Quantum Mechanics
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Some relations from classical mechanics

1l 5, e p=mv _p’
KE=—mv = KE=1—
2 2m

2
E=KE+PE or E:p—+V(x)
2m

In quantum mechanics

Define “wave function” for electron  yy(x)

‘tp(x)‘zz probability electron of finding electron at x



momentum

D — operator on Y(Xx) h— L
C2n
., Oy .. Ay
py =-ih—=  py=-ih——
dx AX not required
d°y
2w = - K2
Py dx®

Schrédinger Equation for W(X)

(must include “’boundary conditions” on 1)

Ey =y +V(xy
2m

solve this equation for stationary states (standing Waféef)
-1d

for W(X) &  forthe allowed E (energy) values



Well beyond scope of course

Note: we have left out time dependence of Schrodinger Egn

2
TR U v+ V)W
dt 2m h
we assumed b =

it 2T
y(x,t)=e " y(x)
Which reduces to ,
Ep() =2 w(x) + VW)
For the stationary space dependent Schrodinger Equation

probability electr%n of finc%ing electron at x

iE G5 12-1a’
Wx Lt =l "y =le " | v =wef
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Aside on solution of differential equation

Schrodinger Equation for
free particle

Py =E yx)
m

y(x) = A sin(kx) + B cos(kx)

Newton’s Equation
for
harmonic oscillator

F=ma=-kx
ma+kx=0

a+[£]x:0

d?x
—+[—]x=0
dt? [m] oo=5

d?x

—+0) x=0
dt?

X(t) = A sin(mt) + B cos(wt)
or X(t)=Asin (ot +09)
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Aside on solution of differential equation

Spring: Simple Harmonic — X — v — a — check of motion eq.

X = Asin (ot + ) or X=AsIn (mt) + B cos(wt)

v:d—X:Ad[Sm(mHa)] = A mCcos( ot +9)
dt dt

V=Amcos(omt+09)

g dv _ Aw d[cos(o)t+6)]

dt dt

—A o’ sin(ot+9)

a=-Ao’sin(ot+d)

d*x
a+m° X=0 gzte x=0

~Ao’sin(ot+d)+o’Asin(ot+d)=0

~Ao’sin(ot+d)+o’Asin(ot+8)=0  12-1c



_ in well =
Viel¢: _p V.2 oo Square Well
0= ® Ey=—uwy 0 . .
om _ just like
outside well Ut outside vlell standing waves
v(x)=0 soutions VX)) =0 o5 string
involve
: problem !
sine
& cosine
V = Q:eerrrreeennees X ;O ------------------ - ;L .................... \l’(X) — 0

yx=0=0 YE=L=0

This equation (and it’s solutions) are identical to standing waves on
A string that we considerer earlier in course !!

1.) in well wave function wy has a sine or cosine form
2.) wave function y must go to 0 at well ends {\y(x =0)=y(x=L)=0]

3.) wave function y must be 0 outside

Inside & outside y match at x=0 & L
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V=V, V=V,
V,=> o Vo= ©
phase factor
\J = > - :|_ ................... (Where you choose x=0)

= | \
) - =y, sin(2n )
0=, sin( (;)/v wave length =
N\ .
A

wave function sin form

+ boundary conditions !!!!

= full solution %

. W)=V sin(mn =)




}\I -
L=nZ  n=123,.. — ‘p‘ h _nh 12-3
2 % 2Lm 2L
2 2 [ 2 7]
= E = p°_ 1 (nhj —n? i(ﬂj n=123...
2m 2m\ 2L Sm\ L
note 2 =
. E,=n°[E,] " 1,2,3,..
== note: for Towest n=1 state
1 (hY _h
E -——| — |p1|__
: 8m(Lj | 2L
£ —aF :i(ﬂj finite momentum magnitude= motion)
E — " 2m Like standing wave on string, standing wave
constructed from left + right traveling waves
2 l.e. +p and-p
:L(Dj
*8miL

------------- E=0 http://phet.colorado.edu/en/simulation/bound-states
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v (x)=sIn(n m E 1)

n=3

L] 0.25 0.5 0.75 1
x/L

n=1-4 wave functions for oo square well
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n=1-4 probability for oo square well

11

12-4.1
y,(x) =[sin(nm E)lz

o n=2
2 0.5
0 . . .
0 0.25 0.5 0.75 1 0 , , ,
x/L 0 0.25 0.5 0.75
1 2 _ 5 x/L
1 NA\n=3 oy R4
o e
=05} E” 5
0 - - . : 0 -
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
x/L x/L



recall Interference of right and left traveling waves
to give standing wave.

12-4.2

Standing wave

|

http://www.walter-fendt.de/phl4e/stwaverefl.



