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The intense theoretical and experimental interest in topological insulators and semimetals has
established band structure topology as a fundamental material property. Consequently, identifying
band topologies has become an important, but often challenging problem, with no exhaustive so-
lution at the present time. In this work we compile a series of techniques, some previously known,
that allow for a solution to this problem for a large set of the possible band topologies. The method
is based on tracking hybrid Wannier charge centers computed for relevant Bloch states, and it works
at all levels of materials modeling: continuous k - p models, tight-binding models and ab initio
calculations. We apply the method to compute and identify Chern, Z2 and crystalline topological
insulators, as well as topological semimetal phases, using real material examples. Moreover, we
provide a numerical implementation of this technique (the Z2Pack software package) that is ideally
suited for high-throughput screening of materials databases for compounds with non-trivial topolo-
gies. We expect that our work will allow researchers to: (a) identify topological materials optimal
for experimental probes, (b) classify existing compounds and (c) reveal materials that host novel,

not yet described, topological states.

I. INTRODUCTION

Topology studies the properties of geometric objects
that are preserved under smooth deformations, and di-
vides these objects accordingly into distinct topological
classes. In the past decade the principles of topology
were applied to crystalline solids, where electronic bands
can have a topological characterization [IH4]. For exam-
ple, in band insulators the occupied bands are separated
from the unoccupied ones by an energy gap, and form a
well-defined manifold in Hilbert space. Certain geometric
properties can be defined for this manifold, giving rise to
a topological classification of band insulators [5H7], and
to the notion of topological insulators[2, [3]. The physical
equivalent of the mathematical notion of smoothly con-
nectable manifolds in this case is the possibility to adi-
abatically transform one gapped manifold into another.
This means that if two gapped Hamiltonians belong to
the same topological class, they can be adiabatically con-
nected without a direct closure of the band gap.

The topological classification of insulators can be en-
riched by an additional symmetry constraint on the clas-
sified Hamiltonians. In this case, two systems are consid-
ered to be topologically equivalent if their Hamiltonians
can be adiabatically connected by a path along which the
band gap remains open and the symmetry is preserved.
Time-reversal (TR) symmetric [T, 8HI2], antiferromag-
netic [I13, [14] and crystalline topological insulators [15-
19] are examples of these symmetry-enriched topological
classifications.

Unlike other observables, quantum numbers describing

the topology of a state do not necessarily correspond to
eigenvalues of some Hermitian operator. Instead, a dif-
ferent type of quantum numbers — topological invariants
— has to be defined in such a way that a distinct number
is assigned to each class. The task of identifying topolog-
ical states then reduces to defining sensible topological
invariants that discern different classes. Finding ways to
compute these invariants becomes of major importance
in the field. A final predictive theory of all topological
invariants for all existing topological classes is missing
and, due to the multitude of symmetry space groups and
possible orbitals at the Fermi level, seems to be out of
reach at the present time.

The ability to distinguish distinct topological classes
is not only of theoretical interest, but also allows for the
prediction of physical phenomena in real materials. For
example, in two dimensions generic insulators with no
symmetries apart from the fundamental charge conser-
vation are classified according to the value of the (first)
Chern number C [20]. This is a unique characteristic of
the occupied manifold. Insulators with C' # 0, called
Chern insulators, realize the integer quantum Hall effect
in the absence of an external magnetic field [21], 22], and
their Hall conductance is related to the Chern number as
o4y = Ce?/h [23, 24], where e is the electron charge and
h is the Planck constant.

The invariants of symmetry-protected band topologies
are usually more complex, giving rise to a variety of phys-
ical phenomena such as the existence of topologically pro-
tected surface states [2 [3], quantized magneto-electric re-
sponse [25] 26], the quantum spin Hall effect [11 [8] 277, 28],



and non-Abelian quasi-particles for topological quantum
computing [29434] in topological superconductors and su-
perfluids [4].

Metals also allow for a topological characterization [4].
For indirect band gap semimetals, where the lower-lying
bands are gapped from the rest at each momentum in
the Brillouin zone (BZ), the topology of the lower lying
states is defined in a similar way to that of the occu-
pied states in insulators. At the surfaces of these metals,
topologically protected (sometimes discontinuous) sur-
face states (Fermi arcs) can coexist with projected bulk
metallic states. For metals with a vanishing direct band
gap, topological invariants akin to those of insulators can
sometimes still be defined on surfaces/lines in the BZ,
on which the bands of interest are gapped. A suitable
choice of the chemical potential in a calculation also al-
lows for topological invariants to be defined for metallic
Fermi surfaces [35]. Non-trivial topology in semimetals,
such as Weyl and Dirac nodes, can significantly affect ob-
served quantities, for instance their electromagnetic re-
sponse [36H46].

Many real material examples of topological insulators
and metals have been discovered so far. They realize
some of the theoretically predicted topological phases
(see for example Refs. [27], 28] [44] [45] [47H63]). The iden-
tification of new candidate materials, better suited for
experimental studies and for realizing novel topologies, is
a high priority for the field, but again a common, exhaus-
tive, search procedure seems out of reach at the present
time. Given the amount of existing materials and current
abilities in synthesis and growth of novel compounds and
heterostructures, it is desirable to develop a methodology
and software that would allow for a routine computation
of some of the various known topological invariants in a
way accessible to non-specialists.

In this paper we develop such a general methodology
and present a software package — Z2Pack — based on
it. This software can be used as a postprocessing tool
with most existing ab initio codes, or as a standalone
tool for analyzing topological structure of tight-binding
or k-p Hamiltonians. Z2Pack is ideally suited for a high-
throughput search of topological materials. It can also be
used to design materials or devices with specific topolog-
ical properties and to identify not only new topological
materials, but also novel topological classes thereof.

Topological invariants of superconductors in the
Bogoliubov-de Gennes (BdG) representation can also be
studied, since they are also described by tight-binding or
k - p models, supplemented with the particle-hole sym-
metry. For simple models a specially designed online in-
terface is provided (http://z2pack.ethz.ch/online/)),
allowing one to obtain topological invariants without in-
stalling the software. The code represents one of the
main results of this paper. We hope it will bring the field
of topological invariants in realistic materials to every
interested researcher.

The method is based on the concept of hybrid Wan-
nier functions (HWF) [64], which are localized in only

one direction, remaining delocalized in the others. It was
shown previously [19, 65H70] that the flow of HWF charge
centers reveals the non-trivial topology of Chern [211 22]
and TR-symmetric [I], [9] topological insulators and can
be used to compute the corresponding topological invari-
ants [71].

This technique can be generalized to crystalline topo-
logical insulators [I7HI9] and topological semimetals
[61l, [72H76]. For the former, spatial symmetries give rise
to non-trivial band topologies. For the latter, the method
allows identifying the presence of a topological phase by
means of defining and computing various invariants anal-
ogous to those of topological insulators. In Weyl (Dirac)
semimetals for example, the flow of HWF charge centers
on certain surfaces reveals the presence, location and (for
Weyl semimetals) chirality of the Weyl (Dirac) points or
lines. The universality of this method allows us to de-
velop a general strategy for finding topological features
in band structures.

The paper is structured as follows: a review of HWFs
is given in Sec.[[] along with the representation of Chern
numbers in terms of HWF charge centers. In Sec. [[II] a
general strategy for identifying topological materials is
described. Illustrations for the application of this strat-
egy to Chern, TR-symmetric and crystalline insulators
are given in Sec.[[V] The extension of the HWF technique
to topological semimetals is developed and extensively
illustrated in Sec. [V} Finally, we describe the numerical
implementation of the method in Sec. [VIland present an
outlook along with some concluding remarks in Sec. [VII}

II. HYBRID WANNIER CHARGE CENTERS
AND CHERN NUMBERS

Here we review the definition and basic properties of
HWF's and their charge centers. A basic topological in-
variant — the (first) Chern number — is cast in terms of
the HWF charge centers. The flow of HWF centers is
introduced as the main signature of non-trivial topology.

A. Hybrid Wannier functions

Electronic states in crystalline solids are most com-
monly represented with Bloch functions t,x(r) =
(r|thnx), which, according to the Bloch theorem, take the
form

Vi (r) = €T, (r), (1)
where n is the band index and
unk(r) = unk(r + R) (2)

is the lattice-periodic part of the wavefunction. Being
essentially modulated plane waves, Bloch functions are
delocalized in real space.
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In many problems, however, the use of a local basis is
preferred. This basis is provided by Wannier functions
(WFs) w,(r — R) = (r|Rn) that are obtained from the
Bloch states by a Fourier transformation

V[ an
Ro)= g [ Rk @)

where d stands for the space dimensionality, V' is the unit
cell volume, and the integral is taken over the first BZ.
Thus defined WFs are not unique. An isolated [77] set
of N energy bands corresponding to the Bloch Hamilto-
nian eigenstates |¢,x) can equivalently be described by
an alternate set of N Bloch wavefunctions that might
not be the Hamiltonian eigenstates, but span the same
Hilbert space [78]. That is, a general unitary basis trans-
formation, called gauge transformation, of the form

N
i) = > Unn () [c) (4)
n=1

can be performed prior to constructing WFs for the given
set of bands. Depending on the gauge choice, the resul-
tant WFs can have different properties [79], in particular
their shape and localization in real space can differ signif-
icantly. The construction of exponentially localized WF's
wy, (r—R) requires the gauge to be smooth, meaning that
the Bloch states used to construct WFs are smooth and
periodic in reciprocal space. We will see below that such
a gauge choice is not always possible [80H84].

For the purposes of the present paper, the most conve-
nient basis is that of HWFs [64] [66], which are Wannier-
like in one direction but Bloch-like in the others. The
formal definition is [85]

T/ay
<z ikplypay
5 s By ) = 5= / ettt ) dba,  (5)
—m/ay

where ¢, € Z and a, is the lattice constant along the
z-direction, in which the resultant wavefunction is lo-
calized. The HWF can be thought of as a WF of a 1-
dimensional system, coupled to the external parameters
ky and k.. It was proven that in one dimension expo-
nentially localized WF's can always be found [86] [87]. A
nice generalization of this procedure to 3D is given in
Ref. [19].

B. Wannier charge centers

Given a set of Wannier functions, their charge centers
are defined as the average position of charge of a Wannier
function that resides in the home unit cell

t, = (On|t|0n) (6)

Due to the ambiguity in the choice of the home unit
cell, the Wannier charge centers (WCCs) are defined only

modulo a lattice vector. Moreover, when the isolated
group of bands in question contains more than one band,
individual WCCs are not gauge-invariant [79, [88]. Only
the sum of all WCCs is gauge-invariant modulo a lattice
vector, and it is related to the electronic polarization [88].
For a 1-dimensional system this relation reads

P.=e» T, (7)

where e stands for the electronic charge. While P, is
defined only up to a lattice vector, the continuous change
AP, under a continuous deformation of the Hamiltonian
is a well-defined physical observable.

A geometric interpretation in terms of the Zak
phase [89] can be given to WCCs. To do this, a Berry
potential is introduced for the lattice periodic part of the
Bloch functions as

Ap (k) = i{tunk| Vic|tnk) (8)

In 1D WCCs can be redefined in terms of Berry potential
using the transformations between Wannier and Bloch
representations of Ref. [90]

T/ay T/ay
_ 10y _ Oy
—7/ay —7/ay

9)

Similarly, the hybrid WCCs can be written as

Tn(ky, k) = (n;0,ky, k2| 72 In; 0, Ky, K (10)

T/ag
Qg
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—7/ay

Thus, a hybrid WCC can be thought of as a WCC of a
1D system coupled to external parameters (k,, k). Since
in crystalline systems H (k) = H(k + G), this coupling
is equivalent to a periodic driving of a 1D system cou-
pled to an external environment, as discussed in the con-
text of charge pumping [91]. The existence of topological
classification for such pumps was known long before the
advent of topological materials [23, [0T]. We show below
that many topological invariants of band structures can
be obtained by studying the pumping of hybrid WCCs. A
numerical procedure for constructing HWF's in a particu-
lar, “maximally localized gauge,” is given in Appendix[C]

C. Chern number via HWF

The gauge field arising from the Berry potential (Eq.
in a crystal is known as Berry curvature, and for a single
isolated band it is defined as

F=Vi AAK), (11)



where the wedge product in 3D is a usual cross product.
In a multi-band case a non-Abelian Berry connection [92]
is introduced

Amn,a =1 <umk| aa |unk> 3 (12)
and the corresponding gauge covariant formulation of
Berry curvature in a multi-band case is

7

an;y = -an,'y - 2€aﬁ'y [AavA,B]mn . (13)

In 2D, or on a 2D cut of the 3D BZ, one can define a
Chern number [93] of a single isolated band as [23]

_ 1 2
S LA (14)

where v indicates the component normal to the 2D sur-
face. The corresponding equation for an isolated set of
bands is given by

_ 1 2 _ 1 2
= o /Bzd F TR = o /Bzd kTF] (15)

where the trace is taken over the band indices within the
set. It can be shown [68] that the same quantity can be
written in terms of the hybrid WCCs

C = i (an(ky =2m) = Y Zn(ky = 0)) . (16)

n n

Here the WCCs Z(k,) are assumed to be smooth func-
tions of k, for k, € [0,2n]. This smoothness condition
is fulfilled by constructing hybrid WCC in the 1D maxi-
mally localized gauge [67]. However, the periodicity con-
dition is satisfied only modulo a lattice vector R, = na,,
where n € Z.

From this formulation one can see [80H84] how a non-
zero Chern number becomes an obstruction for defining
smooth and periodic Bloch states for the set of bands
in question. In 1D maximally localized WFs can always
be constructed [86] [87]. In particular, the parallel trans-
port procedure described in Appendix [C] produces WFs
that are the eigenstates of the projected position oper-
ator £ = P,XP,, where P, is the projector onto the
isolated bands [87]. In 2D, however, the projected po-
sition operators for the x and y coordinates in general
do not commute [79], and no set of WFs can be cho-
sen to be maximally localized in both dimensions at the
same time. Exponential localization, though, can still be
achieved in both dimensions, unless the Chern number
of the bands is non-zero [79] B1]. For a set of bands with
a non-zero Chern number it is impossible to find a set of
WFs exponentially localized in both dimensions: at least
one WF is bound to have a power law decay in at least
one direction in this case [80].

As mentioned above, the hybrid WFs are analogous to
1D WFs, but the 1D system here is coupled to external
parameters (momenta in the other directions). For such

a 1D system, the hybrid WF can still be chosen to be
the eigenstate of the projected position operator, hence
being exponentially localized in this direction. However,
to analyze the charge pumping driven by the external pa-
rameters, continuity of the hybrid WCC in these param-
eters is required. If a Bloch band has a non-zero Chern
number, the corresponding wave-function vy cannot be
chosen to be a smooth function of k in the interior of the
BZ and still retain the periodicity condition ¢xt+g = ¥k,
where G is a reciprocal lattice vector [04]. Thus, if one
insists on a smooth evolution of the hybrid WCC z(k,)
as a function of k,, the center of charge does not nec-
essarily return to the initial position after a period of
evolution G,. However, crystalline periodicity guaran-
tees that the center returns back to its position modulo
a lattice vector, that is

z(k,) = 2(k, + G,) mod R, (17)

Thus, Eq. illustrates how much charge is pumped
through the 1D system during one continuous adiabatic
cycle of the external parameter k.

