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The theory of bulk orbital magnetization has been formulated both in reciprocal space based on
Berry curvature and related quantities, and in real space in terms of the spatial average of a local
marker. Here we consider a three-dimensional antiferromagnetic material having a vanishing bulk
but a nonzero surface orbital magnetization. We ask whether the surface-normal component of the
surface magnetization is well defined, and if so, how to compute it. As the physical observable
corresponding to this quantity, we identify the macroscopic current running along a hinge shared by
two facets. However, the hinge current only constrains the difference of the surface magnetizations
on the adjoined facets, leaving a potential ambiguity. By performing a symmetry analysis, we find
that only crystals exhibiting a pseudoscalar symmetry admit well-defined magnetizations at their
surfaces. We then explore the possibility of computing surface magnetization via a coarse-graining
procedure applied to a local marker. We show that multiple expressions for the local marker exist,
and apply constraints to filter out potentially meaningful candidates. Using several tight-binding
models as our theoretical test bed and several potential markers, we compute surface magnetizations
for slab geometries and compare their predictions with explicit calculations of the macroscopic hinge
currents of rod geometries. We find that only a particular form of the marker consistently predicts

the correct hinge currents.

I. INTRODUCTION

The modern theories of bulk electric polarization P
and bulk orbital magnetization M [IH7] express these
quantities as Brillouin zone integrals of quantities involv-
ing Berry connections and curvatures of ground state
Bloch functions. However, the ground-state of systems
of independent electrons may also be uniquely described
by the single-particle density matrix, also known as the
ground state projector P(r,r’). This is a quantity that
for insulating states of matter decays exponentially with
|[r — 1’|, even for Chern insulators []].

A natural question to ask is whether it is possible to
express P and M in terms of P(r,r’). In the case of the
polarization, while the change AP can be determined by
following the change of P(r,r’) between two states con-
nected by an adiabatic switching process, there is no cor-
responding expression for P itself, which is determined
only modulo a quantum [T}, 2].

However, M does not suffer from any quantum of in-
determinacy, and should be expressible via the ground
state projector. Bianco and Resta [9] demonstrated that
this is, in fact, correct. Starting from an expression for
a simple 2D crystallite of finite area, the authors demon-
strated that for any insulator, even a Chern insulator, the
orbital magnetization M is given in the thermodynamic
limit by

1
M= Z/A./\/l(r)dr. (1)

Here A is the bulk unit cell area and M(r) is a local
function, hereafter referred to as the local marker, which
is expressed in terms of P(r,r’). Although M(r) ap-
pears to play the role of magnetic dipole density, only it’s

macroscopic average bears any physical meaning. This is
in keeping with the fact that while microscopic charge
and current densities are well defined, microscopic dipole
densities (be it charge or orbital magnetic) are not [10].

Recent years have witnessed numerous efforts aimed
at defining and providing explicit expressions for surface-
specific analogues of bulk quantities. Examples include
the surface anomalous Hall conductivity (AHC) [1T], 12]
and the surface-parallel boundary electric polarization
[13HI7] on the surface of a bulk insulator. To date, how-
ever, there has been very little discussion of surface or-
bital magnetization in the literature [I§], and a proper
theory of orbital magnetization at the surface of a bulk
material has yet to be developed.

In the present work, we explore the possibility of defin-
ing surface orbital magnetization. By this we mean the
excess surface-normal macroscopic magnetization (mag-
netic moment per unit area) at the surface of a bulk ma-
terial with broken time-reversal (TR) symmetry. Our
investigation is restricted to antiferromagnetic systems
featuring a vanishing bulk magnetization, as this allows
us to readily disentangle surface contributions to the or-
bital magnetization from those stemming from the bulk.
We shall also restrict ourselves throughout to the case
of insulating surfaces of insulating crystals, leaving aside
for now any special considerations that might arise for
metallic surfaces.

The case of surface spin magnetization is much more
straightforward, as the latter can be obtained simply by
integrating the net spin density An = n4 — ny over the
surface region after an appropriate coarse-graining (e.g.,
using window-averaging methods). In the remainder of
this work, therefore, we focus solely on the orbital com-
ponent of the surface magnetization. Here it is natural to



expect more difficulties, since even the theory of bulk or-
bital magnetization has been put on a solid footing only
in relatively recent times [3H7]. The essential problem, as
in the theory of electric polarization, is that the position
operator is ill defined in the Bloch representation, so that
methods based on Berry connections and curvatures are
required instead. Another way to frame the problem is
to note that expressions are available for neither the local
polarization density P(r) nor the local orbital magneti-
zation density M(r).

Even from a phenomenological point of view, another
difficulty arises. The physical observable corresponding
to the presence of surface magnetization is the presence
of macroscopic bound currents running along the hinges
where surface facets meet, with the hinge current given
by the difference between the surface magnetizations on
the two adjoining facets. However, since the hinge cur-
rents only determine surface magnetization differences,
this raises the question whether surface orbital magneti-
zation can be uniquely defined, or only defined up to a
constant shift in the values predicted for all facets of a
given bulk material. Such a “shift freedom” is not easily
ruled out a priori.

In this work, we first investigate the symmetry condi-
tions that allow such a shift freedom to be ruled out, so
that surface magnetizations are clearly uniquely defined.
We then explore whether the use of a local marker M(r),
such as the one proposed by Bianco and Resta, can be
adopted for the purpose of defining a surface orbital mag-
netization. That is, even if the value of M(r) at a single
point has no obvious physical meaning, we ask whether
it is possible to coarse-grain and integrate such a marker
over the surface region to obtain a valid expression for
the surface orbital magnetization.

This paper is organized as follows. In Sec. [T} we iden-
tify the physical observable corresponding to the presence
of a surface magnetization, namely the macroscopic cur-
rent running along a hinge shared by adjacent surface
facets of a bulk crystal, given by the difference between
the magnetizations of the two surface facets forming the
hinge. We show that this single relation is insufficient to
ascribe an unambiguous value of magnetization to any
of the facets; constraints in the form of crystalline sym-
metries are required to accomplish this. In Sec. [[II} we
identify all the possible symmetries that lead to unam-
biguous surface magnetizations. We find that this set
of symmetries is identical to the set of symmetries that
quantizes the Chern-Simons axion coupling.

In Sec. [[V] we introduce in greater detail the local
marker formulation of orbital magnetism, and introduce
our formalism for the calculation of surface magnetiza-
tion and hinge currents. The results of Sec. [[TI] and
Sec. [[V] are later tested in Sec. [V] by calculations per-
formed on tight-binding models. We end our paper with
a discussion of our results and some speculations on their
connection to the theory of orbital magnetic quadrupole

FIG. 1. Schematic depicting a hinge and the surface facets
that compose it. The black arrowhead on the hinge depicts
the direction of flow for the hinge current I™® to be posi-
tive. The maroon and blue arrows denote the surface-normal
magnetization vectors MT and MY, respectively. The hinge
current is I™® = MY — M®,

moments in Sec. [VI and summarize in Sec. [VII]

II. SURFACE MAGNETIZATIONS AND HINGE
CURRENTS

Consider a stand-alone 2D system such as a monolayer
or multilayer with layer-normal magnetization M. The
magnetization manifests itself on any edge of the system
as a bound current of magnitude M | , with its sign deter-
mined from the right-hand rule. If instead we consider
the surface of a 3D bulk system, we would also expect
any surface-normal magnetization at the surface to man-
ifest itself at an edge in a similar fashion. However, in the
presence of the bulk, the objects playing the role of edges
are the hinges, i.e., the intersections of neighboring sur-
face facets. So, while in the case of an isolated 2D system
the edge current directly determines the magnetization
M , any current present on a hinge only determines the
difference of M| values on the two surface facets meeting
at the hinge. We depict this situation schematically in
Fig. |1l where it is evident that the hinge current I™® is
given by

= p— MR (2)

Note that a line current may also be present at a line
defect, such as a step or domain wall, that separates sur-
face patches having the same orientation but different
M, values. We can regard these as 180° hinges, and the
treatment of such cases introduces no new difficulties. In
the remainder of this work, we restrict the discussion to
true hinges connecting facets of different orientation. In
any case, we emphasize that the line currents in question
are bound currents localized at insulating hinges, not the
chiral conductance channels that may occur in topologi-
cal systems, e.g., at the boundary of a 2D quantum Hall
state or on the hinges of an axion insulator [19] 20].

For the entirety of this paper, we take the hinge current
to be a physical observable, being detectable in principle
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FIG. 2. Schematic depiction of a hinge formed by two surface
facets, one of which has a magnetization M*"™ that is not
normal to the surface, having components M, along z and
M) along y. M) is observable in principle by the presence
of a concentration of magnetic field By in the surface region.
The hinge current is observable via the integral § M-dl around
the dashed blue Amperian loop, which remains normal to the
surface while passing through the surface region delineated
by the dashed black line.

by the circulating magnetic field it creates. Combined
with Eq. , this assumption indicates that differences
between magnetizations on neighboring surface facets are
observables. However, there is no a priori reason to be-
lieve that the individual values of facet magnetizations
are well defined. We must therefore understand whether,
or under what circumstances, we can resolve this ambi-
guity and assign a unique M to a given facet of the bulk.
Once an unambiguous value of magnetization is assigned
to even a single facet, we may then repeatedly employ
Eq. to find the magnetization at any other facet of
the 3D crystallite.

While we have focused above on the surface-normal
component of the surface orbital magnetization, an in-
plane component M could also be present. If so, its
strength is easily computed from a detailed knowledge of
the microscopic current distribution in the surface region,
unlike the more problematic M . In principle, M should

M | -preserving M | -reversing

n-reversing RﬁJr Ry
n-symmorphic St SL
n-nonsymmorphic N, ;‘ Ny

TABLE I. Summary of labels attached to a symmetry oper-
ation depending on whether it reverses n (R) or not (S, N),
where S and N refer to n-symmorphic and n-nonsymmorphic
operations respectively. Superscripts ‘=’ and ‘+’ indicate
whether or not the operation reverses the sign of the outward-
directed M, on a surface with normal n, which also corre-
sponds to whether the symmetry operation is axion-odd or
axion-even.

be observable by the presence of a corresponding con-
centration of B in the surface region (since H vanishes
in this geometry in the absence of free current). When
M, is present, we can filter out its contribution to the
hinge current by constructing an appropriate Amperian
loop that is normal to both surface facets, as depicted in
Fig. Integrating the magnetization around this loop
yields the bound current passing through the loop. Since
we assume the absence of free current, and since the vac-
uum and bulk are free of magnetization, only the top
and side M values contribute to the hinge current. We
adopt this as the definition of the hinge current in such
situations.

III. SYMMETRIES AND SURFACE
MAGNETIZATION

The goal of this section is to establish under what cir-
cumstances we can define an unambiguous magnetization
on a given surface facet of a 3D crystallite. As noted
in the previous section, Eq. effectively results in one
equation in two unknowns, which prevents an assignment
of definite values to M£ and ME. We therefore need ad-
ditional restrictions on the possible values ij and ME
may take. These restrictions will appear in the form of
symmetry-induced constraints. We first introduce the
notation we will be using to describe the actions of the
symmetry operations, and subsequently delve into the
symmetry analysis of surface magnetization.

A. Notation

Consider a surface with unit normal n. Let the out-
ward surface-normal component of the surface magneti-
zation be M| = M-n, with units of magnetic moment per
unit area. With respect to this choice of n, we will focus
on operations that either preserve or reverse the direction
n, as well as those that preserve or flip the sign of M, .
Operations that flip i will be denoted by Rfjf; the super-
script ‘+” or ‘=’ indicates that M is preserved or flipped,
respectively. We further classify operations that preserve
N as either symmorphic or nonsymmorphic along that di-
rection. Thus, n-symmorphic operations will be denoted
Sff (even if they involve fractional translations in the
plane normal to n), while i-nonsymmorphic operations
will be denoted N .

