters the Hamiltonian through both a staggered Zeeman field
and a modulation of the nearest-neighbor hopping amplitudes
along the [111] direction. The model Hamiltonian, written in
second-quantized form, is

H(B) = Ztij(ﬂ)cj—cj +h(B) - <Z cloci— Zc?ac,)

(ij) ieA ieB

+itso Y clo- (A} x dF)c;, (41)
(i)

where dilji2 are the two nearest-neighbor bond vectors connect-
ing sites i and j, o denotes the vector of Pauli matrices acting
on spin, and A and B label the two sublattices. The staggered
Zeeman field breaks time-reversal symmetry and is chosen as
h(B) = msin B 71, with 71 pointing along the [111] direction.
The hopping modulation breaks inversion symmetry and is
taken to be t;; = 3t 4+ m cos B for bonds oriented along [111],
and t;; =t otherwise. With this parametrization, the bulk en-
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ergy gap remains open throughout the adiabatic cycle as § is
varied from O to 27z. Unless otherwise specified, all £ meshes
are uniform and of size 50 x 50 x 50.

B. Gauge-invariant 4-curvature

As an independent benchmark of our single-point formu-
lation, we compute the axion angle using the gauge-invariant
four-curvature expression, which determines the change in 6
along an adiabatic cycle. Treating the cyclic parameter 8 as
an additional coordinate, the occupied bands define a vector
bundle over the four-torus (k,, ky, k;, B). The axion response
can be written as [26]

1 B
6(B) —6(0) = — dﬁ’/ Ak &P Tr[ Q2,0 Qo 1,
167T 0 BZ

(42)

where €2,,, is the non-Abelian Berry curvature of the occupied
subspace and (u, v, p, o) € {ky, ky, k;, B}. The integral over
the 4-torus manifold is quantized and equals the second Chern
number C, of the bundle. For the adiabatic cycle considered
here, the associated second Chern number is C; = 1, implying
that the axion angle is pumped by 2w over one full cycle
[25,28,32],

0(2m) —6(0) = 2m. (43)

Since Eq. (42) depends only on the occupied projector
defined over the four-dimensional parameter space, it is man-
ifestly gauge invariant and requires no choice of smooth
Bloch-state gauge. At 8 = 0, inversion and time-reversal sym-
metry quantize the axion angle to 0 or 7, and since the system
is topologically trivial at this parameter value, 6(0) = 0. In
this case, Eq. (42) therefore gives us 6(8) directly, and its
computed values are shown as the dashed black curve in
Fig. 2.

C. Chern-Simons 3-form in projection gauge

We now compute the axion angle at fixed B using the
Chern-Simons 3-form, given by Eq. (49), evaluated with the
projection-gauge non-Abelian Berry connection .,ZlM derived
analytically in Sec. III, and compare it to the standard finite-
difference approach. This provides a direct test of both the
numerical stability and internal consistency of our fixed-k
formulation.

We build the projection gauge from two trial wave func-
tions projected onto the occupied bands. In the topologically
trivial phase, the trial wave functions take the form of a
Kramers pair, with each being spin polarized and having equal
weight on the tight-binding orbitals situated on the A and B
sublattices,

1

It) = EOAT) — |BT)), (44)
1

) = —=(lA]) — [B{)). (45)

V2

At B = m, the system is in a topologically nontrivial phase,
and a smooth, periodic gauge respecting time-reversal sym-
metry does not exist. To avoid the associated obstruction [12],
we therefore break 7 in the gauge by employing trial wave

2M] e Second Chern form 2
’ o el
T4 x  Single point CS 3-form : w,.,
e Finite difference CS 3-form g..g
6m/4 : y x Nl
5n/4 X
%e®?
© ;.(o :
R
3n/4 . ]
353
n/2 X3
()
n/4 ¥ :
14
0 ui""w
0 /4 n/2 3n/4 m 5n/4  6n/4  Tn/4 2n

FIG. 2. The axion angle 6(f) over one adiabatic cycle B €
[0, 27r]. We compute 0 using three independent approaches: (i) the
gauge-invariant formulation based on integrating the second Chern
form (four-curvature), shown as a dotted black line; (ii) the Chern-
Simons 3-form from Eq. (49) using the analytic single-point Berry
connection of Eq. (31), plotted in blue; and (iii) the same Chern-
Simons expression evaluated using the finite-difference connection
of Eq. (54), shown in red. The vertical green dotted lines mark the
region within which we use trial wave functions that do not respect
T". The nontrivial second Chern number (C, = 1) produces a net 27
shift of 6 over one adiabatic cycle.

functions whose spin structures are no longer related to each
other by T,

1

It) = %(IAT) — A, (46)
1

) = —=(I1B1) — |B{)). (47)

V2
These non-Kramers trial states are used only within a narrow
window around 8 = 7, indicated by the green dotted lines in
Fig. 2, to avoid numerical instabilities associated with small
singular values of the overlap matrix.

