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FIG. 1. Similarity of the functional form of ⇢̃(T ) and

⇢̃(B) in BaFe2(As1�xPx)2. A. The temperature depen-
dence of the normalized resistivity ⇢̃(T ) = ⇢(T )/⇢(273K) is
T -linear at high-T , which appears as sub-linear behavior in
C when plotted against T 2. B. The MR qualitatively looks
B-linear at high-B, particularly at low temperatures. The
similarity with the resistance as a function of temperature is
striking when plotted against B2, as can be seen by compar-
ing C & D. The MR curves were taken at temperatures 4K,
14K, 25K, 31K, 38K and 60K.

our analysis since we are interested in high field and
high temperature e↵ects.[22]. Figure 1 (B) shows the
MR, which exhibits an analogous high field B-linear
dependence. The similarity between the transport as
a function of T and B is even more striking when the
data is plotted as T

2 and B
2 on similar vertical scales,

as shown in Fig. 1 (C) and (D). Ideally we would
measure the MR of the normal state over a wide range of
magnetic field at zero (or at least very low) temperature
but superconductivity cuts o↵ the data below the upper
critical field µ0Hc2, restricting us to a narrow range
of the high magnetic field region where B-squared and
B-linear behaviors are di�cult to distinguish. However,
we observe that the MR qualitatively appears more
B-linear at low temperature and more B-squared at
high temperature (a fact that is widely known in these
and other unconventional superconductors [19, 27, 28]).
This gives us an important clue as to how magnetic field
and temperature influence transport - they appear to
compete to set the scale of the scattering.

To analyze the form of this competition, we look for
scaling behavior of the MR as a function of B and T

by plotting ⇢̃/T versus B/T . Note that we remove the
residual resistivity ⇢̃0 so that only the temperature de-
pendent part of the resistivity enters the analysis (see
Supplementary Information for details on the determi-
nation of ⇢̃0). When plotted this way, the data appear
to collapse to a single curve that is well described by a

hyperbolic function of B/T , as shown in Fig. 2 A. We
therefore formulate the following ansatz

~
⌧
=

q
(↵kBT )2 + (⌘µBB)2 ⌘ �, (1)

where ↵ and ⌘ relate the scattering rate directly to the
temperature and magnetic field scales respectively [29].
A similar ansatz has been used to describe the tempera-
ture dependence of the optical conductivity in URu2Si2
[30], the magnetic susceptibility of CeCu6�xAux [29] and
the magnetic fluctuations of La1.86Sr0.14CuO4 [31]. Fur-
thermore, this expression naturally captures the limiting
cases of high field and high temperature. As long as
T � B the scattering rate will be T -linear, and vice
versa. Between these two limits magnetic field and tem-
perature compete to set the scale of the scattering.
In order to understand the degree to which magnetic

field and temperature each influence the scattering, it is
necessary to determine the scale factor, ⌘/↵. The vari-
able ↵ can be determined by the slope of the resistance
versus temperature at zero field. However, because there
is a cross over from T -linear to T -squared behavior as
temperature is lowered, we use the high-T limit of the
resistivity data to determine ↵. Similarly, we look at the
high-B limit to determine ⌘, choosing the lowest tem-
perature curve so that magnetic field is certain to be
the dominant energy scale. Comparing the slope of re-
sistance versus T and B in these regions, we find that
⌘/↵ = 1.01 ± 0.07 (see Supplementary Information for
details). With the value of the scale factor ⌘/↵ deter-
mined, we can plot all of the MR data, together with the
zero field resistance, as a function of � (Fig. 2 (B)). We
observe that for any combination of field and tempera-
ture, the resistance always approaches the same �-linear
dependence, as described by Eq. 1. Remarkably, this
behavior holds for a range of dopings near the critical
point (see Fig. 3). This is not expected in a conventional
metal, where the magnitude and form as a function of T
and B will in general be unrelated, each depending on
di↵erent details of the Fermi surface.
At temperatures below Tc, we note a deviation from

