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In single sheets of graphene, vacancy-induced states have been shown to host an effective spin-1/2 hole that
can be Kondo-screened at low temperatures. Here, we show how these vacancy-induced impurity states survive
in twisted bilayer graphene (TBG), which thus provides a tunable system to probe the critical destruction of the
Kondo effect in pseudogap hosts. Ab-initio calculations and atomic-scale modeling are used to determine the
nature of the vacancy states in the vicinity of the magic angle in TBG, demonstrating that the vacancy can be
treated as a quantum impurity. Utilizing this insight, we construct an Anderson impurity model with a TBG
host that we solve using the numerical renormalization group combined with the kernel polynomial method. We
determine the phase diagram of the model and show how there is a strict dichotomy between vacancies in the AA
/ BB versus AB / BA tunneling regions. In AB / BA vacancies, we find that the Kondo temperature at the magic
angle develops a broad distribution with a tail to vanishing temperatures due to multifractal wavefunctions at
the magic angle. We argue that the scanning tunneling microscopy response in the vicinity of the vacancy can
act as a non-trivial probe of both the critical single-particle states and the underlying many-body ground state in
magic-angle TBG.

Twisted van der Waals heterostructures have taken the con-
densed matter community by storm [1–3]. Since the first ex-
perimental evidence demonstrating the band reconstruction
and emergence of a flat band in twisted bilayer graphene
(TBG) at twist angle ∼ 1◦ [4], a wide range of experimen-
tal evidence and technical breakthroughs [5–8] have paved the
way for the discovery and reproducible observations of corre-
lated insulating states [9] and supercoductivity [10] in magic-
angle TBG, demonstrating the vast potential and intriguing
properties of these moiré materials. These ideas have now
been extended to twisted bilayer transition metal dichalco-
genides [11–15], quantum magnets [16, 17], high-temperature
superconductors [18–22], and bosonic superfluids in optical
lattices [23–25]. To unravel the nature of the underlying
many-body states in moiré materials, it is essential to explore
new ways to extract electron correlations while using current
experimental capabilities.

One potentially fruitful direction is to probe the nature of
impurity states, which can be accurately measured with scan-
ning tunneling microscopy (STM), in order to gain insights
into the many-body ground state that the impurity states are
coupled to. For instance, the tunneling spectra of impurity-
induced resonances in superconductors reveal signatures of
the pairing symmetry [26]. In the case of single sheets of
graphene, creating impurity states that are strongly coupled to
the itinerant electrons was a challenge until it was realized that
vacancy-induced bound states act like a spin-1/2 hole, orig-
inating from the vacancy’s nearest-neighbor σ states which
couple to the π-band due to the non-zero local curvature near
the vacancy site [27–32]. This represents a clear-cut real-
ization of the pseudogap Anderson impurity model (AIM),
which features a quantum critical point at non-zero Kondo
coupling [33–45]. However, experimentally observing this

quantum critical point has remained out of reach due to the
lack of tunability of the vacancy states, despite the observa-
tion of Kondo screening in graphene hosts [31, 46].

In this work, we study vacancy-induced impurity states in
TBG away from and at the magic angle using a combination
of atomic-scale and effective lattice model Hamiltonians. Us-
ing ab-initio calculations, we show that a vacancy [47] induces
an effective spin-1/2 hole and compute the hybridization func-
tions for the vacancy and the twisted pair of π-bands, showing
a clear dichotomy between AA- and AB-dominated tunneling
regimes. We use these insights to construct an effective quan-
tum impurity model [48], which is solved using a combina-
tion of the kernel polynomial method [49] and the numerical
renormalization group [50] (KPM+NRG [51]). Away from
the magic angle, we show that this realizes a tunable, pseudo-
gap AIM where the twist of the bilayers can be used to tune the
vacancy through its quantum phase transition. At the magic
angle, we find that the impurity is always Kondo-screened at
low temperatures. We study the distribution of Kondo temper-
atures TK across the sample to show how TK in the AB region
is strongly suppressed relative to the AA region.

Microscopic picture.—To set the stage, we investigate how
the vacancy σ (Vσ) state in TBG at the magic angle (θM =
1.05◦ [56]) hybridizes with the twisted pair of π-bands us-
ing an accurate machine-learned tight-binding model [57],
combined with embedded Vσ states given by density func-
tional theory (DFT) calculations [58]. Figure 1(c) shows
the structure of TBG at θM obtained by relaxing a non-
corrugated, free-standing configuration using the interlayer
potential [59, 60] with the method described in Ref. [61, 62],
performed using the molecular dynamics (MD) simulation
package LAMMPS [63]. Figure 1(a) shows the band struc-
ture of pristine TBG obtained given by the atomic-scale
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FIG. 1. Atomic-scale modeling of TBG with a vacancy. (a) Band structure of pristine TBG at θM without vacancy. K̄ and K̄′ indicate the
two valleys of the moiré Brillouin zone. (b) Projected local density of states (LDOS) at the potential vacancy sites denoted in (c), color-coded.
(c) The C atoms in the relaxed pristine TBG at θM, with the center of AA and AB regions annotated. The atoms are colored-coded according to
the local interlayer spacing. The hexagon represents the moiré unit cell. The 19 potential vacancy sites chosen for computing LDOS in (b) are
indicated by thicker dots. (d) ρ↑ − ρ↓ for the three vacancy configurations, computed in untwisted bilayer graphene using DFT. VAB and VAB′

vacancies could be present in TBG AB regions, while VAA vacancies are typical in AA regions. The grey (orange) circles denote the C atoms
in the upper (lower) layers, and the red cross denotes the vacancy. The blue (red) lines highlight the shorter (longer) distances between three
adjacent sites. The clouds of ρ↑ − ρ↓ are plotted in red, showing that most of the excessive spin is contributed by the σ-lobe at the isolated
adjacent site. (e) Computed hybridization function at θM between the Vσ state and the TBG bath for the three vacancy configurations. The
LDOS for the AA site is also plotted in the grey curve for comparison. The insets show the hybridization at twist angle 1.35◦, which features a
Dirac-cone-like low-energy dispersion with larger flat-band bandwidth compared with 1.05◦. (f) Side view of the AA-stacked bilayer graphene
near the vacancy site, with manual vertical displacements of the three adjacent sites away from equilibrium, denoted as u⊥. The bonded sites
(connected by a blue line) are displaced downwards with the same value of u⊥. (g) Computed hybridization strength V between the Vσ state
and the bath versus u⊥ for the untwisted VAA vacancy (blue) and when coupled to the TBG bath (red). The lines are linear fits of the data,
showing that V is tunable by changing u⊥ and the twist angle.

tight-binding model, and Fig. 1(b) the local density of states
(LDOS) projected onto the potential vacancy sites indicated
in panel (c). One finds that the flat-band states are mostly lo-
calized at the AA regions (except at Γ) and have decreasing
projections onto sites further away from the AA center. This
indicates that an impurity in the AA (AB) regions hybridizes
more (less) with the localized flat-band states.

