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Magnetic topological insulator provide a prominent material platform for quantum anomalous
Hall physics and axion electrodynamics. However, the lack of material realizations with cleanly
gapped surfaces hinders technological utilization of these exotic quantum phenomena. Here, using
the Zintl concept and the properties of non-symmorphic space groups, we computationally engineer
magnetic topological insulators. Specifically, we explore EusM>Xs (M =metal, X =pnictide) Zintl
compounds and find that EusGazSbs, EusTlaSbs and EusIn2Big form stable structures with non-
trivial Zs indices. We also show that epitaxial and uniaxial strain can be used to control the Zs
index and the bulk energy gap. Finally, we discuss experimental progress towards the synthesis of
the proposed candidates and provide insights that can be used in the search for robust magnetic

topological insulators in Zintl compounds.

I. INTRODUCTION

Topology and symmetry have played a profound role
in shaping modern condensed matter physics and mate-
rials science. One of the most paradigmatic examples are
the 3D Zs topological insulators (TIs) protected by time-
reversal symmetry|[1, 2]. Owing to their bulk band topol-
ogy, these insulators possess an odd number of massless
Dirac fermions with spin—-momentum locking at their sur-
faces.

Although 3D topological insulators were originally pro-
posed in time-reversal invariant systems, the Zs index
can also be protected by a symmetry other than simple
time-reversal (TR)([3, 4]. These symmetries comprise of
the proper rotations composed with TR and the improper
rotations not composed with TR[5]. If one or more of
these symmetries is present in the magnetic point group,
then the Zs index is well defined, and if this index is non-
trivial we refer to it as a “magnetic TI” or equivalently
an “axion insulator”. Gapped surfaces of magnetic TIs
can appear, in which case they will exhibit half-integer
surface anomalous Hall conductivity (AHC), whose sign
is determined by details of the magnetic order at the
terminating surface. Manipulation of the surface termi-
nation and magnetic order can give rise to unidirectional
1D channels at hinges, surface steps and surface domain-
walls[6-8]. Their protection from backscattering by the
surface gap, the absence of external magnetic fields and
the existence of robust and controllable quantum point
junctions[9] make AFM TIs a prominent future material
platform for quantum Hall physics. Furthermore, if all
surfaces are gapped and have the same sign of the surface
AHC (in a global sense), then the long-sought topological
magnetoelectric effect can be observed, for which an ap-
plied electric field induces a parallel magnetization and a
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magnetic field induces a parallel electric polarization with
a quantized constant of proportionality given by e?/2h.

The realization of magnetic TIs has become recently
the focus of intense research[10-12] with various can-
didates appearing in the literature[13-21]. The most
prominent, MnBisTey[13, 14], is a layered tetradymite
compound with an A-type antiferromagnetic (AFM) or-
der, i.e., with magnetization uniform in-plane but al-
ternating from plane to plane along the stacking di-
rection. Control over the surface termination on thin
films of MnBi;Te, has resulted in the realization of high-
temperature quantum anomalous Hall effect[22] as well
as axion insulating states[23]. However, with the nature
and existence of surface gaps still disputed[16, 24], there
is an evident need for improvement in the crystal quality
as well as the search for new material candidates.

To this end, a class of materials known as Zintl com-
pounds have attracted the attention of the community
as promising in realizing magnetic TIs. These are de-
fined as valence precise intermetallic phases in which elec-
tropositive cations donate electrons to covalently bonded
polyanions [25]. Numerous such compounds have already
been synthesized and characterized, featuring a variety
of interesting physical properties including superconduc-
tivity [26], magnetoresistance [27] and thermoelectric-
ity [28]. Of particular interest in the search for magnetic
TIs are the Zintls, in which the role of the cation is played
by a divalent Eu?t and the magnetism comes from the
localized, spin-polarized f-orbital manifold. Examples
of Eu-based Zintls appearing in the literature as candi-
date magnetic TIs include EulnsAss[15], EuSnsAss[16],
EqugAS2[18] EU5ID28b6 [20] and EuSDQPQ[Ql].