Eq. 1. Although we cannot account for this in our ansatz,
it seems likely that the deviation is due to the presence
of other energy scales related to superconductivity. At
compositions far from the QCP, we expect this behavior
to break down completely as the materials crossover to
conventional Fermi liquids[4]. This is indeed observed,
as shown in Fig. 4 for compositions well beyond xc. A
more detailed description of the relevance of Eq. 1 as a
function of x will require a much more extensive study.
High magnetic fields have played an important role

in the study of QCPs, both as a tuning parameter to
drive systems toward a QCP [3, 5, 21] and in suppress-
ing competing ordered states to reveal a QCP [2]. Here
the role of magnetic field is quite di↵erent; our measure-
ments suggest that B-linear resistivity has the same ori-
gin as T -linear resistivity. This suggests a revision of the
doping-temperature quantum critical phase diagram to
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WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like

4

is the self-energy of the conduction electrons, which in the
frequency domain is

⌃̃C(! + i⌘) =

Z
d⌫

⇡

h
nB(!)G

00
B
(⌫ + i⌘)G�(⌫ � ! � i⌘) (45)

�f(⌫)G00
�
(⌫)GB(! + ⌫ + i⌘)

i
. (46)

The function SB(z) is part of the spinon contribution to the
entropy that requires a momentum-summation.

SB(z) =
1

2

X

q

log
h
det{�G

�1
B

(z, q)}
i

(47)

Again, this momentum sum can be done analytically to obtain

SB(z) =
1

2

X

q

log[⇤2
B
� ⌦2

B
��2

B
sin2 q] (48)

= cte+
1

2

X

q

log[cos 2q + a] (49)

! 1

2

Z
da

X

a

1

cos q + a
(50)

=
1

2
log[a(1 +

p
1� a�2)]. (51)

The specific heat is obtained from numerical differentiation
of the S(T ). Fig. 2 shows the specific heat coefficient as a
function of TK/JH and T/TK . The collapse of energy scale
from both sides are visible. The suppression of the C/T at the
QCP implies a zero-point entropy due to entropy balance.

FIG. 1. (a) The uniform �0 and (b) the local �loc spin susceptibility
vs. T/TK for various values of the tuning parameter TK/JH . While
�loc diverges logarithmically at the QCP, the uniform susceptibility
is only suppressed by the magnetism.

D. The leading order solution

Although, we have numerically obtained the solution to
the self-consistent large-N equations, it is interesting to study
the results of a single-iteration of these equations.

In a simple antiferromagnet, the particle-particle compo-
nent of the spinon Green’s function is

G
pp

B
(q, z) =

z + �

z2 � E2
q

=
u
2
q

z � Eq

�
v
2
q

z + Eq

(52)

FIG. 2. The specific heat coefficient C/T = dS/dT vs. TK/JH and
T/TJ shows the collapse of the energy scale from both sides as well
as a suppression of the C/T at the QCP, consistent with a zero-point
entropy.

where Eq =
q
�2 ��2

q
, u = cosh ✓q , v = sinh ✓q and

tanh 2✓q = ��q/�. Substituting this into (23), we obtain

⌃�(z) =
X

k,q

nu
2
q
[f(✏k) + nB(Eq)]

z � (Eq � ✏k)

+
vq([1� f(✏k) + nB(Eq)]

z � (✏k + Eq)

o
. (53)

Using a flat density of states for ✏k, at T = 0 we find

⌃�(z) = �⇢

X

q

n
u
2
q
ln

✓
D

Eq � z

◆
� v

2
q
ln

✓
D

Eq + z

◆o
. (54)

To obtain a rough estimate of this quantity, we can replace
Eq ⇠ � by the typical energy of a spinon, so that

G
�1
�

(z) = � 1

J
+ ⇢


u
2 ln

✓
⇤

�� z

◆
� v

2 ln

✓
⇤

�+ z

◆�
.

= ⇢


u
2 ln

✓
TK

�� z

◆
� v

2 ln

✓
TK

�+ z

◆�
, (55)

where we have used u
2 � v

2 = 1, TK = ⇤e�1/⇢J . The phase
shift at zero frequency is given by

�� = Im ln[G�1
�

(! + i⌘)]!=0

= Im ln


ln

✓
�+ i�

TK

◆�

= ⇡✓(TK ��). (56)

While this is a rough crude approximation, it captures the key
feature that the holon field � first develops a bound-state when
TK becomes of order �.