To understand the microscopic mechanism of how vacancy
states hybridize with the π-bands in TBG, we start by consid-
ering a monovacancy in single-layer graphene. Removing one
atom leaves dangling vacancy Vπ and Vσ orbitals at the three
adjacent atoms, which undergo a Jahn–Teller distortion such
that one isolated atom moves further away from the vacancy,
and the other two atoms move closer to re-bond. This results
in one Vσ state localized at the isolated site near the Fermi
level and a Vπ quasi-localized zero mode [28, 29]. In the ex-
perimentally relevant regime, the effect of the Vπ zero mode
can be qualitatively captured by a renormalization of the Vσ
Coulomb interaction [31], and we will thus focus on the Vσ
state in the following.

In single-layer graphene, the coupling between the Vσ state
and the π-bands requires a finite local corrugation that breaks
the mirror symmetry [31, 32]. By contrast, this coupling
arises naturally if a second, untwisted layer is stacked onto

free-standing graphene, which breaks the mirror symmetry
near the vacancy site at the lower layer. To capture this, we
performed DFT calculations using a 6× 6 supercell of un-
twisted bilayer graphene with one vacancy on the bottom layer
in three different local environments [58], named after the
registry of the two sheets of graphene and note that, in AB-
stacked graphene, there are two types of vacancies, VAB and
VAB′ (see Fig. 1(d)). Similar to single-layer graphene, the
three adjacent atoms near the vacancy site relax to a final equi-
librium configuration, showing almost no corrugation near the
vacancy. Figure 1(d) shows the calculated excessive spin den-
sity, ρ↑−ρ↓ [64], which is centered at the isolated adjacent C
atom, contributed mainly by the σ-lobe toward the vacancy.
The details of the calculations and the electronic structure of
bilayer graphene with a vacancy are summarized in [58].

Considering describing the vacancies in TBG in the dilute
limit, we expect the 6×6 supercell simulation of the Vσ state
in untwisted bilayer graphene to mimic the actual vacancy in
TBG near θM. Using our DFT results in untwisted bilayer
graphene, we compute the hybridization function between the
dangling Vσ state and the “bath” (TBG without the vacancy
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and its three adjacent sites),

∆micro(ω) = π
∑

n,k

|Tnk|2δ(ω − Enk), (1)

where the subscript “micro” indicates that it is de-
rived from the microscopic model. Here, Tnk =
⟨ϕVσ |HVσ-bathPbath-TBG|ψnk⟩ represents the tunneling matrix
element between the Vσ state |ϕVσ

⟩ and the pristine TBG
eigenstate |ψnk⟩ with eigenvalueEnk. HVσ-bath is the hopping
between the Vσ state and the C atoms in the bath; Pbath-TBG
projects the TBG eigenstate from the Hilbert space of N -site
TBG to that of the (N − 1)-orbital π bath. The computed
∆micro(ω) is shown in Fig. 1(e) for the three vacancy local en-
vironments at θM compared with the LDOS, with insets show-
ing the result at 1.35◦. Compared with the other two vacancy
types, VAA hybridizes much stronger with the bath, especially
with the flat-band states.

In the experiment, the substrate almost always induces a fi-
nite local corrugation in TBG, which is not captured by our
MD simulations. Therefore, we manually introduced local
corrugation near the vacancy to study how it changes the hy-
bridization strength. Figure 1(f) shows the schematic side
view of how the three vacancy-adjacent atoms are displaced
by u⊥ either upwards or downwards [58] for a VAA vacancy.
Figure 1(g) shows that the hybridization strength V increases
with u⊥ and decreases with twist angle. As u⊥> 0.2 Å, a lo-
calized Vσ state can no longer be identified. We find that VAA
vacancies are most sensitive to twisting [58].

To summarize, a vacancy in bilayer graphene induces a lo-
calized spin density nearby, which hybridizes with the π bath
with a strength tunable via the local environment, atomic cor-
rugation, and the twist angle, suggesting that TBG with a
monovacancy realizes a tunable, pseudogap AIM. To make the
AIM tractable, we turn to constructing an effective impurity
model with the parameters of the impurity derived from the
microscopic model and the hybridization function described
by a simpler TBG bath. The latter has all of the salient fea-
tures we have just found but will allow us to describe the spec-
tral properties of TBG down to sufficiently low energy scales
to treat the Kondo effect accurately.

Quantum impurity model.—We use the AIM, with the
Hamiltonian H=Hhost+Hhyb+Himp, to emulate TBG with
a vacancy. The host contributions are typically written in the
single-particle eigenbasis, where ϵk is the eigenenergy of a
state created by c†kσ with a wavefunction ϕkσ(j) = ⟨j, σ|ϵk⟩
at lattice site j. Then,

Hhost=
∑

k,σ

ϵkc
†
kσckσ, Hhyb=V

∑

σ

[
d†σcRσ+H.c.

]
, (2)

where R labels the impurity site, cRσ =
∑
k ϕk(R)ckσ , and

V > 0 is the hybridization strength. The effect of the host on
the impurity is fully described by the hybridization function

∆R(ω) = πV 2
∑

k

|ϕk(R)|2δ(ω − ϵk) ≡ πV 2ρR(ω), (3)
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FIG. 2. Hybridization functions for the effective lattice model of
TBG in Eq. (2). (a) The model GDOS at different twist parameters,
where α=0.081 (w=0.11 eV) corresponds to the magic angle. (b)
Tunneling map, where different colors indicate the locally dominat-
ing tunneling according to the effective lattice model [58]. The inset
shows the microscopic lattice spacing across a patch. (c) Compari-
son of GDOS and LDOS in the AA and AB regions at α = 0.067
(w = 0.09 eV). The LDOS is averaged over 200 samples of ran-
dom twisted boundary conditions; the GDOS is additionally aver-
aged over the origin of rotation in TBG across 400 samples.

with ρR the host LDOS per spin orientation (ϕk ≡ ϕkσ). One
approximation we consider to help gain physical insight into
the problem ignores the spatial contribution of the wavefunc-
tion to the LDOS, so that the LDOS in the hybridization func-
tion is replaced by the global DOS (GDOS, per spin orienta-
tion, per lattice site) ρ(ω) = N−1

∑
k δ(ω − ϵk).

