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ABSTRACT: The anomalous Hall effect (AHE) is a nonlinear
Hall effect appearing in magnetic conductors, boosted by internal
magnetism beyond what is expected from the ordinary Hall effect.
With the recent discovery of the quantized version of the AHE, the
quantum anomalous Hall effect (QAHE), in Cr- or V-doped
topological insulator (TI) (Sb,Bi)2Te3 thin films, the AHE in
magnetic TIs has been attracting significant interest. However, one
of the puzzles in this system has been that while Cr- or V-doped
(Sb,Bi)2Te3 and V-doped Bi2Se3 exhibit AHE, Cr-doped Bi2Se3 has
failed to exhibit even ferromagnetic AHE, the expected
predecessor to the QAHE, though it is the first material predicted to exhibit the QAHE. Here, we have successfully
implemented ferromagnetic AHE in Cr-doped Bi2Se3 thin films by utilizing a surface state engineering scheme. Surprisingly, the
observed ferromagnetic AHE in the Cr-doped Bi2Se3 thin films exhibited only a positive slope regardless of the carrier type. We
show that this sign problem can be explained by the intrinsic Berry curvature of the system as calculated from a tight-binding
model combined with a first-principles method.
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The ordinary Hall effect (OHE) is the emergence of a
transverse electrical potential difference due to the

Lorentz force when an external magnetic field (H) is applied
perpendicular to the direction of charge flow. The transverse
electrical potential difference divided by the longitudinal
current is called the Hall resistance (Rxy). Normally, the Rxy
grows linearly with the applied magnetic field and the slope is
determined by the two-dimensional (2D) sheet carrier density
(n2D). In magnetic materials, however, the internal magnetism
affects the charge motion and the Hall signal can significantly
deviate from OHE, sometimes resulting in a hysteretic
behavior as a function of H; this is called “anomalous” Hall
effect (AHE).1 Although AHE is commonly observed in
ferromagnetic conductors, AHE in magnetic topological
insulators (TIs) is special in that it can lead to a quantum
anomalous Hall effect (QAHE). Although QAHE was
envisioned as early as 1988,2 the first realistic material
predicted to exhibit QAHE3 was a magnetic TI, Cr-doped
Bi2Se3 thin film.4−6 However, QAHE has been observed only
in Cr- and later V-doped (Bi,Sb)2Te3 thin films,7−12 and it has
been challenging to introduce even ferromagnetism (FM) into
Bi2Se3 thin films. The Hall effect measurement in Cr-doped
Bi2Se3 thin films has exhibited only paramagnetic effect
without any hysteretic loops.13 Although V-doped Bi2Se3
films show hysteretic Hall traces,14 they were orders of
magnitude smaller than the quantum value. There have been

efforts to reveal the exact origin behind the weakness/absence
of FM and AHE in V- and Cr-doped Bi2Se3 thin films,14−16 but
a satisfactory consensus has not been achieved yet.
In order to better understand and specify the problems in

the current study, we first compare the Hall traces of the
QAHE with positive and negative anomalous Hall conductivity
(AHC). Figure 1a shows the characteristic shape of all the
observed QAHE so far, in both Cr- and V-doped (Bi,Sb)2Te3
thin films. In addition to the perfect quantization and the
hysteresis, which are the two required features of the QAHE,
another common notable feature is that the sign of the AHC is
positive, with the slope of the hysteresis loop being positive.7,8

Even when the hysteresis disappears above the Curie
temperature, the zero-field slope still remains positive in all
these cases. Moreover, the FM in V-doped Bi2Se3 exhibited
also positive AHC.14 Figure 1b, on the other hand, shows the
shape for a fictitious QAHE with a negative AHC. Such a
shape has never been observed in QAHE so far, which has
been a mystery.
When a system is close to having a ferromagnetic phase

transition, but is actually still on the paramagnetic side of the
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phase boundary, we may still expect a residual behavior in
which the system shows a rapid but continuous change of the
magnetization over some small region of |H|, with a saturating
behavior for larger |H|. This behavior should also be reflected
in the appearance of a nonlinear Hall conductivity of the kind