Many Wells (Band Structure)

ved) :

Total Enargy = Potental E
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Uncertainty Principle

12-5
jAp Ax 2H): \AE At=h |
‘ . =
Ap = uncertainty in momentum: AX = uncertainty in position
AE = uncertainty in eunergy: At = uncertainty in time

to understand consider the  flrst guantum state of the

square well problem (above)

+ by definition the square well confines the e to a region of

space of
« for n =1 momentum lp| = hf2L
both €— —pand +p > are present in equal amounts

h
0 Ap=2\p\=t

h =
o (heretice Ap Ax=| — |L=h># —=true for n 1II
| co square we



Consider 2" |evel of co square well

Ax=L. still

h
but now p=(2 —
p=( 2L)

recall

for 1st level of oo

<P, +p2 —
square well

h h
=2( — AxAp=(L)—=h
SO Ap=2(—) XP()L

AxAp=(L) 2N =2h
sarée \ L 12-6

Has increased



Enerqgy-time uncertainty

AE = E(p+Ap) - JE(p) = (p+Ap)2/Im - p2/2m
= p2f2m + 2 p Api2m + Ap2i2m - p2/2m

= 2 p ApS2m + m }
this {} term very small §o‘d:r<1|_)

s0AE =2 p Ap/2m  wlil use below

k - ™ -
we Kknow p m; m Ax/At and Ap = hWAx (from above) §/

therefore AE = p Ap/m = m (Ax/At) { hWMAxYm = h/at

«« therefore AF At=h>#A

IN general true
—=True for free e J

for mater waves !!
12-6.1



“spin” of the electron

eclassical argument useful (and wrong!) - view of the spin/magnetic moment of €-

- imagine € as spinning sphere of “ —” charge

- the circular electrical current from this spinning will create magnetic field
(or a magnetic moment)

- the magnetic moment will be proportional to the angular momentum

Although the above is not a proper picture, the & does possess
a spin angular momentum and magnetic moment

e- spin angular momentum S h g = 1 spin quantum number
2
choose a z direction in space projection of §/ alongz is quantized
— 1 1
hs,=mh m=+=, -=
2 2

T

12-7 spinup  spin down



What happens when there is more than 1 e- in a quantum problem?

Pauli Exclusion Principle !!!

e No 2 electrons® can occupy the same “state”

* Fermions = protons, neutrons, ...
or

eNo0 2 electrons* can occupy the same space (have identical
wave functions) at the same time

or

eNo0 2 electrons® can have all the same quantum numbers.
(this includes the spin quantum number)

12-7.1



‘Consider: Pauli Exc. Princ. + spin 1n Infinite square well problem

Example: Consider the lowest energy for S electrons in the
infinite square well problem, 15_ spin w
/™ 6’“’
? "'qe‘ L - ;P 2
- E,= 9E,
5
v 4
o S
. ? }, £.= 4E, '
- LS
1 J, E= h/{8mL?) A
E= O......................... “’ B ‘

Thus the lowest energy is
2 EL+2E2 + 1E3 = 2 E1+ 2(4E1) + (OE1) = 19 Eq

e —
12-7.2




Quantum hydrogen atom Schrodinger equation
2

P
Ze’ —y +V(Ny =E
()= -V V(Y =Ey

Ame,l , P

P ="t 712

solution / ox* oy oz

Actually use

\|I(r, 0, (p) = R(r)n | Yn |(9, (p) spherical

S coordinates

e 1 electron states

n = principal quantum number (1, 2, 3, ...) o

| = angular momentum (0, 1, 2, ... n-1) :
m, =z component of | (- <m, <) Spherical

Harmonics
m, = z component spin (-¥2 , +%)
+ Pauli Exclusion Principle explalns periodic table

« Shells fill in order, according to lowest energy. 12-8

—r/na,

|
associated Laguerre polynomials R(r),,=r L(r),,e




Atomic Quantum Physics and Quantum Numbers boundary condition'¥(«c)=0

Schrodinger Eq. V(r)=- Solve
Arg I
me* 72 o E conserved
E,=———5> — n=1, 2,3 principal quantum number
327 eyh” N E quantized
Central force- angular momentum =L conserved L quantized -remember
L=haJl(I+1) 1=0,1, ..., (n-1) orbital/ang.-mom. quantum number | Bohr!
[I=0 and L=0 are lowest — no angular momentum !!!!l- e- path through r=0 & nucleus (Bohr wrong)]

[classically — more eccentric orbit (directional) higher angular momentum orbit] @D

Orientation of orbit [conserved — constant for central force]—= z-
component of ang. mom. (L, )Conserved & quantized

m=+1 m=0 m=-1

L, =m#

m=1,1-1,1-2, ..., -

example

* QM- electron spin “Up” or “Down”
12-9 m, = Spin Quantum Number (-¥2 , +12)




L=aJ1(1+1) (=0,1,23, .., (n-1)
call s, p, d, f

s, p, d wave functions have different angular probability

-charge dlstribution

p]{! p'_lll'!
d,., d d,,

T A

http://winter.group.shef.ac.uk/orbitron/
/ 12-9a




Atomic shell structure
Anr?y? ~ radial probability distribution

WZA

probability distribution

In shell at r
~ charge density
Arrr? wz A Almost all of 1s (n=1)

A

shell charge density
IS Inside of n=2 shell !

/—15

Distance (nm)



Anr2y? ~ radial probability distribution ~ charge density

-
0.2 0.4 0.6 0.8 1.0
r (nm)

Almost all of 1s (n=1) shell charge density
~—*sis Inside of n=2 shell (both s and p) !

0.1 02 0.4 0.6
Distance (nm) r (nm) 12-9c
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http://phet.colorado.edu/en/simulation/build-an-atom

1=0
s-shell filling =1
1 2 3d-4d-5d p-shell filling

=2
d-shell filling
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'

" s-block

§
1A

| 5> 2A

A ——

Inner-transition
elements »
f-block

12-12b

Main-group elements

Transition elements
d-block

~—3—13B 4B 5B 6B 7B - 8B ~ 1B 2B

N
A

N

p-block 8A

3A 4A SA 6A TA S

-

-




Picture of Sunspot on sun

" . ¥
O

" | Spectrum

i along line
through

sunspot
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Levels
Trunations Sun spots are regions
e of high magnetic fields !!!
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