We summarize the classification of symmetries in Table
[ We note that operations labeled with a superscript ‘—’
are axion-odd while those labeled with a ‘+’ superscript
are axion-even. By definition, an axion-odd symmetry
is either a proper spatial rotation with time reversal or
an improper rotation without time reversal. The signifi-
cance of this distinction will become clear in Sec. [ITCl

For concreteness, let n = z. We list all the symmetry



Type Symmetry Operations

R; mz, I, Ss.a6, Ca, {mz|7a/2}, {6/2|Td/2}
S, E' {E'|tq/2}, Cy,, ma

Ny {E'|c/2}, {Chlpe/n}, {malc/2}

RS mL, I', S5 4.6, Cao, {mL|7Tas2}, {Ca|7as2}
S Chn, my

Ny {Cnlpe/n}, {myle/2}

TABLE II. List of all the specific symmetry operations that
belong to each symmetry operation type.

operations that fall into the categories listed above in Ta-
ble[[] In our notation, E denotes the identity operation
and I denotes inversion. C,, denotes a rotation by 27/n
about the z axis (n = 2,3,4,6) while Cy is a 2-fold rota-
tion about an axis in the z-y plane. m, denotes a mirror
reflection across the z-y plane, and my is a mirror reflec-
tion across a plane containing the z axis. S, = m,C,
denotes an improper rotation (rotoinversion) about the
z axis. A prime indicates composition with time rever-
sal. Nonsymmorphic fractional translations along z are
indicated as ¢/2 or pc/n, where c is the vertical lattice
constant and p < n is an integer (or half-integer in the
case of C%). Half lattice translations in the z-y plane are
indicated by 74/2. In what follows, we shall often denote
the screw operation {C),|pc/n} as just n, for conciseness.
It is important to note that some of the above oper-
ations may belong to R, S, and N operations with re-
spect to other directions. For example, the glide mirror
{mylc/2} is both an N,  and an Ry operation.

B. Symmetry Analysis for Surface Magnetization

In this subsection, we explore how to exploit the sym-
metry operations in the Srf, Rg, and Né[ classes to define
an unambiguous surface magnetization on at least one
surface facet; repeated application of Eq. will subse-
quently help define magnetizations for all other surface
facets. The main idea is that a given symmetry operation
will relate specific surface facets to one another, allowing
us to explicitly relate physical quantities defined on those
facets. We then consider the magnetizations M, at the
surfaces, and check whether this configuration allows for
an unambiguous determination of these M values. We
find that S, R, and N, operations allow us to define
unambiguous surface magnetizations, while for S;f , Rﬁ"’,
and fo this is not possible.

As a reminder, we are focusing on n = z for concrete-
ness. We first investigate the axion-odd symmetries S,
R, and N_ , and subsequently the axion-even symme-
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FIG. 3. Schematic of a slab geometry for a bulk material with
an R, symmetry. An additional facet of arbitrary orientation
appears at right. The R, symmetry ensures that the magne-
tizations on the top and bottom facets are equal and parallel,
as indicated by the maroon arrows. All three facet magneti-
zations may be found using the known hinge currents I; and
12, as discussed in the text.

Symmetries of type S, . Suppose we find a symmetry
of the type S, in the bulk symmetry group. We may then
construct a surface respecting this symmetry with unit
normal z. Under an S, operation, the surface will remain
invariant, but the magnetization at the surface will be
flipped. This can only mean that the magnetization at
the surface is zero.

Symmetries of type R, . If we find an R, symmetry
in the bulk symmetry group, we may construct a finite
slab in 2z consistent with the identified R, symmetry ap-
plied to the slab as a whole. This construction will then
enforce identical magnetizations on top and bottom sur-
faces.

Let us introduce an arbitrary third surface facet to
the slab, as shown in Fig. 3] In the figure, the ar-
rows normal to the surfaces indicate the direction of the
surface-normal magnetization in the given global Carte-
sian frame. The vectors are labeled by their correspond-
ing magnitudes; since MP < 0, the magnitude of the
bottom surface magnetization is labeled as —MP. We
then also have two hinges with currents I; and I, with
the directions of the arrowheads on the hinges indicating
the directions of positive current flow.

Using our knowledge of these currents and the symme-
try of the bulk slab, we may then write down a system
of equations

0=M[ + M?,
L =M - MY, (3)
I =M} — MB,

that can be solved for the three facet magnetizations.
Symmetries of type N, . From Table |lI| we see that
there are three types of operations belonging to the
N, class: the time reversed half-translation {E’[c/2},
glide mirrors {mg|c/2}, and time reversed screw symme-
tries. Note that {£'[c/2} is also a S operation, while
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FIG. 4. Symmetry constraints arising from 3/,, 4,,, and

6., symmetries. Arrows indicate the directions of the surface-
normal magnetizations relative to a global Cartesian frame.
A hinge current flowing into or out of the page is shown with
a cross or dot respectively. (a) Triangular prism construc-
tion consistent with 3], symmetry. Surfaces have no mag-
netization. (b) Square prism construction consistent with 4;,
symmetry. Surface magnetizations form a two-in two-out con-
figuration with M = I/2. (c¢) Hexagonal prism construction
consistent with 6], symmetry. Surface magnetizations form a
three-in three-out configuration with M, = I/2.

{malc/2} and {C3,|c/2} are also R operations. We
therefore already know that we can define unambiguous
surface magnetizations in those cases. We thus focus on
the time-reversed screws with 3-fold, 4-fold, and 6-fold
rotation axes.

For these operations, we construct crystallites in the
shape of regular triangular, square, or hexagonal prisms,
respectively, as shown schematically in Fig. Each
prism is infinite along z and is constructed to respect
the corresponding screw symmetry applied to the rod as
a whole. In the case of 3/, , symmetry dictates that each
facet have vanishing magnetization. For the 4], and 6,
screws, the surface magnetizations may be found from
the currents on the prism hinges.

Symmetries of type S; . We construct a surface as in
the S, case. Although S; operations leave the surface
invariant, they do not flip M . We therefore cannot ex-
tract any meaningful information from this construction.

However, operations in this class may also relate sur-
faces with normals not along z. For the case of C), op-
erations with n = 3,4, 6, we may generate the same infi-
nite prism constructions as in the IV, class of operations.
However, as we see in Fig. [} all the hinge currents van-
ish, and although we know the relative orientations of the
facet magnetizations, we cannot extract any information
on their magnitudes as a result.

For the Cy as well as m/, operations, we may construct
a slab geometry as in the case of R, operations, except
that the z-direction will be periodic, and the slab is con-
sistent with either the Cy or the m/, symmetry. As a
result, any possible surface magnetizations will be equal
and antiparallel on the two surfaces, as shown for the
particular case of an m! symmetry in Fig. @ With the
introduction of an additional arbitrary surface facet, we
may attempt to solve a system of equations

M,

——

M, 1

FIG. 5.  Symmetry constraints arising from 3,,, 4.,,, and
6, symmetries. Conventions are the same as in Fig. (a)
Triangular prism constructed using 3,, symmetry. (b) Square
prism constructed using 4,, symmetry. (c) Hexagonal prism
constructed using 6., symmetry. In each case all facets have
the same surface magnetization M, , whose magnitude cannot
be determined since hinge currents are absent.

0=M} - M},
I =M — MY, (4)
I =MY — M},

involving the hinge currents.
unsolvable.

Thus, S;' operations alone are unable to unambigu-
ously define surface magnetizations.

Symmetries of type N;' . Being nonsymmorphic op-
erations in the z direction, no surface with the same
unit normal will ever be preserved by an N;r operation,
so these operations by themselves tell us nothing about
magnetizations at this surface. Furthermore, they pro-
vide no information on surfaces transverse to the z sur-
face, as the arguments in Figs. [5] and [6] apply.

Symmetries of type R; The same arguments as pre-
sented for the S; and N; cases hold here as well. We
therefore cannot define surface magnetizations in this

However, this system is

I

MR

FIG. 6. Schematic of a slab geometry respecting an m,, sym-
metry, with the mirror plane illustrated by the thatched gray
plane bisecting the slab. An additional facet of arbitrary ori-
entation appears at the top. The m/, symmetry ensures that
the magnetizations on the left and right facets are equal and
antiparallel. In this case the knowledge of the hinge currents
is insufficient to determine the M values, as discussed in the
text.



case either.

C. Discussion

Our symmetry analysis reveals that we may unambigu-
ously define magnetizations on the surfaces only when
the bulk symmetry group features S, , R, , or N, oper-
ations.

In these cases, the argument proceeded via a thought
experiment involving the construction of a slab or rod
in such a way that the surface facets are related to each
other by a global application of the relevant bulk sym-
metry. We emphasize that, for these bulk symmetries,
the surface magnetizations are still well defined even for
configurations in which different facets are terminated in
different ways. The conclusion that M, is well defined
follows just from knowing that it is possible, in principle,
to prepare a globally symmetric slab or rod.

As it happens, the S;, R, and N, symmetries that
allow an unambiguous definition are precisely the ones
that are classified as axion-odd according to Table [[} In
other words, these are the symmetries that reverse the
sign of the Chern-Simons axion (CSA) coupling, which
describes a topological contribution to the isotropic lin-
ear magnetoelectric coupling of the material [12] 2], 22].
This is characterized by an “axion angle” fcg that takes
the form

1 24
9@5 = 75 - EH,,UTI‘ |:AH8VAU - gAyAyAa dk7
(5)

where the integration is performed over the Brillouin zone
and AJ" (k) = i(umk|9yunk) is the Berry connection ma-
trix, with |u,k) being the cell-periodic part of the Bloch
function of occupied band n.

A defining feature of the CSA coupling is that it is
gauge-invariant modulo 27 under a unitary mixing of the
occupied ground state Bloch functions. That is, if we
perform the transformation

occ

|'ank> = Z Umn(k)|umk>7 (6)

where U,,,, (k) is a unitary matrix, then Ocs — 0cg+2mn
where n is an integer. The operations of the type S,
R, , and N reverse the sign of fcg; but since the cou-
pling is defined modulo 27, it follows that 6cg = 0 or 7.
Thus, the axion angle is quantized to values of 0 or 7 in
the presence of axion-odd symmetries. By contrast, an
axion-even symmetry (simple rotation or time-reversed
improper rotation) allows for a generically nonzero value
of 905.

This identification of an intimate connection between
the ability to define unambiguous surface magnetizations
and the presence of a quantized axion coupling is one of
the principle contributions of this work.

There is another suggestive connection between the
physics of the axion coupling and the surface magneti-
zation. The orbital magnetization of a 2D insulator is
known to have a dependence on the Fermi energy p, even
for p in the gap [B, @ 23], given by the Stieda relation
dM/dp = oanc/e, if an anomalous Hall conductivity
oanc is present. We also know that the surface oapc
of an insulating surface of a 3D insulator is constrained,
modulo €2 /h, by the axion coupling [I1, 12} 20} 23]. The
application of these principles to our case suggests that,
for a crystal having a generic nonzero axion coupling and
a common branch choice of the quantum on all surfaces]l]
the M, values of all facets will undergo a common con-
stant shift in response to a global shift of the Fermi level
in the gap. This is already a kind of a realization of the
“shift freedom” discussed in Sec. [Il

While we have been focusing on the consequences of
symmetry in this section, this can only take us so far.
Even in the axion-odd case where we expect a unique
definition of surface magnetization, the symmetry argu-
ments do not answer the question of how, in principle,
this quantity can be obtained from a direct calculation
using only information about the surface Hamiltonian
and surface electronic structure of a given surface. In
the opposite case that no axion-odd symmetry is present,
the same question arises, but now there is the additional
issue of a possible shift freedom in the definition of M .
To go beyond the symmetry arguments, we need to de-
velop an explicit framework for carrying out calculations
of surface orbital magnetization in the general case. The
remainder of this work is devoted to an exploration of
the use of orbital magnetization local markers for the
construction of such a framework.

IV. METHODS

We now turn to a discussion of the computational as-
pects of surface magnetization and hinge currents. We
expand on the local marker formulation of orbital mag-
netization [9] and discuss its application in computing
surface magnetization. The section is concluded with a
discussion of microscopic currents and an explanation of
their relationship to the macroscopic hinge current.