To avoid computing 9,4, in Eq. (40) by finite differences,
we eliminate it in favor of the gauge-covariant non-Abelian
Berry curvature,

Q;w,mn = 8;L~’4v.mn - avAu,t71n - i[Au,v Av]mnv (48)
so that
1 1 i
0=—— | ke Tr| A Q0 + = . (49
o AT r[zAu .t SAMAVAU] 49)

The advantage of this reformulation is that €2 can be computed
using the Kubo formula,

empty
(umk|8 Hk|uck><uck|8ka|unk>
Q;w,mn = Z £ - (,LL <> U)
- (Emk - Eck)(Enk - Eck)
(50)
= (DI'D" - DIDIY) . (51

In the first-principles context, this is approximated by a sum
over all conduction bands included in the calculation, whereas
in tight binding, it is approximated by a simple sum over a
finite number of empty bands.

From the trial states, we construct the overlap matrices de-
fined in Eqs. (7) and (27) and follow the procedure of Sec. III
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to obtain the projection-gauge connection fTH. Notably, the
explicit rotation into the projection gauge is never carried out;
all quantities are computed directly from the overlap matrices.
The resulting connection, given by Eq. (31), is inserted into
the Chern-Simons 3-form (49) to yield 6(8), shown as the
blue curve in Fig. 2.

The agreement with the gauge-invariant four-curvature re-
sult is excellent over the entire cycle. At 8 = m, symmetry
enforces 6 = mr, and our numerical value deviates from this
by less than 1079, with the residual error attributable to the
Brillouin-zone discretization of the integral and finite numer-
ical precision.

D. Comparison with finite-difference connections

For comparison, we also compute the axion angle using
the standard finite-difference construction of the non-Abelian
Berry connection. The procedure is as follows: (i) we con-
struct the projected and orthonormalized Bloch-like states
lii,x) from Eq. (9), (ii)) we form overlap matrices between
neighboring k points,

M,u(k)mn = (ﬁmkmn,k+8kﬂ>’ (52)

where & is a Cartesian unit vector and 8§k is the mesh spacing,
(iii) we extract the unitary part of the overlap matrix via the
polar decomposition,”

M,=U,P,, (53)

where U, is unitary and P, is positive definite, and (iv) we
evaluate the discretized non-Abelian Berry connection matrix
as

A, = é In[ 24,1, (54)

where the matrix logarithm is taken with a continuous branch
choice. For sufficiently small §k, this approximates the contin-
uum connection of Eq. (1) to O(8k). This connection is then
inserted into the Chern-Simons 3-form of Eq. (49) to evaluate
0(B). The resulting axion angle is shown as the red curve in
Fig. 2.

Near the topological obstruction at 8 = m (Fig. 2), the
finite-difference construction becomes numerically fragile.
The overlap matrices develop small singular values, mak-
ing the polar decomposition ill conditioned and causing the
logarithm of the unitary link matrices to fluctuate on coarse
meshes, even when 7 -breaking trial states are used. The
rapid variation of the projection-gauge states |it,;) in this
region is the underlying cause: as the Bloch-like states change
substantially between neighboring k points, the discretized
connection fails to resolve the true geometric structure.

The resulting discrepancy between the finite-difference
result (red) and the single-point result (blue) in Fig. 2 is
therefore one of underconvergence at finite mesh density, not
of a fundamental limitation of the finite-difference approach.
By contrast, the single-point formulation provides an exact

’In practice, the polar decomposition is obtained from the sin-
gular value decomposition M = VEWT, with i/ = VW' and P =
MM =WEWT,

B=n
100 & o
o °
°
° o
102 X
X
1074
X
.I: 10~ x
=2
10°8
10~10 %
10-12 X Single point CS 3-form
e Finite difference CS 3-form x
10 20 30 40 50 75 100
Nk

FIG. 3. The convergence of 6 toward its quantized value of m,
when 8 = m, with respect to the k-mesh density. The horizontal axis
denotes the number of k points along each reciprocal lattice vector;
e.g., a given N; corresponds to an N, X N, X Ni-sized k mesh. The
single-point formulation rapidly approaches the continuum result,
whereas the finite-difference construction converges more slowly due
to additional discretization error in the Berry connection itself.

expression for the non-Abelian Berry connection at each k
point, so the only approximation arises from the first-order
quadrature error in the Brillouin-zone integration. As a result,
convergence is rapid once the k mesh resolves the relevant
geometric structure, as shown in Fig. 3.

Figure 3 highlights the consequences for convergence. Al-
though both approaches share the same first-order quadrature
error in the Brillouin-zone integration, the additional dis-
cretization at the level of the connection leads to substantially
slower convergence for the finite-difference method. This be-
havior reflects a structural feature of the method: the Berry
connection itself is approximated through neighboring-k over-
laps, so discretization error is introduced before the Chern
Simons integral is evaluated.