shown in Figure 1c and d. In this work, we continue to refer to
such a behavior as an “anomalous Hall conductivity” because
of the strong nonlinearity, although we emphasize that the
system does not display the AHE at zero field.
Figure 1c and d illustrate schematics of variations from an n-

type Hall effect curve by positive and negative AHC. The
negative slope of the dashed lines indicates the n-type charge
carriers in the system. The positive AHC modifies the curve by
raising the positive side of the magnetic field and lowering the
opposite side, as shown in Figure 1c. Conversely, the positive
side of the magnetic field is pushed down by the negative AHC
in parallel with the opposite side being pushed up as shown in
Figure 1d. The same effects appear in p-type curves as in the
insets, respectively. Unlike the QAHE in Cr- and V-doped
(Bi,Sb)2Te3 thin films, the Cr-doped Bi2Se3 thin films are so far
reported to exhibit only paramagnetism without a hysteresis
loop as in Figure 1d.13 If it were to show QAHE, it should be
of the negative type as depicted in Figure 1b. This seemingly
important feature has never been discussed before, not to
mention that the origin behind this phenomenon remains
unknown. This problem and its solution are the focus of the
current study presented below.
We first discuss the results for uniformly Cr-doped Bi2Se3

thin films in Figure 2. All the films used in the current study are
grown on 20 quintuple layers (QLs) of (Bi0.5In0.5)2Se3 (BIS in
short) on 20 QLs of In2Se3 on Al2O3(0001) substrates: this
buffer layer was previously shown to work as an excellent
template for Bi2Se3 thin films.17−19 The film structure is
sketched in Figure 2a. Figure 2b shows the Hall effect data for
5%, 7.5%, and 10% of uniform Cr-doping in 10 QL Bi2Se3
films. Two distinct effects of the uniform Cr-doping in Bi2Se3
films can be seen in the data. First, it leads to an enhanced Rxy
with higher slopes at small magnetic fields, resulting in
nonlinear Rxy(H) curves. This indicates that the Cr-doping has
an amplification effect on the magnetic field being applied to
the Bi2Se3 films, which is a signature of paramagnetism.
Second, it leads to a higher n-type carrier density as manifested
in the reduced slope of the room-temperature Rxy(H) data in

Figure 1. Schematic comparison of Hall effect curves for magnetically
doped TIs. (a) Characteristic shape of QAHE curves of Cr- and V-
doped (Bi,Sb)2Te3 films with positive AHC. The blue arrows show
the direction of the field sweep. (b) The shape for a fictitious QAHE
with negative AHC that would be expected for Cr-doped Bi2Se3 films.
Magnetic ordering is shown by cartoons at the corresponding points
of the curves, respectively. (c−d) Schematic illustrations of variations
of Hall effect curves due to (c) positive and (d) negative AHC. The n-
type Hall effect curves are shown by the dashed lines with a negative
slope. (c) The positive AHC raises the curve on the positive side of
the external magnetic field H and lowers it on the opposite side as
indicated by the blue arrows. (d) The negative AHC, on the contrary,
lowers the curve on the positive side and raises it on the other side.
The insets show the same variations from a p-type Hall effect curve.

Figure 2. Hall effect data for uniformly Cr-doped Bi2Se3 films and related RHEED images. (a) Schematic of the layered structure of uniformly Cr-
doped Bi2Se3 films. (b) Hall effect data for 5%, 7.5% and 10% uniform Cr-doping. ΔRxy(H)/Rxy(−0.6 T) is plotted instead of Rxy(H) for simplicity.
The inset shows the Hall effect results at room temperature. (c−d) Comparison of Hall effect data with and without Ca-doping with (c) 5% and
(d) 10% Cr-doping. (e−h) RHEED images of (e) pure Bi2Se3; (f) 10% and (g) 50% Cr-doped Bi2Se3; and (h) Cr2Se3 films. As the Cr
concentration increases, the RHEED pattern becomes faint, eventually vanishing at 100% of Cr. The dark areas in (f) and (g) are due to an artifact
on the RHEED screen.
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the inset of Figure 2b. The increased n-type carrier density
with Cr-doping is likely due to disorders, as can be seen in the
degraded reflection high-energy electron diffraction (RHEED)
images of heavily-Cr-doped Bi2Se3 films in Figure 2e−h. It is
well-known that almost all defects in Bi2Se3 act as n-type
dopants, thus increasing n2D of the inherent n-type carriers.20