This charge pumping is best understood as an exter-
nally induced change of electronic polarization of a 1D
system in Eq.[7] Using that expression of electronic po-
larization in terms of WCCs of a 1D system, and gener-
alizing it to hybrid WCCs, the expression for the Chern
number takes the form

€= 2 (Piem) - PL(0)). (18)

where we introduced hybrid electronic polarization as
Peh(ky) = ezi'n(ky)- (19)

According to the above, the value of HWCC are not
gauge invariant. However, the hybrid polarization, and
thus the Chern number, are gauge invariant. The Chern
number reflects the obstruction for the possibility to con-
struct maximally localized HWFs. Thus, Eq.[18|can give
a correct Chern number even without maximally local-
ized HWFs - other HWFs would work as well.

In 3D, the Chern number can be defined for any closed
2D cut of the BZ. Possible examples of such cuts are
shown in Fig. [T}

According to the discussion above the hybrid WCC
Z(ky) is defined only modulo a lattice vector, reflecting
the periodicity of the lattice in real space. It is thus
convenient to put periodic boundary conditions on the
hybrid WCC of the form Z(k,) = Z(ky) + Rz, so that
T represents a point on a circle S! at each ky. This
point gives the position of the center of charge in the
unit cell for a given value of k,. Given that the WCCs are
assumed to be smooth functions of k, € [0, 27], the pump
can be visualized as the flow of WCCs on the surface
of the cylinder S! x [0,27], as shown in Fig. Since
the hybrid electronic polarization is a sum of all hybrid
WCQCs, it is also defined on the surface of this cylinder.



FIG. 1. Two examples (shaded) of possible closed 2D cuts in a
cubic Brillouin zone. Since periodicity is imposed at the Bril-
louin zone boundary, the surface in panel (a) is topologically
equivalent to a torus.

The Chern number is then associated with the number
of windings P! (k,) performs around the cylinder when
ky, is changed from 0 to 27 [67, 68]. Thus, the Chern
number can be associated with the number of unit cells
traversed by the net center of charge of all bands within
the pumping cycle, which can be equivalently thought of
as the number of electronic charges pumped across one
unit cell in the course of a cycle. This interpretation
makes the relation between the Chern number and the

Hall conductance explicit.

0 2m/a

FIG. 2. Sketch of some possible evolutions of polarization
(Pe(ky)) across the BZ, exhibiting different Chern numbers
C.

D. Wilson loops and gauge choices

An alternative physical understanding of the hybrid
WCCs was proposed in Refs. [66] [69], for the special
case of TR-symmetric systems. It was shown that the
eigenvalues of the projected position operator represents

the Wilson loop of the U(2N) non-Abelian Berry connec-
tion, where 2N is the number of occupied states in a TR-
symmetric insulator [95]. This Wilson loop approach was
later generalized to other topological phases [I7HI9, [70].
Here we discuss the differences between hybrid WCC and
the Wilson loop approaches.

The Wilson loop for the non-interacting insulating sys-
tems is defined [69] in terms of the projector onto the
Noyee occupied states as

Noce
B = Z | ) (wjcl- (20)
j=1

Given a closed curve C in k-space, discretized in L points
ki, =0,..,L — 1, the Wilson loop is computed as

L-1
we) =[] B (21)
i=0

and is a Nyee X Noee matrix. Wilson loops are known
to be a gauge invariant quantity in quantum field the-
ory [96], and this is still the case in the present defini-
tion. Indeed, the gauge transformation of the form [
leaves W (C) invariant. By taking the log of the eigen-
values of the Wilson loop at an arbitrary point on the
loop C (and normalized by 27), one arrives at a special
gauge-invariant set of hybrid WCCs, which exactly co-
incide with those obtained from the maximally localized
WCC construction outlined in App. [C}

From the theory of polarization [88] reviewed above
it is known that the WCCs are in general gauge depen-
dent. To reconcile this with the gauge-independence of
the Wilson loop, notice that the projector onto the oc-
cupied space can be equivalently considered to be a sum
of projectors onto different subspaces comprising the oc-
cupied space

D

OCC Z
P =%"PRY, (22)
=1

where D is the number of subspaces. Various examples
of such splittings are discussed below, but the simplest
of them is given by a large set of isolated bands, that is
composed of D smaller isolated sets. Then each of the
sets can be treated separately, and each of the projectors

PIEZ) can be used separately to construct a Wilson loop
Wy (C) for each of the isolated sets of bands separately.
The hybrid WCC obtained by diagonalizing the Wil-
son loops Wy are in general different from the ones ob-
tained by diagonalizing the full loop W. This can be
seen by noticing that when constructing W with tl/le
projector (Eq. , cross terms of the form Plif)Plier)l
(¢ # ¢') will appear, while they are absent when con-
structing W,’s separately. Note, that in accordance with
the theory of polarization, both constructions are phys-
ically equivalent, since the sum of the hybrid WCCs at
each point on the curve C will be the same for the two



constructions (modulo a quantum), corresponding to 1D
electronic polarization.

At the risk of abuse of terminology we refer to the var-
ious ways of constructing the WCCs as a gauge freedom.
This is motivated by the definition of the WF's and hybrid
WF's — their construction depends on a particular choice
of representative Bloch states 1, used to represent the
Hilbert space of interest.

III. GENERAL STRATEGY FOR IDENTIFYING
TOPOLOGICAL MATERIALS

While the net Chern number is protected by charge
conservation, less fundamental symmetries can exist and
also induce a topological classification. These topological
classes are in general not captured by the net Chern num-
ber. In this section, we propose a general route to robust
identification of such topological states in both real mate-
rials and models based on the notion of individual Chern
numbers [94]. We first explain what individual Chern
numbers are, and then show how they can be used to
track down the presence of symmetry-protected topolog-
ical order in materials and calculate the corresponding
topological invariants. One of the clear examples of such
a procedure are the mirror Chern numbers [49].

A. Individual Chern numbers

The notion of individual Chern numbers [94] is based
on the idea of splitting the Hilbert space spanned by
an isolated set of bands Hget into a collection of Hilbert
spaces

N
Hset - @ Hz (23)
i=1

in such a way that the Chern number associated with
each of these Hilbert spaces is an integer. This means
that the projector Pi* onto Hset is decomposed into pro-
jectors on the individual Hilbert spaces

N
Bt =3 R (24)
=1

for any k on the 2D smooth and closed manifold M, on
which the bands are defined. The necessary condition for
the individual Chern numbers to be integral is that each

projector Plgi) is smooth on M [97].
The total Chern number of the set of bands [97]

Ciet = i / Tr { P [0, P, O, P } ki Adky (25)
M

is then equal to the sum of individual Chern numbers

(a) (b)
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FIG. 3. Tlustration of different gauge choices for a system
with NV = 3 occupied bands and Cset = 1. Left panel: Bands
No. 1 and 2 have individual Chern numbers ¢; = 2 and
co = —1. Right panel: Bands No. 2 and 3 have zero Chern
number, and thus ¢; = Cset = 1

(see Appendix [E))

Cset =

M=

Ci, (26)

i=1

where

¢ = i / T { R 04, B, 00, PO | } by A dky. (27)
M

An important example of such splittings of the Hilbert
space is the one with each H; containing only a single
band |uk ;). If the projectors |uk;)(ux ;| are chosen to
be smooth on the manifold M, each band is assigned an
integer individual Chern number. However, an actual
construction of a gauge (projector choice) that results
in integer individual Chern numbers is a complicated
task [98], since the gauge (and hence projectors) obtained
from diagonalization of the Hamiltonian numerically on
the mesh of k-points can have discontinuities around de-
generacy points in the energy spectrum. Moreover, in
accord with the above discussions of WCCs and Wilson
loops, one can manipulate the gauge choice to produce
a different decomposition of Hge; with different values of
c;’s, as illustrated in Fig.

Since the individual Chern numbers depend on a par-
ticular splitting of the Hilbert space, they lack physical
meaning, unless some physical constraints on the sub-
spaces H; fix their values. These constraints are pro-
vided by the symmetries of the underlying Hamiltonian.
If the gauge used to split the Hilbert space into individual
Bloch states respects the symmetry (meaning that the
projectors resulting from the splitting respect the sym-
metry), a symmetry-protected topological phase could



have at least some non-zero individual Chern numbers.
Thus, choosing the subspaces according to their symme-
try behavior could allow for a classification of symmetry-
protected topological states. Whether this classification
is unique or complete is, at present time, unknown.

An illustrative example here is provided by time-
reversal (TR) invariant systems [T, [§], where Bloch bands
come in Kramers pairs. Consider the case of a single
such pair. An individual Chern number can be associ-
ated with each of the two bands in the Kramers pair.
This is equivalent to splitting the Hilbert space spanned
by the Kramers pair into two subspaces

P =P+ PP, (28)

corresponding to projectors Plgi) that are smooth on M.
In the gauge that respects TR symmetry, the two pro-
jectors are related by

pM =9pPBo1, (29)

for all k in M, where 0 is the TR operator. Under this
constraint, the HWCCs need to come in pairs of TR-
symmetric momenta [67, [99], and the individual Chern
numbers of the two bands must be opposite (c2 = —¢y).
In the quantum spin Hall phase, they are constrained to
be odd, while they are bound to be even in the Zs-even
phase [99], as illustrated in Fig. It is TR-symmetry
that enforces the distinction between the two phases, and
no splitting of the Kramers pair in the Zs-odd phase sub-
ject to the TR constraint of Eq.[29] can produce vanishing
individual Chern numbers, thus proving the robustness
of topological phase protected by TR-symmetry. Due to
the particular symmetry of the HWCCs, however, it is
possible to distinguish the Zs-even and -odd phases even
without explicitly calculating the individual Chern num-
bers [66], 69] [@9], as will be illustrated in Sec. for a
realistic many-band case.

More illustrations of symmetry-protected individual
Chern numbers are provided below. The general ap-
proach is to construct HWCCs on certain surfaces in the
BZ in a gauge that respects a symmetry of the Hamilto-
nian, to see whether this symmetry protects non-zero in-
dividual Chern numbers. As shown below this approach
can be readily used to identify the known topological
phases of non-interacting systems.

B. Application to the search for topological
materials

Based on the properties of individual Chern numbers,
we outline several cases of this procedure that can po-
tentially predict topological materials. As previously dis-
cussed, for a symmetry-protected topological phase, the
gauge that respects the symmetry protecting the topol-
ogy results, in all the cases studied so far, in non-zero
individual Chern numbers. This implies a gapless flow
of HWCCs on some symmetry-respecting surfaces in the

BZ. While a robust confirmation of the possible pres-
ence of the gapless HWCC flow (and hence, a topological
phase) might require additional analysis in some cases,
its absence is often easy to see. Consequently, possible
candidate materials can be identified by screening the
high-symmetry planes in the BZ for the presence of a
gapless flow of the WCCs constructed in the symmetry-
preserving gauge.

Once a candidate material is identified, the next step
is to uniquely define its topology. In some (but not
all) cases this is simply a matter of calculating the to-
tal Chern number or the Zy invariant on specific surfaces
in reciprocal space. In a more general case, this is done
by splitting the Hilbert space into subspaces according
to their symmetry behaviour, as described in Appendix

[E]

IV. APPLICATION TO INSULATORS

In this section, we discuss and illustrate how the Wan-
nier centers flow is applied to insulators. The discus-
sion covers the cases of Chern (quantum anomalous Hall)
insulators, TR-symmetric Z, topological insulators and
crystalline topological insulators, including those, where
topology is protected by rotational symmetries.

A. Chern insulator

Chern insulators are 2D materials with broken TR-
symmetry, in which the occupied Bloch bands have a
non-zero total Chern number, which is the topological
invariant characterizing this phase [21H23]. The Chern
number takes on integer values, and these values corre-
spond to the integer Hall conductance in units of 2e2/h
exhibited by the material in the absence of an external
magnetic field. Due to the presence of robust chiral edge
states, these materials are expected to be useful in many
technological applications . Several compounds were pre-
dicted to host this phase [I00HI09], and experimental ev-
idence of its existence in some of them was found exper-
imentally [I10]. However, no stoichiometric crystalline
material was experimentally identified yet, and the quest
for a wide-gap Chern insulator material is still ongoing
at the time of writing.

The search strategy, supplemented by Z2Pack, has
what we hope will be two promising directions. One
is to simulate thin films of magnetic materials directly
and compute the Chern number of such effectively 2D
systems. The total hybrid polarization is tracked and
plotted as a function of momentum, giving the value for
the topological invariant via the hybrid Wannier func-
tion approach described above in Sec. [[TC} Such a route
to search for Chern insulators should also be taken when
simulating heterostructures, such as quantum wells, or
interfaces that are candidate for this phase. Another can-
didate platform for realizing a Chern insulator is provided
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FIG. 4. Sketch of a cubic Brillouin zone. In an insulator, the
Chern numbers C1,...,Cn associated with surfaces 1,..., N
orthogonal to the k. direction (shown in red) are all equal.
The same is true for surfaces perpendicular to k. or k.

by thin films of magnetic (semi)-metals, where quantum
confinement due to finite size can lead to a bulk gap open-
ing, making the thin film insulating. Such simulations
require the use of supercells, so the direct implementa-
tion can be computationally expensive when a realistic
description of the system requires the use of methods
beyond the standard density functional theory, such as
hybrid functionals [IIIHI14] or GW [115]. In such cases
one can use Z2Pack to identify the Chern numbers for
the corresponding tight-binding models.

A different approach, especially suitable for the search
for a stoichiometric crystalline Chern insulator, does not
require the use of supercells and consists in finding a 3D
material with a 3D quantum Hall effect - which is nec-
essarily a layered compound of 2D Chern insulators. It
is motivated by the observation, that in an insulating
material 2D cuts of the 3D BZ represent a BZ of some
imaginary 2D insulator. Thus, Chern numbers can be
defined on different 2D cuts in the BZ, giving a classifi-
cation of magnetic materials in terms of a set of 3 Chern
numbers [116].

For example, consider a cubic magnetic insulator with
a cubic BZ as shown in Fig. |4l Taking 2D square cuts of
the BZ at fixed values of k;, i = x,y, z allows to define
a 2D Chern number on any of these cuts. Moreover, one
can argue that the cuts taken at k; and k; + dk;, have
the same Chern number, since in going from the 2D cut
at k; to the one at k; + dk;, the band gap does not close
on the 2D cut, and thus the 2D systems at these two
momenta represent 2D systems that can be adiabatically
connected without closing the band gap. Thus the Chern
number of all the 2D cuts taken for a certain k; have to
be the same.

More generally, the Chern number is invariant under
an adiabatic change in the manifold. Also, the Chern
number of a union of disjoint manifolds is the sum of their
Chern numbers. Using these two simple rules, the Chern
number of other closed manifolds can be inferred from the

three described above. For example, the plane defined by
ks = ky can be smoothly transformed into a sum of the
two planes at k, = 0 and k, = 27/a. Once a BZ cut
with a non-zero Chern number is identified, the surfaces
of the crystal that exhibit the quantum anomalous Hall
effect are known.

While these two methods so far represent wishful
thinking in terms of finding materials, we hope that a
thorough search of databases based on these methods
and using our code to compute Chern numbers will lead
to the discovery of the first Chern insulator.

B. Z: phases

Here we discuss the numerical determination of the Zo
topological phases in materials. The numerical method
for computing this topological invariant was first intro-
duced in Ref. [67] in the context of TR-symmetric topo-
logical insulators [I]. However, it can be equally applica-
ble to any system, in which the Hilbert space of interest
can be split into two symmetry-related subspaces, each
of which has an odd individual Chern number. We sum-
marize the method of Ref. [67] below, and put it in the
context of individual Chern numbers.