A. Local-marker formulation
We now work in 3D, where Eq. takes the form
1
M= —/ M(r)dr. (7)
Vv
L If the branch choice differs across a hinge, the difference between

the dM /dp values reflects the dlninge/dp resulting from the
presence of a chiral conductance channel on the hinge.



Here V is the unit cell volume and both M and M(r)
have units of magnetic moment per unit volume. (Quan-
tities denoted as M| or Ms™f will continue to be 2D sur-
face magnetizations with units of magnetic moment per
unit area.) We focus initially on the single component
M, of M, dropping the z subscript for conciseness. The
local-marker formulation is a direct result of expressing
the orbital magnetization in terms of the single particle
density matrix P(r,r’). Bianco and Resta [9] demon-
strated that for bulk insulating systems at 7" = 0 at the
single-particle level, where P2 = P, the magnetization
M may be written as

M = Myc + Mic + Mc (8)
with
Mo =~ ImTr[PeQHQyP), (9)
Mic = %ImTr[QxPHPyQ], (10)
Mo = Bt Tr{Qu PyQ), (11)

where e < 0 is the electron chargef] the trace is taken
per unit cell of volume V, Q =1 — P, H is the Hamil-
tonian, and g is the Fermi energy. Mo, Mic, and M¢
correspond to the so-called local circulation, itinerant cir-
culation, and Chern number contributions to the magne-
tization, respectively [5].

Eq. (7)), expressing the total M as a trace of a local
marker M(r) over position space, is evidently satisfied
by choosing

M(r) = Mrc(r) + Mic(r) + Mc(r), (12)

with
Mic(r) = —%Im(r\PxQHQyPM, (13)
Mic(r) = $1m(r|QePHPyQlr), (14)
Me(r) = =22 m (x| QuPyQlr) (15)

Note that Mc(r) is directly proportional to the local
Chern marker C(r) [111 24], i.e.,

Mo(r) = =2 tmirlQePyQlr) = ~Low),  (16)

consistent with the discussion towards the end of
Sec. [IICl

It is important to note that due to the invariance of the
trace under cyclic permutations of operators, different

2 The convention for the elementary charge in the paper by Bianco
and Resta [9] is that e > 0. As a result, our expressions in
Egs. (9}{11)) differ by a sign from those introduced in Ref. [9].

expressions for M(r) stemming from Eq. are possible.
For example, Myc(r) in Eq. could be replaced by

Mfo(r) = =5 In(r|HQyPrQlr)  (17)
or

MFo(r) = =7 Im(rlQuPaQH]r),  (18)

achieved by applying a cyclic permutation to Mpc(r) in
Eq. and using the fact that Q*> = Q. The £ and
R superscripts indicate that H has been moved to the
“left” or “right” respectively, and henceforth we shall re-
fer to the marker in Eq. (13) as M¢ (C for “center”).
Integrating Eq. or (1) over all space yields Eq. (9],
just as integrating Eq. (L3]) does. We refer to the differ-
ent expressions for the local marker as trace projections.
Such an ambiguity in the local marker may be viewed
as a manifestation of the fact that microscopic magnetic
dipole densities are not well defined.

We can argue that there is no such ambiguity for
the local Chern marker, so that Mc(r) is well defined
at a specific r. Certainly the local conductivity tensor
0i;(r) = 0ji(r)/OE;, the first-order response of the lo-
cal current density j(r) to a homogeneous macroscopic
electric field E, is physically well defined. As shown by
Rauch et al. [11], the local anomalous Hall conductiv-
ity, which is just the antisymmetric part of o (r), can be
written as a sum of the Chern marker of Eq. and an
additional non-geometric or “cross-gap” term. This anal-
ysis puts the definition of the local Chern marker M¢(r)
on a relatively firm footing.

Returning to the local markers for My,c and Mic, we
impose four requirements, as follows.

1. Independence of origin

We first require that the trace projections should be
independent of origin. A potential marker MIP@-Hl(r)
may be regarded as depending on the system-specific op-
erators P, ), and H as indicated by the superscript no-
tation. Introducing the unitary operator T for a trans-
lation by displacement t, and defining translated oper-
ators P = TPT' and similarly for Q and H, the de-
sired independence of origin is equivalent to asking that
MPQH] () = MIPQH(r 4 t). We accomplish this by
insisting that the markers be written in terms of the op-
erators

X =PxQ, Y =PyQ, Z=PzQ (19)

and their Hermitian conjugates. A combination like Pr@
transforms to PFQ = P(r — t)Q = PrQ, where the last
equality follows from the fact that PQ) = 0. Thus, expres-
sions built out of the operators in Eq. will automat-
ically satisfy the desired independence of origin. With



this notation, Egs. , 7 and become

M (r) = —%Im(r|XHYT|r>, (20)
MEL(r) = —%Im(r|HYTX|r>, (21)
ME(r) = —%Im(r|YTXH|r>. (22)

Other choices such as (r|yPzQHQ|r) would not satisfy
this property. At this point, then, we have three candi-
dates for the LC marker, and there is a corresponding set
of three choices for the IC marker.

2. Covariance under rotations

We next insist that the markers should transform
as vectors under global rotations of the system. That
is, given a spatial rotation R and its correspond-
ing unitary operator M, we ask that M[P@H(r) =
RIMIPQHN(Ry), where P = RPRT, etc. In partic-
ular, we insist that any candidate for the marker z com-
ponent should be invariant under rotation by an arbi-
trary angle 6 about z. For § = 7/2 we have X — Y
and Y — —X, and using the general formula Im(OQ) =
—Im(O"), we find that M¢ is invariant while M£ and
ME, transform into one another. Thus, neither M~
nor MR, satisfies rotational invariance by itself, but at
least for 6 = /2, the average (MEq + MPR.)/2 does.

A more careful check confirms that this combination is
also invariant under arbitrary rotations by angle 6. We
can therefore propose two valid local-circulation markers,

M (r) = —%Im<r|XHYT|r>, (23)
€
Mfc7z(r) = —%Im<r|{H, YTIX}r), (24)

where the z subscript has temporarily been restored, and
the &€ superscript in the second equation involving the an-
ticommutator indicates that H is in an “external” (left
or right) position. More generally, we can define vector
markers My,c whose x and y components have the same
form as in Egs. and but with a cyclic permu-
tation of the Cartesian indices. Since any rotation can
be written as a product of three consecutive rotations
around Cartesian axes by Euler angles, and since our
markers have the correct rotation properties under each
of these separately, it follows that the overall rotational
properties are guaranteed. That is, the rotation of the
marker is consistent with the rotation of the system.

The same reasoning applies to the itinerant circulation
markers

e

h
Mig(r) = 3 Im(xl {H. Y X"}Ir), (26)

M (r) = —Im(r|XTHY |r), (25)

where we have reverted to dropping the z subscript.
Combining with Egs. and , we can arrive at sev-
eral suitable expressions for the full marker in Eq. (12).
If we consistently use the center or external versions, we
arrive at two choices

MEE(r) = Mig(r) + Mig(r), (27)
MEE(r) = Mic(r) + Mic(r). (28)

We also consider a third marker involving a mixed choice,
MEE(r) = Mic(r) + Mic(r). (29)

We could also introduce its partner M&€, but there are
actually only three linearly independent markers, since it
is easy to show that MS¢ 4 M€ = MEC 4 ME£,

8. Transformation under H — —H

Our third requirement is based on the following ob-
servation regarding the behavior of microscopic currents.
As will be shown later in this section, the microscopic
current density at r is given by

€

i(r) h/dr’(r—r')lm[<r’|P\r><r|le'>]~ (30)

Under a transformation that acts to change the overall
sign of H, the occupied and unoccupied state manifolds
are switched; that is, P’ = @ and Q' = P. Substitut-
ing H = —H and P’ into Eq. (30), and using the facts
that Q = 1 — P and that the expectation value of a Her-
mitian operator is real, it is easy to see that j(r) is left
unchanged. Therefore, the surface magnetizations and
hinge currents must be left unchanged as well.

When H — —H, we see that X — XV — Y1 and
7 — ZT. Tt is then readily apparent that MS¢ — MCC€
and M&€ — M€ However, surface magnetization
from the M€ marker is not left invariant, as M%¢ —
ME€. We therefore eliminate M€ from the list of valid
markers.

4. Magnetic quadrupole of finite systems

To conclude our list of acceptable marker properties,
we turn to a discussion of the possible role of the bulk
magnetic quadrupole moment (MQM) in a theory of
surface magnetization. Our motivation for considering
the MQM stems from the recently developed theory of
boundary electric polarization [I5] [16]; for a crystallite
with vanishing bulk polarization, the theory identifies the
bulk electric quadrupole moment as contributing to the
electric polarization at the surface. By analogy, it would
then be unsurprising if the MQM similarly contributed
to the magnetization at a surface for systems with zero



bulk magnetization. Earlier works have focused on deriv-
ing expressions for the MQM within periodic boundary
conditions [25H27], but have not discussed whether or
how it manifests itself on the boundary of a bulk.

As a theory of the bulk MQM density for an extended
system is not well established, we focus here on the case
of an ideal molecular crystal, i.e., a collection of identi-
cal independent units, which we refer to as “molecules”,
arranged without overlap on a crystal lattice.

Classically, the MQM tensor @;; of a single molecule
is defined in terms of its microscopic current distribution

j(r) as
Qij = %/(r X j)irjdr. (31)

This is a traceless tensor, since

1
Qii:§/(r><j)-rdr:0. (32)
Its antisymmetric part is known as the toroidal moment,
while its symmetric part

Qij = %(Qz’j + Qji), (33)

is solely responsible for the quadrupole contribution to
the far B field in the multipole expansion.

When this molecular unit is periodically repeated to
generate a large but finite crystallite, the quadrupole mo-
ment densities are defined as @ = Q/V and Q@ = Q/V,
where V is the unit cell volume. One can then show that
the MQM generates a magnetization at a surface with
outward normal 1 given by [28]

MM = Qi (34)

Repackaging the toroidal part of the MQM density as
the vector m; = €;;,Q,1/2, it is clear that this produces
a surface magnetization Mﬂu’ff = n x m that is parallel to
the surface. This part does not contribute to the surface-

normal component M , which is just given by

We are thus free to insert either the unsymmetrized Q or
the symmetrized Q tensor into Eq. when computing
M values, ignoring the toroidal component [29, [30].
We will refer to the MQM tensors defined as in Eq.
as current-based quadrupoles. In the special case that
the current distribution takes the form of a collection of
point magnetic dipoles m,, located at sites r,, one can
introduce an alternative dipole-based definition

di
Qijp = Zmu,i e (36)
"

If one considers the limit that the point dipoles are con-
structed from small current loops of vanishing size, it
turns out that the traceless part of Q4P is identical with
Q (see Appendix. That is,
. 1 .
d d
Qij = Qi;p - g5iij}§p~ (37)
For a molecular crystal, the dipole formula provides a
natural connection to the use of the local magnetization

marker. That is, we can calculate the MQM density of
the crystal as

: 1
olr= 1 / Mi(x)r; dr (38)
or
; 1
QP = v D Myt (39)
n

where M;(r) and M, ; are the continuum and discrete
markers, respectively. Therefore, in the rest of this paper,
we will focus on the dipole-based expression in Eq.
in the context of our tight-binding calculation of the local
markers. We will then remove the trace part in order to
compare with the current-based tensor computed from
Eq. in the same TB framework.

Tests of this kind will be presented in Sec. VD] Un-
like the other criteria described above in Secs.
to we do not know how to determine a priori
whether a certain marker will satisfy the present criterion
of reproducing the MQM correctly for molecular crystals.
However, we will see in Sec. [V D] that some choices of
marker sometimes fail this test. Thus, even if numerical
in nature, these tests provide important constraints on
the appropriate choice of marker for the computation of
surface magnetization.

We note in passing that the use of the raw dipole-based
MQM, without removing the trace part, will generate dif-
ferent results for the surface magnetizations M. How-
ever, it will shift M, equally on all facets, and therefore
will still yield a correct prediction of the hinge currents,
as these only depend on differences of M, on neighbor-
ing facets (see Eq. (2)). In this sense, the use of the raw
dipole-based MQM in place of the traceless one is rem-
iniscent of the “shift freedom” in the definition of M|
discussed in the Introduction, here for the case of an ide-
alized molecular crystal.