We hypothesize that there are two factors that give rise to
the lack of FM in Cr-doped Bi2Se3 thin films. The first is the
high Fermi level due to disorder from Cr-doping, and the
second is the weakening of the topological character of Bi2Se3
by the lightness of Cr compared with Bi.13 Regarding the first,
studies of ferromagnetic Cr- or V-doped (Sb,Bi)2Te3 and V-
doped Bi2Se3 films show that lowering the Fermi level
generally enhances the AHE signal.7,14 Accordingly, it is
reasonable to expect that lowering the Fermi level in Cr-doped
Bi2Se3 films should also be helpful for inducing FM as the
Fermi level falls into the mass gap of the surface Dirac cone.
Considering that Ca-doping on the BIS buffer layer is known
to suppress the n-type carriers,19 we grew two Cr-doped (5%
and 10%) Bi2Se3 films with Ca compensation doping (2%) to
see if lowering the Fermi level can induce the desired FM.
Figure 2c and d provide the Hall effect data for these films at 5
K. Both films show increased slopes in Rxy(H) with the Ca
compensation doping, indicating that the n-type n2D is reduced
with the Ca-doping. However, FM AHE was not observed in
either of these two cases. This suggests that reducing only the
Fermi level may not be sufficient to induce FM in Cr-doped
Bi2Se3 films.
In order to overcome the second problem, the weakened

topological nature of the Bi2Se3 films due to Cr-doping, we
adopted the magnetic modulation doping scheme suggested by
M. Mogi et al.,9 who succeeded in increasing the critical
temperature for the QAHE through such a scheme. In a similar

way, we have sandwiched an 8 QL (Cr-free) Bi2Se3 layer by
two heavily (50%) Cr-doped QLs as shown in Figure 3f. The
intent of the surface engineering with the magnetic modulation
doping is to maintain the full topological character of the bulk
Bi2Se3 film while relying on the outer two heavily-Cr-doped
layers for the magnetism. The heavily Cr-doped top and
bottom layers are insulating based on resistance measurements
on a 50 QL (Cr0.5Bi0.5)2Se3 film, which is nonmeasurably
insulating even at room temperature. Consequently, we expect
that the top and bottom layers provide the Cr-free Bi2Se3 layer
with strong magnetism without contributing any conductance
on their own. However, as shown in Figure 3a, this magnetic
modulation doping scheme alone does not lead to signatures of
FM.
Lastly, we have combined the above two schemes: the Ca

compensation doping, to lower the Fermi level, and the
magnetic modulation doping, to protect the topological
character of the film. This combined method has finally led
to FM AHE with a small but clear hysteresis loop as shown in
Figure 3b. Interestingly, when the FM emerges in these
surface-state-engineered Cr/Ca-doped Bi2Se3 thin films, the
zero-field slope changes from negative to positive. In other
words, the FM appears with a positive AHC while the
uniformly Cr-doped Bi2Se3 thin films show just magnetic
amplification effect without FM signal. This corresponds to a
transition from Figure 1d to Figure 1c. We observed a similar
positive AHC in both 1−8−1 QL and 1−6−1 QL films of
Ca0.04(Cr0.5Bi0.5)1.96Se3−Ca0.04Bi1.96Se3−Ca0.04(Cr0.5Bi0.5)1.96Se3
structure with only the outermost layers doped by 50% Cr for
Bi: see Supporting Information Section I for the 1−6−1 QL
data.
In Figure 3c, we tried a higher Ca concentration to lower n2D

further. However, the AHE signal vanished possibly due to too

Figure 3. Hall effect data for surface-state-engineered Cr-doped Bi2Se3 films. (a−c) Hall effect data in the Bi2Se3 films with 50% of Cr-doping only
at the top and bottom layer layers, with (a) 0%, (b) 2%, and (c) 5% of Ca-doping. The inset of (b) presents zoomed-in data near zero magnetic
field to show the hysteresis loop clearly. (d−e) Hall effect data in the Bi2Se3 films with (d) 25% and (e) 100% of Cr-doping at the top and bottom
layers, with 2% of Ca-doping. (f) Schematic of the layered structure.
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much disorder associated with the high Ca concentration.19