1. Zs2 classification due to TR symmetry

For 2D systems, the Z, classification distinguishes
two topological phases. There are only two classes of
gapped Hamiltonians that cannot be adiabatically con-
nected without closing the band gap or breaking the clas-
sifying symmetry.

The standard example here is given by TR-symmetric
topological insulators. These are classified into two dis-
tinct classes [I] depending on the number of Kramers
pairs of edge states appearing at a semi-infinite 1D edge
of such an insulator. By changing the Hamiltonian adia-
batically while preserving TR symmetry, these Kramers
pairs can only be removed from the edge spectrum in
pairs. Thus, Hamiltonians hosting an odd number of
Kramers pairs of edge states at the boundary are topo-
logically distinct from those that host an even number of
such pairs [1].

The bulk bands in these insulators come in Kramers
pairs of states related by TR-symmetry. The case of
a single occupied Kramers pair was briefly mentioned
above in Sec. [[ITA] For an arbitrary number of Kramers
pairs, the occupied Hilbert space Hget is split into two
subspaces Hi2, such that the projectors onto each of
them are smooth and related by TR-symmetry, as in
Eq. Now, however, both P; and P, are projectors
onto a set of bands, rather than just a single band. In
TR-symmetric systems the net Chern number has to van-
ish, since it is odd under TR. Thus, the two subspaces
related by TR-symmetry necessarily have opposite indi-
vidual Chern numbers.



When choosing H; 2, each Kramers pair is split into
two states that are assigned to different subspaces. As
long as the two states are mapped onto each other by
TR-symmetry, it does not matter how this assignment
of states to the subspaces is done. Indeed, the states
can exchange subspaces. Since the states carry opposite
Chern numbers, this exchange can only change the indi-
vidual Chern numbers C} 5 of the subspaces by an even
number. Thus, a Zs invariant can be defined as

For the topological quantum spin Hall phase, C 2 are
odd, so that TR-symmetry does not allow for the con-
struction of smooth Bloch states spanning both these
subspaces [60, [117]. Since the Chern numbers of the sub-
spaces represent the change of their corresponding elec-
tronic polarizations, the invariant A can be defined via
the notion of TR-polarization, defined in Ref. [99].

The Zs phases of 3D materials are classified by a set
of indices [OHIZ]

V; (Vl7l/y7yz)) (31)

defined through the 2D invariants on the TR-invariant
planes in the BZ

v=A(k; =0)+ A(k; =0.5) mod 2 (32)

where k; is in reduced coordinates. A system is called
a weak topological insulator if any of the v; is non-zero
but v = 0, while a system with v = 1 is referred to as a
strong topological insulator [9].

Note, that the definition is in terms of invariants A of
those cuts of the 3D BZ that can be considered as BZs
of some 2D TR-symmetric insulators. A 2D Z, invariant
A can be defined on any plane in the BZ that for each
point k also contains its TR-image —k.

2. Zo2 phase in terms of hybrid Wannier functions

In practice, splitting the two occupied space of a
TR-symmetric insulator into two subspaces H o related
by TR, and spanned by smooth projectors is a non-
trivial task. While in the presence of additional sym-
metries [IT8), [1T9] such a splitting is possible, it is prefer-
able to have a numerical method for computing A, which
does not require an explicit splitting of the Hilbert space.
Such a formulation is given in terms of HWCCs [67], and
we recap it here.

In a gauge that respects TR-symmetry, the HWCC
come in pairs

i’gj,l(ky) = fgj(—ky) mod Ay, (34)

for any given k,. Consequently, they are equal up to a
lattice constant at the special points k, = 0, 7/a, and

0 m/a 2m/a
ky

FIG. 5. Different possible WCC evolutions (red and blue
lines) for a system with 2 occupied bands and time-reversal
symmetry. The Zg invariant can be calculated from the num-
ber of WCC crossings L of an arbitrary line zcus(ky) (dotted
green line) across half the BZ. (a) Both WCC have winding
number 0, corresponding to a Zs trivial state (L = 0, A = 0).
(b) WCC with winding numbers +1, corresponding to a Za
non-trivial state (L = 1,A = 1). (¢) WCC with winding
numbers +2. Because the crossings at momenta other than
ky = 0,7 are not protected, the system is adiabatically con-
nectable (dashed black lines) to the one in (a) (L =2, A = 0).

27 /a,. This condition allows for two distinct topological
phases, illustrated in Fig. [f] for a single Kramers pair.

The Zsy invariant is computed by considering the
HWCCs Z(k,) for only half of the momentum values
(that is k, € [0,7/ay]), since the other half is symmetric
in the TR-respecting gauge (for each HWCC at k, there
exists its TR-image at —k,). The invariant is given by
the number of times L any line 2y (ky) crosses a HWCC
line when going from k, = 0 to k, = 7/a, [67, 69 (see
Fig.[5). This number will be even if the system is in a Zo-
trivial state and odd otherwise. Thus, the Zs invariant
is simply

A =L mod 2. (35)

For reasons of numerical convergence and to avoid plot-
ting the HWCCs, it is best to define zcy(ky,) as the
largest gap between any two HWCCs at a given k,, [67].
The situation is illustrated in the Fig. [f] for a single
Kramers pair, where a color scheme shows the possi-
ble splitting of the occupied Kramers pair into two TR-
related states with opposite individual Chern numbers.
On a discrete mesh, L is computed by counting the num-
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FIG. 6. Sketch of a Za calculation. (a) Continuous illus-
tration of HWCCs. The largest gap (blue line) between any
two HWCC (dashed lines) crosses a single HWCC (red dot).
(b) Discrete illustration of HWCCs. The crossing between
HWCC (circles) and the largest gap (blue rhombi) is found
by searching for a HWCC lying between neighboring gaps.

ber of HWCC lying between neighboring values of the
largest gap xeyt [67]. The details of the numerical calcu-
lation are described in Appendix

For completeness, we illustrate the use of Z2Pack (see
Sec. for particular details) on the prototypical ex-
ample of BisSes. The Zy invariant is calculated for the
planes at k, = 0 and 0.5, with HWCCs calculated along
k., and k, acting as a pumping parameter. Because
BisSes is symmetric with respect to permutations of the
unit cell vectors, this is sufficient to fully determine the
topological state [67].

This calculation was performed with the VASP soft-
ware package [120], using the generalized gradient ap-
proximation of the PBE [I2I] type, and the PAW po-
tentials [122] 123] supplied by VASP. The self-consistent
calculations were performed with a 12x12x12 k-mesh, an
energy cut-off of 300eV and the experimental lattice pa-
rameters [124]. The results, shown in Fig. [7] illustrate
a non-trivial A for the £, = 0 plane and a trivial one for
the k, = 0.5 plane. Thus, Z2Pack identifies BipSes as
a strong topological insulator, in agreement with previ-
ous calculations [47] and the parity-eigenvalue argument
of Ref. [I125]. Note that the illustration is provided here
for clarity only, and no manual inspection of the plot is
needed. The calculation of the Zs invariant is fully auto-
mated in the code in accord with the method of Ref. [67],
giving the invariant value as an output.

C. Crystalline topological materials

We now discuss the topological phases protected by
crystalline symmetries. In principle, any crystalline sym-
metry can induce a topological classification, however,
to date only few such classifications are known [I5HI9].
We expect Z2Pack to be most useful for identification of
materials with yet unknown topologies, which, in turn,
would accelerate the progress towards full classification
of possible crystalline topological phases and the cor-
responding low-energy excitations. The two examples

10

(a)

a'agg—s 5 B8 B © © ©® B 3
8%
o8 ¢ 8§ 8 8 8 8§ 8§ 3
g8 3 9 S 8 8 8 e o
_ ae%@ g 8 B8 8 8 8 e 8
4 8%0 ® O 6 o o o o o ¢
99%@ g 8 8 & 8 8 8 ®
38@§ & 8 8 8 8 8 8 o
g § 8 8 8 6 8 & 8
OQ%Q 8 8 8 8 8 8 8 2
(b)
a T ® © ©® ©§ ©§ § 8§ B
S 8 8 8 8 8§ 8 8 8
°© & 8 8 8 8 8 8 8
_ ) & & 8 8 © 8 8 B B8
Z ) o 6 ¢ o6 6 o o o o 4
) 6 e © 8 © 8 8 B 8
o & 8 8 8 8 8 8 8
S 8 8 8 B8 8 8 8 38
0 g ) g 8 8 a8 ) 8 g
0 T/a
Ky

FIG. 7. Evolution of HWCCs (circles) and their largest gap
function (blue rhombi) for k, = 0 (a) and k, = 0.5 (b) planes
for BizSes. The plane at ky, = 0 is topologically non-trivial.

of crystalline topological phases we consider below are
those of the mirror-symmetric and four-fold rotational
(Cy) topological insulators.

1. Mirror-symmetric topological phases

The presence of mirror symmetry in the crystal struc-
ture of a material results in the presence of planes in
the BZ that are mirror-symmetric. This means that the
Bloch states on these planes are eigenstates of a unitary
matrix M that describes the action of mirror symmetry.
In the presence (absence) of spin-orbit coupling this ma-
trix squares to —1 (1), due to spin rotation. This means
that the eigenvalues of M are £i (£1) for spinor (scalar)
Bloch states on the mirror-symmetric planes.

Thus, one can split the occupied subspace Hgey on the
mirror-symmetric planes into two subspaces, according
to their mirror eigenvalue. For example, with spin-orbit
accounted the two projectors Pyi; split Hget into H;
consisting of Bloch states with M eigenvalues +i corre-
spondingly. The individual Chern numbers C'y; are then
defined for each of these subspaces. Note that the split-
ting according to the mirror eigenvalue fixes the individ-
ual Chern numbers uniquely, and each of the subspaces
has 7Z classification. This is different from the case of
TR-symmetry considered above, where all even/odd in-



dividual Chern numbers were equivalent from the point
of view of the Zy classification.

The work of Ref. [49] introduced the mirror Chern
number defined as ny; = (Cr;—C_;)/2. This number can
be used as a Z topological invariant for the systems with
TR-symmetry, where C; = —C_; (assuming the mirror-
symmetric plane is also TR-symmetric). In magnetic sys-
tems, however, the two individual Chern numbers are not
necessarily equal, so that the invariant can be given by
two integers (C;,C_;) and the corresponding classifica-
tion is Z x Z.

A TR-symmetric example of a mirror-symmetric crys-
talline topological insulator is SnTe, in which the topo-
logical phase is protected by the mirror symmetry of its
rocksalt structure [126] [127]. The mirror Chern number
was predicted to be ny; = 2 for this material [126]. The
individual Chern numbers C; and C_; are defined on a
mirror-invariant plane (I'Ly Ly) shown in Fig. [§[a).

The presence of a topological phase can immediately
be inferred by computing HWCCs (running Z2Pack) on
the mirror plane. The result of this calculation is shown
in Fig. b). The absence of a gap in the full HWCCs
spectrum, which is a superposition of the HWCCs of both
+¢ and —i mirror eigenstates, is indeed a strong indicator
for the presence of a topological phase.

To compute the individual Chern numbers C; and
C_; with Z2Pack, it is first necessary to classify each
Hamiltonian eigenstate according to the mirror eigenval-
ues +¢ or —i. This is done by computing and diagonaliz-
ing at each k the matrix (1, (k)| M |¢y, (k)), where M is
the mirror operator, for all occupied states ¢; (k). Using
the unitary transformation U (k) which diagonalizes this
matrix, a set of states with definite mirror eigenvalues
is constructed as |, (k)) = >, Unn(k)|tn(k)). These
states are then separated into two groups corresponding
to the +i eigenvalues, and Z2Pack is applied to each sub-
space to compute C;; = 42 and C_; = —2 as shown in
Figs. [§] (¢) and (d), using the numerical procedure de-
scribed in Appendix [A]

For this illustration, ab-initio calculations based on
density-functional theory (DFT) [128, [129] were per-
formed, employing the generalized-gradient approxi-
mation (GGA) and Perdew-Burke-Ernzerhof exchange-
correlation functionals [I2I] as implemented in the
Quantum-ESPRESSO package [I30]. Spin-orbit ef-
fects were accounted for using fully relativistic norm-
conserving pseudo-potentials acting on valence electron
wave functions, represented in the two-component spinor
form [I3I]. The self-consistent field calculation was per-
formed with a 10x10x10 k-mesh, a plane-wave cut-off of
50 Ry and experimental lattice parameters of Ref. [132].

2. Cj topological insulator

Certain topological phases are protected by rotation
point-group symmetry [I5] I7HI9] 133]. The first model
to realize such a phase was proposed by Fu [I5], and
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FIG. 8. (a) Brillouin zone of SnTe showing the mirror planes
along which the HWCCs are computed. (b) HWCCs in
the mirror plane. (c)-(d) HWCCs (circles) and their sum
(rhombi) for the i and —i eigenstates in the mirror plane.

it considered spinless fermions with TR-symmetry sup-
plemented with an additional four-fold rotational sym-
metry Cy. The Zsy classification proposed in Ref. [15]
arises for bands that belong to two-dimensional repre-
sentations along the high-symmetry lines I'-Z and A-M
of the BZ shown in Fig. [J] a (the Cy-axis is assumed to
coincide with the z-direction). For the particular model
of Ref. [15], these bands were obtained by considering p,
and p, orbitals on a tetragonal crystal lattice with two
inequivalent sites, and it was argued that the considera-
tion is also relevant for the bands formed by the d,, and
d,. orbitals.

In real materials such a phase may occur for systems
with weak spin-orbit coupling, where the bands near the
Fermi level have primarily p,-p, or d,.-d,. character.
No real example for this phase was reported to date, and
we hope that Z2Pack will encourage people to perform a
thorough search of existing materials for the emergence
of this novel topology.

The product of a rotation Cy and spinless TR-operator
72 = 1 forms a symmetry that is antiunitary and ensures
double degeneracy of bands at high-symmetry points due
to the constraint (Cy7)? = —1 for bands of C, eigen-
value +i [I5]. This is analogous to the case of spin-
ful TR-symmetric insulators, where the antiunitary TR-
operator 6, subject to the condition #2 = —1, guaranteed
Kramers degeneracy at TR-symmetric momenta in the
BZ. To continue this analogy, notice that the Zy invari-
ant of the TR-insulators is defined on a plane connecting



TR-invariant lines. Thus, the plane for the definition of
the invariant in this case should connect lines that are
invariant under the product symmetry Cy * 7.

Such a plane is given by the one shown in Fig. [9]
since the double degeneracy of bands is present at the
high-symmetry points I' = (0,0,0), M = (0.5,0.5,0),
Z =(0,0,0.5) and A = (0.5,0.5,0.5). Due to the Cy x 7
symmetry the HWCCs constructed along lines in k,,
corresponding to I'-Z and M-A directions, are degen-
erate [I7]. Hence, the Zs classification on the plane for
this model is analogous to that of a single Kramers pair
of TR-symmetric insulator on a TR-symmetric plane, as
considered in Sec. [V Bl

The methods developed above for computing Zs topo-
logical invariants are applicable in this case. The cor-
responding HWCCs flow is shown in Fig. [0] b for the
topological phase of the model of Ref. [I5]. From the
gapless flow of the HWCCs one can see that the individ-
ual Chern numbers C7 2 = 1 can be assigned to two
subspaces mapped onto each other by Cyxr.