5. Discussion

In later sections we find it convenient to work with the
two markers given in Egs. above. The marker
MEC of Eq. is the original one of Bianco and
Resta [9], while M€ is a new candidate that has not,
to our knowledge, been considered previously.



To end the discussion of the markers, we also note that
there is no restriction on using a linear combination of
ME€ and M&¢ to write down a new marker, as long the
linear combination reproduces the bulk magnetization M
of Eq. . To maintain this requirement, the (real) coef-
ficients acce and agg of the linear combination must sum
to unity.

We select the particular linear combination
(acc,ace) = (1/3,2/3) to form the “linear” marker

- 1 2
MR (r) = g/\/lc’c(r) + g/\/lg’g(r). (40)
This marker is also expressible as
lin L o cc Lo L rRR
MM (r) = g./\/l “(r) + §M *(r) + §M (r), (41)

i.e. it is the arithmetic average of the M€, M~%~£ and
MPR markers. Such a choice might heuristically be
justified by noting that since we have no reason to prefer
any one of Egs. , we choose an equally weighted
average of all three of them. For the rest of this paper,
we will focus on the markers M¢€ and M€ of Egs.
and M of Eq. when reporting the results of
numerical tests.

Having formulated our list of markers, we are faced
with several questions regarding their behavior. First, it
remains to be seen which, if any, of the markers will cor-
rectly predict the hinge current. For each surface forming
a hinge, identical markers will be used to compute their
respective magnetizations, which in turn will be substi-
tuted into Eq. to yield the current. If the system
only exhibits axion-even symmetries, and the markers
disagree on the values of the surface magnetizations, but
their differences yield the hinge current correctly, then
this would be a realization of the shift freedom discussed
earlier. Second, if the system does feature an axion-odd
symmetry, will all three markers yield the same value
of the surface magnetization? If not, then which of the
markers correctly predict the hinge current?

Before attempting to answer these questions, we dis-
cuss some technicalities of the computation of the surface
magnetization from the local markers.

B. Surface magnetization and macroscopic
averaging

Recall that we assume that the system has enough
symmetry to force the macroscopic magnetization to van-
ish in the bulk. However, this does not necessarily imply
that M(r) vanishes everywhere, only that its unit cell
average vanishes. In case M(r) does vanish identically
deep in the bulk, then for any given trace projection,
it is straightforward to integrate M(r) over one surface
unit cell, with the surface-normal integral carried deep
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enough into bulk and vacuum, to obtain a correspond-
ing macroscopic surface magnetization. If this is not the
case, however, a coarse-graining procedure is required, as
described next.

We construct an insulating slab of thickness L with the
outward normals at the top and bottom surfaces being
z and —z respectively, and with cell-periodic boundary
conditions in x and y. The slab features the maximal
symmetry allowed by the bulk. We assume L >> ¢,
where c is the lattice constant in the surface-normal di-
rection. We define a “layer-resolved” local marker by
averaging the local marker over an in-plane unit cell of
area A at fixed z:

M(z) = %/,4/\4(%’%2) dz dy. (42)

Note that the total magnetization of the slab (magnetic
moment per unit area) is the integral of M(z) over the
thickness of the slab.

The macroscopic surface magnetization is determined
from the application of a smoothening procedure for the
layer-resolved marker, since simple sums of the marker
may not be convergent. We employ the sliding win-
dow average approach to compute the surface magneti-
zation; for details on this method, we refer the reader to
Sec. IV.A of Ref. [I6]. In numerical work, the averaging
amounts to an integration of the local marker weighted
by a “ramp function” that extends sufficiently deep in
the bulk. The ramp-down function is defined as

1, ifu<0
1—wu/d,ifue|0,d . (43)
0, ifu>d

fa(u) =

Letting the bottom surface of the slab be located at
z =0, we then get

M, = /ﬂ(z)fc(z — zp) dz, (44)

where the range of z integration runs from deep in the
vacuum to deep in the interior of the crystal. The result
is independent of zy so long as it is sufficiently deep in
the bulk region of the slab.

The formalism for the calculation of a surface mag-
netization has been presented here in the context of
a continuum-space treatment. However, our numerical
tests will be performed on discrete TB models; in this
setting, Eqgs. and are expressed as discrete sums
over TB sites, where the local markers are now defined.
For further details, we refer the reader to Appendix [A]

C. Macroscopic hinge current and macroscopic
averaging

A direct calculation of the macroscopic hinge current
I is necessary in order to test whether it is correctly pre-
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FIG. 7. Insulating rod geometries utilized in computing
macroscopic hinge currents. Each rod is cut out from the
bulk, and satisfies periodic boundary conditions along one
of the three Cartesian directions. The surface magnetizations
MY, MB, and MY are determined from calculations described
in Sec. The macroscopic hinge currents I72, IBY and
I™F that are computed in the text are indicated by the black
arrows.

dicted by each of the various trace projections. The cal-
culations will be accomplished via a macroscopic aver-
aging procedure analogous to that of Sec. [[VB] but now
applied to the integration of the microscopic current den-
sity over the appropriate hinge region. In this section and
in the rest of the paper, we label vector operators with a
hat in order to distinguish them from ordinary vectors.

The microscopic current density j(r) is obtained from
the expectation value of the microscopic current density
operator j(r). Given a single-particle Hamiltonian H,
this is given by

—
=
=
=
I
|
—

r)(r|v + v|r)(r|) (45)

where v = (1/ih)[f, H] is the velocity operator. j(r) is
then obtained as Tr[Pj(r)], i.e., the trace of j(r) against
the singe-particle density matrix P, so that

juwzg/ﬁwu—wﬂmm%mwMth. (46)

Our calculations of the macroscopic current are per-
formed on a series of insulating infinite rod geometries
that retain periodic boundary conditions along one of
the three Cartesian directions, as illustrated in Fig. [7}
For concreteness, in this subsection we focus on comput-
ing the hinge current I™® for a rod running parallel to
the z-axis, with unit-cell periodicity a. Let the rod have
width W along y and height L along z, with W and L
much larger than the cell dimensions b and ¢ along these
respective dimensions.

In analogy with the surface magnetization, the macro-
scopic current is obtained from a sliding window aver-
age performed over the microscopic currents at the corre-
sponding hinge, but now in two dimensions. The appro-
priate weight function w(y, z) is a product of two ramp
functions in y and z, namely w(y, 2) = fo(y—y0) fc(z2—20)
where yo and zg are located sufficiently deep within the
interior of the rod. I¥P is then given by

1 a
= [ [[ayaz i@y, an)
0
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where the range of integration is over all y and z.

The currents IP" and I'F are computed analogously
with the appropriate cell parameters and Cartesian vari-
ables used in Eq. . As in the previous subsection, the
formalism here is developed in the context of a contin-
uum. In a TB formulation, Egs. and will turn
into discrete sums over TB sites. We refer the reader to
Appendix [B] for further details.

V. NUMERICAL RESULTS

To test the results of the symmetry analysis of Sec. [[T]]
and the local marker calculation of surface magnetiza-
tion, we study three tight-binding (TB) models of spin-
less electrons. The first model is comprised of an infinite
stack of the Haldane-model layers, while the other two
models are composed of stacks of two-dimensional (2D)
square-plaquette layers. Each model features symmetry-
enforced zero bulk magnetization and is considered at
half-filling. The TB basis orbitals are assumed to have
no orbital moment of their own and to diagonalize the
position operators.

We focus on the variation of a single parameter in the
Hamiltonian away from the special value that quantizes
the CSA coupling, and investigate how the surface mag-
netization found from the various trace projections be-
haves as a function of this variation. For each model,
the Fermi energy is set to zero, allowing us to neglect
the Chern marker contribution to the local magnetiza-
tion marker.

We use the slab and rod geometries outlined in
Secs. [[VB] and [V C| to compute the surface magnetiza-
tions and hinge currents, respectively. Fig. [7] illustrates
the particular magnetizations and hinge currents that we
compute. The surface magnetizations are found from the
coarse-graining procedure described in Sec. [V B] while
the macroscopic hinge currents are found from the coarse-
graining procedure of Sec [[VC] Slab and rod geometries
for the computation of surface magnetizations and hinge
currents are generated by truncating the bulk, i.e., the
hoppings to vacant sites are removed while other hop-
pings and site energies are unchanged. The electronic
Hamiltonians for bulk, slab, and rod geometries are con-
structed and solved using the PythTB code package [31].

Details of our numerical results will be given in Ap-
pendix [D] For each model, however, we provide here two
tables to demonstrate the behavior of the surface magne-
tization and hinge currents for the axion-odd regime, as
well as a representative axion-even setup. Each table re-
ports the values of MP, MY and M} computed from the
different markers. The tables also display the differences
AMYB AMPBL and AM™ between 2D surface magne-
tizations at different surface facets found from Eq.
using identical markers. For example, AMFP indicates
the difference MY —MP. These are then compared to the



FIG. 8. (a) Visualization of a single Haldane layer. The dif-
ferent sublattices are indicated by filled and empty circles,
respectively, and feature onsite potentials A and —A. The
nearest neighbor hopping ¢; is indicated by the double-sided
solid arrow, while the complex next nearest neighbor hop-
ping t2¢'® is indicated by one-sided dashed arrows. (b) A
side view of the bulk unit cell along the —x direction for the
model of Sec [VA] The vertical interlayer hoppings connect
identical sublattices and are indicated by solid double-sided
arrows that are labeled with the corresponding hopping am-
plitude. Crimson arrows indicate the magnetizations of the
layers in the decoupled regime. To the right are the phases of
the complex intralayer hoppings.

appropriate directly computed hinge currents displayed
in the bottom-most rows of the tables.

At the end of this section, we numerically address the
question of which local marker is able to reproduce the
current-based MQM for a finite system with no magnetic
moment. We perform a test on a finite cubic model, and
compare the current-based MQM tensor to the dipole-
based MQM tensors derived from the M€, M&€ and
MU Jocal markers.

A. Alternating Haldane model

The first model we study consist of half-filled Haldane-
model layers [32] placed directly on top of each other,
which are then subsequently coupled via interlayer hop-
pings along the (001) direction. The interlayer hoppings
couple sites on identical sublattices, and alternate in
value from one interlayer region to the next. The in-
tralayer parameters are chosen to be such that if the lay-
ers were decoupled, their Chern numbers would vanish
and their orbital magnetizations would form an up-down

TABLE III. Surface magnetizations and hinge currents (in
units of 10™%¢/A) for the alternating Haldane model with t5 =
0.1 (axion-odd).
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pattern akin to the magnetic moments of an A-type an-
tiferromagnet. The layers are equidistantly spaced, with
two layers per unit cell. Figs. a)—(b) provide detailed il-
lustrations of the lattice structure as well as the hoppings
and onsite energies of the model. In our calculations we
set the lattice vectors as a; = X, as = %f{ + @y, and
az = Z.

The symmetries of this model ensure that the bulk
magnetization is zero. In particular, there is a three-fold
rotation axis C3, about the lattice sites (or honeycomb
centers) as well as a time-reversed mirror plane m/, pass-
ing between the Haldane layers that eliminate the magne-
tization. Additionally, a time-reversed mirror plane m/,
bisects the honeycombs along their main diagonals, and
a two-fold rotation axis Cyy lies between the layers and
in the plane of the m/, mirror.

The quantization of the CSA coupling is controlled
by varying t; while keeping all other parameters fixed.
When t§ = t3, the system gains a time-reversed half-
translation {E’|c/2} symmetry as well as an m, mirror
plane residing in the layers; both symmetries are axion-
odd.

We adopt the parameter values A = —1.5, t; = —0.1,
ty = 0.15, ¢ = 7/4, t3 = 0.1, and 0.05 < ¢4 < 0.15. MB
and MY are found from slabs with six unit cells along
as and eighteen unit cells along as, respectively. The
calculation of M JIj involves the construction of a supercell
with lattice vectors A; = a;, Ay = —a; + 2a,, and
A3 = a3. A slab with fifteen cells along A; is then
constructed. For MB, MY and MY, 20 x 20, 15 x 15,
and 5 x5 k-space meshes in reduced coordinates are used,
respectively.