E. Scaling conditions

Fig. 3 shows the renormalized energies of spinons "B ⌘
�+ ⌃0

B
(0)�� and holons "� ⌘ 1/J + ⌃0

�
(0). We find that

Kondo Breakdown and a possible connection 
with Strange and Bad metals.
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FIG. 1. Similarity of the functional form of ⇢̃(T ) and

⇢̃(B) in BaFe2(As1�xPx)2. A. The temperature depen-
dence of the normalized resistivity ⇢̃(T ) = ⇢(T )/⇢(273K) is
T -linear at high-T , which appears as sub-linear behavior in
C when plotted against T 2. B. The MR qualitatively looks
B-linear at high-B, particularly at low temperatures. The
similarity with the resistance as a function of temperature is
striking when plotted against B2, as can be seen by compar-
ing C & D. The MR curves were taken at temperatures 4K,
14K, 25K, 31K, 38K and 60K.

our analysis since we are interested in high field and
high temperature e↵ects.[22]. Figure 1 (B) shows the
MR, which exhibits an analogous high field B-linear
dependence. The similarity between the transport as
a function of T and B is even more striking when the
data is plotted as T

2 and B
2 on similar vertical scales,

as shown in Fig. 1 (C) and (D). Ideally we would
measure the MR of the normal state over a wide range of
magnetic field at zero (or at least very low) temperature
but superconductivity cuts o↵ the data below the upper
critical field µ0Hc2, restricting us to a narrow range
of the high magnetic field region where B-squared and
B-linear behaviors are di�cult to distinguish. However,
we observe that the MR qualitatively appears more
B-linear at low temperature and more B-squared at
high temperature (a fact that is widely known in these
and other unconventional superconductors [19, 27, 28]).
This gives us an important clue as to how magnetic field
and temperature influence transport - they appear to
compete to set the scale of the scattering.

To analyze the form of this competition, we look for
scaling behavior of the MR as a function of B and T

by plotting ⇢̃/T versus B/T . Note that we remove the
residual resistivity ⇢̃0 so that only the temperature de-
pendent part of the resistivity enters the analysis (see
Supplementary Information for details on the determi-
nation of ⇢̃0). When plotted this way, the data appear
to collapse to a single curve that is well described by a

hyperbolic function of B/T , as shown in Fig. 2 A. We
therefore formulate the following ansatz

~
⌧
=

q
(↵kBT )2 + (⌘µBB)2 ⌘ �, (1)

where ↵ and ⌘ relate the scattering rate directly to the
temperature and magnetic field scales respectively [29].
A similar ansatz has been used to describe the tempera-
ture dependence of the optical conductivity in URu2Si2
[30], the magnetic susceptibility of CeCu6�xAux [29] and
the magnetic fluctuations of La1.86Sr0.14CuO4 [31]. Fur-
thermore, this expression naturally captures the limiting
cases of high field and high temperature. As long as
T � B the scattering rate will be T -linear, and vice
versa. Between these two limits magnetic field and tem-
perature compete to set the scale of the scattering.
In order to understand the degree to which magnetic

field and temperature each influence the scattering, it is
necessary to determine the scale factor, ⌘/↵. The vari-
able ↵ can be determined by the slope of the resistance
versus temperature at zero field. However, because there
is a cross over from T -linear to T -squared behavior as
temperature is lowered, we use the high-T limit of the
resistivity data to determine ↵. Similarly, we look at the
high-B limit to determine ⌘, choosing the lowest tem-
perature curve so that magnetic field is certain to be
the dominant energy scale. Comparing the slope of re-
sistance versus T and B in these regions, we find that
⌘/↵ = 1.01 ± 0.07 (see Supplementary Information for
details). With the value of the scale factor ⌘/↵ deter-
mined, we can plot all of the MR data, together with the
zero field resistance, as a function of � (Fig. 2 (B)). We
observe that for any combination of field and tempera-
ture, the resistance always approaches the same �-linear
dependence, as described by Eq. 1. Remarkably, this
behavior holds for a range of dopings near the critical
point (see Fig. 3). This is not expected in a conventional
metal, where the magnitude and form as a function of T
and B will in general be unrelated, each depending on
di↵erent details of the Fermi surface.
At temperatures below Tc, we note a deviation from