The search for a real material candidate for such a
phase can proceed as follows. A scalar-relativistic band
structure calculation is first performed for compounds of
light atoms with small spin-orbit coupling with crystal
structures that contain a Cjy-rotational axis. The spec-
trum of HWCCs is obtained on a plane shown in Fig. [J] a.
Since bands with characters other than p,-p, and d,.-d,.
are usually overlapping with these ones, the topological
phase can become not immediately visible in the HWCC
spectrum. However, if the HWCCs exhibit strong wind-
ing in the spectrum (see Sec. for a discussion of this
indication of the existence of the topological phase in
metals), this might be a hint of the C4-topology buried
under HWCCs coming from the non-topological part of
the spectrum. In this case, a tight-binding model can be
derived, for example using the Wannier90 software pack-
age [134) [I35] or based on symmetry arguments and pa-
rameter fitting, that projects the band structure onto the
relevant orbitals (pz-py or dg.-dy.), and the WCCs anal-
ysis of the tight-binding model will uncover the phase.

Finally, we notice, that the Cy-phase illustrated above
is only one of the possible phases protected by rotational
point group symmetry operations. We refer the reader to
the works of Refs. [I5, I7HI9] for a thorough discussion
of these phases and the corresponding Wilson loops.

V. APPLICATION TO METALS

Here we discuss how the HWCC technique and Z2Pack
can be used to identify topological phases in metallic
band structures. The discussion is illustrated with the
examples of Dirac [136] [137], type-I and type-II Weyl
semimetals [73], [74], 138], as well as those of some higher-
order topologically protected crossings [139] [140].

The Weyl [44] 63, [72], T4THT44] semimetal phase is char-
acterized by a point-like crossing of bands with a linear
spectrum. Topologically, this crossing is characterized by
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FIG. 9. (a) The Brillouin zone for the model of Ref. [I5]. The
Cy*xT1 symmetry maps one leg of the indicated bent plane onto
the second. (b) HWCCs (circles) and the largest gap function
(rhombi) shown for the Cy-symmetric plane of panel (a).

a quantized topological charge, meaning that it is either
a source or sink of Berry curvature, depending on its chi-
rality. As such, Weyl nodes can only form or annihilate
in pairs of opposite chirality. The presence of Weyl nodes
in the bulk leads to the appearance of Fermi arcs on a
surface of the material, connecting the projections of the
bulk points of opposite chirality onto the surface. In the
presence of a magnetic field, Weyl points exhibit a chiral
Landau level [36], (145, [T46], which can be a source of the
reduced or negative magneto-resistance observed in Weyl
semimetals [43], T47HI49].

Recently, a new, type-II, kind of Weyl semimetals has
been proposed [73]. These type-II Weyl nodes appear at
the touching points of electron and hole pockets. As a
consequence, they are expected to exhibit an anisotropic
chiral anomaly [73]. That is, the presence or absence of
a chiral anomaly depends on the direction of the applied
magnetic field, aligned with the electric field.

In Dirac semimetals [61, 137, 150, I5I], the nodal
points are formed by doubly degenerate bands in sys-
tems, symmetric under the product of TR and inversion
PxT. This symmetry maps a Weyl point onto itself, but
with opposite chirality, so that a Dirac point consists
of two superimposed Weyl fermions of opposite Chern
numbers that are protected from annihilation by lattice
symmetries such as C,,, where n > 2.

Other point-like topological degeneracies can exist in
metallic spectra [152HT54]. However, all of these phases
can be viewed as either a certain superposition of Weyl
points, just like insulating topological phases can be
viewed as symmetry dictated superpositions of bands
with non-zero individual Chern numbers, or as Weyl
points, intersected by an additional band. The method-
ology outlined below is suited to identify such types of
topologically protected degeneracies.

A. Generalized topological classification

In semimetals, the existence of a direct band gap clo-
sure means that the manifold formed by the occupied
bands is not well-defined. This seemingly contradicts the



FIG. 10. (a) HWCCs of WTe, for ky = 0 plane [73]. A nearly
gapless flow of HWCCs indicates the presence of topologically
non-trivial features in the band structure close to this plane.
(b) HWCCs of MoTe; for k. = 0 plane [74]. The presence of
a band gap closure is visible as a discontinuity in the HWCCs
evolution, and occurs at a momentum, corresponding to the
position of a type-II Weyl point in this material.

definition of topologically distinct states because the no-
tion of topologically equivalent states requires them to
be adiabatically connectible without a direct band gap
closure. This problem is avoided by restricting the con-
sideration to a specific 2D manifold M within the BZ,
which does not contain a direct band gap closure. Two
states are then considered topologically equivalent on M
if they can be adiabatically connected without a direct
band gap closure occurring on M. Using this generalized
notion of topological classification, the methods discussed
previously for identifying a general topological phase in
insulators can be generalized to the Fermi surfaces of
metals.

The search for manifolds in metallic BZs, on which
the bands have topologically non-trivial features, can be
a challenging task. It is aided a lot by the fact that
the HWCC technique often reveals hints of non-trivial
topology on manifolds, where the band structure is topo-
logically trivial, but close to a phase transition. For ex-
ample, Fig. (a) illustrates HWCCs obtained on the
ky = 0 plane in WTe,. While the spectrum of HWCCs is
gapped, the presence of kinks and the narrow gaps hints
at the possible presence of the topologically non-trivial
features nearby. Indeed, it was shown in Ref. [73] that
type-II Weyl points exist in this material in the close
vicinity of this plane.

Furthermore, the presence of a band gap closure within
the manifold M is revealed as a divergence in the
HWCC calculation, which can be detected by Z2Pack.
This is illustrated for another type-II Weyl semimetal,
MoTes [74], in Fig.[10] which shows the divergence of the
HWCCs lines obtained with Z2Pack on the k, = 0 plane
in the BZ. This divergence is due to the four type-II Weyl
points that appear in this plane owing to the existence
of the product symmetry of a Cs-rotation around z and
TR 0 [155]. The way of finding Weyl points and other
degeneracies in the high symmetry planes by tracking di-

13

vergencies in the Z2Pack calculation is especially useful
for a high-throughput search of topological metals.

B. Chern and Z; invariants in metals

The first and most straightforward way to examine
metallic band structures for the presence of non-trivial
topologies is to compute the Chern and Z5 invariants de-
scribed above for insulators on planes in the metallic BZ
where the bands are gapped.

For magnetic metals, for example, one should compute
Chern numbers on various planes (see Fig. . A change
in the value of the Chern invariant when going between
the adjacent planes in k-space indicates the presence of a
topologically protected degeneracy in between the planes,
such as a Weyl point. An example of such a material is
HgCrySey [156].

A similar argument holds for TR-symmetric metals.
The Zs number can be computed on the standard TR-
symmetric planes (k; = {0,0.5}), and for inversion-
(a)symmetric materials a change in its value suggests the
presence of a Dirac point (a pair of Weyl points) in be-
tween the planes. We illustrate this point here by show-
ing the use of Z2Pack to identify the Dirac semimetal
phase. We use BiNag [61], [150] as a material example.

This material crystallizes in the centrosymmetric
hexagonal P63/mmec structure and exhibits a band in-
version at I', similar to the band inversion observed in the
Zs topological insulators BisSez and BisTes [47]. How-
ever, this material is not gapped; its Fermi surface con-
sists of two four-fold degenerate Dirac points located at
kg = (0,0,£0.297) (see Fig.|11| (a) and (b)) correspond-
ing to two overlapping Weyl points of opposite chirality.

The Dirac points are formed, since the Weyl points of
opposite chirality are protected from gapping each other
by a rotational symmetry [6I], [157]: the two doublets
crossing along I'-A belong to different irreducible repre-
sentations of the little group of the k-vectors k = (0,0, u)
(Céy). The topology of such materials can be captured
with Z2Pack by computing the Z5 topological invariants
of two TR-invariant planes located above and below the
3D Dirac points as shown in Figs. [I1] (¢) and (d).

For TR-symmetric materials with no inversion sym-
metry, the change in the Z, value on the TR-symmetric
planes in the BZ indicates the presence of Weyl points.
An example of such a Weyl semimetal is TaAs [44]
142, 144, 158]. This material crystallizes in the non-
centrosymmetric body-centered tetragonal I4;md struc-
ture. It is a semimetal possessing 24 Weyl points near
the Fermi level [44] [142] 144 [T58]. Due to TR-symmetry,
these 24 points come in 12 pairs. Four symmetry-related
pairs reside in the k, = 0 plane and the remaining eight
are located symmetrically about the [100] and [010] mir-
ror planes at k, = +0.59krz (marked with crosses and
stars in Fig. [12] (b)).

The presence of Weyl points in the TR-symmetric
band structure can be identified with Z2Pack. For TaAs,
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FIG. 11. (a) Brillouin zone of BiNas. The red crosses show
the position of the two 3D Dirac points. (b) Band structure of
BiNas. (c)-(d) HWCCs (circles) and the largest gap function
(rhombi) for the BZ cuts k. =0 and k. = 7/c.

HWCCs were obtained for the k, = 0 plane (shown as
[100] in Fig.|12|(b)) and the result is shown in Fig.[12|(c).
The corresponding Zs invariant is non-trivial. Note, that
while in the context of TR-symmetric topological insula-
tors the TR-planes used to compute the topological in-
variants are those defined by k; = {0,0.5}, the Zo invari-
ant is well-defined on any section of the BZ that for any
point k also contains the point —k, and that connects
lines related by a reciprocal lattice vector. Thus, one can
define a Zy invariant on a k, = k, plane (shown as [110]
in Fig. (b)). The corresponding invariant is trivial
in TaAs, as illustrated by the evolution of the HWCCs
on the half-plane from I' to the TR-invariant point X in
Fig. [12] (d) [159].

Moreover, the cuts of the BZ do not need to be pla-
nar to define a Zs invariant. As mentioned previously in
Sec. [VCZ] the only requirement for a Z, invariant is
that the surface connects three TR-invariant lines, mak-
ing the HWCC on these lines doubly degenerate. This
allows for a more complete characterization of the Zo
topology using curved surfaces. In fact, identifying topo-
logical invariants on such planes allows to guess the pos-
sible connectivities of the Fermi arcs on the surfaces of
topological semimetals.

As an example, consider the case of WTey [73].
Fig. (a) illustrates the locations of the type-II Weyl
points in the k, = 0 plane, of which this material has
8. The Zs invariant is trivial on all TR-invariant planes
k; = 0 and 0.5 except k, = 0, where it is undefined
due to the presence of band gap closures. Additionally,

14

(a) (b)

k 4 .
4 ’\Q\
IZ *ix S
N n * T #(100)
T o, [T TR
WX K, v :
kx . * 1% X
> B
X N
(c) (100) plane
1 O
oooozse?éggogogggggfo
®oo
gggg@8§§§oooooogoo§§ FOCEE9668666060000004
[SISIGISISISIE oooc@@@@@@@@o@ccooooc
i °°°°09988‘*§§S§ oBsBagg st 0 o
Z Pooo OO 2 z
9000 oo@@eeeeegég
Poco eeeeee 589096000 68550 ESESSS@@@
8888 g §§8§§@@@89§é ooo@@@@@@@@@@@@oooooc
9900000000000 oo
900000000000, [POBEE6686686686600000¢
0000q$888 0000000089c 0@89888
000EDO OOOOOO oo 8 ~aad
0 o OQOOOmnn A8 0 leosa@ang =217
I N I X
K100 ko
FIG. 12. (a) Brillouin zone of TaAs. (b) Top view of the

Brillouin zone showing the position of the 24 Weyl points
with chirality +1 (red) and -1 (blue) (crosses are used for
Weyl points in the k. = 0 plane, and stars designate Weyl
points with k., = +0.59krz). (c)-(d) HWCCs (circles) and
the largest gap function (rhombi) along the [100] mirror plane
and [110] glide plane shown in (b).

()
m/a
Q
°
k, == -
—m/a
/—7r/a
kx t
FIG. 13. (a) Cut through the BZ of WTeg at k. = 0. The

eight WPs are indicated, as well as the curved surface used
to calculate the Zo invariant (blue line). The surface extends
in k. direction. (b) Evolution of WCC (blue dots) and their
largest gaps (red rhombi) along the curved surface indicated
in panel (a), exhibiting a non-trivial Z, invariant.

the Zs invariant was calculated on a TR-invariant curved
surface passing in between Weyl points, as illustrated in
Fig. |13| (a), where it was found to be non-trivial. Thus,
this topology cannot be characterized from the planes at
k; = 0,0.5 alone.



C. Existence and chirality of Weyl Fermions

Next we show that the chirality of a Weyl point, as
well as other topological point-crossings, can be calcu-
lated directly as the Chern number on a closed surface
enclosing the node. This provides a simple and reliable
way of determining the nature of nodal points.

Let us first calculate the Chern number on a sphere
enclosing a Weyl point. The Hamiltonian for an isotropic
(upon possible rescaling and rotations) 3D type-I Weyl
point located at the origin is:

3
=Y kioi (36)
i=1

with two energy states +k. The lower-energy eigenstate
(E = —k) as a function of the momentum (ks, ky, k;) =
k(sin @ cos ¢, sin 6 sin ¢, cos ) is:

1 ( 1 —cosf > (37)

k= T = con@) \ — sinfei®

Note that the eigenstate is smooth and well-defined ev-
erywhere except for § = 0. Since
sin 6
lim ——— =2 38
0—0t /1 — cos 6 (38)
the eigenstate takes the following form at the north pole
k =(0,0,1):

Yr=(0,0,1) = ( _(e)iqs > (39)

which means it is multi-valued. In other words, different
values of ¢, although describing the same momentum,
correspond to unequal values for the wave function. The
wave function is thus ill-defined in this gauge at the north
pole; this is also the point where the Dirac string between
the monopole (Weyl fermion) in the center of the sphere
and infinity crosses the Fermi surface. Of course, this is
just a gauge choice - by making a gauge transformation
we can move the position of the intersection of the Fermi
surface with the Dirac string to wherever we want on the
sphere.

The existence of a Weyl fermion can be verified by
calculating the flux of Berry curvature through a surface
enclosing it. Choosing a sphere of unit radius, the Berry
vector potential is given by

. sin 6
A0, ¢) =i (Yr| Vi [vhr) = T3 = cos0) (40)
The Chern number is thus given by
1
C:—/[VXA]-dS: (41)
2

sin® 6

)7

4 [ [l
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FIG. 14. Loops around a sphere on which WCC are com-
puted. Each loop circles the sphere in mathematically posi-
tive direction at a constant azimuthal angle 6. The loops go
from the south pole (§ = —m) to the north pole (8 = 0).

Since the Chern number cannot change under smooth
deformations of the surface as long as the bands remain
gapped on it, the argument can be generalized to any
closed surface. The same is true for adiabatic changes in
the Hamiltonian, which cannot change the Chern number
on the surface without closing the band gap on the sur-
face. Consequently, the Chern number on a sphere can
be used to confirm the existence of a Weyl point within
the sphere, and determine its chirality. This illustrates
that Weyl points can be viewed as a quantized topological
charge, which acts as a source or sink of Berry curvature.