As our host, we use a microscopic lattice model of
TBG [65] derived from the Bistritzer–MacDonald continuum
model [56, 58]. It is characterized by the twist angle θ and the
interlayer tunnelingw. We can modify the hybridization func-
tion by varying either of them, since only their ratio matters at
small twist angles in the form α≡w/[2vFkD sin(θ/2)]. Here,
the Fermi velocity is vF = 3ta0/(2ℏ) with t = 2.8 eV, and
the distance from the Γ to the Dirac point is kD = 4π/(3a0)
with a0≈2.46 Å the graphene lattice constant. It is more con-
venient for us to vary w at fixed θ = 1.05◦ as we treat the
incommensurate twist via a rational approximant. The magic
angle then occurs at w= 0.11 eV. The DOS of the TBG lat-
tice model is shown in Fig. 2(a), and we focus on the charge
neutrality point. Taking the impurity location into considera-
tion, the tunneling strengths in the lattice model mark different
sublattice tunneling geometry that is dominated by AA/BB or
AB/BA local regions (Fig. 2(b)). The LDOS in each repre-
sentative region, depicted in Fig. 2(c) away from the magic
angle, reflects how the probability density of wavefunctions
in the miniband are concentrated near the AA sites, consis-
tent with our ab-initio results and expectations from previous
Wannier-function calculations in TBG [66–69].

Finally, the impurity part in the Hamiltonian reads

Himp = ϵd(n̂d↑ + n̂d↓) + Un̂d↑n̂d↓. (4)

An impurity state with spin σ and on-site repulsion U , lo-
calized at the vacancy site R, is created by d†σ , has a num-
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FIG. 3. Phase diagram for the effective model of TBG with a va-
cancy at T =0. The critical hybridization strength Vc that separates
the local-moment (µeff = 1/4) and Kondo-singlet phase (µeff = 0)
as a function of α = w/[2vFkD sin(θ/2)] vanishes linearly at the
magic angle αM≈1/

√
3 (cf. Eq. (5)). Dashed lines show results for

∆∝ ρ with the GDOS ρ or with an LDOS ρR (R in the AA or AB
region), see Eq. (3). For the solid lines, the input is adjusted to match
the analytically known asymptotic low-energy behavior [58].

ber operator n̂dσ = d†σdσ , and an energy ϵd measured from
the host Fermi energy EF = 0. We choose U = 2.2 eV and
ϵd=−0.5 eV as motivated by our microscopic analysis [58].
Note that the hybridization functions already break particle-
hole symmetry and that the TBG half bandwidth (of the full
spectrum, not only the miniband) D depends weakly on α,
D(α)≈ 8 eV. Below, the hybridization strength is either var-
ied or chosen as V = 1 eV to estimate the typical TK. The
effective Kondo coupling is J∼V 2/U .

Many-body solution.—To reach sufficiently large system
sizes, we have implemented the KPM+NRG method, en-
abling us to reach a linear lattice size L = 569a0 [65] and
a KPM expansion order of NC =218 to calculate the Wilson-
chain coefficients. We first analyze the T = 0 phase diagram
for a vacancy in TBG with a variable hybridization strength
V and twist parameter α. A single sheet of graphene re-
alizes a clear-cut pseudogap AIM with a local-moment and
Kondo-singlet phase. Away from the magic angle, the GDOS
of TBG still follows the pseudogap behavior: at low ener-
gies, ρ(ω) ∼ |ω|/v2, where v = v(α) is the renormalized
Dirac velocity. As v(α) vanishes at the magic angle (close
to αM ≈ 1/

√
3 for the first magic angle in [56]), we may ex-

pand it as v(α)∼|α− αM| close to αM. From previous NRG
studies, we know that such a particle-hole asymmetric pseudo-
gap AIM has a critical Kondo coupling Jc with ρ0Jc∼O(1)
[35–37, 42, 70]. Hence, from ρ0 ∼ 1/v2(α), we expect

Jc ∼ |α− αM|2 ⇔ Vc ∼ |α− αM|. (5)

At the magic angle, ρ(ω) is smooth at low ω with finite ρ(0).
Hence, at T =0, a Kondo-singlet phase is found for arbitrarily
small V , in agreement with Eq. (5).

Solving the AIM with NRG, we use the impurity contri-

FIG. 4. Distribution of TK for different impurity locations across
magic-angle TBG. Here, TK is given in Kelvin and V =1 eV. We
consider roughly 500 (1500) sites for the AA (AB) region. The AB,
compared to the AA distribution, is broader, centered at a smaller
value, and has a tail reaching down to very low TK.

bution to the spin susceptibility χimp to extract the effec-
tive magnetic moment µeff = limT→0 Tχimp(T ). The local-
moment and Kondo-singlet phases are characterized by µeff =
1/4 and µeff = 0, respectively. Figure 3 shows our numeri-
cal results for Vc(α). The results for hybridization functions
proportional to an LDOS (for a lattice site in either the AA or
AB region) and to the GDOS (equivalent to the LDOS aver-
aged over all lattice sites) behave qualitatively similarly. As
expected, in the AA region, the enhanced LDOS leads to a
smaller Vc relative to the AB/BA regions. For the GDOS,
we know the asymptotic low-energy behavior mentioned be-
fore (ρ(ω)|α̸=αM ∼ |ω|, ρ(ω)|αM = const). This allows us
to adjust and extend the Wilson-chain input at energy scales
below the KPM resolution to match the analytically known
behavior [58]. The data with adjusted input nicely reproduces
Eq. (5) and confirms our expectations: There is a finite Vc for
all α ̸=αM, decreasing linearly with α close to αM, while, at
α=αM, any V >0 leads to Kondo screening, consistent with
an idealized study using only the GDOS in TBG [71].