Eq. 1. Although we cannot account for this in our ansatz,
it seems likely that the deviation is due to the presence
of other energy scales related to superconductivity. At
compositions far from the QCP, we expect this behavior
to break down completely as the materials crossover to
conventional Fermi liquids[4]. This is indeed observed,
as shown in Fig. 4 for compositions well beyond xc. A
more detailed description of the relevance of Eq. 1 as a
function of x will require a much more extensive study.
High magnetic fields have played an important role

in the study of QCPs, both as a tuning parameter to
drive systems toward a QCP [3, 5, 21] and in suppress-
ing competing ordered states to reveal a QCP [2]. Here
the role of magnetic field is quite di↵erent; our measure-
ments suggest that B-linear resistivity has the same ori-
gin as T -linear resistivity. This suggests a revision of the
doping-temperature quantum critical phase diagram to
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WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).

References and Notes
1. G. Wiedemann, R. Franz, Ann. Phys. 89, 497 (1853).
2. A. Sommerfeld, Naturwissenschaften 15, 825 (1927).
3. L. D. Landau, Sov. Phys. JETP 3, 920 (1957).
4. Additional data, analysis, and discussion are available as

supporting material on Science Online.
5. L. G. C. Rego, G. Kirczenow, Phys. Rev. B 59, 13080 (1999).
6. P. Coleman, A. J. Schofield, Nature 433, 226 (2005).
7. H. von Löhneysen et al., Phys. Rev. Lett. 72, 3262 (1994).
8. J. Custers et al., Nature 424, 524 (2003).
9. N. D. Mathur et al., Nature 394, 39 (1998).

10. S. S. Saxena et al., Nature 406, 587 (2000).
11. F. Levy, I. Sheikin, B. Grenier, A. D. Huxley, Science 309,

1343 (2005).
12. R. A. Borzi et al., Science 315, 214 (2007).
13. J. Paglione et al., Phys. Rev. Lett. 91, 246405 (2003).
14. A. Bianchi et al., Phys. Rev. Lett. 91, 257001 (2003).
15. P. Gegenwart et al., Phys. Rev. Lett. 89, 056402

(2002).
16. P. Coleman, J. B. Marston, A. J. Schofield, Phys. Rev. B

72, 245111 (2005).
17. P. Coleman, C. Pépin, Q. Si, R. Ramazashvili, J. Phys.

Cond. Mat. 13, R723 (2001).
18. A. McCollam, S. R. Julian, P. M. C. Rourke, D. Aoki,

J. Flouquet, Phys. Rev. Lett. 94, 186401 (2005).
19. M. R. Norman et al., Nature 392, 157 (1998).
20. A. Kanigel et al., Nat. Phys. 2, 447 (2006).
21. J. Paglione et al., Phys. Rev. Lett. 97, 106606 (2006).
22. J. Paglione et al., Phys. Rev. Lett. 94, 216602 (2005).
23. I. Paul, C. Pépin, M. R. Norman, Phys. Rev. Lett. 98,

026402 (2007).
24. M. Abdel-Jawad et al., Nat. Phys. 2, 821 (2006).
25. A. J. Millis, Phys. Rev. B 48, 7183 (1993).
26. T. Moriya, T. Takimoto, J. Phys. Soc. Jpn. 64, 960 (1995).
27. A. Neubert et al., Physica B (Amsterdam) 230, 587 (1997).
28. A. Rosch, A. Schroder, O. Stockert, H. von Lohneysen,

Phys. Rev. Lett. 79, 159 (1997).
29. Q. Si, S. Rabello, K. Ingersent, J. L. Smith, Nature 413,

804 (2001).
30. L. D. Pham, T. Park, S. Maquilon, J. D. Thompson, Z. Fisk,

Phys. Rev. Lett. 97, 056404 (2006).
31. T. Park et al., Nature 440, 65 (2006).
32. G. Knebel, D. Aoki, D. Braithwaite, B. Salce, J. Flouquet,

Phys. Rev. B 74, 020501 (2006).
33. Y. Kawasaki et al., J. Phys. Soc. Jpn. 72, 2308 (2003).
34. T. Senthil, M. Vojta, S. Sachdev, Phys. Rev. B 69, 035111