As described in Sec. a Chern number on any closed
2D manifold can be calculated by tracking the evolution
of the sum of HWCC. In the case of a sphere, the HWCC
can be computed on loops around the sphere, as illus-
trated in Sec. [[4l The sum of HWCC is then tracked as
a function of the angle . For §# = —m and 0, the loop
is just a single point. As a consequence, the bands do
not acquire any phase in the parallel transport, and the
sum of HWCC must be zero. This ensures the values for
f# = —m and 0 to be the same, even though the two loops
are not equivalent lines in the BZ.

This method also works for topological crossings other
than standard Weyl points. For example, consider an
effective Hamiltonian [139} [140]

a9 = (5 4 (43

where n € N and ky = k; & iky,. The two bands will
have an n-th order touching point at the origin in the
k. = 0 plane, while the crossing is linear in the k, direc-
tion. The results for linear, quadratic and cubic touching
points are illustrated in Fig. Using the method of
computing HWCCs on a sphere described above, as im-
plemented in Z2Pack, we found that the Chern number
for such an effective Hamiltonian is C' = n, which agrees
with theoretical considerations of Refs. [139, [140]. A few
particular cases are illustrated in Fig.

In type-II Weyl points [73], the energy spectrum is
tilted in such a way that their Fermi surface becomes
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FIG. 15. The evolution of polarization around linear (a, n=1),
quadratic (b, n = 2) and cubic (¢, n = 3) touching points in

Hetr-

open. Unlike for type-I Weyl point, where the FS is a
sphere around the node, the topological charge of the
FS cannot be used to determine its chirality. However,
the method described above is not linked to the Fermi
surface topology. Indeed, the chirality of a type-II Weyl
point can still be determined by considering the lower-
lying bands on a surface enclosing the point. In fact,
type-1I and type-I Weyl points of the same chirality can
be adiabatically connected, which means the associated
Chern number of the surface must be the same. On the
other hand, this means that the type of a Weyl point
cannot be determined by means of calculating topological
invariants.

(a) (b)

2
©
0
- 0 - 0
6 )
FIG. 16. Change in charge polarization on a sphere sur-

rounding Weyl points in WTes, indicating their chirality. (a)
Sphere of radius » = 0.005 around a Weyl point of nega-
tive chirality at k = (0.1203,0.05232,0.0). (b) Sphere of ra-
dius r = 0.005 around a Weyl point of positive chirality at
k = (0.1211,0.02887,0.0).

Fig.[16]shows the evolution of polarization on a sphere
around two of the type-II Weyl points in WTe,. The
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HWCCs were calculated from a tight-binding model de-
rived from first-principles, with full spin-orbit coupling.

D. Dirac Semimetals

In Dirac semimetals, the nodal point consists of two
degenerate Weyl nodes of opposite chirality, mapped into
each other by the product of time-reversal and parity. An
additional symmetry is required to keep the two Weyl
nodes from gapping. Since each of the two Weyl nodes
contributes an individual Chern number 41, we expect
to see a gapless flow in the HWCC evolution on a sphere
enclosing a Dirac point.

We exemplify this by studying CdzAs,, which was re-
cently shown to be a Dirac semimetal [59, 136]. The
modified four-band k - p Hamiltonian used to study this
material is given by [59, [160] [I61]

H(k) =eo(k)I® I+ M (k). ® I+ (44)
+ [Aky + BE + Fkok + Gk2ky ) 70 ® 0.—
— [Aky + BE} + Fkyk2 + Gk2ky| 7y, @ I+
ks (K — k) Ta ® 04 + nokokyk.7o © 0.

where

M (k) = mq + \/m3 + mik? + ma (k] + k), (45)

and
Eo(k) =cCo+ Clkg + Cg(kg, + ki) (46)

The parameters from Ref. [130]

mo = —0.06 eV my =96 eVZA? (47)
mo = 18 eVA? ms = 0.05 eV
co = —0.219 eV ¢ = —30 eVA?
co = —16 eVA? A =275 eVA,

were used, and different values for B, F,G,ny,ne were
studied to investigate the properties of the Dirac point
when higher-order corrections are included.

As expected, the HWCC evolution on a sphere sur-
rounding one of the two Dirac points appears gapless (see
Fig.|17| (a), (c)). However, from this consideration alone
it is not clear whether these HWCC indeed form a cross-
ing, or whether there may be some small gap. Unlike
the case of the Zs classification described above, there is
a priori no symmetry which enforces the HWCC to be
degenerate at some 6. To prove the existence of a Dirac
node, then, it is necessary to consider the effect of the
symmetry stabilizing the Dirac fermion on the HWCC.
This can be done by calculating the symmetry expecta-
tion value of the Wilson loop eigenstates v which corre-
spond to the given HWCC (see Appendix [G] for details).
As can be seen in Fig. (b) and (d), the eigenstates
have different C4 expectation values at the point where
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FIG. 17. (a) WCC evolution on a sphere of radius r =
0.001 A=! enclosing one of the two Dirac points in CdgAsy
with n1 = ng = 0. The WCC are colored according to the Cy
expectation values of the corresponding Wilson loop eigen-
states. The expectation values are mapped on the complex
plane in panel (b). (c), (d) WCC evolution and C4 expecta-
tion values on the same sphere around one of the Dirac points,
for n1 = no = 10°eVA3

the HWCC cross. This means small perturbations can-
not gap the HWCC flow.

Furthermore, in the case of n; = ny = 0, the two
HWCC belong to two different subspaces V. spanned by
the eigenstates with eigenvalues {et™/4, et®7/4} and
{etim/4 e+i37/41 " respectively. The individual Chern
numbers c4+ = F1 corresponding to each of these sub-
spaces reveal the presence of Weyl points of opposite
chirality. When higher order terms are included in the
Hamiltonian (see Fig. |17 (c)-(d)), the Wilson loop eigen-
states no longer belong to one of the two subspaces Vi,
since they are mixed by the 7, ® o, and 7, ® oy terms.
However, the mixing term, being quadratic in k,, k,, be-
comes vanishingly small, when the radius of the sphere
surrounding the Dirac point is taken to be small.

We thus conclude that the presence of topological
nodal points, comprised of several overlapping Weyl
points, like Dirac point, can be revealed by the flow of
Wannier charge centers, provided one tracks the expecta-
tion values of the symmetry that protects the Weyls from
annihilating for the corresponding eigenstates of the non-
Abelian Berry connection (Wilson loop) to make sure
that they are distinct at the crossing point in the WCC
spectrum. In this case the WCC spectrum is gapless and
the topological phase is proven.
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VI. NUMERICAL IMPLEMENTATION

Here we outline the numerical implementation of the
methodology described in the previous sections. The
method of calculating (individual) Chern numbers and
Zs invariants on different manifolds in the BZ is imple-
mented in the Z2Pack code package, which is an open-
source Python [162] module. The code and documenta-
tion, including tutorials and examples, are available in
the supplementary material to this paper. Updated ver-
sions of the code and documentation will be made avail-
able online (code: https://pypi.python.org/pypi/
z2pack/, documentation: http://z2pack.ethz.ch).

One-dimensional maximally localized hybrid Wannier
charge centers are computed directly from the overlap
matrices as defined in Appendix The Chern and Zs
invariants can be automatically extracted from the WCC,
by using the methods described in Appendix [A] and [B]
The numerical calculations are performed with help of
the numpy [163] and scipy [164] packages.

Z2Pack is compatible with any method or software,
which can provide the overlap matrices or eigenstates
for a given path of k-points. Tools for computing the
overlap matrices for tight-binding and k - p models are
included in the module. For first-principles computa-
tions, an interface to the Wannier90 [134] [135] code is
provided, and the overlap matrices are computed by the
first-principles codes that support Wannier90, making
Z2Pack compatible with any such code. For example,
widely used VASP [120], Quantum Espresso [130] and
ABINIT [I65, 166] codes can be straightforwardly used
with Z2Pack.

Furthermore, Z2Pack features a rich set of convergence
criteria to ensure the correct evaluation of the topological
indices. This is especially important because of the quan-
tized nature of the topological invariants, making it im-
possible to approximate their value iteratively. In all but
the most delicate cases [167], Z2Pack will converge au-
tomatically using only the provided default parameters.
This makes the code ideally suited for high-throughput
applications by minimizing the need for manual interven-
tion.

Finally, Z2Pack provides methods for plotting the re-
sults. Figures showing the WCC and their largest gap
(such as in Fig.[7), the sum of WCC (see Fig. [1F]), and
the WCC colored according to a symmetry expectation
value (see Fig. can be produced. The plotting func-
tions are based on the matplotlib [I68] package, and
their appearance can be fully customized.

VII. CONCLUSIONS

We introduced and enumerated the known approaches
to identifying topological states in both insulators and
semimetals and provided an easy-to use package for
the evaluation of topological invariants such as Chern
numbers, Z, invariants, mirror Chern numbers, and
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semimetal monopole charges. The approach is based on
the calculation of hybrid WCCs from the overlap ma-
trices constructed with Bloch states. We showed how
the method can be used to classify part of the knowns
symmetry-protected topological states of non-interacting
systems, based on the notion of individual Chern num-
bers. The proposed scheme is suited for high-throughput
search for materials with non-trivial topology and can
point to materials that have yet undiscovered non-trivial
topologies.

We also presented a numerical implementation of the
method in the Z2Pack software package.Examples were
provided for materials with various topologies. For insu-
lators, the Chern and Z, topological phases were illus-
trated, as well as some crystalline TIs. For semimetals,
we illustrated approaches for classifying and identifying
topological nodal points. Generalizations to nodal lines
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are straightforward.

ACKNOWLEDGEMENTS

We would like to thank G. Winkler, M. Kénz and
D. Rodic for useful discussions. D.G., A.A.S. and M.T.
were supported by the Swiss National Science Foundation
through the National Competence Centers in Research
MARVEL and QSIT. G.A. and O.V.Y. acknowledge sup-
port by the NCCR Marvel and the ERC Starting grant
“TopoMat” (Grant No. 306504). D.V. was supported
by NSF Grant DMR-1408838. B.A.B. was supported
by Department of Energy DE-SC0016239, NSF EAGER
Award NOA - AWD1004957, Simons Investigator Award,
ONR - N00014-14-1-0330, ARO MURI W911NF-12-1-
0461, NSF-MRSEC DMR-1420541, Packard Foundation
and Schmidt Fund for Innovative Research

[1] C.L. Kane and E. J. Mele, “Zs topological order and the
quantum spin Hall effect,” Phys. Rev. Lett. 95, 146802
(2005).

[2] M. Z. Hasan and C. L. Kane, “Colloquium: Topological
insulators,” Rev. Mod. Phys. 82, 3045-3067 (2010).

[3] Xiao-Liang Qi and Shou-Cheng Zhang, “Topological in-
sulators and superconductors,” Rev. Mod. Phys. 83,
1057-1110 (2011).

[4] Grigory E Volovik, The Universe in a Helium Droplet
(Oxford University Press New York, 2009).

[5] Andreas P. Schnyder, Shinsei Ryu, Akira Furusaki, and
Andreas W. W. Ludwig, “Classification of topological
insulators and superconductors in three spatial dimen-
sions,” Phys. Rev. B 78, 195125 (2008).

[6] Alexei Kitaev, “Periodic table for topological insulators
and superconductors,” AIP Conf. Proc. 1134, 22-30
(2009).

[7] Andreas P. Schnyder, Shinsei Ryu, Akira Furusaki, and
Andreas W. W. Ludwig, “Classification of topologi-
cal insulators and superconductors,” AIP Conf. Proc.
1134, 10-21 (2009).

[8] C. L. Kane and E. J. Mele, “Quantum spin Hall effect
in graphene,” Phys. Rev. Lett. 95, 226801 (2005).

[9] L. Fu, C. L. Kane, and E. J. Mele, “Topological insula-
tors in three dimensions,” Phys. Rev. Lett. 98, 106803
(2007).

[10] J. E. Moore and L. Balents, “Topological invariants of
time-reversal-invariant band structures,” Phys. Rev. B
75, 121306 (2007).

[11] Rahul Roy, “Zs classification of quantum spin Hall
systems: An approach using time-reversal invariance,”
Phys. Rev. B 79, 195321 (2009).

[12] Rahul Roy, “Topological phases and the quantum spin
Hall effect in three dimensions,” Phys. Rev. B 79,
195322 (2009).

[13] Roger SK Mong, Andrew M Essin, and Joel E Moore,
“Antiferromagnetic topological insulators,” Phys. Rev.
B 81, 245209 (2010).

[14] Chen Fang, Matthew J Gilbert, and B Andrei Bernevig,
“Topological insulators with commensurate antiferro-
magnetism,” Phys. Rev. B 88, 085406 (2013).

[15] Liang Fu, “Topological crystalline insulators,” Phys.
Rev. Lett. 106, 106802 (2011).

[16] Siddharth A Parameswaran, Ari M Turner, Daniel P
Arovas, and Ashvin Vishwanath, “Topological order
and absence of band insulators at integer filling in non-
symmorphic crystals,” Nat. Phys. 9, 299-303 (2013).

[17] Aris Alexandradinata and B Andrei Bernevig, “Berry-
phase description of topological crystalline insulators,”
Phys. Rev. B 93, 205104 (2016).

[18] A Alexandradinata, Chen Fang, Matthew J Gilbert,
and B Andrei Bernevig, “Spin-orbit-free topological in-
sulators without time-reversal symmetry,” Phys. Rev.
Lett. 113, 116403 (2014).

[19] Maryam Taherinejad, Kevin F. Garrity, and David
Vanderbilt, “Wannier center sheets in topological insu-
lators,” Phys. Rev. B 89, 115102 (2014).

[20] M Nakahara, Geometry, Topology and Physics (Taylor
and Francis Group, 2003).

[21] F. D. M. Haldane, “Model for a quantum Hall effect
without Landau levels: Condensed-matter realization
of the parity anomaly,” Phys. Rev. Lett. 61, 2015-2018
(1988).

[22] G. E. Volovik, “An analog of the quantum Hall effect in
a superfluid 3He film,” Soviet Physics - JETP (English
Translation) 67, 1804-1811 (1988).

[23] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, “Quantized Hall conductance in a two-
dimensional periodic potential,” Phys. Rev. Lett. 49,
405-408 (1982).

[24] M Kohmoto, “Topological invariant and the quantiza-
tion of the Hall conductance,” Annals of Physics 160,
343-354 (1985).

[25] Xiao-Liang Qi, Taylor L. Hughes, and Shou-Cheng
Zhang, “Topological field theory of time-reversal invari-
ant insulators,” Phys. Rev. B 78, 195424 (2008).


http://dx.doi.org/ 10.1103/RevModPhys.83.1057
http://dx.doi.org/ 10.1103/RevModPhys.83.1057
http://dx.doi.org/ 10.1103/PhysRevB.89.115102

[26] Andrew M. Essin, Joel E. Moore, and David Vander-
bilt, “Magnetoelectric polarizability and axion electro-
dynamics in crystalline insulators,” Phys. Rev. Lett.
102, 146805 (2009).

[27] B. Andrei Bernevig, Taylor L. Hughes, and Shou-Cheng
Zhang, “Quantum spin Hall effect and topological phase
transition in HgTe quantum wells,” Science 314, 1757—
1761 (2006).

[28] Markus Konig, Steffen Wiedmann, Christoph Brune,
Andreas Roth, Hartmut Buhmann, Laurens W.
Molenkamp, Xiao-Liang Qi, and Shou-Cheng Zhang,
“Quantum spin Hall insulator state in HgTe quantum
wells,” Science 318, 766770 (2007).