Focusing on αM, where the ground state is always Kondo-
screened, we may ask below which T the Kondo-singlet phase
occurs across the sample; i.e., we study how TK changes with
the location of the impurity at fixed V = 1 eV. We use
TK ≃ 1/|4χloc| [72] as a robust and efficient estimate, where
χloc = ∂h⟨Sz⟩|h=0 (with ⟨Sz⟩ the local magnetization) is the
local susceptibility computed at T = 0. In Fig. 4, we plot
the distribution of Kondo scales found for a large number of
different sites. There is a strict dichotomy between vacan-
cies in the AA versus AB regions. The LDOS throughout the
AA region is rather similar, leading to a narrow distribution of
Kondo scales. By contrast, the LDOS in the AB region varies
widely at low energies (as it includes VAB and VAB′ contri-
butions) and is generally smaller than in the AA region. This
leads to a broad distribution of Kondo scales, centered at a
smaller value than in the AA region, and with a tail to vanish-
ing TK. This tail is a measure of the multifractal wavefunc-
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tions at the magic angle [73, 74] in TBG, and, when thermo-
dynamic quantities are averaged, this can lead to a non-Fermi
liquid response [51, 75].

In reality, the TBG bath we have considered becomes corre-
lated in very close proximity to the magic angle and the non-
interacting bath description breaks down. Therefore, at T =0,
our results are directly applicable across the majority of the
phase diagram in Fig. 3, and future work is needed to incor-
porate the strongly correlated bath that can induce a gap at
charge neutrality [76]. At finite temperatures, above the cor-
related gap, our results serve as a description of the normal
state of the defect-induced Kondo effect in TBG.

Conclusion.—Using ab-initio calculations, we embedded a
vacancy into pristine TBG and demonstrated how it hybridizes
with the low-energy miniband in the vicinity of the magic an-
gle. From this insight, we built an effective AIM that we
solved with KPM+NRG [51]. We found a variety of many-
body ground states and a pseudogap quantum critical point
tunable by the twist angle. At the magic angle, the vacancy
is always Kondo-screened, leading to a TK distribution that
is broad in the AB region due to the underlying multifractal
single-particle eigenstates [73, 74]. We propose the STM re-
sponse of such Kondo-induced vacancy states as a probe of the
underlying many-body ground states in TBG and potentially
moiré materials more broadly.
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I. AB-INITIO STUDY OF MONOVACANCY IN TWISTED BILAYER GRAPHENE

A. DFT simulation of the monovacancy in untwisted bilayer graphene

To study how local atomic environments affect the vacancy resonant states and take into account the Vσ states
localized at the nearest neighbor sites, which occur near the Fermi level, we performed density functional theory
(DFT) calculation of bilayer graphene with two different registries and three different vacancy configurations: VAA,
VAB, VAB′ . For each bilayer structure, we constructed a 143-atom 6× 6 supercell with a single vacancy at the
bottom layer. The lattice relaxation and self-consistent-field calculations were performed using the Vienna Ab initio
Simulation Package [S1–S3], with a fully spin-polarized Perdew-Burke-Ernzerhof exchange-correlation functional [S4]
with a 6× 6× 1 k-grid, with a force convergence tolerance 0.05 eV/Å. The fully relaxed structures of the three different
vacancy configurations exhibit a similar Jahn-Teller distortion near the vacancy, as shown in Fig. S1. The distortions
show that one nearest-neighbor carbon atom moves away from the vacancy site, while the other two atoms move
closer toward each other to re-bond. The equilibrium bond lengths l1, l1 and l2 satisfy l1 > l0 and l2 < l0, where l0
is the equilibrium next-nearest-neighbor distance in the pristine single layer graphene.

We also noticed that the relaxation of VAB′ takes a particularly long time since the potential energy surface of this
type of vacancy is rougher and requires more time to resolve the lowest energy configuration. We plotted the two
configurations that are very close in energy for VAB′ in Fig. S2. We noticed that one can converge to the correct
equilibrium configuration only with a finer k-grid (such as 6× 6× 1) and a tighter force convergence tolerance. For
the triangle formed by the three nearest-neighbor sites in VAB′ , there is no carbon site at the top, while for the VAA

or VAB, the carbon site at the top of the triangle repels the lone σ and π electrons. Therefore, for VAB′ , another
possible low-energy configuration (Fig. S2 right panel) is when two atoms come further, and one atom moves closer
to the vacancy, leaving the total spin moment to be localized around two adjacent sites. While for VAA and VAB,
repelled by the center-top carbon, two nearest-neighbor carbon sites always move closer to reform a 2-carbon bound
state, significantly lowers the total energy and leads to faster convergence.

We then performed fully spin-polarized self-consistent-field (SCF) calculations on these four structures using a
uniform 3× 3× 1 Monkhorst-Pack k-grid. The formation energies of these three types of vacancies, computed as
E(N − 1) − N−1

N E(N) are listed in Table SI, comparable with the 7.0 ± 0.5 eV formation energy of a monovacancy
in single-lager graphene as experimentally measured [S5]. For all three types of vacancies, the spin density ρ↑ − ρ↓
localizes mainly on the further-away carbon, contributed mostly by the lone σ-electron, and partially by the lone π-
electrons. The Vσ state and the zero-mode Vπ state are occupied in the spin-up channel and empty in the spin-down

VAB VAB VAA

longer bond
shorter bond
bottom layer
top layer
vacancy (at bottom layer)

FIG. S1. Relaxed lattice structure of the 6× 6 supercell of the bilayer graphene with vacancy systems in three different local
environments, named after stacking registry. The vacancy is placed on the bottom layer, denoted by the red cross. The
distorted isosceles triangle formed by the three nearest neighbors of the vacancy is denoted by red dots, with the red and blue
lines annotating the longer and shorter bonds among them.
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FIG. S2. The two VAB′ distortions that are close in energies. The spin density ρ↑ − ρ↓ isosurfaces are plotted for each
configuration. We found that one can converge to the correct equilibrium configuration only with a finer k-grid (such as
6× 6× 1) and a tighter force convergence tolerance.