In this work, we gain insight into why Zintls are such a
promising platform, and then use this understanding to
engineer magnetic TIs in Eus Ma Xg (“526”) Zintls where
M=Ga,In, Tl is a metal and X=As,Sb,Bi is a pnictide.
The insight relies on the notion of the complete elec-
tron transfer (CET) limit. In this limit, a Zintl should
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FICG. 1. Atomic and electronic structure of EusInaShe. (a) The polyanions [In2Sbe] ™' are comprised of pairs of approximate
tetrahedra formed by Sb atoms and an In atom at their center. (b) Along the c-axis, the corner sharing tetrahedra form a
quasi 1D chain. Eu and Sb; are located at integer layers while Sba, Sbs and In atoms are located at half-integer layers. Arrows
indicate the direction along which the In atoms were displaced. (c) Electronic band structure of non-magnetic (Eu f-electrons
in the core) EusInaSbg in the presence of SOC. Inset shows the reproduced band structure from Rosa et al. [20], in which case

the displacement of the In atoms causes the Z> index to change.

be a trivial insulator, but in fact there is electron com-
petition between cations and polyanions. In this way,
Zintl compounds form complex crystal and band struc-
tures that depend strongly on the geometry of the cations
and polyanions. For topologically nontrivial Zintls, the
presence of a spin-orbit coupling (SOC) induced bulk gap
implies that the compound is away from the CET limit.
The need to move away from the CET limit to obtain
non-trivial topology, motivates us to use chemical substi-
tution and structural perturbations to modify the crys-
tal structure geometry and control the bands close to the
Fermi level.

This insight was gained in part due to the discrepancy
between our calculations on EusIn,Sbg and those of Rosa
et al. [20], who suggested that it has a non-trivial Zy in-
dex. Our calculations on the compound clarify that it
in fact it has a trivial Zs index. After private commu-
nications with the authors of Ref. 20, the discrepancy
was identified to stem from a single transcription error
in the cif file which was obtained from Park et al. [29].
Having understood the geometrical implications of the
discrepancy, we use FusInsSbg as our starting point to
computationally design new magnetic TIs in the 526 Eu-
based family of Zintl compounds. We achieve this by
means of chemical substitution and epitaxial as well as
uniaxial strain to control both the bulk band inversions
and bulk energy gaps. Specifically, our theory indicates
that EusGagSbg, EusTlaSbg and EusIngBig form dynam-
ically stable structures with non-trivial Zs indices, and
that epitaxial and uniaxial strain can be used to control
their bulk energy gaps. However, the exact energy gaps
are sensitive to the crystal structure and the magnetic
configuration, which are not well established.

With this motivation, we attempted the synthesis of
the EusGasSbg compound, but were not successful in iso-
lating it as a pure phase. We then set out to explore the

limit of stability of Ga substituted Eus(Iny_,Gay,)2Sbg
and find an upper solubility limit of z ~ 0.4 based on
polycrystalline synthesis. We find that the ¢ lattice con-
stant contracts as the Ga concentration is increased, in-
dicating a movement away from the CET limit in a way
that is anticipated to push EusInsShg towards a magnetic
topological insulating state.

II. ELI5 Il‘lQ Sb@
A. Background

The Zintl compound EusInyShg is a narrow-gap insu-
lator that crystallizes in the orthorhombic space group
(SG) Pbam (55) [29]. The prominent structural features
are [InSby| (approximate) tetrahedra that form pairs in
the ab plane through a short Sb-Sb bond, Fig. 1(a). Fol-
lowing the Zintl concept, these tetrahedra pairs form co-
valently bonded polyanions [InyShg]'°~ while the diva-
lent Eu atoms are dispersed between the polyanions pro-
viding the positive balancing charge 5[Eu?*]. Along the
c-axis the polyanions form quasi 1D chains via sharing
tetrahedra corners (Sby), Fig. 1(b). The compound has
a layered structure along the c-axis with integer layers
composed of Eu and Sb; and half-integer layers com-
posed of In, Sbs and Sbs, Fig. 1(b). This picture implies
that in the CET limit, close to the Fermi level, the va-
lence bands will have Sb-p character while those in the
conduction will have Eu-d character.

With respect to magnetism, the divalent Eu atoms
have fully-polarized 4f orbitals with localized magnetic
moments. The compound undergoes two magnetic tran-
sitions, at 14K and 7K. The moments are believed be an-
tiferromagnetically aligned in the ab plane, but the exact
configuration still remains elusive. Importantly, the 4 f



states lie far from the Fermi level Fr, in a narrow window
[-1.7eV,—1.3eV]. Thus treating them as core electrons
has only a modest effect on the bulk bands near Fg.