(2004).
35. L. Dell’Anna, W. Metzner, Phys. Rev. Lett. 98, 136402

(2007).
36. We thank D. G. Hawthorn, R. W. Hill, F. Ronning, and

M. Sutherland for experimental assistance, and P. C. Canfield,
Y. B. Kim, C. Pépin, A. M. Tremblay, A. Rosch, and M. F.
Smith for useful discussions. L.T. acknowledges support from
the Canadian Institute for Advanced Research, a Canada
Research Chair, the Natural Sciences and Engineering
Research Council of Canada, the Canada Foundation for
Innovation, and Le Fonds Québécois de Recherche sur la
Nature et la Technologie. Part of this research was carried out
at the Brookhaven National Laboratory, which is operated for
the U.S. Department of Energy by Brookhaven Science
Associates (DE-AC02-98CH10886).

Supporting Online Material
www.sciencemag.org/cgi/content/full/316/5829/1320/DC1
Materials and Methods
Figs. S1 to S11
References

2 February 2007; accepted 19 April 2007
10.1126/science.1140762

Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like

4

is the self-energy of the conduction electrons, which in the
frequency domain is

⌃̃C(! + i⌘) =

Z
d⌫

⇡

h
nB(!)G

00
B
(⌫ + i⌘)G�(⌫ � ! � i⌘) (45)

�f(⌫)G00
�
(⌫)GB(! + ⌫ + i⌘)

i
. (46)

The function SB(z) is part of the spinon contribution to the
entropy that requires a momentum-summation.

SB(z) =
1

2

X

q

log
h
det{�G

�1
B

(z, q)}
i

(47)

Again, this momentum sum can be done analytically to obtain

SB(z) =
1

2

X

q

log[⇤2
B
� ⌦2

B
��2

B
sin2 q] (48)

= cte+
1

2

X

q

log[cos 2q + a] (49)

! 1

2

Z
da

X

a

1

cos q + a
(50)

=
1

2
log[a(1 +

p
1� a�2)]. (51)

The specific heat is obtained from numerical differentiation
of the S(T ). Fig. 2 shows the specific heat coefficient as a
function of TK/JH and T/TK . The collapse of energy scale
from both sides are visible. The suppression of the C/T at the
QCP implies a zero-point entropy due to entropy balance.

FIG. 1. (a) The uniform �0 and (b) the local �loc spin susceptibility
vs. T/TK for various values of the tuning parameter TK/JH . While
�loc diverges logarithmically at the QCP, the uniform susceptibility
is only suppressed by the magnetism.

D. The leading order solution

Although, we have numerically obtained the solution to
the self-consistent large-N equations, it is interesting to study
the results of a single-iteration of these equations.

In a simple antiferromagnet, the particle-particle compo-
nent of the spinon Green’s function is

G
pp

B
(q, z) =

z + �

z2 � E2
q

=
u
2
q

z � Eq

�
v
2
q

z + Eq

(52)

FIG. 2. The specific heat coefficient C/T = dS/dT vs. TK/JH and
T/TJ shows the collapse of the energy scale from both sides as well
as a suppression of the C/T at the QCP, consistent with a zero-point
entropy.

where Eq =
q
�2 ��2

q
, u = cosh ✓q , v = sinh ✓q and

tanh 2✓q = ��q/�. Substituting this into (23), we obtain

⌃�(z) =
X

k,q

nu
2
q
[f(✏k) + nB(Eq)]

z � (Eq � ✏k)

+
vq([1� f(✏k) + nB(Eq)]

z � (✏k + Eq)

o
. (53)

Using a flat density of states for ✏k, at T = 0 we find

⌃�(z) = �⇢

X

q

n
u
2
q
ln

✓
D

Eq � z

◆
� v

2
q
ln

✓
D

Eq + z

◆o
. (54)

To obtain a rough estimate of this quantity, we can replace
Eq ⇠ � by the typical energy of a spinon, so that

G
�1
�

(z) = � 1

J
+ ⇢


u
2 ln

✓
⇤

�� z

◆
� v

2 ln

✓
⇤

�+ z

◆�
.

= ⇢


u
2 ln

✓
TK

�� z

◆
� v

2 ln

✓
TK

�+ z

◆�
, (55)

where we have used u
2 � v

2 = 1, TK = ⇤e�1/⇢J . The phase
shift at zero frequency is given by

�� = Im ln[G�1
�

(! + i⌘)]!=0

= Im ln


ln

✓
�+ i�

TK

◆�

= ⇡✓(TK ��). (56)

While this is a rough crude approximation, it captures the key
feature that the holon field � first develops a bound-state when
TK becomes of order �.