[29] A Yu Kitaev, “Unpaired Majorana Fermions in quan-
tum wires,” Physics-Uspekhi 44, 131 (2001).

[30] Liang Fu and Charles L Kane, “Superconducting prox-
imity effect and Majorana Fermions at the surface of
a topological insulator,” Phys. Rev. Lett. 100, 096407
(2008).

[31] Roman M Lutchyn, Jay D Sau, and S Das Sarma, “Ma-
jorana Fermions and a topological phase transition in
semiconductor-superconductor heterostructures,” Phys.
Rev. Lett. 105, 077001 (2010).

[32] Yuval Oreg, Gil Refael, and Felix von Oppen, “Helical
liquids and Majorana bound states in quantum wires,”
Phys. Rev. Lett. 105, 177002 (2010).

[33] Jason Alicea, “Majorana fermions in a tunable semicon-
ductor device,” Phys. Rev. B 81, 125318 (2010).

[34] A Yu Kitaev, “Fault-tolerant quantum computation by
anyons,” Annals of Physics 303, 2-30 (2003).

[35] FDM Haldane, “Berry curvature on the Fermi surface:
Anomalous Hall effect as a topological Fermi-liquid
property,” Phys. Rev. Lett. 93, 206602 (2004).

[36] Holger Bech Nielsen and Masao Ninomiya, “The Adler-
Bell-Jackiw anomaly and Weyl Fermions in a crystal,”
Physics Letters B 130, 389-396 (1983).

[37] A. A. Burkov and Leon Balents, “Weyl semimetal in a
topological insulator multilayer,” Phys. Rev. Lett. 107,
127205 (2011).

[38] A. A. Burkov, M. D. Hook, and Leon Balents, “Topo-
logical nodal semimetals,” Phys. Rev. B 84, 235126
(2011).

[39] AA Zyuzin and AA Burkov, “Topological response in
Weyl semimetals and the chiral anomaly,” Phys. Rev.
B 86, 115133 (2012).

[40] Vivek Aji, “Adler-Bell-Jackiw anomaly in Weyl

semimetals: Application to pyrochlore iridates,” Phys.

Rev. B 85, 241101 (2012).

Mazhar N Ali, Jun Xiong, Steven Flynn, Jing Tao,

Quinn D Gibson, Leslie M Schoop, Tian Liang, Neel

Haldolaarachchige, Max Hirschberger, NP Ong, et al.,

“Large, non-saturating magnetoresistance in WTes,”

Nature 514, 205-208 (2014).

DT Son and BZ Spivak, “Chiral anomaly and classical

negative magnetoresistance of Weyl metals,” Phys. Rev.

B 88, 104412 (2013).

Xiaochun Huang, Lingxiao Zhao, Yujia Long, Peipei

Wang, Dong Chen, Zhanhai Yang, Hui Liang, Mianqi

Xue, Hongming Weng, Zhong Fang, et al., “Observa-

tion of the chiral-anomaly-induced negative magnetore-

sistance in 3D Weyl semimetal TaAs,” Phys. Rev. X 5,

031023 (2015).

[44] B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao,
J. Ma, P. Richard, X. C. Huang, L. X. Zhao, G. F. Chen,

[41

[42

[43

[49

[50]

[54]

[58]

19

Z. Fang, X. Dai, T. Qian, and H. Ding, “Experimental
discovery of Weyl semimetal TaAs,” Phys. Rev. X 5,
031013 (2015).

Tian Liang, Quinn Gibson, Mazhar N Ali, Minhao Liu,
RJ Cava, and NP Ong, “Ultrahigh mobility and giant
magnetoresistance in the Dirac semimetal CdszAss,” Na-
ture materials 14, 280-284 (2015).

Daniel Gosédlbez-Martinez, Ivo Souza, and David Van-
derbilt, “Chiral degeneracies and Fermi-surface Chern
numbers in bee Fe,” Phys. Rev. B 92, 085138 (2015).
Haijun Zhang, Chao-Xing Liu, Xiao-Liang Qi, Xi Dali,
Zhong Fang, and Shou-Cheng Zhang, “Topological
insulators in BizSes, BisTes and SboTes with a sin-
gle Dirac cone on the surface,” Nat. Phys. 5, 438-442
(2009).

Xi Dai, Taylor L. Hughes, Xiao-Liang Qi, Zhong Fang,
and Shou-Cheng Zhang, “Helical edge and surface states
in Hg'Te quantum wells and bulk insulators,” Phys. Rev.
B 77, 125319 (2008).

Jeffrey C. Y. Teo, Liang Fu, and C. L. Kane, “Surface
states and topological invariants in three-dimensional
topological insulators: Application to Bij_Sbz,” Phys.
Rev. B 78, 045426 (2008).

Y. L. Chen, J. G. Analytis, J.-H. Chu, Z. K. Liu, S.-K.
Mo, X. L. Qi, H. J. Zhang, D. H. Lu, X. Dai, Z. Fang,
S. C. Zhang, 1. R. Fisher, Z. Hussain, and Z.-X. Shen,
“Experimental realization of a three-dimensional topo-
logical insulator, BizTes,” Science 325, 178181 (2009).
D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. J.
Cava, and M. Z. Hasan, “A topological Dirac insulator
in a quantum spin Hall phase,” Nature 452, 970-974
(2008).

D. Hsieh, Y. Xia, L. Wray, D. Qian, A. Pal, J. H. Dil,
J. Osterwalder, F. Meier, G. Bihlmayer, C. L. Kane,
Y. S. Hor, R. J. Cava, and M. Z. Hasan, “Observation
of unconventional quantum spin textures in topological
insulators,” Science 323, 919-922 (2009).

Y. Xia, D. Qian, D. Hsieh, L. Wray, A. Pal, H. Lin,
A. Bansil, D. Grauer, Y. S. Hor, R. J. Cava, and M. Z.
Hasan, “Observation of a large-gap topological-insulator
class with a single Dirac cone on the surface,” Nat. Phys.
5, 398-402 (2009).

Di Xiao, Yugui Yao, Wanxiang Feng, Jun Wen, Wen-
guang Zhu, Xing-Qiu Chen, G. Malcolm Stocks, and
Zhenyu Zhang, “Half-Heusler compounds as a new class
of three-dimensional topological insulators,” Phys. Rev.
Lett. 105, 096404 (2010).

W. Feng, D. Xiao, J. Ding, and Y. Yao, “Three-
dimensional topological insulators in I —II1 — V' Iz and
11 — IV — V5 chalcopyrite semiconductors,” Phys. Rev.
Lett. 106, 016402 (2011).

M. Wada, S. Murakami, F. Freimuth, and
G. Bihlmayer, “Localized edge states in two-dimensional
topological insulators: Ultrathin Bi films,” Phys. Rev.
B 83, 121310 (2011).

Madhab Neupane, Su-Yang Xu, Raman Sankar, Nasser
Alidoust, Guang Bian, Chang Liu, Ilya Belopolski,
Tay-Rong Chang, Horng-Tay Jeng, Hsin Lin, et al.,
“Observation of a three-dimensional topological Dirac
semimetal phase in high-mobility CdsAsz,” Nature
Comm. 5 (2014).

Sergey Borisenko, Quinn Gibson, Danil Evtushinsky,
Volodymyr Zabolotnyy, Bernd Biichner, and Robert J
Cava, “Experimental realization of a three-dimensional


http://dx.doi.org/ 10.1103/PhysRevLett.107.127205
http://dx.doi.org/ 10.1103/PhysRevLett.107.127205
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevX.5.031013
http://dx.doi.org/10.1103/PhysRevX.5.031013

Dirac semimetal,” Phys. Rev. Lett. 113, 027603 (2014).

[59] Zhijun Wang, Hongming Weng, Quansheng Wu, Xi Dai,
and Zhong Fang, “Three-dimensional Dirac semimetal
and quantum transport in CdszAsz,” Phys. Rev. B 88,
125427 (2013).

[60] ZK Liu, J Jiang, B Zhou, ZJ Wang, Y Zhang, HM Weng,
D Prabhakaran, SK Mo, H Peng, P Dudin, et al., “A
stable three-dimensional topological Dirac semimetal
CdsAsy,” Nature materials 13, 677-681 (2014).

[61] Zhijun Wang, Yan Sun, Xing-Qiu Chen, Cesare Fran-
chini, Gang Xu, Hongming Weng, Xi Dai, and Zhong
Fang, “Dirac semimetal and topological phase transi-
tions in A3Bi (A = Na, K, Rb),” [Phys. Rev. B 85,
195320 (2012).

[62] ZK Liu, B Zhou, Y Zhang, ZJ Wang, HM Weng,
D Prabhakaran, S-K Mo, ZX Shen, Z Fang, X Dai,
et al., “Discovery of a three-dimensional topological
Dirac semimetal, NagBi,” Science 343, 864-867 (2014).

[63] Su-Yang Xu, Ilya Belopolski, Nasser Alidoust, Mad-
hab Neupane, Guang Bian, Chenglong Zhang, Raman
Sankar, Guoqing Chang, Zhujun Yuan, Chi-Cheng Lee,
et al., “Discovery of a Weyl Fermion semimetal and
topological Fermi arcs,” Science 349, 613-617 (2015).

[64] Claudia Sgiarovello, Maria Peressi, and Raffaele Resta,
“Electron localization in the insulating state: Applica-
tion to crystalline semiconductors,” Phys. Rev. B 64,
115202 (2001).

[65] Sinisa Coh and David Vanderbilt, “Electric polarization
in a Chern insulator,” Phys. Rev. Lett. 102, 107603
(2009).

[66] A. A. Soluyanov and D. Vanderbilt, “Wannier represen-
tation of Zs topological insulators,” |Phys. Rev. B 83,
035108 (2011).

[67] Alexey A. Soluyanov and David Vanderbilt, “Comput-
ing topological invariants without inversion symmetry,”
Phys. Rev. B 83, 235401 (2011).

[68] Alexey A Soluyanov, Topological aspects of band theory,
Ph.D. thesis, Rutgers University-Graduate School-New
Brunswick (2012).

[69] Rui Yu, Xiao Liang Qi, Andrei Bernevig, Zhong Fang,
and Xi Dai, “Equivalent expression of Zs topological in-
variant for band insulators using the non-Abelian Berry
connection,” Phys. Rev. B 84, 075119 (2011).

[70] A Alexandradinata, Xi Dai, and B Andrei Bernevig,
“Wilson-loop characterization of inversion-symmetric
topological insulators,” Phys. Rev. B 89, 155114 (2014).

[71] Interestingly, HWF charge centers were argued to pro-
vide a measure of the state topology in optical lat-
tices [169, [I70]. Some of these proposals were later ver-
ified experimentally [I71].

[72] Xiangang Wan, Ari M. Turner, Ashvin Vishwanath,
and Sergey Y. Savrasov, “Topological semimetal and
Fermi-arc surface states in the electronic structure of
pyrochlore iridates,” Phys. Rev. B 83, 205101 (2011).

[73] Alexey A Soluyanov, Dominik Gresch, Zhijun Wang,
QuanSheng Wu, Matthias Troyer, Xi Dai, and B Andrei
Bernevig, “Type-II Weyl semimetals,” Nature 527, 495—
498 (2015).

[74] Zhijun Wang, Dominik Gresch, Alexey A Soluyanov,
Weiwei Xie, S Kushwaha, Xi Dai, Matthias Troyer,
Robert J Cava, and B Andrei Bernevig, “MoTes: a
type-1I Weyl topological metal,” Phys. Rev. Lett. 117,
056805 (2016).

20

[75] Gabriel Autés, Dominik Gresch, Matthias Troyer,
Alexey A. Soluyanov, and Oleg V. Yazyev, “Ro-
bust type-II Weyl semimetal phase in transition metal
diphosphides XPs (X=Mo, W),” Physical Review Let-
ters 117, 066402 (2016).

[76] Tomas Bzdusek, QuanSheng Wu, Andreas Rilegg, Man-
fred Sigrist, and Alexey A. Soluyanov, “Nodal-chain
metals,” Nature 538, 7578 (2016), letter.

[77] A set of bands is called isolated, when the energy gap
separates it from the bands above and below at each
k-point.

[78] This general rotation on the space of occupied eigen-
states is an exact symmetry of a “flat-band” Hamilto-
nian, where all occupied energies have been set to a
single value.

[79] Nicola Marzari and David Vanderbilt, “Maximally local-
ized generalized Wannier functions for composite energy
bands,” Phys. Rev. B 56, 12847-12865 (1997).

[80] D J Thouless, “Wannier functions for magnetic sub-
bands,” J. Phys. C 17, L325 (1984).

[81] Christian Brouder, Gianluca Panati, Matteo Calandra,
Christophe Mourougane, and Nicola Marzari, “Expo-
nential localization of Wannier functions in insulators,”
Phys. Rev. Lett. 98, 046402 (2007).

[82] Gianluca Panati, “Triviality of Bloch and Bloch—Dirac
bundles,” in Annales Henri Poincaré, Vol. 8 (Springer,
2007) pp. 995-1011.

[83] Gianluca Panati and Adriano Pisante, “Bloch bundles,
Marzari-Vanderbilt functional and maximally localized
Wannier functions,” Communications in Mathematical
Physics 322, 835-875 (2013).

[84] Domenico Fiorenza, Domenico Monaco, and Gianluca
Panati, “Construction of real-valued localized compos-
ite Wannier functions for insulators,” in Annales Henri
Poincaré, Vol. 17 (Springer, 2016) pp. 63-97.

[85] W.lLo.g. we choose the x-direction to be Wannier-like
and the others to be Bloch-like.

[86] W. Kohn, “Analytic properties of Bloch waves and Wan-
nier functions,” Phys. Rev. 115, 809-821 (1959).

[87] S. Kivelson, “Wannier functions in one-dimensional dis-
ordered systems: Application to fractionally charged
solitons,” Phys. Rev. B 26, 42694277 (1982).

[88] R. D. King-Smith and David Vanderbilt, “Theory of po-
larization of crystalline solids,” Phys. Rev. B 47, 1651—
1654 (1993).

[89] J. Zak, “Berry’s phase for energy bands in solids,” Phys.
Rev. Lett. 62, 2747-2750 (1989).

[90] EI Blount, “Formalisms of band theory,” Solid state
physics 13, 305-373 (1962).

[91] DJ Thouless, “Quantization of particle transport,”
Phys. Rev. B 27, 6083 (1983).

[92] Frank Wilczek and A. Zee, “Appearance of gauge struc-
ture in simple dynamical systems,” Phys. Rev. Lett. 52,
2111-2114 (1984).

[93] Shiing-shen Chern, “Characteristic classes of Hermitian
manifolds,” Annals of Mathematics , 85-121 (1946).

[94] Alexey A Soluyanov and David Vanderbilt, “Smooth
gauge for topological insulators,” Phys. Rev. B 85,
115415 (2012).

[95] This number has to be even as a consequence of Kramers
theorem.

[96] Michael E Peskin and Daniel V Schroeder, An introduc-
tion to quantum field theory (Westview, 1995).


http://dx.doi.org/ 10.1103/PhysRevB.85.195320
http://dx.doi.org/ 10.1103/PhysRevB.85.195320
http://dx.doi.org/10.1103/PhysRevB.83.035108
http://dx.doi.org/10.1103/PhysRevB.83.035108
http://dx.doi.org/10.1103/PhysRevB.83.235401
http://dx.doi.org/ 10.1103/PhysRevB.83.205101
http://dx.doi.org/10.1038/nature19099

[97] Emil Prodan, “Non-commutative tools for topological
insulators,” New Journal of Physics 12, 065003 (2010).