The separation between the electronic and magnetic
energy scales, the Zintl concept and the layered struc-
ture with all the Eu?* cations in the integer layers, point
towards engineering of magnetic TIs. Namely, by setting
the Eu f-electrons in the core we will consider the para-
magnetic phase of Eu?t, and use chemical substitution
and structural perturbations such as epitaxial and uni-
axial strain to tune the electronic band structure away
from the CET limit and into the topological phase. In
addition to tuning the topological phase, we will choose
conditions under which the global energy gap is optimal.
Since magnetism is not included in the calculation, the
computational problem is greatly simplified. Recall that
the topological index we are concerned with is the strong
Zs index of 3D TR-invariant insulators which can be de-
termined using the Fu-Kane criterion[30] and the tools of
topological quantum chemistry[31]. As we explain in the
Supplementary Information, the symmetry properties of
the non-symmorphic SG 55 allow the determination of
the topology just from the knowledge of inversion eigen-
values at I" and Z. In addition, the large energy gap at
the k, = m plane, of the order of 1.5eV, implies that no
band inversion will occur at the Z point. This offers an
extra degree of robustness since we can focus on causing
a band inversion at the I' point without worrying about
band inversions at the Z point.

B. The band structure

In Fig. 1(c) we show the band structure of EuzInySbhg
in the case where the Eu f-electrons were set in the core.
We use a color map to indicate the p-orbital character of
the corresponding states, which serves as a visual cue for
spotting band inversions. In the Supplementary Infor-
mation, we compare Fig. 1(c) with the band structure in
the case where the putative A-type AFM configuration
is assumed, to show that Eu magnetism only perturbs
the states close to the Fermi level and therefore does not
change the Zs index. However, we note that the exact
bulk band gap is sensitive to the magnetic configuration.
In Fig. 1(c), there is an evident band inversion, at the Y
TRIM point, however the non-symmorphic symmetries
force the same 4-dimensional representation, Y3 +Yy,
at all states at Y so that EusInsSbg is a trivial insula-
tor. We also verify this using the Check Topological Mat.
tool[32, 33] on the Bilbao crystallographic server[34-36].

The inset of Fig. 1(c) reproduces the band structure
from Rosa et al. [20]. In this case, due to a single tran-
scription error[37], the In atom was misplaced along the
b-axis resulting in heavily distorted tetrahedra with two
shorter (In-Sby) and two longer (In-Sbgy, In-Sbs) bonds.
An interpolation between the two structures in the ab-
sence of SOC, Supplementary Information, shows that as
the tetrahedra become more heavily distorted, the char-

Z, index

FIG. 2. The Zz index of EusInaSbg becomes non-trivial by ei-
ther applying compressive uniaxial strain along c or expansive
epitaxial strain in the ab plane. Strains of this magnitude are
impractical but nevertheless provide insight into the mecha-
nisms that drive Zintl compounds into topological phases.

acter of the lowest conduction bands changes from Eu to
In, signaling movement away from the CET limit. In this
way, the overlap between conduction and valence bands
increases. In the presence of SOC the increased over-
lap causes a band inversion at I' making the Zs index
non-trivial.

Even if these results are negative with respect to
FEusInsSbg being a magnetic T1, they nevertheless point
to the highly tunable band structure of the compound.
Indeed, the same kind of distortion of the tetrahe-
dra would occur if we decreased the interlayer distance
and/or increased the in-plane bond lengths. Physically,
this could be achieved either by applying compressive
uniaxial strain along the c-axis, or expanding the a and
b lattice constants through epitaxial strain.

To understand why such geometric distortion can cause
band inversions, note that in the CET limit, the charge
migrates from the Eu atoms to the InySbg polyanions.
Since the compound has a layered structure with all Eu
atoms on the integer layers, most of the accumulated
charge will be in the half-integers layers and the sys-
tem behaves like a dimerized chain along the c-axis. We
should be careful with this analogy, however, since in-
teger layers also include Sb; atom, so this only applies
approximately. Compressing the dimerized chain should
move us away-from the CET limit by increasing the over-
lap between conduction and valence bands.