The macroscopic hinge current I¥B is found from an
zr-extensive rod composed of twenty cells along az and
twenty cells along a;. The y-extensive rod employed for
IBY is composed of twenty cells along both A; and As,
while the z-extensive rod for I™F is composed of twenty
cells each along A; and As. For each rod, a 1D k-space
sampling of thirty points is employed.

For t; = 0.1 and t; = 0.15, respectively, Tables I
and [[V] report the values of the surface magnetizations
computed from the different markers. From the tables,
we note that for a given surface all three markers yield
identical magnetizations, independent of whether or not

TABLE IV. Surface magnetizations and hinge currents (in
units of 10™%¢/A) for the alternating Haldane model with t5 =
0.15 (axion-even).

MB MY MY AMFE AMBY AMEF MB MY MY AMFB AMBY AMEF
M 1.8082 0.0000 0.0000 —1.8082 1.8082 0.0000 M 1.7970 0.0830 0.0163 —1.7140 1.7807 —0.0667
M®E  1.8082 0.0000 0.0000 —1.8082 1.8082 0.0000 ME€ 17970 0.0830 0.0163 —1.7140 1.7807 —0.0667
MH1.8082 0.0000 0.0000 —1.8082 1.8082 0.0000 MY 17970 0.0830 0.0163 —1.7140 1.7807 —0.0667
Teatc —1.8082 1.8082  0.0000 Teatc —1.7140 1.7807 —0.0667
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FIG. 9. (a) Primitive cell of the 2D square plaquette model.
The hoppings between different lattice sites, marked by solid
straight lines with arrows, are such that the total flux through
the cell is an integer multiple of 27r. (b) Two-layer plaquette
model. Only A-A and C-C interlayer hoppings are included,
and each layer is related to the one below by a C%, rotation
through the C sites. (c) Four-layer plaquette model. Same as
(b), except that the rotation is now Cj, instead.

the system features an axion-odd symmetry. Further-
more, the magnetizations always yield the correct values
of the hinge currents. In the axion-odd case of t§ = 0.1,
we observe that ME and MJIj may be understood to be
zero due to the slab constructions for their calculations
featuring the m, mirror plane. By the same token, I™F
vanishes as well, as the z extensive rod used for its cal-
culation also features the same mirror symmetry.

B. Two-layer square-plaquette model

The model studied here draws inspiration from a 2D
square-plaquette model developed in Ref. [5]. As pre-
sented there, the model consists of a nearest-neighbor
TB Hamiltonian whose primitive cell consists of four sites
labeled A-D as shown in Fig. El(a), with lattice vectors
a; = x and a; = y. Each of the four resulting plaque-
ttes in the unit cell is threaded by a magnetic flux that
corresponds to endowing some of the hopping amplitudes
with an identical complex phase ¢“¢/2. The moduli of all
the nonzero hoppings are set to an identical value t.

Fig. @(b) provides a detailed illustration of the model
that we study. Our model features equidistantly spaced
layers of the plaquette model stacked directly on top of
one another along the z direction. Subsequent layers are

TABLE V. Surface magnetizations and hinge currents (in
units of 107%e/h) for the two-layer plaquette model with
straight-edge terminations and with 5 = 0.1 (axion-odd).
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related by a time-reversed rotation C%, about a z axis
passing through the C site, resulting in two layers per
unit cell with ag = z forming the third lattice vector.
The ounsite energies are chosen to be (E4, Ep, Ec, Ep) =
(A, —A,A,—A) for all layers, consistent with the rota-
tional symmetry. Only interlayer A-A and C-C hoppings
are included, with these alternating between t3 and ¢4
for subsequent layers. Finally, the chosen flux pattern
for the bottom layer is (®1, @2, D3, Py4) = (26, — 0,0, —0)
and the rest of the nearest neighbors are coupled by real
and nonzero hoppings t (the modulus of the complex hop-
pings). The parameter values are chosen such that the
layers have a vanishing Chern number in the decoupled
limit.

This model possesses a time-reversed inversion sym-
metry I’ about a point located midway between C sites
on neighboring layers, as well as a two-fold rotation Ch.y
about an axis located between layers and passing above
A and C sites. Additionally, there are mj, and m/; mir-
ror planes that pass through sites B and D, and A and C,
respectively. There is also a time reversed glide mirror
plane {m/|7T/2} passing in between layers with 7 = X+¥.
These symmetries ensure that the bulk magnetization re-
mains zero.

The CSA coupling is tuned by keeping all parameters
fixed except t5. If t3 and t; are equal, the model gains
an axion-odd {C%,|c/2} screw axis passing through the C
sites. The parameters for this model are chosen as A =
—0.5, t = 0.06, ¢ = /4, t5 = 0.1, and 0.05 < t} < 0.15.

We will consider two distinct surface terminations in
the directions transverse to the layer stacking, and for
each we will investigate the behavior of the resulting sur-
face magnetizations and hinge currents. The first surface
termination results from creating slabs along a; and as,
and we refer to these as the straight-edge terminations.
The second type of termination results from cutting along
the a; a5 directions, which we refer to as the zigzag ter-
mination. For our calculations with this termination, we
construct supercells with lattice vectors A; = a; — ao,
A5 = a; + as, and As = ag, and cut slabs along the A;
and Ao directions.

TABLE VI. Surface magnetizations and hinge currents (in
units of 107%e/h) for the two-layer plaquette model with
straight-edge terminations and with t3 = 0.15 (axion-even).

MB MY MY AMFE AMBY AMEF MB MY MY AMFE AMBY AMEF
M€ 23768 0.0000 0.0000 —2.3768 2.3768 0.0000 M€ 23012 0.0319 0.0319 —2.2693 2.2693 0.0000
M€ 2.3768 0.0000 0.0000 —2.3768 2.3768 0.0000 M€ 22995 0.0327 0.0327 —2.2668 2.2668 0.0000
MU 23768 0.0000 0.0000 —2.3768 2.3768 0.0000 M"™ 23001 0.0324 0.0324 —2.2676 2.2676  0.0000
Tcate —2.3768  2.3768  0.0000 Tcate —2.2676  2.2676  0.0000




1. Two-layer plaquette model: straight edges

In this case MB, MY and MY are found from slabs
with eleven unit cells along ag, seven unit cells along as,
and seven unit cells along ap, respectively. For each mag-
netization, a 7 x 7 k-space mesh in reduced coordinates
is used.

The macroscopic hinge current 1™ is found using an -
extensive rod composed of eleven unit cells along a3 and
seven unit cells along as. The y-extensive rod employed
for IBT is composed of eleven unit cells along as and
seven unit cells along a;, while the z-extensive rod for
IF is composed of seven unit cells along both a; and as.
For each rod, a 1D k-space sampling of thirty points is
employed.

For ¢4 = 0.1 and ¢§ = 0.15, respectively, Tables
and [VI] report the values of the surface magnetizations
computed from the different markers. From the tables,
we see that for each individual marker, the computed
values of ME and MJIj are identical, and therefore lead to
a vanishing AMUF, which also agrees with the directly
computed IF. This may be understood as a consequence
of the m/,; symmetry of the system, which eliminates the
hinge current and maps M} and MY into each other.

For the particular case of the axion-odd regime of

5 =0.1, ME and MJI: are not just identical for all mark-
ers, but zero as well, which can be understood as a conse-
quence of the m/ ;, m/, , and {Cj,|c/2} symmetries. The
m;g mirror plane enforces identical M| values on sur-
faces with outward unit normals —%x and —y, as well as
on the surfaces with outward unit normals x and y. The
m;y symmetry subsequently implies that the M values
on all four surfaces are the same, while {C%_|c/2} ensures
that M, =0.

In the axion-odd regime when t; = 0.1, all markers
yield the same value of magnetization at a single sur-
face. However, in the axion-even regime when t5 = 0.15,
the surface magnetizations derived from different mark-
ers do not agree, and furthermore only the M'" marker
correctly predicts the hinge currents. We will soon see
that among the three markers, it appears that only M!"
consistently predicts the hinge currents, regardless of
whether the system is in the axion-odd or axion-even
regime.

TABLE VII. Surface magnetizations and hinge currents (in
units of 107%e/h) for the two-layer plaquette model with
zigzag terminations and with ¢35 = 0.1 (axion-odd).
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2. Two-layer plaquette model: zigzag edges

In order to describe the slabs and rods that occur when
zigzag terminations are present, we turn to using the su-
percell vectors Ay, Ay, and Ajs described at the begin-
ning of the subsection. We align the x and y axes along
A, and A, respectively. Since the bottom surface of a
slab cut along Aj is identical up to a rotation in the x-y
plane to the bottom surface of the slabs used to compute
ME in the straight-edge case, the values of ME‘ will be
left unchanged. With the rotation of the coordinate axes,
we also observe that the m/; and mj, mirrors become
m!, and m; mirrors, respectively, the Cy.5 axis becomes
a Ca, axis, and {m/|7/2} becomes {m/|A3/2}.

In this case M} and MY are found from slabs with four
cells along Ao and A, respectively. For each magnetiza-
tion, a 7 X 7 k-space mesh in reduced coordinates is used.
The macroscopic hinge current I' is found from an z-
extensive rod composed of nine cells along A3 and nine
cells along Ay. The y-extensive rod employed for BT is
composed of nine cells along A3 and nine cells along A1,
while the z-extensive rod for I™F is composed of nine and
nine cells along A; and A, respectively. For each rod,
a 1D k-space sampling of five points is employed.

Tables [VITl and [VIIT] demonstrate the values of the sur-
face magnetizations computed from the different markers
for t5 = 0.1 and t5 = 0.15, respectively. In the axion-odd
case, we see that for a fixed surface all the markers yield
identical values of the magnetization. Furthermore, the
values of MY and MY vanish due to the m/,, m/, and
{C},|c/2} symmetries. m! ensures identical M values
on surfaces with outward unit normals X and —x%, while
m;l does so for surfaces with outward unit normals y and
—y. {C,|c/2} then ensures that these surface magneti-
zations are zero.

In the axion-even regime, the markers at a single sur-
face facet yield differing values of the magnetizations, and
none except the ‘lin” marker predict the hinge currents
correctly.

These observations are highlighted in Fig. which
displays the hinge currents as a function of ¢4 and com-
pares the currents predicted using the different markers
to the directly computed hinge currents.

TABLE VIII. Surface magnetizations and hinge currents (in
units of 107%e/h) for the two-layer plaquette model with
zigzag terminations and with ¢3 = 0.15 (axion-even).

MB MY MY AMFE AMBY AMEF MB MY MY AMFE AMBY AMYE
M€ 23768 0.0000 0.0000 —2.3768 2.3768 0.0000 M 23012 —0.0014 0.0650 —2.3026 2.2362 0.0664
M®€ 23768 0.0000 0.0000 —2.3768 2.3768 0.0000 M®E 22995 —0.5697 0.6350 —2.8692 1.6645 1.2047
ME 23768  0.0000 0.0000 —2.3768 2.3768  0.0000 MH 23001 —0.3802 0.4450 —2.6803 1.8551 0.8252
Teatc —2.3768 2.3768  0.0000 Teatc —2.6803 1.8551 0.8252
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FIG. 10. Plots of the (a) I"®, (b) I®%, (c) I™F hinge currents for the two-layer square plaquette model with zigzag edges
versus t5. The plots compare the hinge current predicted from the different local markers to the directly computed hinge
current. When t5 = 0.1 (axion-odd regime), all the markers yield the correct values of the hinge currents, as indicated by the
intersections of the dashed horizontal and vertical gray lines. Generally, only the surface magnetizations found from the ‘lin’

marker always match the directly computed hinge currents.