Figure 3d and e show Hall effect data for the surface-
engineered films with identical thicknesses (1−8−1 QL) but
with different Cr concentrations. The film with Cr-25% and
Ca-2% shows only p-type Hall effect without any hint of FM,
while the other one with Cr-100% and Ca-2% shows a positive
AHC, but without a clear hysteresis loop. The lack of the FM
for Cr-25% and Ca-2% is probably due to insufficient Cr
content. The degraded AHE signal for Cr-100% and Ca-2% in
Figure 3e as compared with that for Cr-50% and Ca-2% from
Figure 3b is likely due to the poor crystalline feature of the Cr-
100% layer as can be seen in the RHEED image of Figure 2e−
h. These results suggest that FM in Cr-doped Bi2Se3 can
develop only within a small window of the Cr and Ca
concentrations even in this modulation scheme.
These observations naturally lead to the following three

critical questions concerning AHE in Cr-doped Bi2Se3. (1)

Why is it particularly challenging to implement FM in Bi2Se3
compared with the telluride TIs such as (Sb,Bi)2Te3? (2) Why
does the surface Cr-doping help induce FM as compared with
the homogeneous Cr-doping? (3) Why does a positive AHC
emerge when a ferromagnetic order appears? We will address
each of three questions below in sequence.
Let us first look into the first question. According to the free-

energy argument of the original theoretical study,3 TI can
exhibit a ferromagnetic order if Jeff

2 − χL
−1χe

−1 > 0, where Jeff is
the effective exchange coupling strength between local
magnetic moments and band electrons, and χL and χe are
magnetic susceptibilities of the local magnetic moments and
the band electrons, respectively. In order to satisfy this
condition, we need large Jeff, large χL, and large χe. In the
original theory, however, the authors focused mostly on χe and
showed that magnetic TIs could become ferromagnetic
because strong spin−orbit coupling (SOC) would substantially

Figure 4.Model study of the QAH phase of Cr-doped Bi2Se3. (a−b) Calculated Dirac cone mass gap for 8 QLs of Bi2Se3 under Zeeman field on Bi
and Se atoms for (a) uniform field (homogeneous doping) and (b) proximity field (modulation doping). The Zeeman field on the Bi (Se) site
induces a Chern number of −1 (+1) for both cases. Red dot shows the position of the averaged Zeeman field in (d). (c) A side and top view of a

3 3 1× × hexagonal supercell structure of 3 QLs of Bi2Se3 with one Cr atom substituting for a Bi atom as marked by an arrow. Black solid
lines denote the periodic cell. Large, medium, and small spheres indicate Cr, Bi, and Se atoms, respectively. The shaded area on the top view
illustrates the in-plane primitive unit cell. (d) Calculated Zeeman splitting of each basis orbital in the supercell structure. Horizontal solid lines are
the averaged Zeeman field of the Bi and Se2 atoms, respectively, inside the Cr-doped QL. Closed symbols denote atoms located at the same xy
coordinates as the Cr atom.
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enhance χe through a so-called van Vleck mechanism.21

According to this picture, Bi2Te3 is more likely to become
ferromagnetic than Bi2Se3 with the same level of magnetic
doping because Te should provide stronger SOC than Se does,
and this is consistent with the experimental observation.13

However, the fact that Cr-doped Bi2Se3 is not ferromagnetic,
contrary to the prediction, implies that the original theory was
quantitatively insufficient.
Now the above argument comes to answer the second

question. By keeping Cr only in the surface layers, two
important conditions are satisfied. First, this keeps the SOC
strength of the bulk of Bi2Se3 almost intact, thus maintaining
reasonably high χe. Second, it enhances Jeff with surface states
sitting right next to the magnetic ions providing stronger
exchange coupling between the localized, magnetic electrons
and the itinerant surface electrons via an RKKY type
interaction.22 There has been debate in the literature as to
whether the ferromagnetism observed in magnetic TIs is due
to an RKKY23 vs a van Vleck mechanism,3,13,24,25 or both,26,27

or neither.15,16 Our current study suggests that it may not be
one or the other, but both, with RKKY enhancing Jeff and van
Vleck enhancing χe in the Bi2Se3 thin films.
Before moving on to a theoretical investigation to address