Using DFT, we can simulate the effect of uniaxial
strain along the c-axis by multiplying the lattice con-
stant ¢y by a coefficient A{ ; so that the strained lattice
constant c is given by ¢ = A{ ;co. We then relax the
structure but keep c fixed, see Methods. Similarly, for
epitaxial strain, we keep the in-plane lattice constants
a = )\ggiao, b = )\ggibo fixed and relax the structure.
Fig. 2 shows that a 10% compressive uniaxial strain or
a 10% expansive epitaxial converts the Zs index from
trivial to non-trivial. Of course, such extreme strains
are impractical for any real applications, but these cal-
culations provide insight into mechanisms that can drive
Zint]l compounds into topological phases. In the Supple-

mentary Information, we plot the evolution of the band
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FIG. 3. Band structures (a)-(d) without magnetism and without SOC, (e)-(h) without magnetism and with SOC, (i)-(1) with an
A-type AFM configuration and SOC for the four compounds obtained by isoelectronic substitution of EusInaShg. EusGasSbe,
EusTl12Sbe, EusInaBig are topologically non-trivial while EusIngAsg is trivial.

structure as a function of the strain coefficients, which
shows that the effect of displacing the In atom along the
b-axis is very similar to applying epitaxial and uniaxial
strain.

III. TUNING BAND STRUCTURE

PROPERTIES

A. Via chemical substitution

The sensitivity of the band structure to the position of
the In atom motivates us to consider its isoelectronic sub-
stitution with Ga or T1. In this way, we can apply chem-
ical pressure while preserving the other properties. After
relaxing the substituted structures (both the internal co-
ordinates and lattice constants), we find that the system
remains in SG 55 and the phonon frequencies all remain
positive, indicating that the structures are dynamically
stable, Supplementary Information. In the absence of
SOC, Fig. 3(a),(b), the overlap between valence and con-
duction bands is increased compared to EusInsSbg, indi-
cating that EusGasSbg and EusTlyShg are further away
from the CET limit. Just like the case of the displaced
In atoms, the lowest conduction states have mostly In-
Sb; character and the highest valence states have mostly

Sbo-Sbs character. We note, however, that in the Ga
and T1 substituted compounds the tetrahedra environ-
ment is not distorted. When SOC is included a band
inversion at I' occurs, exchanging positive and negative
parity eigenvalues, Fig. 3(e),(f), resulting in a non-trivial
Zo index. Here considering the putative A-type AFM
configuration, Fig. 3(i),(j), does not change the topology
and has a small effect on the bulk bands, moving the
compounds further away from the CET limit.

Another way to alter the tetrahedra while preserv-
ing the chemical properties is to substitute the Sb in
EusInySbg with either As or Bi. Since Sb atoms are
three times more abundant than the In atoms and play a
central role in determining the polyanion structure, such
a substitution has much more severe effect than substi-
tution by Ga or T1. Fortunately, both EusInsAsg[38]
and EusInsBig[39] have been recently synthesized, so
their crystallographic structures are known. We find
that EusIngAsg is closer to the CET limit, Fig. 3(c), and
therefore is trivial, Fig. 3(g). Instead EusInyBig is away
from the CET limit, Fig. 3(d), and has a non-trivial Z»
index, Fig. 3(h). We also verify that the A-type AFM
configuration does have a significant effect on the bulk
bands and no effect on the topology Fig. 3(k),(1).

Table I contains a summary of some of the key fea-
tures of the 526 compounds discussed. All compounds
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FIG. 4. Effect of uniaxial strain on (a) direct and (b) indirect gap. (e) Comparison between band structures with Ag,; = 1.00

and A5, = 0.95.

TABLE 1. Key properties of the 526 Eu-based Zintls.