C. Four-layer square plaquette model

The model studied in this section employs the same
underlying square-plaquette layers that were used in
Sec. and is depicted in Fig. @(c) Just like the
model of Sec. [VB] the present model features equidis-
tantly spaced layers of the plaquette model stacked di-
rectly on top of one another along the z direction, but
now the adjacent layers are related by a time-reversed
rotation C), about a z axis passing through the C site,
resulting in four layers per unit cell. The lattice vector
along the stacking direction is ag = 2. Otherwise, the
models share the same features.

This model features a two-fold rotation axis Csy, be-
tween the second and third layers in the unit cell and
passing above the C and D sites. There is also a
{C2:|c/2} screw axis that passes through the C sites.
Together these symmetries eliminate the bulk magneti-
zation. If the interlayer hoppings t3 and t§ are equal, the
model gains an additional axion-odd {C,|c/4} screw axis
running through the C sites. All parameters except t5 are
kept fixed in order to access the quantized CSA coupling

TABLE IX. Surface magnetizations and hinge currents (in
units of 107 "¢/h) for the four-layer plaquette model with
straight-edge terminations and with 5 = 0.1 (axion-odd).

regime. We employ the same values of the parameters as
in Sec. [VB] but here we set the onsite energy A = —1.

For this model, we also study the behavior of hinge cur-
rents and surface magnetizations for the different trans-
verse surface terminations.

1. Four-layer plaquette model: straight edges

The magnetizations MB, MY, and M are found from
slabs with six unit cells along ag, four unit cells along as,
and four unit cells along a;, respectively. For each mag-
netization, a 7 x 7 k-space mesh in reduced coordinates
is used.

The macroscopic hinge current is found using an z-
extensive rod composed of six unit cells along az and four
unit cells along ap. The y-extensive rod employed for 1B
is composed of six unit cells along ag and four unit cells
along a;, while the z-extensive rod for I™ is composed
of four unit cells along both a; and as. For each rod, a
1D k-space sampling of thirty points is employed.

For t; = 0.1 and t; = 0.15, respectively, Tables
and [X] report the values of the surface magnetizations

IFB

TABLE X. Surface magnetizations and hinge currents (in
units of 107 "¢e/h) for the four-layer plaquette model with
straight-edge terminations and with t3 = 0.15 (axion-even).

MB MF Mt AMFE  AMBY AMYF

MB MF MY AMFBE AMBL AMEF

MCC 3.24982 0.00059 —0.00059 —3.24923 3.25040 —0.00117
M¥%€ 3.24982 0.00066 —0.00066 —3.24915 3.25048 —0.00133
MU 3.24982 0.00064 —0.00064 —3.24918 3.25046 —0.00128

Leare —3.24918 3.25046 —0.00128

M€€ 3.22067 0.01107 0.00912 —3.20960 3.21155 —0.00195
M¥#€ 3.22047 0.01130 0.00910 —3.20916 3.21137 —0.00221
M"™ 3.22053 0.01123 0.00911 —3.20931 3.21143 —0.00212

Learc —3.20931 3.21143 —0.00212




~0.0008 1
~0.0010 1
~0.00121
=
T -0.0014 4
T
o
= —0.0016
~0.0018 1 )
—— cc -\
~0.0020 "® EE =N\
lin .X
—0.00221 =& ¥ .
0.050 0075 0100 0125 0.150

&

FIG. 11. Plot of the hinge current I“F as a function of t}
for the four-layer square plaquette model with straight edges.
In the axion-odd regime when t5 = 0.1, only the ‘lin’ marker
correctly predicts the hinge current; this is also the case even
when no axion-odd symmetry is present.

computed from the different markers. In the axion-odd
regime when t5 = 0.1, all markers yield the same value
for one of the surface magnetizations, namely MB. This
time, however, for both ME and MJIj, the markers yield
different values. Moreover, only the ‘lin’ marker accu-
rately predicts the hinge currents. For each marker, the
values for MY and ME are equal and opposite, which
may be understood to be a consequence of the {C},|c/4}
screw symmetry, see Fig. b). Nevertheless, we now
have a case where the markers disagree, and where only
one of them correctly predicts the hinge currents.

The same is true in the axion-even regime of Table [X]
Fig. [11] demonstrates these facts for the prediction of the
IF hinge current. For all the values of t§ that we used,
covering both axion-odd and axion-even regimes, only
the ‘lin’ marker was consistent in its prediction of the
current.

2. Four-layer plaquette model: zigzag edges

As in the case of two-layer plaquette model with zigzag
terminations in Sec.[VB?2] we turn to using the supercell

TABLE XI. Surface magnetizations and hinge currents (in
units of 107 "¢/h) for the four-layer plaquette model with
zigzag terminations and with ¢35 = 0.1 (axion-odd).

16

vectors A = a; —ao, Ay = a; +as, and Az = a3 for our
calculations involving the zigzag edges of the four-layer
plaquette model. We align the z and y axes along A,
and As respectively. Since the bottom surface of a slab
cut along Aj is identical up to a rotation in the x-y plane
to the bottom surface of the slabs used to compute M?
in the straight-edge case, the values of MB will be left
unchanged. With the rotation of the coordinate axes,
Coz becomes Coyy. ME and MJIj in this case are found
from slabs with three cells along A5 and A1, respectively.
For each magnetization, a 5 x 5 k-space mesh is used in
reduced coordinates.

The macroscopic hinge current I¥P is found from an
z-extensive rod composed of four unit cells along A3 and
six unit cells along As. The y-extensive rod employed
for IBY is composed of four unit cells along A3 and six
unit cells along A, while the z-extensive rod for I is
composed of six cells along both A; and As. For each
rod, a 1D k-space sampling of 5 points is employed.

Tables [XT and [XTI] report the values of the surface
magnetizations computed from the different markers for
5 = 0.1 and t§ = 0.15, respectively. This time, in the
axion-odd regime when t5 = 0.1, we see that for any given
surface facet, all markers yield the same value of magne-
tization, and when compared across facets, all accurately
predict the hinge currents. The values of MJF_ and MJIj
vanish, which may be understood to be a consequence of
the simultaneous Cayy and {C},|c/4} symmetries. The
former symmetry implies that MY = MY while the lat-
ter results in both vanishing.

In the axion-even regime when t5 = 0.15, we find a
result that is more reminiscent of the straight-edge case.
That is, even for a single surface facet, the markers yield
different values of the magnetization, and the hinge cur-
rents computed from the differences of M, values dis-
agree with each other when computed using different
markers. They also disagree with the direct calculation
of the hinge current except for one case, namely that of
the M marker. ME and ij are found to be identical,
as the Cy,, symmetry is still present in this setup. How-
ever, only the M!™ marker yields magnetizations that
correctly predict the hinge currents.

TABLE XII. Surface magnetizations and hinge currents (in
units of 107 "¢e/h) for the four-layer plaquette model with
zigzag terminations and with ¢3 = 0.15 (axion-even).

MB MF MY AMFE AMBY AMEF

MB MY MY AMFE AMBY AMEF

M€C 3.24982 0.00000 0.00000 —3.24982 3.24982 0.00000
M¥€ 3.24982 0.00000 0.00000 —3.24982 3.24982 0.00000
MU ™ 3.24982 0.00000 0.00000 —3.24982 3.24982 0.00000
Leare —3.24982 3.24982 0.00000

M€ 3.22067 0.01023 0.01023 —3.21045 3.21045 0.00000
M¢EE 3.22047 0.01033 0.01033 —3.21014 3.21014 0.00000
MU 3.22053 0.01029 0.01029 —3.21024 3.21024 0.00000
Icale —3.21024 3.21024 0.00000




FIG. 12. Illustration of the structure, labeling, and onsite
energies of the cubic molecule model discussed in Sec. m

8. Summary

For the four-layer plaquette model, unlike the models
studied previously, we find that different markers gen-
erally disagree on the values of M, and on their pre-
dictions for the hinge currents. This occurs in both the
axion-odd and axion-even cases for straight-edge surface
terminations, but only in the axion-even case for zigzag
surface terminations. Only the M!'"™ marker consistently
predicts the correct hinge currents.

D. Local markers and magnetic quadrupole
moment of a finite system

We now return to investigate the questions posed in
Sec.[[VA 4 by conducting a numerical study of a spinless
TB model of a cubic “molecule”. The system is designed
to have a symmetry that enforces a vanishing magnetic
dipole moment, but otherwise is as arbitrary as possible.
In particular, it has no axion-odd symmetries. The struc-
ture, TB site labeling, and onsite energies of the model
are depicted in Fig. Additionally, the model features
hoppings t;; to nearest, second-nearest, and third-nearest
neighbors, where the subscripts indicate a hopping from
TB site ¢ to TB site j. The hoppings are generally com-
plex with t;; = t7, to ensure that the Hamiltonian is
Hermitian.

The Hamiltonian is chosen to obey an Sj, = m.C},
improper rotation symmetry, where the m, mirror plane

TABLE XIII. Diagonal elements of the traceless marker-based
MQMs compared to the MQM from the current-based for-
mula. Only the MQM derived from the M"™ marker matches
the current based quadrupole. Entries are in units of e/h.
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bisects the molecule, while the C, axis runs through the
center of the cube. The resulting magnetic point group of
the system is then {E, S}, (S},)" !, Ca.}, where E is the
identity operation and Cy, is the square of Sj,. These
symmetries ensure a vanishing magnetic dipole moment,
resulting in an origin-independent, physically meaning-
ful MQM for the system. The magnetic point group
also ensures that the MQM features @z, = @,y and
Qzy = —Qyz. Additionally, Q.. = —2Q4,, as the tensor
is traceless.

In addition to the onsite energies, the Hamiltonian is
parametrized by eight hopping parameters. The near-
est neighbor hopping terms t¢1, t2, and t3 parametrize,
respectively, the hoppings

t10 = t56 = t32 = t74,
t30 = ts4 = t12 = t7s,

tyo = ts1 = tgo2 = t73.

The second nearest neighbor hopping terms ty4, t5, tg, and
t7 parametrize the hoppings

tog = 57,
t31 = te4,
ts0 = ts2 = 72 = t70,
t14a = t16 = t36 = 34,

respectively. Finally, the third nearest neighbor hopping
ts parametrizes the hoppings t35 = t17 = tag = tos-
Generally, the hopping parameters are set to be com-
plex, but due to the presence of the C5, symmetry in the
magnetic point group, t4 and t5 must be real. The param-
eters for this model are chosen as A = —1, t; = 1+ 0.24,
to = 14036, t3 = 1—-0.14, ty = —0.3, t5 = 0.5,
te = —0.2 4 0.15¢, t7 = 0.3 — 0.254, and tg = 0.4 4 0.6:.
We then calculate the current-based quadrupole and
the traceless dipole-based quadrupoles based on the CC,
&E and ‘lin’ markers. Table XTI lists the results for diag-
onal elements of the quadrupoles, while Table [XIV] lists
the nonzero off diagonal elements. We see that all feature
Que = Quy = —Q:2/2 and @y = —Qy, as expected.
Significantly, though, only the M!" marker generates a
quadrupole that matches the current-based MQM.

TABLE XIV. Off diagonal elements of the traceless marker-
based MQMs compared to the MQM from the current-based
formula. Only the MQM derived from the M!™ marker
matches the current-based quadrupole. Entries are in units
of e/h.

Qza Quy Q- Quy Qyz
ce —9.9765 x 1073 —9.9765 x 1073 1.9953 x 1072 ce —6.4152 x 1072 6.4152 x 1072
EE —1.2540 x 1072 —1.2540 x 1072 2.5079 x 1072 EE —8.4555 x 1072 8.4555 x 1072
lin —1.1685x 1072 —1.1685 x 1072  2.3370 x 1072 lin —7.7754 x 1072 7.7754 x 1072
Curr. —1.1685 x 1072 —1.1685 x 1072  2.3370 x 1072 Curr. —7.7754 x 1072 7.7754 x 1072




VI. DISCUSSION

Based on the symmetry analysis of Sec. [[TI, we ex-
pect that surface magnetization should be well defined
only when a system exhibits an axion-odd symmetry.
More generally, we expect that differences of M, values
on neighboring facets should correctly predict the bound
current flowing on the hinge where the facets meet, even
when axion-odd symmetries are absent.