E. Scaling conditions

Fig. 3 shows the renormalized energies of spinons "B ⌘
�+ ⌃0

B
(0)�� and holons "� ⌘ 1/J + ⌃0

�
(0). We find that
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FIG. 1. Similarity of the functional form of ⇢̃(T ) and

⇢̃(B) in BaFe2(As1�xPx)2. A. The temperature depen-
dence of the normalized resistivity ⇢̃(T ) = ⇢(T )/⇢(273K) is
T -linear at high-T , which appears as sub-linear behavior in
C when plotted against T 2. B. The MR qualitatively looks
B-linear at high-B, particularly at low temperatures. The
similarity with the resistance as a function of temperature is
striking when plotted against B2, as can be seen by compar-
ing C & D. The MR curves were taken at temperatures 4K,
14K, 25K, 31K, 38K and 60K.

our analysis since we are interested in high field and
high temperature e↵ects.[22]. Figure 1 (B) shows the
MR, which exhibits an analogous high field B-linear
dependence. The similarity between the transport as
a function of T and B is even more striking when the
data is plotted as T

2 and B
2 on similar vertical scales,

as shown in Fig. 1 (C) and (D). Ideally we would
measure the MR of the normal state over a wide range of
magnetic field at zero (or at least very low) temperature
but superconductivity cuts o↵ the data below the upper
critical field µ0Hc2, restricting us to a narrow range
of the high magnetic field region where B-squared and
B-linear behaviors are di�cult to distinguish. However,
we observe that the MR qualitatively appears more
B-linear at low temperature and more B-squared at
high temperature (a fact that is widely known in these
and other unconventional superconductors [19, 27, 28]).
This gives us an important clue as to how magnetic field
and temperature influence transport - they appear to
compete to set the scale of the scattering.

To analyze the form of this competition, we look for
scaling behavior of the MR as a function of B and T

by plotting ⇢̃/T versus B/T . Note that we remove the
residual resistivity ⇢̃0 so that only the temperature de-
pendent part of the resistivity enters the analysis (see
Supplementary Information for details on the determi-
nation of ⇢̃0). When plotted this way, the data appear
to collapse to a single curve that is well described by a

hyperbolic function of B/T , as shown in Fig. 2 A. We
therefore formulate the following ansatz

~
⌧
=

q
(↵kBT )2 + (⌘µBB)2 ⌘ �, (1)

where ↵ and ⌘ relate the scattering rate directly to the
temperature and magnetic field scales respectively [29].
A similar ansatz has been used to describe the tempera-
ture dependence of the optical conductivity in URu2Si2
[30], the magnetic susceptibility of CeCu6�xAux [29] and
the magnetic fluctuations of La1.86Sr0.14CuO4 [31]. Fur-
thermore, this expression naturally captures the limiting
cases of high field and high temperature. As long as
T � B the scattering rate will be T -linear, and vice
versa. Between these two limits magnetic field and tem-
perature compete to set the scale of the scattering.
In order to understand the degree to which magnetic

field and temperature each influence the scattering, it is
necessary to determine the scale factor, ⌘/↵. The vari-
able ↵ can be determined by the slope of the resistance
versus temperature at zero field. However, because there
is a cross over from T -linear to T -squared behavior as
temperature is lowered, we use the high-T limit of the
resistivity data to determine ↵. Similarly, we look at the
high-B limit to determine ⌘, choosing the lowest tem-
perature curve so that magnetic field is certain to be
the dominant energy scale. Comparing the slope of re-
sistance versus T and B in these regions, we find that
⌘/↵ = 1.01 ± 0.07 (see Supplementary Information for
details). With the value of the scale factor ⌘/↵ deter-
mined, we can plot all of the MR data, together with the
zero field resistance, as a function of � (Fig. 2 (B)). We
observe that for any combination of field and tempera-
ture, the resistance always approaches the same �-linear
dependence, as described by Eq. 1. Remarkably, this
behavior holds for a range of dopings near the critical
point (see Fig. 3). This is not expected in a conventional
metal, where the magnitude and form as a function of T
and B will in general be unrelated, each depending on
di↵erent details of the Fermi surface.
At temperatures below Tc, we note a deviation from