Compound a(A) b(A) c(A) Z. Exists? DG IG
(meV) (meV)
EusInaSbe  12.51 14.58 4.62 0 V 45 23
EusGazSbg 12.47 14.32 454 1 X 16 -39
EusTlaSbg  12.48 14.67 4.70 1 X 70 8
EusIngAss  11.87 13.78 435 0 V 54 54
EusIn;Big  7.77 24.08 470 1 V 7 -69

are in the same space group as the EusIn,Sbg parent
compound. However, EusInyBig follows a different struc-
ture type with modified a and b lattice constants, and the
Bi-Bi bond connecting two tetrahedra is now along a-axis
instead of the b-axis as in the other compounds. With
respect to the direct energy gap, the compounds with
heavier elements such as Tl or Bi have the largest gap,
in part due to the enhanced effect of SOC. In contrast,
the indirect or global gap of all nontrivial candidates is
negative, with the exception of EusTlySbg which has a
small indirect gap. Unfortunately, the toxic nature of T1
tends to preclude practical applications. It is therefore
desirable to modify the band structures so as to increase
the indirect band gap and remove the electron and hole
pockets, Fig. 3.

In Sec. IV we will discuss the experimental progress
towards realizing the magnetic topological insulator in
Eu;)GaQSbG.

B. Via strain engineering

We have seen that we can use uniaxial and epitaxial
strain to change the topological index by moving away
from the CET limit. An important factor in this kind
of engineering was the insensitivity of these systems to
band inversions other than at the I' and Z points due
to the non-symmorphic nature of the space group. In
this section, we show that moving away from the CET
limit can also increase the direct and indirect band gaps.

This is much less obvious than changing the topological
index, as the gaps are determined by the global band
structure properties, i.e., in the whole Brillouin zone. We
use EusIn,Big as a case study since the presence of Bi
gives rise to larger SOC-induced gaps.

Fig. 4(a),(b), show that uniaxial strain with A% .
1.00 or XY, ; > 1.00 enhances the direct and indirect gaps.
These kinds of uniaxial strain move the compound away
from the CET limit by increasing the band overlap (in
the absence of SOC). In Fig. 4(c) we compare the band
structures with A¢ ; = 1.00 and A ; = 0.95 to show that
uniaxial strain can be used to remove electron and hole
pockets. The same trends occur with epitaxial strain as
we discuss in the Supplementary Information. Finally,
we should note that the direct and indirect energy gaps
will be sensitive to the exact magnetic configuration, but

the trends should not depend on it.

IV. EXPERIMENTAL PROGRESS

Motivated by the strong theoretical predictions of
magnetic topological insulating states in EusGagSbg,
we attempted its preparation following known synthetic
recipes for EusInaSbhg[20, 29, 40]. In agreement with prior
reports[40], we were unable to find synthetic conditions
in which to stabilize the Ga phase. Prior work on topo-
logical insulators has shown that solid solutions are a vi-
able avenue to tune across topological phase transitions,
e.g. Bij_,Sb,[41, 42] and TIBiSs_,Se,[43]. With this
in mind, we utilized polycrystalline synthesis to find the
solid solubility limit of Ga in EusIns_,Ga,Sbg. Fig. 5
summarizes our findings. As the structure of EusInsSbg
is orthorhombic, with chains of (In/Ga)Sby tetrahedra
aligned along the ¢ axis, we find an expected contraction
along the ¢ axis, and a smaller change in the ab plane
where the tetrahedral slightly contract, but retain op-
timum bonding environments for Eu. Specifically the ¢
lattice parameter decreases from 4.634A to a minimum of
4.608A. The a lattice parameter decreases slightly from
12.530A to 12.520A over the same range, while b is un-
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FIG. 5. The c¢ axis and b/a ratio of polycrystalline
EusIns_,Ga,Sbg show a systematic evolution with Ga sub-
stitution up to z = 0.4, the apparent solid solubility limit.
Contraction of the ¢ lattice constant with increased Ga con-
centration indicates movement away from the CET limit, in
agreement with the DFT prediction.

changed within error (14.584A at z = 0). This contrac-
tion of the ¢ axis should push the material further away
from the CET limit and towards a topological state. Fur-
ther evidence for successful substitution comes from the
monotonic increase in the b/a ratio over the same com-
position range, implying a change in the relative shape in
the ab plane. This demonstrates that partial replacement
of In with Ga is possible, and motivates further work
to both extend the phase stability line, and determine
whether there is experimentally a change in topology in
the chemically accessible range.

In addition, future work includes the synthesis of
EusInyBig single crystals utilizing the flux technique.
Prior works suggests the existence of EusInyBig in poly-
crystalline form, but as a minority phase, and phase pu-
rity could not be achieved[39]. By utilizing the flux tech-
nique we hope to segregate the thermodynamically un-
stable, EusInsBig phase in the single-crystal form. The
single crystals would also allow us to understand the na-
ture of transport and magnetism in EusIn,Big and allow
us to explore new avenues to the discovery of magnetic
topological states of matter.