VAB VAB′ VAA

Formation energy (eV) 5.66 5.64 5.48

Total spin magnetic moment (µB), k: 6×6×1 1.33 1.43 1.31

(contribution of Vσ and Vπ (µB)) 1.0 0.33 1.0 0.43 1.0 0.31

Vσ on-site energy ϵ (eV) -0.45 -0.48 -0.51

Vσ on-site Hubbard U (eV) 2.26 2.21 2.24

Vσ-π bath hybridization strength V (eV) 0.24(3) 0.13(1) 0.12(1)

(contribution from top layer V (eV) ) 0.12(1) 0.09(1) 0.07(1)

TABLE SI. Computed properties of the three vacancy configurations in equilibirum, along with the estimated intra-orbital
Hubbard U and on-site energy ϵ for the Vσ state and the coarse-grained hybridization V between the Vσ and the π bath, in
the untwisted bilayer graphene.

channel, both contributing to the S = 1 ground state spin density localized around the three nearest-neighbor sites.
Because of screening between the Vπ state and the π bath, the Vπ state’s contribution to the final spin magnetic
moment is about 0.4µB, resulting in a total spin magnetic moment ∼ 1.4µB (Table SI). In comparison, the spin
magnetic moment of the monovacancy in single-layer graphene ranges from 1.04 to 1.84µB [S6]. However, we point
out that this discrepancy in µtot is likely due to a non-converged vertical displacement, sparse k-grid, and small
supercell (high defect concentration) [S7]. Our calculation using a 12× 12× 1 k-grid yielded 1.23, 1.36, and 1.21µB

for the three vacancy types listed, slightly smaller than the values given by 6× 6× 1 grid listed in Table SI.
In addition, one can estimate the intra-band interaction U for the Vσ state. Assuming that the Hubbard model

of an isolated impurity applies, the single-particle energies, ∼−0.5 and 1.8 eV, of the Vσ (occupied, spin up) and
lowest unoccupied spin down Vσ states would be ϵ and ϵ+U , i.e., the energies needed for the removing one electron,
|σ⟩ → |0⟩ (σ =↑, ↓) and adding one electron, |σ⟩ → |↑↓⟩. Here, |0⟩, |σ⟩, |↑↓⟩ are the eigenstates of the isolated one-band
impurity model, with on-site energy ϵ and Hubbard repulsion U . This allows us to estimate the value of intra-orbital
Hubbard interaction U , which is listed in Table SI, in rough agreement with the value of 2.0 eV given by Ref. [S8].
The value is smaller than the intra-orbital onsite Hubbard repulsion computed to be 4.4 eV using the state-of-the-art
constrained random phase approximations based on DFT results [S9], and 3.6 eV given by fixed-node diffusion Monte
Carlo [S10] for carbon’s pz orbitals.

To study the hybridization of the vacancy states with the itinerant bands, we disentangled the Kohn-Sham wave
functions near the Fermi level within a ∼ 20 eV window and downfolded to a set of maximally-localized Wannier
functions (MLWFs) [S11] using the Wannier90 package [S12–S14]. The initial guess of the projections includes atomic
pz orbitals on each carbon site and three sp2 orbitals, with their lobes directed towards the vacancy site on the
three vacancy nearest-neighbor sites. The converged MLWFs at the three nearest neighbor sites are usually linear
superpositions of each site’s pz and sp2 orbitals. Therefore, we performed a unitary rotation within each 2×2 block
such that the two onsite sp2 and pz orbitals have zero hopping. Then, we defined the orbital with lower chemical
potential as the vacancy sp2 orbital, and the higher one as the vacancy pz orbital. Fig. S4 shows the MLWFs after
this unitary rotation.

Fig. S5 shows the wave functions of the two localized vacancy states in the spin-up channel, Vπ and Vσ, at Γ. The
Vσ state is mainly localized at the lone site among the three adjacent sites. In contrast, the Vπ state (“zero mode”)
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FIG. S3. The bands and local density of states (LDOS) as computed by the tight-binding model derived from Wannierized
DFT results for the three vacancy configurations in untwisted bilayer graphene. The two vacancy states of interest, Vπ and
Vσ, are highlighted by the thick lines on the band structure plot.

wV1,sp2 wV2,sp2 wV3,sp2

wV1,pz
wV2,pz

wV3,pz

FIG. S4. The rotated maximally localized Wannier functions (MLWFs) at the three adjacent sites of the vacancy in the VAA

configuration. The red cross denotes the location of the vacancy site at the bottom layer.

is quasi-localized around the vacancy site, contributed by the dominant sublattice. In the following analysis, we will
focus on the hybridization between the Vσ state and the π bath.

B. Local corrugation enhances the Vσ-bath hybridization

We have also studied how local corrugation gives rise to non-zero hybridization between the Vσ states and the π bath
in bilayer graphene. Fig. S6(a) shows the atomic positions near the vacancy for the three equilibrium configurations.
Compared to the other two cases, VAB′ causes more local curvature on the top layer rather than the bottom layer
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V
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0 0.02 0.04 0.06
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FIG. S5. The probability density projected onto the MLWFs orbitals for the two vacancy states of interest, Vσ and Vπ, in VAA

configuration. Here, |wi⟩ is a (N +2) vector, including (N − 1) π and 3 σ MLWFs. The dispersion of these two vacancy states
is highlighted in Fig. S3. The Vπ states are quasi-localized (power-law decay) around the vacancy site, while the Vσ states are
exponentially localized at the vacancy adjacent sites.

Twist angle 1.05◦ 1.35◦ 2.0◦

VAB VAB′ VAA VAB VAB′ VAA VAB VAB′ VAA

Hybridization strength V (eV)

in [-200, 200]meV window 0.211(45) 0.135(21) 0.101(12) 0.192(65) 0.069(13) 0.092(12) 0.166(43) 0.075(9) 0.071(12)

in [-20, 20]meV window 0.152(16) 0.094(15) 0.106(2) 0.131(13) 0.062(4) 0.081(4) 0.157(6) 0.075(3) 0.070(2)

TABLE SII. Computed hybridization strength V between the Vσ and the π bath of TBG at various twist angles for the three
vacancy configurations at equilibrium, within two chosen energy windows.

where the vacancy resides. Fig. S6(b) shows a distribution of the intra- and inter-layer sp2-pz hoppings versus the
distance away from the vacancy sp2 orbitals. All the absolute values of the hoppings were collected and then averaged
over a given bin at some distance. For VAA and VAB′ configurations, the nearest intra-layer hoppings are about
0.02 eV, and nearest inter-layer hoppings are halved, about 0.01 eV. For VAB, the intra-layer hoppings are slightly
larger, and the nearest inter-layer hoppings are 0.035 eV. This result is consistent with the estimated hybridization
strength V for each configuration, as listed in Table SI, i.e., the hybridization between the Vσ and the π bath is
mainly contributed by intralayer hoppings, which are caused by the local corrugation near the vacancy in the layer
where the vacancy resides. The fact that the equilibrium structure is not completely flat allows the sp2 and pz orbitals
to hybridize. Particularly, from the last two rows of the table, we see that the Vσ-π bath hybridization strength is
further enhanced with the presence of the second layer that breaks the local mirror symmetry of the bilayer, in addition
to the small local curvature induced by the vacancy. However, the finite hybridization strength gives a low Kondo
temperature, which is not attainable in experiments. Therefore, similar to the situation in the single layer [S15], the
local corrugation introduced by the substrate can help greatly increase the Kondo temperature. See Section ID for a
detailed study of the effect of local corrugation near the vacancy.