VI. DISCUSSION

We have derived an exact Kubo-like expression for the non-
Abelian Berry connection in the projection (Wannier) gauge.
By replacing finite-difference derivatives with a strictly k-
local formulation, the method removes errors associated with
the discretized momentum derivatives and branch-sensitive
matrix logarithms. In one dimension, the SSH model provides
a controlled benchmark: in the fine-mesh limit, the derived
A reproduces the quantized Berry phase and agrees with the
standard parallel-transport construction. On coarse meshes,
parallel transport remains more robust for evaluating the Berry
phase, reflecting the special role of gauge-invariant holonomy
in one dimension.

In higher dimensions, however, no analogous gauge-
invariant discretization exists for geometric quantities that
depend explicitly on the Berry connection itself. In this
regime, construction of flu in a smooth gauge is unavoidable,
and the present local formulation provides a clear advantage.
We demonstrated this in three dimensions by evaluating the
Chern-Simons 3-form in the FKM model. Comparison with
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finite-difference and gauge-invariant 4-curvature approaches
shows that the single-k formulation yields the correct axion
angle over an adiabatic cycle and exhibits improved conver-
gence with increasing mesh density.

As noted in Sec. III, in a tight-binding setting, Eq. (31)
yields the Berry connection exactly, while in a first-principles
setting, the Sternheimer equation provides a route to eval-
uating the interband sum without explicit empty states at
moderate additional cost. This contrasts with the finite-
difference overlap scheme, which introduces an additional
discretization error at the level of the connection itself.
Whether the single-point construction is preferable depends
on the quantity being computed: for quantities that require
the full non-Abelian A, in a smooth gauge and for which
finite-difference errors are not marginal, the single-point for-
mulation offers a favorable trade-off. The Chern-Simons
3-form entering the axion angle 6 is the primary example
of such a quantity: its integrand involves A, and has no
known reformulation in terms of Wilson loops or gauge-
covariant quantities alone, and has proven difficult to control
in practice [27,29-31]. Most other geometric and response
quantities—including the Berry curvature, quantum metric
tensor, optical conductivity, and shift current [33,34]—admit
Kubo-like or gauge-covariant expressions that do not require
a globally smooth gauge. Even for response quantities that do
not require a smooth gauge, the off-diagonal position matrix
elements in the Wannier basis are conventionally obtained
from finite-difference overlaps. The standard interpolation
scheme can introduce non-negligible errors in these ma-
trix elements, motivating the development of self-consistent
[11] and higher-order equivariant [10] alternatives. The exact
single-point construction provides a complementary approach
that avoids the finite-difference step entirely and may improve
the accuracy of these underlying matrix elements.

Although not yet implemented in a fully self-consistent
first-principles workflow, the derivation is completely general
and directly applicable in that setting. Because the projection-
gauge Berry connection is obtained as a strictly local object in
momentum space, the method avoids reliance on neighboring-
k overlaps and large overlap matrices. This locality makes
the approach naturally compatible with symmetry-reduced
meshes, nonuniform or adaptive grids, and parallel implemen-
tations in which each k point is treated independently. While
adequate k-point sampling remains essential for Brillouin-
zone integrals, the present approach removes a distinct source
of numerical instability inherent to finite-difference construc-
tions. Moreover, because Wannier interpolation relies on the
off-diagonal position matrix elements in the Wannier basis,

the availability of a closed-form expression for the projection-
gauge Berry connection may enable alternative interpolation
strategies in which geometric quantities are constructed di-
rectly at each k from local information, rather than through
postprocessed overlap matrices. Incorporating the present
framework into a fully first-principles Wannier-based imple-
mentation is therefore a natural and promising direction for
future work.
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APPENDIX: DERIVING THE SYLVESTER
EQUATION SOLUTION

We have a Sylvester equation for 9, 0'/? of the form

02,0 + (3,0 0'* = 3,0. (Al)

We can solve this by transforming into the eigenbasis of
O'/2, Since O'/? is Hermitian by definition, this transforma-
tion always exists, @'/2 = VXV, where V is the unitary of
eigenvectors and X = diag(o7, 0, - - - ) is the matrix of eigen-
values. Substituting the spectral decomposition into Eq. (A1),
we get

VEVH(0,0Y) + 3,0"HVEVH)=9,0. (A2

We multiply V7 from the left and V from the right, obtaining

> (V19,02 V)4+ (V9,02 V)E =Vvi3,0)V. (A3)
Since X, = 0,0mn, the component form is
(Om+ o)V 8,02V, = (VI@,0V), . (A4)

We divide by the singular values, followed by a multiplication
of V from the left and V' on the right, to get

(A5)

i .
(auol/z)mn — le[w}vﬁl

0i+0j

Here, the division by (o; + 0;) is understood elementwise in
the X-diagonal basis.
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