Eq. 1. Although we cannot account for this in our ansatz,
it seems likely that the deviation is due to the presence
of other energy scales related to superconductivity. At
compositions far from the QCP, we expect this behavior
to break down completely as the materials crossover to
conventional Fermi liquids[4]. This is indeed observed,
as shown in Fig. 4 for compositions well beyond xc. A
more detailed description of the relevance of Eq. 1 as a
function of x will require a much more extensive study.
High magnetic fields have played an important role

in the study of QCPs, both as a tuning parameter to
drive systems toward a QCP [3, 5, 21] and in suppress-
ing competing ordered states to reveal a QCP [2]. Here
the role of magnetic field is quite di↵erent; our measure-
ments suggest that B-linear resistivity has the same ori-
gin as T -linear resistivity. This suggests a revision of the
doping-temperature quantum critical phase diagram to
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WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like

4

is the self-energy of the conduction electrons, which in the
frequency domain is

⌃̃C(! + i⌘) =

Z
d⌫

⇡

h
nB(!)G

00
B
(⌫ + i⌘)G�(⌫ � ! � i⌘) (45)

�f(⌫)G00
�
(⌫)GB(! + ⌫ + i⌘)

i
. (46)

The function SB(z) is part of the spinon contribution to the
entropy that requires a momentum-summation.

SB(z) =
1

2

X

q

log
h
det{�G

�1
B

(z, q)}
i

(47)

Again, this momentum sum can be done analytically to obtain

SB(z) =
1

2

X

q

log[⇤2
B
� ⌦2

B
��2

B
sin2 q] (48)

= cte+
1

2

X

q

log[cos 2q + a] (49)

! 1

2

Z
da

X

a

1

cos q + a
(50)

=
1

2
log[a(1 +

p
1� a�2)]. (51)

The specific heat is obtained from numerical differentiation
of the S(T ). Fig. 2 shows the specific heat coefficient as a
function of TK/JH and T/TK . The collapse of energy scale
from both sides are visible. The suppression of the C/T at the
QCP implies a zero-point entropy due to entropy balance.

FIG. 1. (a) The uniform �0 and (b) the local �loc spin susceptibility
vs. T/TK for various values of the tuning parameter TK/JH . While
�loc diverges logarithmically at the QCP, the uniform susceptibility
is only suppressed by the magnetism.

D. The leading order solution

Although, we have numerically obtained the solution to
the self-consistent large-N equations, it is interesting to study
the results of a single-iteration of these equations.

In a simple antiferromagnet, the particle-particle compo-
nent of the spinon Green’s function is

G
pp

B
(q, z) =

z + �

z2 � E2
q

=
u
2
q

z � Eq

�
v
2
q

z + Eq

(52)

FIG. 2. The specific heat coefficient C/T = dS/dT vs. TK/JH and
T/TJ shows the collapse of the energy scale from both sides as well
as a suppression of the C/T at the QCP, consistent with a zero-point
entropy.

where Eq =
q
�2 ��2

q
, u = cosh ✓q , v = sinh ✓q and

tanh 2✓q = ��q/�. Substituting this into (23), we obtain

⌃�(z) =
X

k,q

nu
2
q
[f(✏k) + nB(Eq)]

z � (Eq � ✏k)

+
vq([1� f(✏k) + nB(Eq)]

z � (✏k + Eq)

o
. (53)

Using a flat density of states for ✏k, at T = 0 we find

⌃�(z) = �⇢

X

q

n
u
2
q
ln

✓
D

Eq � z

◆
� v

2
q
ln

✓
D

Eq + z

◆o
. (54)

To obtain a rough estimate of this quantity, we can replace
Eq ⇠ � by the typical energy of a spinon, so that

G
�1
�

(z) = � 1

J
+ ⇢


u
2 ln

✓
⇤

�� z

◆
� v

2 ln

✓
⇤

�+ z

◆�
.