C. Computing the hybridization function between vacancy states and π bath in TBG

In this section, we explain how the hybridization function between the vacancy Vσ state and the π band is computed
using the atomic scale model of a pristine TBG [S16], in combination with the Wannierized DFT results of mono-
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(a) (b)

FIG. S6. After the relaxation of the lattice structure, local curvature forms near the regions of the vacancy. This local curvature
gives rise to a non-zero intra-layer hopping (t∥) between the vacancy sp2 orbitals and the rest of the pz orbitals. (a) Position of
the atoms from the bottom and top layers of the three configurations, with the atoms colored by their z coordinate away from
the averaged position. (b) The absolute values of the intra- (t∥) and inter-layer hoppings (t⊥) between the three vacancy sp2

orbitals and the pz orbitals, versus the distance away from the vacancy sp2 orbitals. The values were averaged over the three
vacancy-adjacent sites and coarse-grained with respect to the distance. We see that the intra-layer and inter-layer hoppings
are of a similar order of magnitudes at equilibrium configurations.

Extracting the 
vacancy cluster

Embedding 
into TBG

 simulated using untwisted 
bilayer graphene, 6 6 supercell
VAA ×

HVi,sp2 bath-

FIG. S7. The schematic of combining the tight-binding Hamiltonian derived from DFT for the monovacancy in untwisted
bilayer graphene with the TBG atomic scale model. The dark and light green sites represent the positions of the bath π
orbitals from the bottom and top layers, respectively.

vacancy in untwisted bilayer graphene. Fig. S7 shows the workflow of this procedure. We first extract the hopping
terms between the vacancy sp2 orbitals, Vi,sp2 (i = 1, 2, 3) and the rest of the π orbitals at the (N−1) bath sites. The
wave function |ϕVσ⟩ of the vacancy state of interest, Vσ, is obtained by diagonalizing the 3× 3 block Hamiltonian of
the Vi,sp2 basis. Then, we diagonalize the atomic-scale tight-binding model HTBG for the pristine TBG as given by
Ref. [S16] at twist angle θ and obtain the eigenstates |ψnk⟩, written in the π orbital basis. Finally, we find the AB or
AA twist centers in TBG, then find the atomic sites in TBG that have the closest local environment with each “bath”
site in the untwisted bilayer graphene, chosen to be within 6 Å away from the vacancy site at the bottom layer, and
4 Å away at the top layer. As a result, we constructed the hopping terms between Vi,sp2 and the π orbitals in TBG,
i.e., HVσ-bath. Therefore, by projecting the TBG eigenstates only onto the (N − 1) bath π orbitals, the tunneling
elements between |ϕVσ⟩ and the nth TBG eigenstates at k is given by

Tnk = ⟨ϕVσ|HVσ-bathPbath-TBG|ψnk⟩ . (S1)

The hybridization function between the Vσ state |ϕVσ⟩ and the TBG π bath is given by

∆micro(ω) = π
∑

n,k

|Tnk|2δ(ω − Enk), (S2)
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FIG. S8. The band structures of the untwisted bilayer graphene with VAA type vacancy with local vertical displacements from
0.05 Å to 0.2 Å (see Fig. 1f for how the three vacancy-adjacent atoms are displaced). The highest occupied (lowest unoccupied)
Vσ state is identified for u⊥ < 0.2 Å and highlighted in yellow (purple). With u⊥ = 0.2 Å, a localized Vσ state is not identifiable
due to the strong hybridization with the π bath.

where the subscript “micro” denotes that this hybridization function is obtained from the atomic-scale, microscopic
model of the TBG combined with ab-initio downfolded hopping terms obtained from DFT calculations.

We estimated the hybridization strengths V between the Vσ state and the π bath in TBG, within a chosen energy
window around the Fermi level, using

∆micro(ω) ≈ πV 2
∑

n,k

| ⟨ψnk|wvac⟩ |2δ(ω − Enk), (S3)

which is equivalent to equation 3 in the main text. The averaged V is listed in Table IC, where the numbers in the
brakets represent the standard deviations of the V (ω) within the chosen energy window. They are of similar values
with the hybridization strengths in untwisted bilayer graphene. Curiously, we noticed that both VAB and VAB′ ’s
V values show a larger standard deviation, compared with VAA, especially as the twist angle approaches the magic
angle 1.05◦. We think this is because of the multi-fractal nature of the wave function in magic-angle TBG, which
leads to very discontinuous flat-band wave functions in the atomic scale. Therefore, for these two cases, a simple
frequency-independent V may not be sufficient to describe the hybridization function ∆(ω). (Therefore, further NRG
calculations with a more accurate ∆(ω) need to be performed, which is beyond the scope of this study.)

Note that we were using the same embedded cluster (see the green atoms Fig. S7) for all these calculations.
Therefore, the effect of the local curvature change in the vicinity of the vacancy due to different twist angles was
not taken into account. We expect this approximation to apply to small twist angles where, for example, the VAA

vacancy only sees its local environment as AA. The AA and AB regions get small in TBG with large twist angles.
The local environment of a vacancy located at an AA (or AB) center can not be well approximated by AA- (or AB-)
stacked untwisted bilayer graphene.

D. Local corrugation away from equilibirum

In a free-standing (no substrate) magic-angle TBG, the two layers naturally corrugate to lower its total energy,
such that the interlayer distance in the AA regions is larger, and that in the AB regions is smaller. This natural
corrugation is shown in Fig. 2(c) in the main text, where the positions of the C atoms in the TBG at θ = 1.05◦ given
by MD calculations are plotted, color-coded by their interlayer distances. However, we do not expect this natural
corrugation introduced by twisting to enhance the hybridization significantly. This vertical corrugation is ≲ 0.1 Å [S17]
in the moiré scale, and is therefore < 0.01 Å near the vacancy. In order to achieve an experimentally detectable Kondo
temperature (> 1K) for the vacancies in the AA regions, one needs to introduce local corrugations, especially near
the vacancy, which greatly enhances the hybridization strength between the vacancy state Vσ and the bath. This
could be achieved via coupling to a substrate that interacts slightly stronger with TBG compared with the widely
used hBN [S15].