Focusing first on the axion-odd case, we find that both
expectations are sometimes violated by some choices of
marker. We found no such violation for the alternating
Haldane and two-layer square-plaquette models. How-
ever, the four-layer square-plaquette model does show
signs of trouble. For the straight-edge surface termina-
tions, the magnetizations found from the MCC, M&€,
and MU markers do not agree with each other. Further-
more, among these, we found that only the MU marker
correctly predicts the hinge current. Thus, while the
physical magnetization is uniquely defined in the axion-
odd case, only the M marker consistently gives the
correct value for it in our tests.

When tuning from the axion-odd to the axion-even
regime, the same conclusion was reinforced. While all
markers continued to agree with each other for the
stacked Haldane model, they disagreed in all other cases,
i.e., for the two-layer square-plaquette model and all
surface terminations of the four-layer square-plaquette
model. Again, the only marker that always reproduced
the hinge currents across all models was the M marker.

The importance of the M!™ marker was also high-
lighted by our numerical finding that the dipole-based
traceless MQM derived from it appears to correctly re-
produce the current-based MQM in finite systems. Thus,
we provisionally identify MU as the best candidate for
a marker-based formulation of a theory of surface orbital
magnetization.

Given the M!"™ marker’s evident connection to the
MQM, we have also explored the symmetries of our mod-
els to understand whether they permit a nonzero bulk
MQM. While the question of defining an orbital MQM
for a general bulk material has received some attention
[25] [26], the situation appears to remain unsettled. As-
suming such a definition is possible, however, it must
respect the symmetries of the magnetic point group.

The four-layer square-plaquette model is most infor-
mative in this respect. Focusing first on the axion-odd
case, the tensor is diagonal with Q. = —@,y nonzero
and @,, = 0 when the coordinate axes are chosen as in
Fig. @(c) for the straight-edge surfaces. In the zigzag-
edge case, we rotated the axes about z by —n /4, trans-
forming the tensor such that the only nonzero elements
were @, = @), We found that the markers disagreed
with each other in precisely those cases in which the cor-
responding diagonal MQM tensor element was nonzero,
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namely for the side surfaces in the straight-edge case.
According to Eq. , these were also the cases in which
the bulk MQM has the right symmetry to contribute to
the surface magnetization. When the axion-odd symme-
try was broken, we found that all three diagonal elements
were present in the MQM for both surface terminations,
and that the markers disagreed with each other for all
surfaces

For the alternating Haldane and two-layer square-
plaquette models, the symmetry of the MQM is such that
it vanishes in the axion-odd regime but acquires some di-
agonal elements in the axion-even regime. For the latter
model, the markers also failed to agree in the axion-even
regime.

To summarize this discussion, when inspecting all
three models, we found that the only cases in which
markers disagree, with only the M correctly predicting
the hinge currents, were those in which diagonal elements
of the MQM tensor were present. Thus, however the bulk
MQM might be defined, our results suggest that only the
MU™ marker accurately takes into account its contribu-
tion to surface magnetization.

Notably, our findings provide no evidence for the pos-
sible marker “shift freedom” discussed in Sec. [} That is,
we did not find any two markers that always yielded the
correct hinge currents, but resulted in surface magneti-
zations differing from each other by a constant shift in
axion-even cases.

We find ourselves, then, in a somewhat ambiguous
position. Our empirical evidence, based on the model
studies, indicates that the original Bianco-Resta marker
MC€ is not suitable for coarse-graining to obtain the sur-
face magnetization. Instead, a modification of it, namely
M has passed all tests and appears to be a suit-
able marker. Still, despite a concerted effort to find a
formal connection, we do not yet have a fundamental
understanding as to why MU succeeds where the oth-
ers do not. Our work thus raises this issue as being of
paramount importance to be addressed by future theo-
retical investigations.

Of course, it would be desirable to make contact with
experiment. We have argued that the hinge currents
are observable in principle via the magnetic fields they
generate, which could be observed by scanning magnetic
probes. The surface magnetization M itself in the in-
terior of a facet does not produce any observable elec-
tric or magnetic potential, and so cannot be observed di-
rectly. It is possible that optical probes, such as terahertz
Kerr reflectivity, might provide information. However,
one should keep in mind that when symmetry allows for
the presence of a surface orbital magnetization, it also
allows for a surface spin magnetization, which is likely
to be much larger. Thus, filtering out just the orbital
component may be challenging.

Other generalizations of our present work remain to be
developed. The symmetry analysis of Sec. [[TI] was con-



ducted in full generality and is applicable to insulating
as well as metallic systems at any temperature. How-
ever, it is not immediately clear whether it is possible
to compute surface magnetization using the local marker
for T # 0. A crucial assumption going into the con-
struction of the local marker is the idempotency of P [9];
in the case of finite temperature, P no longer displays
this behavior. Additionally, for metals at 7' = 0, even
though P remains idempotent, it is no longer exponen-
tially localized, with P(r,r’) featuring power law decay
with |r — r/|. Tt is not immediately clear how this af-
fects the local marker and its subsequent coarse-grained
average. In these situations, it appears likely that a dif-
ferent method of computing surface magnetization will
be needed.

Additional directions to explore include the presence
of facet magnetizations for systems with bulk magneti-
zation, as well as for axion-odd systems with fcg = . It
would also be interesting to see whether a Wannier-based
formulation for surface magnetization is possible, at least
in insulators. This is particularly attractive as the the-
ories of bulk electric polarization, bulk orbital magneti-
zation, and edge electric polarization can all be devel-
oped using a Wannier-based approach [T}, 2], [4] [5, [16], [17].
Finally, we mention the prospects for a first-principles
density-functional theory (DFT) implementation of the
calculation of surface magnetization for topologically
trivial bulk materials. The output of any DFT calcu-
lation may be adapted to a TB framework via Wannier
interpolation, which may be accomplished by code pack-
ages such as Wannier90 [33]. It is important to keep
in mind, however, that in our calculations of the local
markers we employed the diagonal approximation for the
position operator. In the case of a Wannier interpola-
tion, the position operator is not necessarily diagonal in
the basis of Wannier states, and the off-diagonal terms
must be kept in mind when performing calculations.

VII. SUMMARY

In this work, we have explored the possibility of defin-
ing surface orbital magnetization for insulating systems
that are topologically trivial in the bulk and feature no
bulk orbital magnetization. We have demonstrated that
the physical observable corresponding to surface orbital
magnetization is the current running along a hinge shared
by two surface facets. As a result, only differences be-
tween magnetizations at adjacent surface facets are well
defined in general. By means of a symmetry analysis,
we have shown that individual values of facet magneti-
zations should be well defined when the bulk symmetry
group contains an axion-odd symmetry. We further ex-
panded on the local marker formulation of orbital magne-
tization developed by Bianco and Resta, and introduced
a set of markers satisfying a list of physically meaningful
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transformation requirements. The coarse-grained aver-
ages of these markers were then used to compute surface
magnetizations.

We tested the conclusions of our symmetry analysis
and our formalism for computing surface magnetization
on a series of spinless TB models. We found that the
markers do not always agree on the value of the sur-
face magnetization, even in the axion-odd case where we
know from symmetry arguments that M, is well defined.
Our results indicate that only a single marker on our list,
the M"™ marker, consistently predicts the correct hinge
currents. According to the symmetry considerations of
Sec. [} in the axion-odd case we can then conclude that
it has correctly computed the unique M, values. In the
axion-even case, instead, we can no longer say that it pre-
dicts uniquely correct M values, only correct differences
of M values.

We additionally tested the markers to understand
whether any of them correctly generated the current-
based MQM of Eq. , which we argued may con-
tribute to surface magnetization. We found that only
the M'™ marker correctly reproduced the current-based
MQM when applied to a finite system with a nontriv-
ial MQM and vanishing magnetic dipole moment. We
also observed that when the different markers failed to
agree on the surface magnetizations for axion-odd sys-
tems, the bulk symmetry group permitted an MQM that
could contribute to the surface magnetizations.

Overall, our study indicates that a coarse-graining of
the MU marker provides a suitable framework for com-
puting surface magnetizations. However, a formal deriva-
tion that would explain the unique success of the M!"
marker remains elusive, and questions persist about the
definition and role of the bulk quadrupole tensor. Thus,
while our work establishes a foundation for a theory of
surface orbital magnetization, it also highlights the need
for further work to resolve some important remaining
questions.

This work was supported by NSF Grants DMR-
1954856 and DGE-1842213.

Appendix A: Local marker for slab geometries in
the tight-binding representation

In this Appendix, we provide further exposition on the
calculation of the local markers in the context of TB
models. For concreteness, we will focus on computing
the marker for insulating slabs that are of sufficient fi-
nite thickness in the z direction, but infinite in-plane, as
in Sec. [VBl

The M€, M&€ and M"™ local markers for the mag-
netization are all expressible in terms of the LC local
markers of Egs. and their IC marker analogues.
In this Appendix, we restrict ourselves to a calculation
of the marker of Eq. 7 which for a TB site i is given



ME (i) = _%1m<i|XHYT|i>. (A1)
The calculations for all other LC and IC markers are
similar, and we will simply state the results at the end of
this Appendix.

We remind the reader that in all of our models, we
have set the Fermi energy inside the band gap at zero,
so that we ignore the Chern marker contribution to the

J

M (i)

—%Im(i\XHYW‘)

k wv’ec

DD Bactu(i)

k wv'c

where E,i is the eigenenergy corresponding to |¥,x),
Xoek = (Yok|T|thex), and chk = (Yex|yltbok)-

In our calculations of the local markers, we do not
directly compute the matrix elements of the position op-
erators x and y in the energy eigenbasis; rather, we use
the velocity operator v, defined as

v=—r,H A
v = [, H], (A3)
to rewrite
<ka ‘Zhva: |1/Jck>
X’UC = Y 5 A4
k Eck - Evk ( )
and similarly for YCTU,k
The three LC markers are then
MfC( Im Z Z Eck¢vk ( ) ’UCkY 'k
k wv'c
(A5)
L _
M (i) = NkhIm;;ECkak i (7) UC'kak’
(A6)
MLC( ImZZE ’kwck ( ) Uc’ky;
k cc'v
(A7)
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local marker. For details on how to compute the Chern
marker in the TB representation, we refer the reader to
Ref. [20].

We denote the valence (v) and conduction (¢) band
eigenstates of the slab Hamiltonian as 1), (r) and ¥ (r),
respectively, where k = (kg,k,). The valence and
conduction band projectors are then written as P =
(1/Ni) 22 [Yoi) (oic| and @ = (1/Ni) 3° y [thec) (thexcl,
where N is the number of k points in the 2D Brillouin
zone mesh. With this in mind, we observe that

—Nikhhnz 3 (i) (ol er) (e H [therne) (enelyltbon) (o)

( ) uckY 'k (A2)
[
The three IC markers are
M ; ImZZEvkd}ck ( )Xcka c'ky
k cc'v
(A8)
Mig(i) = 51m Y D Eucbur (950X Yoete
k wv'c
(A9)
M Imz Z E'U/kwl’k ( )Xcv’kY
k wvv'c
(A10)

The combinations of these markers then yield the M€,
ME€ and M markers.

Appendix B: Microscopic tight-binding currents

Here, we give further details on the calculation of
the microscopic current density in the TB representa-
tion. Our derivation in Sec. [V.(J] was centered on con-
tinuum models, and we briefly noted that in a TB context
Eq. turns into a discrete sum over TB sites.