[98] See Ref. [94] for an example of such a construction for
quantum spin Hall systems, and Ref. [I72] for a general
construction in 2 and 3 dimensions.

[99] L. Fu and C. L. Kane, “Time reversal polarization and
a Zo adiabatic spin pump,” Phys. Rev. B 74, 195312
(2006).

[100] Chao-Xing Liu, Xiao-Liang Qi, Xi Dai, Zhong Fang,
and Shou-Cheng Zhang, “Quantum anomalous Hall ef-
fect in Hgy—,Mn,Te quantum wells,” [Phys. Rev. Lett.
101, 146802 (2008).

[101] Zhenhua Qiao, Shengyuan A. Yang, Wanxiang Feng,
Wang-Kong Tse, Jun Ding, Yugui Yao, Jian Wang, and
Qian Niu, “Quantum anomalous Hall effect in graphene
from Rashba and exchange effects,” Phys. Rev. B 82,
161414 (2010).

[102] Rui Yu, Wei Zhang, Hai-Jun Zhang, Shou-

Cheng Zhang, Xi Dai, and Zhong Fang, “Quan-

tized anomalous Hall effect in magnetic topo-

logical insulators,” Science 329, 61-64 (2010),

http://science.sciencemag.org/content /329/5987/61.full.pdf.

[103] X. F. Kou, W. J. Jiang, M. R. Lang, F. X. Xiu, L. He,

Y. Wang, Y. Wang, X. X. Yu, A. V. Fedorov, P. Zhang,

and K. L. Wang, “Magnetically doped semiconducting

topological insulators,” | Journal of Applied Physics 112,

063912 (2012), http://dx.doi.org/10.1063/1.4754452.

Su-Yang Xu, Madhab Neupane, Chang Liu, Duming

Zhang, Anthony Richardella, L. Andrew Wray, Nasser

Alidoust, Mats Leandersson, Thiagarajan Balasubra-

manian, Jaime Sédnchez-Barriga, et al., “Hedgehog spin

texture and Berry’s phase tuning in a magnetic topo-

logical insulator,” Nat. Phys. 8, 616-622 (2012).

[105] Chengwang Niu, Ying Dai, Lin Yu, Meng Guo, Yandong

Ma, and Baibiao Huang, “Quantum anomalous Hall

effect in doped ternary chalcogenide topological insula-

tors T1BiTe2 and T1BiSes,” Applied Physics Letters 99,

142502 (2011), http://dx.doi.org/10.1063/1.3645624.

Hua Jiang, Zhenhua Qiao, Haiwen Liu, and Qian Niu,

“Quantum anomalous Hall effect with tunable Chern

number in magnetic topological insulator film,” Phys.

Rev. B 85, 045445 (2012).

Hongbin Zhang, Frank Freimuth, Gustav Bihlmayer,

Marjana Lezaié¢, Stefan Bliigel, and Yuriy Mokrousov,

“Engineering quantum anomalous Hall phases with or-

bital and spin degrees of freedom,” Phys. Rev. B 87,

205132 (2013).

[108] Hai-Jun Zhang, Xiao Zhang, and Shou-Cheng Zhang,
“Quantum anomalous Hall effect in magnetic topologi-
cal insulator GdBiTes,” arXiv preprint arXiv:1108.4857
(2011).

[109] Kevin F. Garrity and David Vanderbilt, “Chern insula-
tors from heavy atoms on magnetic substrates,” [Phys.
Rev. Lett. 110, 116802 (2013).

[110] Cui-Zu Chang, Jinsong Zhang, Xiao Feng, Jie Shen,

Zuocheng Zhang, Minghua Guo, Kang Li, Yunbo Ou,

Pang Wei, Li-Li Wang, et al., “Experimental observa-

tion of the quantum anomalous Hall effect in a magnetic

topological insulator,” Science 340, 167170 (2013).

Lars Hedin and Stig Lundqvist, “Effects of electron-

electron and electron-phonon interactions on the one-

electron states of solids,” Solid state physics 23, 1-181

(1970).

[104

[106

(107

[111

21

[112] Axel D Becke, “A new mixing of Hartree—Fock and local
density-functional theories,” J. Chem. Phys. 98, 1372—
1377 (1993).

[113] Carlo Adamo and Vincenzo Barone, “Toward reliable
density functional methods without adjustable parame-
ters: The PBEO model,” J. Chem. Phys. 110, 6158-6170
(1999).

[114] Jochen Heyd, Gustavo E Scuseria, and Matthias Ernz-
erhof, “Hybrid functionals based on a screened Coulomb
potential,” J. Chem. Phys. 118, 8207-8215 (2003).

[115] Ferdi Aryasetiawan and Olle Gunnarsson, “The GW
method,” Reports on Progress in Physics 61, 237
(1998).

[116] Bertrand I Halperin, “Possible states for a three-
dimensional electron gas in a strong magnetic field,”
Japanese Journal of Applied Physics 26, 1913 (1987).

[117] T. A. Loring and M. B. Hastings, “Disordered topolog-
ical insulators via C*-algebras,” EPL 92, 67004 (2010).

[118] D. N. Sheng, Z. Y. Weng, L. Sheng, and F. D. M.

Haldane, “Quantum spin-Hall effect and topologically

invariant Chern numbers,” Phys. Rev. Lett. 97, 036808

(2006).

[119] Emil Prodan, “Robustness of the spin-Chern number,”
Phys. Rev. B 80, 125327 (2009).

[120] Georg Kresse and Jiirgen Furthmiiller, “Efficiency of ab-
initio total energy calculations for metals and semicon-
ductors using a plane-wave basis set,” Computational
Materials Science 6, 15-50 (1996).

[121] John P Perdew, Kieron Burke, and Matthias Ernz-
erhof, “Generalized gradient approximation made sim-
ple,” Phys. Rev. Lett. 77, 3865 (1996).

[122] Peter E Blochl, “Projector augmented-wave method,”
Phys. Rev. B 50, 17953 (1994).

[123] Georg Kresse and D Joubert, “From ultrasoft pseu-
dopotentials to the projector augmented-wave method,”
Phys. Rev. B 59, 1758 (1999).

[124] C Perez Vicente, JL Tirado, K Adouby, JC Jumas,
A Abba Toure, and G Kra, “X-ray diffraction and
119Sn Méssbauer spectroscopy study of a new phase
in the BizSes-SnSe system: SnBisSe7,” Inorganic chem-
istry 38, 2131-2135 (1999).

[125] L. Fu and C. L. Kane, “Topological insulators with in-
version symmetry,” Phys. Rev. B 76, 045302 (2007).

[126] Timothy H Hsieh, Hsin Lin, Junwei Liu, Wenhui Duan,
Arun Bansil, and Liang Fu, “Topological crystalline
insulators in the SnTe material class,” Nature Comm.
3, 982 (2012).

[127] Y Tanaka, Zhi Ren, T Sato, K Nakayama, S Souma,
T Takahashi, Kouji Segawa, and Yoichi Ando, “Exper-
imental realization of a topological crystalline insulator
in SnTe,” Nat. Phys. 8, 800-803 (2012).

[128] Pierre Hohenberg and Walter Kohn, “Inhomogeneous
electron gas,” Phys. Rev. 136, B864 (1964).

[129] W. Kohn and L. J. Sham, “Self-consistent equations in-
cluding exchange and correlation effects,” Phys. Rev.
140, A1133-A1138 (1965).

[130] Paolo Giannozzi, Stefano Baroni, Nicola Bonini, Mat-
teo Calandra, Roberto Car, Carlo Cavazzoni, Davide
Ceresoli, Guido L Chiarotti, Matteo Cococcioni, Ismaila
Dabo, Andrea Dal Corso, Stefano de Gironcoli, Ste-
fano Fabris, Guido Fratesi, Ralph Gebauer, Uwe Ger-
stmann, Christos Gougoussis, Anton Kokalj, Michele
Lazzeri, Layla Martin-Samos, Nicola Marzari, Francesco
Mauri, Riccardo Mazzarello, Stefano Paolini, Alfredo


http://stacks.iop.org/1367-2630/12/i=6/a=065003
http://dx.doi.org/ 10.1103/PhysRevLett.101.146802
http://dx.doi.org/ 10.1103/PhysRevLett.101.146802
http://dx.doi.org/10.1103/PhysRevB.82.161414
http://dx.doi.org/10.1103/PhysRevB.82.161414
http://dx.doi.org/10.1126/science.1187485
http://arxiv.org/abs/http://science.sciencemag.org/content/329/5987/61.full.pdf
http://dx.doi.org/http://dx.doi.org/10.1063/1.4754452
http://dx.doi.org/http://dx.doi.org/10.1063/1.4754452
http://dx.doi.org/http://dx.doi.org/10.1063/1.3645624
http://dx.doi.org/http://dx.doi.org/10.1063/1.3645624
http://dx.doi.org/10.1103/PhysRevB.85.045445
http://dx.doi.org/10.1103/PhysRevB.85.045445
http://dx.doi.org/10.1103/PhysRevLett.110.116802
http://dx.doi.org/10.1103/PhysRevLett.110.116802
http://dx.doi.org/10.1038/ncomms1969
http://dx.doi.org/10.1038/ncomms1969
http://dx.doi.org/10.1038/nphys2442

[131

[132

(133

[134

135

(136

(137]

[138

[139

[140

[141

[142

[143

Pasquarello, Lorenzo Paulatto, Carlo Sbraccia, Sandro
Scandolo, Gabriele Sclauzero, Ari P Seitsonen, Alexan-
der Smogunov, Paolo Umari, and Renata M Wentzcov-
itch, “QUANTUM ESPRESSO: a modular and open-
source software project for quantum simulations of ma-
terials,” |Journal of Physics: Condensed Matter 21,
395502 (19pp) (2009).

Andrea Dal Corso and Adriano Mosca Conte, “Spin-
orbit coupling with ultrasoft pseudopotentials: Appli-
cation to Au and Pt,” Phys. Rev. B 71, 115106 (2005).
Paula Bauer Pereira, Ilya Sergueev, Stphane Gorsse,
Jayaram Dadda, Eckhard Mller, and Raphal P. Her-
mann, “Lattice dynamics and structure of GeTe, SnTe
and PbTe,” |physica status solidi (b) 250, 1300-1307
(2013).

Maryam Taherinejad and David Vanderbilt, “Adiabatic
pumping of chern-simons axion coupling,” [Phys. Rev.
Lett. 114, 096401 (2015).

Arash A. Mostofi, Jonathan R. Yates, Young-Su Lee,
Ivo Souza, David Vanderbilt, and Nicola Marzari,
“wannier90: A tool for obtaining maximally-localised
Wannier functions.” Computer Phys. Comm. 178, 685—
699 (2008).

Arash A Mostofi, Jonathan R Yates, Giovanni Pizzi,
Young-Su Lee, Ivo Souza, David Vanderbilt, and Nicola
Marzari, “An updated version of wannier90: A tool
for obtaining maximally-localised wannier functions,”
Computer Phys. Comm. 185, 2309-2310 (2014).
Sangjun Jeon, Brian B Zhou, Andras Gyenis, Ben-
jamin E Feldman, Itamar Kimchi, Andrew C Pot-
ter, Quinn D Gibson, Robert J Cava, Ashvin Vish-
wanath, and Ali Yazdani, “Landau quantization and
quasiparticle interference in the three-dimensional Dirac
semimetal CdsAss,” Nature materials 13, 851-856
(2014).

G Brauer and E Zintl, Z.Phys. Chem., Abt. B 37, 323
(1937).

S. Furueseth, K. Selte, and A. Kjekshus, “On the
arsenides and antimonides of tantalum,” Acta Chem.
Scand. 19, 95 (1965).

Chen Fang, Matthew J Gilbert, Xi Dai, and B An-
drei Bernevig, “Multi-Weyl topological semimetals sta-
bilized by point group symmetry,” Phys. Rev. Lett. 108,
266802 (2012).

Tero T Heikkila and Grigorii Efimovich Volovik,
“Fermions with cubic and quartic spectrum,” JETP let-
ters 92, 681-686 (2010).

Ling Lu, Zhiyu  Wang, Dexin Ye, Lixin
Ran, Liang Fu, John D. Joannopoulos, and
Marin  Soljacié,  “Experimental observation of
Weyl points,” |Science 349, 622-624 (2015),

http://www.sciencemag.org/content /349 /6248 /622.full.pdf.

Shin-Ming Huang, Su-Yang Xu, Ilya Belopolski, Chi-
Cheng Lee, Guoqging Chang, BaoKai Wang, Nasser Ali-
doust, Guang Bian, Madhab Neupane, Arun Bansil,
et al., “An inversion breaking Weyl semimetal state in
the TaAs material class,” Nature Comm. 6, 7373 (2015).
Shin-Ming Huang, Su-Yang Xu, Ilya Belopolski, Chi-
Cheng Lee, Guoqing Chang, BaoKai Wang, Nasser
Alidoust, Guang Bian, Madhab Neupane, Chenglong
Zhang, et al., “A Weyl Fermion semimetal with surface
Fermi arcs in the transition metal monopnictide TaAs
class,” Nature Comm. 6 (2015).

[144]

[145)]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

22

Hongming Weng, Chen Fang, Zhong Fang, B. An-
drei Bernevig, and Xi Dai, “Weyl semimetal phase
in noncentrosymmetric transition-metal monophos-
phides,” Phys. Rev. X 5, 011029 (2015).

Stephen L. Adler, “Axial-vector vertex in spinor elec-
trodynamics,” Phys. Rev. 177, 2426-2438 (1969).
John S Bell and Roman Jackiw, “A PCAC puzzle:
7% — 47 in the o-model,” Il Nuovo Cimento A 60,
47-61 (1969).

AA Abrikosov, “Quantum magnetoresistance,” Phys.
Rev. B 58, 2788 (1998).

Frank Arnold, Chandra Shekhar, Shu-Chun Wu, Yan
Sun, Ricardo Donizeth dos Reis, Nitesh Kumar, Mar-
cel Naumann, Mukkattu O Ajeesh, Marcus Schmidt,
Adolfo G Grushin, et al., “Negative magnetoresistance
without well-defined chirality in the Weyl semimetal
TaP,” Nature Comm. 7 (2016).

Xiaojun Yang, Yupeng Liu, Zhen Wang, Yi Zheng, and
Zhu-an Xu, “Chiral anomaly induced negative mag-
netoresistance in topological Weyl semimetal NbAs,”
arXiv preprint arXiv:1506.03190 (2015).

Z. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng,
D. Prabhakaran, S.-K. Mo, Z. X. Shen, Z. Fang, X. Dai,
Z. Hussain, and Y. L. Chen, “Discovery of a three-
dimensional topological Dirac semimetal, NasBi,” Sci-
ence 343, 864-867 (2014).

Bohm-Jung Yang, Takahiro Morimoto, and Akira Fu-
rusaki, “Topological charges of three-dimensional Dirac
semimetals with rotation symmetry,” Phys. Rev. B 92,
165120 (2015).

Georg W. Winkler, QuanSheng Wu, Matthias Troyer,
Peter Krogstrup, and Alexey A. Soluyanov, “Topo-
logical phases in InAs;_;Sb,: From novel topological
semimetal to Majorana wire,” Phys. Rev. Lett. 117,
076403 (2016).