To systematically study the effect of local corrugation in enhancing the Vσ-bath hybridization V in untwisted bi-
layer graphene, and how this property gets preserved in TBG, we manually introduced vertical displacement for the
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FIG. S9. (a-c) The computed hybridization strength for the three vacancy types, with ad-hoc local corrugations. (d) V versus
the twist angle at u⊥ = 0.1 Å. The hybridization strength of VAA vacancy is more sensitive to the twist compared to the other
two AB-type vacancies. (e) The hybridization function for the VAB′ in equilibrium configuration (upper panel) and the LDOS
at the corresponding vacancy site, and the LDOS sum for the vacancy site and the three adjacent sites. We can see that the
vacancy site of VAB′ has almost zero contributions to the flat band DOS; when computing the value V , it would have a large
uncertainty if one were to divide ∆(ω) by the LDOS at only the vacancy site. Instead, we use the averaged LDOS of the
vacancy and the three adjacent sites.

FIG. S10. A comparison of the GDOS and LDOS in AA and AB sites given by the two models: θ = 1.05◦ microscopic model
and w = 0.11 eV lattice model. Both these two models agree on the overall features of the GDOS (panel (a)) and LDOS (panel
(b)). In NRG calculations, we chose to use the GDOS and LDOS produced by the lattice model to construct the hybridization
function, which allows us to reach a larger system size and achieve higher resolution near the Fermi level.

three adjacent atoms near the vacancy and performed similar calculations as shown in section IC. We chose multiple
vertical displacements u⊥, then extracted V for the untwisted bilayer graphene, and TBG with chosen twist angles.
Specifically, we moved the isolated, unbonded C atom upper by u⊥ and the other two bonded atoms lower by u⊥.
This fashion of introducing local corrugation is ad hoc, which is merely an attempt to mimic the substrate-induced
local corrugation that was observed in experiments [S15] and to maximize the hybridization between the Vσ states
and the π bath. To justify this, we performed two calculations: A. only displacing the isolated C atom by +u⊥, and
B. displacing the isolated C atom by +u⊥ and the other two atoms by −u⊥. For the VAA vacancy with u⊥ = 0.5 Å,
configuration A gives a hybridization strength 1.25(2) eV, smaller by ∼ 24% than that given by configuration B.
Therefore, we chose to displace the atoms using configuration B in order to maximize the hybridization strength.

The V values for VAA were presented in Fig. 1(g). Here, we show the band structure plots for the chosen corrugations
in Fig. S8. We see directly from the energies of the Vσ states in the spin up and down channels that the value of
Hubbard U slightly decreases by ∼ 0.1 eV as u⊥ increases to 0.1 Å (note the position of the lowest unoccupied spin-
down Vσ state as highlighted in the light purple box), and the onsite energy ϵ almost does not change. However, the
value of the total magnetic moment µtot decreases from 1.31µB to 1.17µB at u⊥ = 0.1 Å. In Fig. S9, we summarized
the hybridization strengths for the three vacancy types as a function of the vertical displacement and the twist angle.
Specifically, for VAB′ , the value of V is computed as V =

√
∆(ω)/ρ̄(ω), where ρ̄(ω) = 1

4

∑
i∈{vac, 3 adj-sites} ρi(ω),

instead of just the LDOS at the vacancy site, which otherwise gives a huge uncertainty in V since the LDOS at the
vacancy site almost vanishes near EF (see Fig. S9(e)).

E. Comparison between the microscopic model and the lattice model

For NRG calculations, we used the parameters computed from our microscopic modeling of the TBG+vacancy
system and the local density of states given by the lattice model (described in section II) to construct the hybridization
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function. The lattice model allows for finer resolution of the hybridization function near the Fermi level since a larger
system size is more attainable. Fig. S10 shows a direct comparison between the GDOS and the LDOS of the two
models (θ = 1.05◦ microscopic model and w = 0.11 eV lattice model). Both these two models agree on the overall
features of the GDOS, i.e., they reproduce the flat band of a small bandwidth (20meV for the microscopic model,
8meV for the lattice model). As for the LDOS, both models reproduce the correct features in the AA and AB sites
that the flat bands are more localized at the AA sites than the AB sites.

II. LATTICE MODEL OF TBG

The impurity host is a microscopic lattice model of TBG around the charge neutrality point where the angle enters
as a free parameter [S18], which is derived from the Bistritzer–MacDonald continuum model [S19], and it has three
main components

Hhost = H0 +HT0 +HT1. (S4)

Here, H0 denotes the lattice model of two independent Dirac cones, representing the two independent layers of
graphene

H0 =
∑

r,l

t


c†r,lσxcr,l +

2∑

j=1

(c†r+aj,j
σ+cr,l +H.c.)


 , (S5)

where t = 2.8 eV, r labels points on the triangular lattice, cr,l = (cr,A,l, cr,B,l)
T a pseudospinor operator, and layer

l = 1, 2 with sublattices A,B. The tunneling between layers in real space is separated into two parts

HT0 =
∑

r

[c†r,2T0(r)cr,1 +H.c.],

HT1
=

∑

r

6∑

n=1

[
(−1)nc†r+an,2

T1
(
r+

an
2

)
cr,1 +H.c.

]
,

(S6)

where HT0 denotes the interlayer tunneling at site r, while HT1 represents tunneling to the nearest neighbors on

the triangular lattice of the other layer (an, n = 1, 2, . . . , 6 are nearest-neighbor lattice vectors, a1 = (
√
3/2, 3/2)d,

a2 = (−
√
3/2, 3/2)d, a3 = (−

√
3, 0)d, and aj = −aj−3 for j = 4, 5, 6. d is the nearest C atom distance. The lattice

constant is a0 = |aj | =
√
3d. The tunneling matrices are given by

T0(r) =
3∑

j=1

(
w0 cos(ξj,−) w1 cos(ζj,−)
w1 cos(ζj,+) w0 cos(ξj,+)

)
,

T1(r) =
1

3
√
3

3∑

j=1

(
w0 sin(ξj,−) w1 sin(ζj,−)
w1 sin(ζj,+)) w0 sin(ξj,+)

)
, (S7)

where w0, w1 denotes the AA and AB tunneling, respectively. In the following, we define w = w1 and fix the relation
w0 = 0.75w. The abbreviations are

ξj,± = qj · r+ ϕj ± 1
2θ,

ζj,± = qj · r± 2
3π(j − 1) + ϕj , (S8)

where θ is the twist angle contained in the twist wavevector kθ = 2kD sin(θ/2) with kD = 4π/(3
√
3d) = 4π/(3a0).