V. SUMMARY AND CONCLUSIONS

The Zintl concept is an example of a chemical con-
cept that provides a bridge between the structural and
electronic properties for a particular class of compounds.
This is especially interesting for the engineering of topo-
logical insulators, which require inverted insulating gaps.
In addition, the large number of Zintl compounds that
have been synthesized means that there is a big enough

search space to allow optimization of desired properties
such as bulk and surface gaps. DFT is an indispensable
tool in this search, since it allows accurate prediction of
material properties.

In this work, we gain deeper understanding into how
structural and electronic properties interact in the 526
family of Eu-based Zintl compounds. We use the Zintl
concept to relate the layered structure to an ionic chain
along c. By realizing that we need to move away from
the CET limit, we find ways to change the topology and
remove electron and hole pockets. These insights will be
applicable in various other systems of Zintl compounds.
For example, it was recently predicted that the Eu-based
Zintl EuCdySba[44] becomes a 2D AFM TI under ten-
sile strain. This is explained by the same mechanism we
described here as all divalent Eu atoms are located in a
single layer as for the 526 Zintls.

Finally we note that, due to the highly tunable en-
ergy gap in Zintls, whether the proposed candidates will
have gapped bulk and surface gaps, depends will depend
sensitively on the crystal structure, the magnetic config-
uration. Therefore, the aim of this work is to show and
explain trends and provide motivation for further inves-
tigation and not to make quantitative prediction.

VI. METHODS

Density functional theory[45, 46] (DFT) based first
principles calculations were performed using the projec-
tor augmented-wave (PAW) method as implemented in
the VASP code[47, 48]. We used the PBE exchange-
correlation functional as parametrized by Perdew-Burke-
Ernzerhof[49]. The Brillouin zone sampling was per-
formed by using a 11 x 3 x 15 k-mesh for EusInyBig and
5 x 5 x 15 for all other compounds. The energy cutoff is
chosen 1.5 times as large as the values recommended for
the relevant PAW pseudopotentials. Spin-orbit coupling
(SOC) was included self-consistently. The Eu 4f states
were treated by employing the GGA+U approach with
the U value set to 5.0eV.

Structure relaxation calculations were performed using
ISIF=3 tag for which forces and the stress tensor are cal-
culated and all degrees of freedom are relaxed. To model
the effect of uniaxial strain, one of the lattice constants
was fixed and all other degrees of freedom were allowed
to relax. Similarly we modeled epitaxial strain by fixing
two of the lattice constants and allowing all other degrees
of freedom to relax. Phonon calculations were carried out
using the PHONOPY package[50]. Irreducible represen-
tations and their traces were calculated using Irvsp[51].
Band structure plots were obtained using PyProcar[52].

Polycrystalline Euslns_,Ga,Sbg were prepared in
a manner similar to that previously reported for
EusInsShg, with equimolal replacement of In with Gal[29,
40]. Powder x-ray diffraction patterns were collected over
an angular range of 5 — 90°20 on a Bruker D8 focus
equipped with a LynxEye detector, lmm incident slit,



soller slits, and an air antiscatter shield, and indexed us-
ing Lebail refinements as implemented in Bruker TOPAS.
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I. MAGNETIC AND NON-MAGNETIC BAND STRUCTURE OF EusIn,Sbs

Supplementary Fig. 1 shows that band structure of EusInySbg when (a) the Eu f-electrons are set in the core,
(b) when an A-type AFM configuration is assumed. In both case the Zs index is trivial. However, the band gap is
sensitive to the magnetic configuration and the A-type AFM configuration appears to be metallic in contrast with the
experimental observation that EusIngSbg is in fact a narrow-gap semiconductor. Note that the presence of magnetism
enhances moves the the compound further away from the CET limit. This is true for the compounds obtain from

FEusInsSbhg by chemical substitution.
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Supplementary Figure 1. (a) Non-magnetic (b) A-type AFM band structure of EusInsSbe.
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II. DEGENERACIES AND THE PARITY CRITERION

Here we show that only band inversions at I and Z can alter the axion Zs index for a nonmagnetic material in the
centrosymmetric SG 55. As explained below, this is related[? ? ] to the non-symmorphic nature of SG 55. Briefly,
states at all time reversal invariant momenta (TRIM) except I' and Z form 4-dimensional irreducible representations
(irreps) for which the number of odd-parity states is fixed modulo four. In view of the Fu-Kane criterion for the
strong Zs index([? |, band inversions at these TRIM points cannot change the Z, index. Indeed, if ny is the total
number of odd-parity states at a given TRIM point, then the criterion can be expressed as

II ymez, (1)

keTRIM

which remains unaffected when ny is fixed modulo four.