Due to the discrete nature of TB models, microscopic
currents are more naturally defined along straight-line
paths, which we refer to as bonds, between different TB
sites, rather than at individual TB sites. Assuming that
each TB site hosts a single orbital (the generalization to
the multi-orbital case being straightforward), the bond
current between TB sites ¢ and j arises from the prob-
abilities for a particle to hop from site ¢ to site j and
vice-versa. Recall from the introduction to Sec. [V] that
we have adopted a diagonal approximation to the matrix



elements of the position operators in the TB basis,
(i|2]j) = ridij, (B1)

where r; denotes the position of TB orbital i. With this
approximation in mind, the matrix elements of the ve-
locity operator v = (1/ih)[r, H] in the TB basis are ex-
pressed as

1

(i[v]7) = — (ri =

(e — 1) (i Hj). (B2)

Given a set of occupied states |¢,,), the total current
in the system is given by

occ

I=" (nld|n) (B3)

where J = ev is the total current operator. Inserting
resolutions of the identity in terms of the TB sites on
either side of J, we get

occ

fezz bnli) (8[915) () fez (3|Pi)(alv]7)
(B4)
where P is the ground state projector. Substituting

Eq. (B2)), this can be written as

J= Z I i) (B5)

where the sum runs over distinct pairs (ij) of sites and

2e
Jiijy = = (ri — ;) Im[(j| Pl2) (i| H] 7)) (B6)
describes the total current flowing on the bond (ij).
Since the current is assumed to flow uniformly along
the straight-line bond connecting the sites, it makes no
difference if we treat it as distributed uniformly along
the length, concentrated at the center, or partitioned be-
tween the two end points of the bond. We make the last
choice in order to write the total current as a sum over
sites, J =Y. j;, where

1
=52 - (BT7)
J

We treat this as the discrete analog of Eq. , and we
use it in the calculations of the macroscopic hinge cur-
rents in our TB models by performing the coarse-graining
procedure of Sec. [[VC|on the j;.

Finally, we note that in the case of the extended rod
geometries used to find the macroscopic hinge currents
in the main text, the valence projector P is written
in terms of the rod valence eigenstates v, as P =
(1/Nk) > ok [ok) (¥or|, where the sum is over the Ny
points of the mesh spanning the 1D Brillouin zone. This
expression for P is then substituted into Eq. .
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Appendix C: Point-dipole-based magnetic
quadrupole moment

We now present a proof of Eq. of the main text.
Consider a collection of point magnetic dipoles m,, lo-
cated at positions r,. We will enumerate the dipoles
with Greek letters and use Latin letters to label Carte-
sian indices. The microscopic current distribution j(r) of
the collection of dipoles is

=Vx (Z m,,o(r — ru)> =- Zmu xVo(r—r,).

(C1)
We then find that r x j(r) in the definition of the current-
based MQM (see Eq. ) is given by

= Z[Tkmu,kai

123

(r xj)i — myiTe0k)o(r —r,)  (C2)

in an implied sum notation. Substituting this expression
into Eq. and integrating by parts, we find

1 .
Qij = g/dr(r X j)ir;
1
~3 Z / dr [my,, Ok (1) — My k0 (rer;)] 6(r — 1)
- Zm# i, —

dlp dip
- Q - ZJ kk

(5wmu ETu,k
(C3)

where we use the definition of lep introduced in

Eq. . We have thus proved Eq.

Appendix D: Numerical TB model results

Each of the TB models of Sec. [V] features 2D layers
coupled by interlayer couplings that are along the layer
stacking direction. In going from one layer to the next,
the couplings vary between two values denoted by t3 and
ts. When t3 = t4, the systems are found to exhibit axion-
odd symmetries, and only axion-even symmetries oth-
erwise. In each of the models, all parameters are kept
fixed except for t5, which is used to bring the systems
into and out of the axion-odd regime. For each model,
0.05 < ¢4 <0.15.

In the main text, we reported the values of the facet
magnetizations ME, MY, and ME found from the CC,
&, and ‘lin’ markers. Furthermore, we found the differ-
ences of facet magnetizations at different surfaces AMFB,
AMPBL and AMYF, and compared them to the values of
the directly computed macroscopic hinge currents. We
did this for the parameter values ¢ = 0.1 and 0.15. In



this Appendix, we report this data for ¢4 = 0.05, 0.075,
and 0.125. The values of the magnetizations and currents
are subject to the same symmetry constraints in the mod-
els’ respective axion-even regimes that are described in
the main text.

1. Alternating Haldane layers

TABLE XV. Surface magnetizations and hinge currents (in
units of 107 5¢/h) for the alternating Haldane model with 5 =
0.05 (axion-even).

MB MF ME AMFB  AMBLY AMLF
MCC 1.8148 —0.0493 —0.0096 —1.8641 1.8244 0.0397
M®E 1.8148 —0.0493 —0.0096 —1.8641 1.8244 0.0397
MY 1.8148 —0.0493 —0.0096 —1.8641 1.8244 0.0397
Teale —1.8641 1.8244 0.0397

TABLE XVI. Surface magnetizations and hinge currents (in
units of 10™%¢/A) for the alternating Haldane model with t5 =
0.075 (axion-even).

MB MY Mt AMFB  AMBY AMYF
M 1.8120 —0.0288 —0.0056 —1.8408 1.8176 0.0232
M€ 1.8120 —0.0288 —0.0056 —1.8408 1.8176 0.0232
M 1.8120 —0.0288 —0.0056 —1.8408 1.8176 0.0232
Tcale —1.8408 1.8176 0.0232

TABLE XVII. Surface magnetizations and hinge currents (in
units of 107 5¢/h) for the alternating Haldane model with ¢} =
0.125 (axion-even).

MB MY MY AMYBE AMBL AMTF
MC¢ 1.8032 0.0372 0.0073 —1.7659 1.7959 —0.0299
M€ 1.8032 0.0372 0.0073 —1.7659 1.7959 —0.0299
M'"™ 1.8032 0.0372 0.0073 —1.7659 1.7959 —0.0299
Teale —1.7659 1.7959 —0.0299
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2. Two-layer plaquette model: straight edges

TABLE XVIII. Surface magnetizations and hinge currents
(in units of 107%¢/h) for the two-layer plaquette model with
straight-edge terminations and with t3 = 0.05 (axion-even).

MEB MF ME AMFB  AMBLY AMLF
MCC 24215 —0.0174 —0.0174 —2.4390 2.4390 0.0000
MFE 24224 —0.0179 —0.0179 —2.4403 2.4403 0.0000
MU 24221 —0.0178 —0.0178 —2.4399 2.4399 0.0000
Teatc —2.4399 2.4399 0.0000

TABLE XIX. Surface magnetizations and hinge currents (in
units of 107%e/h) for the two-layer plaquette model with
straight-edge terminations and with ¢35 = 0.075 (axion-even).

MB MF ME AMFB  AMBLY AMLF
M€ 24030 —0.0103 —0.0103 —2.4133 2.4133 0.0000
M€ 24035 —0.0106 —0.0106 —2.4141 2.4141 0.0000
M'"™ 24033 —0.0105 —0.0105 —2.4138 2.4138 0.0000
Lol —2.4138 2.4138 0.0000

TABLE XX. Surface magnetizations and hinge currents (in
units of 107%e/h) for the two-layer plaquette model with
straight-edge terminations and with ¢35 = 0.125 (axion-even).

MB MF MY AMFE AMBLY AMEF
MCC 23430 0.0139 0.0139 —2.3291 2.3291  0.0000
M®E 23422 0.0143 0.0143 —2.3280 2.3280 0.0000
MY 23425 0.0141 0.0141 —2.3284 2.3284  0.0000
Teale —2.3284 2.3284  0.0000

3. Two-layer plaquette model: zigzag edges

TABLE XXI. Surface magnetizations and hinge currents (in
units of 107%e/h) for the two-layer plaquette model with
zigzag terminations and with ¢3 = 0.05 (axion-even).

MB  MF Mt AMFB  AMBY AMYF
MCC 24215 0.0011 —0.0359 —2.4204 2.4574 —0.0370
M%E 24224 0.3247 —0.3605 —2.0977 2.7829 —0.6852
MU 24221 0.2168 —0.2523 —2.2053 2.6744 —0.4691
Icale —2.2053 2.6744 —0.4691




TABLE XXII. Surface magnetizations and hinge currents (in
units of 10 %e/h) for the two-layer plaquette model with
zigzag terminations and with t5 = 0.075 (axion-even).
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TABLE XXVI. Surface magnetizations and hinge currents
(in units of 10™7e/h) for the four-layer plaquette model with
straight-edge terminations and with ¢35 = 0.125 (axion-even).

MB o MF Mt AMFB  AMBL AMYF

MB MF MY AMFB AMBY AMEF

M 24030 0.0006 —0.0212 —2.4024 2.4242 —0.0218
M¥#€ 24035 0.1909 —0.2121 —2.2126 2.6156 —0.4030
M 24033 0.1275 —0.1485 —2.2758 2.5518 —0.2760
Learc —2.2758 2.5518 —0.2760

MC€ 3.23673 0.00527 0.00375 —3.23146 3.23298 —0.00152
M¥#€ 3.23664 0.00541 0.00369 —3.23122 3.23294 —0.00172
M'" 3.23667 0.00536 0.00371 —3.23130 3.23296 —0.00165
Learc —3.23130 3.23296 —0.00165

TABLE XXIII. Surface magnetizations and hinge currents
(in units of 10™%¢/h) for the two-layer plaquette model with
zigzag terminations and with 5 = 0.125 (axion-even).

MB MY MY AMFE AMBY AMF
MCC 23430 —0.0007 0.0284 —2.3437 2.3145 0.0291
M 23422 —0.2518 0.2803 —2.5941 2.0619 0.5322
M 23425 —0.1681 0.1964 —2.5106 2.1461 0.3645
Tt —2.5106 2.1461 0.3645

4. Four-layer plaquette model: straight edges

TABLE XXIV. Surface magnetizations and hinge currents
(in units of 10™"¢/h) for the four-layer plaquette model with
straight-edge terminations and with t5 = 0.05 (axion-even).

M? MY My AMT® AMPY AMMT
M€ 3.26720 —0.00555 —0.00627 —3.27276 3.27348 —0.00072
MF¢ 3.26732 —0.00557 —0.00638 —3.27289 3.27371 —0.00082
M 3.26728 —0.00556 —0.00635 —3.27284 3.27363 —0.00078
Tt —3.27285 3.27363 —0.00078

TABLE XXV. Surface magnetizations and hinge currents (in
units of 10~ 7¢/h) for the four-layer plaquette model with
straight-edge terminations and with ¢35 = 0.075 (axion-even).

5. Four-layer plaquette model: zigzag edges

TABLE XXVII. Surface magnetizations and hinge currents
(in units of 10™"¢/h) for the four-layer plaquette model with
zigzag terminations and with ¢3 = 0.05 (axion-even).

MB MY M AMYE  AMBY AMYF
M€€ 3.26720 —0.00599 —0.00599 —3.27319 3.27319 0.00000
M¥®€ 3.26732 —0.00605 —0.00605 —3.27337 3.27337 0.00000
MU™ 326728 —0.00603 —0.00603 —3.27331 3.27331 0.00000
Teate —3.27331 3.27331 0.00000

TABLE XXVIII. Surface magnetizations and hinge currents
(in units of 10™"e/h) for the four-layer plaquette model with
zigzag terminations and with t5 = 0.075 (axion-even).

MB MY ME AMFB  AMBL AMEF
M€C 3.25997 —0.00351 —0.00351 —3.26347 3.26347 0.00000
MF?€ 3.26004 —0.00354 —0.00354 —3.26358 3.26358 0.00000
M'"™ 3.26002 —0.00353 —0.00353 —3.26355 3.26355 0.00000
Teale —3.26355 3.26355 0.00000

TABLE XXIX. Surface magnetizations and hinge currents
(in units of 10™"e/h) for the four-layer plaquette model with
zigzag terminations and with 3 = 0.125 (axion-even).

MB MF MY AMFB AMBY AMEF
MC€ 3.23673 0.00456 0.00456 —3.23217 3.23217 0.00000
M¥#€ 3.23664 0.00461 0.00461 —3.23203 3.23203 0.00000
MU P 3.23667 0.00459 0.00459 —3.23207 3.23207 0.00000
Teate —3.23207 3.23207 0.00000

MB MF M AMFB  AMBL AMEF
MC€ 3.25997 —0.00301 —0.00392 —3.26298 3.26388 —0.00091
M¥#€ 3.26004 —0.00298 —0.00401 —3.26302 3.26405 —0.00103
M'™ 326002 —0.00299 —0.00398 —3.26301 3.26400 —0.00099
Tcate —3.26301 3.26400 —0.00099
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