The three vectors are controlled by the kθ as q1 = kθ(0,−1), q2 = kθ(
√
3/2, 1/2) and q3 = kθ(−

√
3/2, 1/2). ϕj are

three global random phases. To ensure the boundary tunneling strengths are consistent, we need extra constraints
in the system sizes L of the lattice, i.e., mod(qj(θ)Lx|y, 2π) ≈ 0 for each θ. At the fixed angle θ = 1.05◦, we choose
L ≡ Lx = Ly = 569a0. The boundary condition is taken to be a twisted boundary condition, i.e., a random twisted
phase ψ on the hopping matrix elements at the (right) boundaries t→ teiψ.

Note that the particle-hole symmetry cannot be preserved in lattice models of TBG [S20] from the topology point
of view. For each value of w, we shift the chemical potential (upon averaging twisted boundary conditions) to ensure
charge neutrality.
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III. KERNEL POLYNOMIAL METHOD

We computed the density of states using the kernel polynomial method (KPM). It is an approximation that expands
a function using Chebyshev polynomials,

f(x) =
1

π
√
1− x2

[
g0µ0 + 2

∞∑

n=1

gnµnTn(x)

]
, (S9)

where Tn(x)s are the Chebyshev functions and Tn(x) = cos(narccos(x)), µn =
∫ 1

−1
f(x)Tn(x) are the KPM expansion

moments with Jackson kernel gn [S21]. For the case of the global density of states (GDOS), the variable is E and we
have,

µn =

∫ 1

−1

ρ(E)Tn(E) =
1

D

D−1∑

k=0

⟨k|Tn(H) |k⟩ = 1

D
Tr(Tn(H)), (S10)

where E is normalized to [−1, 1], and the trace is evaluated stochastically with the number of random vectors NR for
the D states. The local density of states (LDOS) at site i is given by

µn =
1

D
⟨i|Tn(H) |i⟩ . (S11)

To compute the density of states (DOS) with lattice size 569× 569, we used 2 random vectors (NR = 2), and a number
of expansions NC = 218. The results were then averaged over a set of twisted boundary conditions, each of which was
generated as a two-dimensional random phase vector and multiplied to the boundary Hamiltonian matrix entree.

TheWilson parameters for the NRG with certain logarithmic discretization Λ can be obtained from the GDOS/LDOS
once the moments µn is computed [S22]. The key quantities are the integration of zeroth and the first moment of
energies over logarithmic bins

α±
m = ±

∫ ±ϵ̃m

±ϵ̃m+1

∆̃(ϵ̃) dϵ̃, β±
m = ±

∫ ±ϵ̃m

±ϵ̃m+1

ϵ̃ ∆̃(ϵ̃) dϵ̃, (S12)

where the tilde denotes the normalized energy and hybridization (GDOS/LDOS) and the logarithmic discretization
ϵ̃m+1 < ±ϵ̃ < ϵ̃m, where

ϵ̃0 = 1, ϵ̃m = Λ1−z−m for m = 1, 2, . . . . (S13)

Using Tn(x) = cos(n arccosx), and defining θm = arccos ϵ̃m with 0 ≤ θm ≤ π/2 for m = 0, 1, 2, . . ., one can show
that

α±
m =

1

π

[
g0µ0(θm+1 − θm) + 2

NC−1∑

n=1

(±1)n

n
gnµn(sinnθm+1 − sinnθm)

]
, (S14)

and

β±
m =

1

π

[
g1µ1(θm+1 − θm) +

NC−2∑

n=1

(±1)n

n
(gn−1µn−1 + gn+1µn+1) (sinnθm+1 − sinnθm)

+

NC∑

n=NC−1

(±1)n

n
gn−1µn−1(sinnθm+1 − sinnθm)

]
.

(S15)

Equations (S14) and (S15) are then inserted into the standard NRG unitary transformation to yield the Wilson-chain
coefficients εn and tn [S23].

IV. NUMERICAL RENORMALIZATION GROUP

We used an NRG discretization parameter of Λ = 3 and kept up to 2000 SU(2) multiplets during the iterative
diagonalization. The impurity contribution to the spin susceptibility was computed as a thermodynamic property
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FIG. S11. Distribution of TK for different impurity locations across magic-angle TBG, analogously to Fig. 4 in the main text,
but at smaller hybridization strengths V =0.75 eV and V =0.5 eV.

FIG. S12. GDOS for various twist angles on (a) linear and (b) logarithmic scales. (c) Corresponding hopping amplitudes along
the Wilson chain. All lines are shifted vertically for visualization.
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(we average over several values of β̄ on the order of 1, cf. Eq. (45) in Ref. [S23]). The local spin susceptibility was
computed within the full density-matrix NRG [S24, S25]. To demonstrate how sensitive TK is to V , we plot in Fig. S11
the distribution of Kondo temperatures, analogously to Fig. 4 in the main text, but at two lower values of V .

Figure S12 shows the GDOS for various twist angles from α=0 to αM on linear and logarithmic scales, together
with the corresponding hopping amplitudes along the Wilson chain tn. All lines are shifted vertically for visualization.
Consider α < αM first. From the log-log plot of the GDOS, one sees that all curves behave as ρ(ω) ∝ |ω| for low
frequencies, but the KPM resolution is low below |ω| ≲ 10−2 eV and breaks down for |ω| ≲ 10−3 eV. Accordingly,
the Wilson chain hopping parameters tn become irregular for n ≳ 15 and spuriously flat for n ≳ 20 (as the GDOS
levels off below the resolution limit). For α closer αM, more low-energy states are available to KPM and the low-
energy resolution becomes better. At αM, ρ is actually flat at low energy and the tn actually follow the asymptotic
Λ−n/2 behavior, so the resolution limit is not seen. To overcome the KPM resolution limit for α < αM and access
arbitrarily small energy scales (for all α), we adjust and extend the Wilson chain parameters using the analytically
known asymptotic behavior as in Eqs. (28) and (29) of Ref. [S26] for α<αM and Eq. (32) of Ref. [S23] for α=αM.
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