We first explain how the 4-fold degeneracies arise. SG 55 can be regarded as generated by two glide mirrors
9o = {mg|1/2,1/2,0} and g, = {m,|1/2,1/2,0} together with inversion I, all of which are good symmetries at all
eight of the TRIM (see Table I). We can use the fact that {g,,g,} = 0 to show that if |¢k) is an eigenstate of g,
ie., gz|Yx) = a|x), then g.(gy|Yx)) = —a(gy|tk)). This implies g,|tk), which has the same energy as |¢x), is also
an eigenstate of g, with opposite eigenvalue. In addition, the Kramer’s partners T'|ix) and Tg,|¢k) will have g,
eigenvalues a* and —a* respectively. Taking into account that the g, eigenvalues are a = +i(+£1) at k, = 0(w), we
can conclude that Kramer’s partners, which are necessarily orthogonal to each other, have opposite(same) eigenvalues
at k, = 0(m). This then implies that |gy), T|Yx), gy|tk) and Tgy|tx) are mutually orthogonal at TRIM points where
k, = 7 and they form 4D representations but is inconclusive when k, = 0. Finally, note that we can apply the same
line of thought after we swap the role of g, and g, leading to the conclusion that |k}, T|¢k), gz|9x) and Tgs|¢x)
form 4D dimensional representations at TRIM points where k, = 7. Putting these together we conclude that TRIM
points where either k, = 7 or k;, = 7 admit representations of at least of degree four. In fact, using the computational
tool BANDREP [? ? ? ] of the Bilbao Crystallographic Server[? ? ? ], we find that SG 55 admits only 4-dimensional
irreps at these TRIM points.

Supplementary Table I. Symmetry properties of glide mirrors gz, g, and inversion in SG 55.

Group Symmetry Ja gy I
Vector representation (z+ %, y+ %7 z) (z+ %, y+ %, z) (z,7,2)
Spinor representation —10 —i0y oo
Eigenvalues a = Fiethv/? B = tieth=/? v==+1

Next we explain how the non-symmorphic symmetries constrain the inversion eigenvalues. Since

Ig, = guTe~ =tk

(2)

Igy — gyleikz—iky

depending on the TRIM point, inversion either commutes or anticommutes with g, and g,. In either case, g, and g,
eigenstates are also inversion eigenstates. Considering the set of orthogonal states {|gy), T'|9x), gy|¥x), Tgy|¢k)} at
the TRIM points with k, = m, we observe that Kramer’s partners share the same inversion eigenvalues, since they
are real numbers, while states related by g, will have opposite inversion eigenvalues when k, + &k, = =, i.e., at the
X,Y,U,T points, and same eigenvalues when k; + k, = 2, i.e., at the S,R points. In the former case, the number
of odd-parity states in each irreducible representation is 2 while in the latter is either 0 or 4. In either case band
inversions can only change the parity count by 0 or 4 which does not affect the Z, index.



III. DISPLACING THE In ATOM IN EusIn,;Sbg

As we have seen in the main text displacing the In atom by modifying the y component of its Wyckoff position has
the geometric effect of distorting the In-Sb tetrahedra by shortening the two In-Sb; bond and lengthening the In-Sby
and In-Sbs bonds.

The effect of the displacement on the band structure is shown in Supplementary Fig. 2. Here we focus on k, = 0
plane, since k, = 7 remains gapped for all values of displacement, and the lowest conduction and highest valence
bands, since they determined the topology and band gaps. For the actual structure, we see that the highest valence
bands Supplementary Fig. 2(e) have primarily Sb character while the lowest conduction bands have primarily Eu
character. This is what we should expect for a trivial insulator that follows the Zintl concept in which case we are at
the limit of complete electron transfer for the Eut!? cations to the [InoSbg]~1° polyanion.