Benjamin J Wieder, Youngkuk Kim, AM Rappe, and
CL Kane, “Double Dirac semimetals in three dimen-
sions,” Phys. Rev. Lett. 116, 186402 (2016).

Barry Bradlyn, Jennifer Cano, Zhijun Wang,
MG Vergniory, C Felser, RJ Cava, and B Andrei
Bernevig, “Beyond Dirac and Weyl fermions: Un-
conventional quasiparticles in conventional crystals,”
Science 353, aaf5037 (2016).

Z. J. Wang, A. A. Soluyanov, J. Li, M. Troyer, Xi Dai,
and B. A. Bernevig, “General route to topological
semimetals,” (2016), in preparation..

Gang Xu, Hongming Weng, Zhijun Wang, Xi Dai,
and Zhong Fang, “Chern semimetal and the quantized
anomalous Hall effect in HgCra2Ses,” [Phys. Rev. Lett.
107, 186806 (2011).

Bohm-Jung Yang and Naoto Nagaosa, “Classification
of stable three-dimensional Dirac semimetals with non-
trivial topology,” Nature Comm. 5 (2014).

Su-Yang Xu, Ilya Belopolski, Nasser Alidoust, Mad-
hab Neupane, Guang Bian, Chenglong Zhang, Raman
Sankar, Guoqging Chang, Zhujun Yuan, Chi-Cheng Lee,
et al., “Discovery of a weyl fermion semimetal and topo-
logical fermi arcs,” Science 349, 613-617 (2015).

The band structure calculations for BiNas and TaAs
were performed with Quantum-ESPRESSO, following
the same methodology as described above for the SnTe
calculations. The SCF calculations were performed with
a 10x10x10 k-mesh, a plane-wave cut-off of 50 Ry and
experimental lattice parameters taken from Refs. [137]


http://www.quantum-espresso.org
http://www.quantum-espresso.org
http://dx.doi.org/ 10.1002/pssb.201248412
http://dx.doi.org/ 10.1002/pssb.201248412
http://dx.doi.org/ 10.1103/PhysRevLett.114.096401
http://dx.doi.org/ 10.1103/PhysRevLett.114.096401
http://dx.doi.org/10.1126/science.aaa9273
http://arxiv.org/abs/http://www.sciencemag.org/content/349/6248/622.full.pdf
http://dx.doi.org/ 10.1103/PhysRevX.5.011029
http://dx.doi.org/ 10.1103/PhysRev.177.2426
http://dx.doi.org/ 10.1126/science.1245085
http://dx.doi.org/ 10.1126/science.1245085
http://dx.doi.org/ 10.1103/PhysRevLett.107.186806
http://dx.doi.org/ 10.1103/PhysRevLett.107.186806

138).

[160] Alexey A Soluyanov and B Andrei Bernevig, Unpub-
lished.

[161] The Hamiltonian used here differs from that of Ref.[59]
in that terms up to third order are explicitly taken into
account.

[162] Guido Van Rossum et al., “Python programming
language.” in USENIX Annual Technical Conference,
Vol. 41 (2007).

[163] Travis E Oliphant, A guide to NumPy, Vol. 1 (Trelgol
Publishing USA, 2006).

[164] Eric Jones, Travis Oliphant, Pearu Peterson, et al.,
“SciPy: Open source scientific tools for Python,”
(2001-), [Online; accessed 2015-05-26].

[165] X. Gonze et al., “ABINIT : First-principles approach of
materials and nanosystem properties,” Computer Phys.
Comm. 180, 25822615 (2009).

[166] X. Gonze et al., “A brief introduction to the ABINIT
software package,” Z. Kristallogr. 220, 558-562 (2005).

[167] If the direct band gap becomes very small, the WCC
tend to move very quickly. It is then necessary to use a
more stringent convergence criteria. However, it is still
possible to achieve automatic convergence with Z2Pack.

[168] J. D. Hunter, “Matplotlib: A 2D graphics environ-
ment,” Computing In Science & Engineering 9, 90-95
(2007).

[169] Lei Wang, Alexey A Soluyanov, and Matthias Troyer,
“Proposal for direct measurement of topological invari-
ants in optical lattices,” Phys. Rev. Lett. 110, 166802
(2013).

[170] Fabian Grusdt, Dmitry Abanin, and Eugene Demler,
“Measuring Zs topological invariants in optical lattices
using interferometry,” Phys. Rev. A 89, 043621 (2014).

[171] Lucia Duca, Tracy Li, Martin Reitter, Immanuel Bloch,
Monika Schleier-Smith, and Ulrich Schneider, “An
Aharonov-Bohm interferometer for determining Bloch
band topology,” Science 347, 288—-292 (2015).

[172] Georg W Winkler, Alexey A Soluyanov, and Matthias
Troyer, “Smooth gauge and Wannier functions for topo-
logical band structures in arbitrary dimensions,” Phys.
Rev. B 93, 035453 (2016).

[173] Eugene P Wigner, “Normal form of antiunitary op-
erators,” Journal of Mathematical Physics 1, 409-413
(1960).

Appendix A: Numerical computation of the Chern
number

The straightforward way to compute the Chern num-
ber is to integrate the gauge-invariant Berry curvature
over the (section of) BZ. A numerical calculation using
the hybrid WCCs is also possible. In this case the Chern
number is computed by evaluating electronic polarization
at discrete points k, = k; € [0, 2%].

(A1)

P.(k;)=e (Z Zn(k;) mod az>

Because the polarization is defined only modulo e - a, the
same is true for the change in polarization, whose possible
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values are

APeﬂ' = Pe(ki+1) — Pp(k7) + l(e . CL) (A2)
for | € Z. Assuming that the k-points k; are dense
enough such that the true change in polarization is less
than <* between any two steps, the correct choice of [ is
the one that minimizes the absolute value of AP, ;. The
Chern number is then given by

c=L¥ ap,

ea
%

1 .
= e X P Pt e, (A9

(A3)

where min [-],, . denotes the minimum with respect to the
absolute value.

Appendix B: Numerical computation of the Z,
invariant

Here we describe how the Zo invariant is calculated for
a given set of WCC
{z =z, (k;),ne€{l,...,N},ie€l,.., M},

n

(B1)

where we assume the WCC to be normalized to [0,1).
We define g* := g(k;) as the largest gap between any two
WCC «f,. That is, ¢g* is such that the distance to the
nearest WCC

mind(g’, z!)) (B2)

n

is maximized, where d is the periodic distance. This dis-
tance can be numerically evaluated as

d(z,y) =min (|1 + 2z —y| mod 1,|]1 —z +y| mod 1).
(B3)
For each step i — i + 1, the number n; of WCC z%+!
for which

min(g', g'"') <z, <max(¢’,g""")  (B4)

is counted. This is equivalent to the number of crossings
between the largest gap and the WCC between k; and
kit1. Thus, the Zo invariant is given by

M—1
A= <Z m) mod 2.

i=1

(B5)

Appendix C: Computation of 1D maximally
localized hybrid Wannier charge centers

1. Single-band systems

Numerically, the Berry phase of a single-band system
can be computed as a product of overlaps (uy,|ug

i+1>


http://www.scipy.org/

along a string of k-points k; going across the BZ.

N-—-1
J };!; <uk7i uki+1> =CN - e~ (N N—>o<>> e—iLPB; cy €R
(C1)
N—-1
= @B (N) = —arg [H <uk1|uki+1>] (02)
1=0

This can be cast in terms of the parallel transport of the
Bloch state across the BZ. For this, in going from k; to
kit1, the state |ug, ) is rotated such that it is parallel
to |ug,), so that their overlap is real and positive:

_iarg[(uki|uki+1)]|uk >
i+1

e Rt

|aki+1> =e€

= <ukz |ﬂ'ki+1>
Doing this procedure along the closed loop from kg to ky
(see Appendix@ for the explicit expressions for overlaps),
a total phase ¢ (V) is picked up, which converges to the
exact Berry phase for large V.

2. Multi-band systems

The same principle of rotating the states along a closed
path keeping them parallel to each other in consecutive
steps is applied when more than one band is present.
However, the overlap is now defined as a matrix

kiyki _
M?Sz,n ) = <um,ki

un,ki+1>' (C5)
The states at k;41 must be rotated in such a way that the
resulting overlap matrix is hermitian. From a singular
value decomposition M = VEWT, this rotation can be
obtained as WV [79]. Along a closed path, the states
pick up a non-Abelian phase [92]

A=W, Vi . Wy (C6)
whose eigenvalues \; are connected to WCCs by
arg(A;)
= ——". Ccr
z p (C7)

Note that this construction gives the WCC normalized
to [0,1).

Appendix D: Phase shift originating from atomic
positions in tight-binding models

Tight-binding models are defined as a system of or-
bitals |¢q), a € {1,...,N}, localized at positions t,
within the unit cell, and a set of on-site energies F,, as
well as hoppings between the orbitals. A hopping be-
tween orbitals |¢,) and |¢g), located in unit cells speci-
fied by lattice vectors R, and Rg correspondingly, is in
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general given by a complex number s € C. A hopping
matrix can be introduced with entries at («, ) and (8, «)
A(Oé, s, S) = (Seik'Ta‘65a7i(5ﬂ7j)i)j + h.c. (Dl)
where T, 3 = R, — R is the vector connecting the
positions of the two orbitals.
We make a gauge convention such that the total Hamil-
tonian matrix is given by

H(k) = diag(Er, ..., Ex) + ZA(ai,ﬂi, si)  (D2)

This guarantees that H(k + G) = H(k), where G is a
reciprocal lattice vector.

Given the Hamiltonian, its eigenvectors |¢n,(k)) =
> (k) |¢pn) can be computed. An overlap matrix el-

ement in the adopted convention is given by

occ.

Mktb) Z ™ (k)*c(k 4 b)ePte (D3)

m,n

assuming the orbitals |¢,,) are perfectly localized at t,.

Unlike the Hamiltonian itself, the overlap matrices de-
pend on the orbital positions t,, which act as a phase
factor. However, both the symmetry of the system and
its spectrum are determined by the Hamiltonian alone.
It is thus possible to adiabatically move the orbital posi-
tions to the origin without changing the topology of the
system, provided the hoppings are kept unchanged and
the space group of the system is symmorphic. In this case
(but not for non-symmorphic systems) the phase factor
originating from the orbital positions in the unit cell,
can be ignored when computing topological invariants
(but not electronic polarization, which is not quantized
in general).

Appendix E: Projector expression for the individual
Chern numbers

Here we show that the total Chern number associated
with an isolated set of bands is decomposed into the sum
of individual Chern numbers as defined in Sec. [[I[ Al

Let H be a Hilbert space spanned by the bands
{li) :== |uk,i),7 € {1,...,N}}, which are defined on a
smooth and closed 2D manifold M. The family of pro-
jectors

N
Pe=_ i)l (E1)
i=1
onto H, as well as the families of projectors
R =il (E2)

onto the individual bands are all assumed to be smooth
on the manifold.



The Chern number associated with these bands is then

given by (Eq.

C= i/Tr {Px [0k, P, Ok, Pic]} dky A dka,  (E3)
M

By using Tr {4} = " (n| A|n) and (i|n) = §; , we find

. N
0= / 2‘1 (i[O, P, O, P i) dir Adky  (EA)
M =

The summand can be simplified as follows:

(i] [0k, P, Ok, Bic] 17) (E5)

(il [k, In) ], Do o) (o] | 1)

1

™= ;Mz

(il (O 11 1O ) (] = D [ | I ] ) 1)

1

2
3
]

I
WE

(40100 1) 1D 1) = (il Do) (|, 1))

3

1=

2Im [ (1] Ok, |} (n| Ok, |7) ]

=1

n=1

For cases where n # i
| (il D ) (|0, 1) |
=Im [@'\%n) (n|Ok,1) + (iln) O, (n| Ok, |1) | =0,
N—— ~—~

=0 =0

(E6)

where we used the fact that
(iln) = din, (E7)
and thus
0 = Ok, (i|n) = (O, in) + (i|Ok, n) =2 (i|Ok,n). (E8)
From this, it follows that
(11 [0, Pies 05 ] 1) = il [0, P, 0, PO 1) (E9)

and hence

=

. N

(3 . .

C= Z (i] [0, P, O, Pic] ) dky Adky  (E10)
M =

K

2T

I
M=

E\. S

(il [akle)ﬁkzPS)} 1i) dky A ks

&
Il
-

I
e
3|~

N
Il
-

T { R [0, B, 0, P | } ks A by
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\MZ
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This proves Eq. for the special case where the H;
each consist of a single band. Using this special case, the
result can be generalized to any splitting of the Hilbert
space

(E11)

Let {|i;),i€{1,...,N},j € {1,...,N;}} be a basis of H
such that {|i;),{j € 1,..., N;}} is a basis of H; for all 7. It
is well-known that such a basis always exists. Applying
Eq. first on H and then on each of the H;, we get

(E12)

N N; N
=550 =3
=1

i=1 j=1

thus proving Eq. [26] for a general splitting of the Hilbert
space.

Appendix F: Splitting of the Hilbert space into
subspaces according to their symmetry behaviour

Here we discuss how the Hilbert space can be split into
subspaces according to their symmetry, for the cases of
unitary and antiunitary symmetry operations.

In the case of a unitary symmetry operation, the
Hilbert space can uniquely be split into subspaces which
correspond to the eigenspaces of the symmetry operator.
For the case of an antiunitary symmetry operation A, the
same is true for the eigenspaces of the squared symmetry
operator I' = A2, which is again unitary. For any w # 1,
the eigenstates of I' come in pairs, with eigenvalues w and
w* [I73]. This creates a special case for w = —1, where
w = w” is true. It is then possible to split the eigenspace
in two in such a way that for each such pair, only one
state is contained in each subspace. However, this split-
ting is not unique because the two states in a pair may
be switched. Consequently, the individual Chern number
of the two subspaces is meaningful only if the symmetry
relates the individual Chern numbers of the two states
in a pair. An important example of such a symmetry is
time-reversal, where the two states in a pair must have
opposite individual Chern numbers, and thus a switching
of states can change the individual Chern number of the
two subspaces only by an even number.

Appendix G: Calculation of symmetry expectation
values of the Wilson loop eigenstates

Here we discuss how the symmetry expectation values
are calculated for the Wilson loop eigenstates.

The Wilson loop (Eq. can be written as a prod-



uct of overlap matrices (Eq.

L71 NOCC.
we) =TT > lusw) (wise| (G1)
i=0 j=1
L—2
= Z |uj17ko> <H Mki’kprl) <uj2,kL71’ :
g2 =0 1.2
Since the loop C is closed and thus |ujk,) = |[ujx, ),

the Wilson loop in the basis {u; 1k, }; is simply given by
the product of overlap matrices

L-2
W= ] moken
=0

(G2)

and its eigenstates |v;), fulfilling W |v;) = A, |v;) can be
calculated.
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Knowing the symmetry representation C' in the basis
of the Hamiltonian (that is, the basis in which the |u; k)
are written), the symmetry expectation values of |v;) can
be calculated by

(] C lvs) = vF STCSw; (G3)
where S is the basis-transformation matrix which con-
tains |u; k,) as its columns.

In the limit of large L, W = AT, where A is defined as

in Eq.[C6] This means the eigenvalues ), are related to
the (normalized) WCC by

1 T b)
2

and the symmetry expectation values can thus be as-
signed to corresponding WCCs.
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