the third question above, we first note that the quantized AHC
is determined by the quantized Berry phase of occupied bands
below an insulating gap, according to

e
h

C( )AH

2
σ = −

Here C is the Chern number: C = −1 leads to a positive AHC
as in Figure 1a, and conversely, C = +1 results in a negative
AHC, as in Figure 1b. Although the quantized AHC is easily
blurred by either thermal broadening and/or inaccurate
chemical potential, the inherited Hall conductivity should
preserve the sign of the AHC before and after a ferromagnetic
phase transition. Such is the case on all the previously reported
QAHE in Cr- or V-doped (Bi,Sb)2Te3 and AHE in V-doped
Bi2Se3.

7,8 In this context, even if we are not in the QAH
regime, we will still utilize this Berry curvature formalism to
determine the sign of the observed anomalous Hall effect.
In order to understand the consistent positive AHC in the

Cr- or V-doped (Bi,Sb)2(Te,Se)3 system, we study a tight-
binding model for 8 QLs of Bi2Se3 with a spatially modulated
Zeeman field introduced to represent the leading effect of the
Cr-doping. Figure 4a and b show the mass gaps (displayed by
colors) of 8 QL Bi2Se3 as a function of the uniform (Figure 4a)
and surface proximity (Figure 4b) Zeeman fields ΔBi and ΔSe
independently applied to the p orbitals of the Bi (x-axis) and
Se (y-axis) to represent the uniform and modulation doping
cases. See Supporting Information Section III for more details.
For the uni form doping case , a Zeeman field,
H nZM

1
2 Bi,Seσ= Δ ̂, is applied along the (111) direction, normal

to the layers, while, for modulation doping, the Zeeman field is

modified to take the form ( )H expn
z
dZM,proximity

1
2 Bi,Seσ= Δ −̂ .

Here nσ ̂ is the Pauli matrix where n ̂ is in the layer stacking
(surface normal) direction, z is the depth below the surface,
and d = 4 Å is the decay length. A mass gap of the surface
Dirac cone is acquired as a preliminary signature of the
transition to the QAH phase induced by the Zeeman fields,
and both Figure 4a and b show similar QAH phase boundaries
with the right bottom side exhibiting a Chern number of −1.

Within these theoretical approximations, then, we find no
critical differences between the uniform and modulation
doping cases.
We then computed appropriate values of ΔBi and ΔSe by

extracting the spin-dependent site energy shifts from a
Wannierized model extracted from the first-principles calcu-
lations. The results are shown in Figure 4d, where the Zeeman
splittings are significant only inside the Cr-doped QL. By
assuming dilute (5.6%) and isotropic Cr-doping (Figure 4c),
the values of ΔBi = 31 meV and ΔSe = −6 meV are determined
as average Zeeman splittings for each element. Interestingly,
the estimated Zeeman splittings for Bi and Se have opposite
signs, i.e., positive and negative, respectively. However, both
atoms act with the same sign in determining the Chern
number as shown in Figure 4a and b. The pair of the calculated
Zeeman fields (ΔBi = 31 meV, ΔSe = −6 meV) is marked with
a red dot implying the resulting Chern number of −1 in Figure
4a. The similarity of the mass-gap diagrams in Figure 4a
(uniform) and b (proximity) suggests that the modulation
doping case should also have C = −1. Although this theoretical
analysis does not explain why we observe FM only with
modulation doping, it does show that if we have ferromagnet-
ism with Cr-doped Bi2Se3, then the resulting sign of the Chern
number should be −1, leading to the positive AHC as observed
here and previously in other systems.7,8

In conclusion, we have achieved ferromagnetic AHE in Cr-
doped Bi2Se3 thin films through a combination of magnetic-
modulation doping and Fermi level tuning. Surprisingly, the
sign of the ferromagnetic AHE was always positive, opposite to
that of the paramagnetic and ordinary Hall effect. We show
that the sign of the ferromagnetic AHE can be well explained
by Berry curvature calculations taking into account the
effective Zeeman fields induced by Cr-doping. Our study
also showcases how the combination of materials engineering
and theoretical considerations can lead not only to otherwise
inaccessible electronic properties but also to a deeper
understanding of the underlying mechanism.
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