Now as we progressively displace the In atoms, the character of the lowest conduction bands changes from Eu to
In signaling that we are moving away from the limit of complete electron transfer. In this way, the energy of the
lowest conduction bands decreases and that of the highest valence bands increases. The increased overlap causes a
band inversion at I' when SOC is included which makes the Zo index non-trivial.
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Supplementary Figure 2. Band structures without SOC for different values of the y-component of the In atom’s Wyckoff
position. From the left to right the band structures interpolate between the actual yi, = .2149 and the one that was reported
in ? | ym = 2419. The three rows, correspond to projections on the In (a)-(d), Sb (e)-(h) and Eu (i)-(1) atoms respectively.

0.400

0.375

0.350

0.325

0.300

0.275

0.250

0.225

0.200

0.400

0.375

0.350

0325

0.300

0.275

0.250

0.225

0.200

0.400

0.375

0.350

0.325

0.300

0.275

0.250

0.225

0.200



IV. CHANGING THE TOPOLOGY OF EusIn,Sbs THROUGH THE APPLICATION OF STRAIN

Here we show that applying compressive uniaxial strain along c¢ or expansive epitaxial strain in the a — b plane has
a similar effect as displacing the In atom. In particular, Supplementary Fig. 3 shows the overlap between conduction
and valence bands increases when either of these structural perturbations is applied, indicating that the compound
is moving away from the CET limit. For extreme values of, around ~ 10% compressive uniaxial strain or ~ 10%
expansive epitaxial strain, the Zs index changes. However, this not only impractical to realize due to the large
magnitude of strain but the increased bandwidth of the strained bands results in metallic states.
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Supplementary Figure 3. Band structures without SOC for different values of uniaxial (a)-(d) and epitaxial (e)-(h) strain. The
color mapping indicates the p-orbital projection of the states.



V. STABLE Ga AND Tl SUBSTITUTED STRUCTURES

Starting from EusIngShg we substitute In with Ga or T1 and perform relaxation of the substituted structures (both
the internal coordinates and lattice constants). We find that the system remains in SG 55. The structural parameters
for EusGasSbg and EusTloSbg are given in Supplementary Tables II1. To see whether the structures are dynamically
stable, we calculate the phonon spectrum, Supplementary Fig. 4. Since the spectrum are positive this indicates that

the structures are stable and could be synthesized.

Supplementary Table II. Structure parameters of EusGazSbg

Atom x y z Site Sym.
Euy 0.33118  0.02082  0.00000  4g .m
Eus 0.00000 0.00000 0.00000 2a ..2/m
Eus 0.91044  0.75223  0.00000  4g .m
Sbi 0.16526  0.82065  0.00000  4g .m
Sba 0.15615  0.09174  0.50000  4h ..m
Sbs 0.51984  0.09902  0.50000  4h .m
Gay 0.32645 0.21143 0.50000 4h ..m

Supplementary Table III. Structure parameters of EusTl2Sbg

Atom x y z Site Sym.
Euy 0.32862  0.02364  0.00000 4g ..m
Bus 0.00000  0.00000  0.00000 2a ..2/m
Eus 0.91530  0.75173  0.00000 4g ..m
Sb 0.16890  0.83477  0.00000 4g ..m
Sbo 0.14766  0.09124  0.50000  4h ..m
Sba 0.53550  0.09370  0.50000  4h ..m
Tl 0.33215  0.21692  0.50000  4h ..m

Supplementary Figure 4. (a),(b) Crystal structure and phonon spectrum for EusGasSbg (c),(d) Same for EusTlaSbe.
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VI. BAND GAP ENGINEERING USING EPITAXIAL STRAIN

In the main text we showed that uniaxial strain can be used to control the direct and indirect gaps of EusInsBig.
Here we present a similar analysis for epitaxial strain in EusInsBig. Supplementary Fig. 5(a),(b) show that epitaxial
strain with AS . < 1.00 or A? . > 1.00 enhance the direct and indirect gaps.
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Supplementary Figure 5. Effect of uniaxial strain on (a) direct and (b) indirect gap. (¢) Comparison between band structures
with X%, = 1.00 and \%; = 0.95.