= ⇢


u
2 ln

✓
TK

�� z

◆
� v

2 ln

✓
TK

�+ z

◆�
, (55)

where we have used u
2 � v

2 = 1, TK = ⇤e�1/⇢J . The phase
shift at zero frequency is given by

�� = Im ln[G�1
�

(! + i⌘)]!=0

= Im ln


ln

✓
�+ i�

TK

◆�

= ⇡✓(TK ��). (56)

While this is a rough crude approximation, it captures the key
feature that the holon field � first develops a bound-state when
TK becomes of order �.

E. Scaling conditions

Fig. 3 shows the renormalized energies of spinons "B ⌘
�+ ⌃0

B
(0)�� and holons "� ⌘ 1/J + ⌃0

�
(0). We find that
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FIG. 1. Similarity of the functional form of ⇢̃(T ) and

⇢̃(B) in BaFe2(As1�xPx)2. A. The temperature depen-
dence of the normalized resistivity ⇢̃(T ) = ⇢(T )/⇢(273K) is
T -linear at high-T , which appears as sub-linear behavior in
C when plotted against T 2. B. The MR qualitatively looks
B-linear at high-B, particularly at low temperatures. The
similarity with the resistance as a function of temperature is
striking when plotted against B2, as can be seen by compar-
ing C & D. The MR curves were taken at temperatures 4K,
14K, 25K, 31K, 38K and 60K.

our analysis since we are interested in high field and
high temperature e↵ects.[22]. Figure 1 (B) shows the
MR, which exhibits an analogous high field B-linear
dependence. The similarity between the transport as
a function of T and B is even more striking when the
data is plotted as T

2 and B
2 on similar vertical scales,

as shown in Fig. 1 (C) and (D). Ideally we would
measure the MR of the normal state over a wide range of
magnetic field at zero (or at least very low) temperature
but superconductivity cuts o↵ the data below the upper
critical field µ0Hc2, restricting us to a narrow range
of the high magnetic field region where B-squared and
B-linear behaviors are di�cult to distinguish. However,
we observe that the MR qualitatively appears more
B-linear at low temperature and more B-squared at
high temperature (a fact that is widely known in these
and other unconventional superconductors [19, 27, 28]).
This gives us an important clue as to how magnetic field
and temperature influence transport - they appear to
compete to set the scale of the scattering.

To analyze the form of this competition, we look for
scaling behavior of the MR as a function of B and T

by plotting ⇢̃/T versus B/T . Note that we remove the
residual resistivity ⇢̃0 so that only the temperature de-
pendent part of the resistivity enters the analysis (see
Supplementary Information for details on the determi-
nation of ⇢̃0). When plotted this way, the data appear
to collapse to a single curve that is well described by a

hyperbolic function of B/T , as shown in Fig. 2 A. We
therefore formulate the following ansatz

~
⌧
=

q
(↵kBT )2 + (⌘µBB)2 ⌘ �, (1)

where ↵ and ⌘ relate the scattering rate directly to the
temperature and magnetic field scales respectively [29].
A similar ansatz has been used to describe the tempera-
ture dependence of the optical conductivity in URu2Si2
[30], the magnetic susceptibility of CeCu6�xAux [29] and
the magnetic fluctuations of La1.86Sr0.14CuO4 [31]. Fur-
thermore, this expression naturally captures the limiting
cases of high field and high temperature. As long as
T � B the scattering rate will be T -linear, and vice
versa. Between these two limits magnetic field and tem-
perature compete to set the scale of the scattering.
In order to understand the degree to which magnetic

field and temperature each influence the scattering, it is
necessary to determine the scale factor, ⌘/↵. The vari-
able ↵ can be determined by the slope of the resistance
versus temperature at zero field. However, because there
is a cross over from T -linear to T -squared behavior as
temperature is lowered, we use the high-T limit of the
resistivity data to determine ↵. Similarly, we look at the
high-B limit to determine ⌘, choosing the lowest tem-
perature curve so that magnetic field is certain to be
the dominant energy scale. Comparing the slope of re-
sistance versus T and B in these regions, we find that
⌘/↵ = 1.01 ± 0.07 (see Supplementary Information for
details). With the value of the scale factor ⌘/↵ deter-
mined, we can plot all of the MR data, together with the
zero field resistance, as a function of � (Fig. 2 (B)). We
observe that for any combination of field and tempera-
ture, the resistance always approaches the same �-linear
dependence, as described by Eq. 1. Remarkably, this
behavior holds for a range of dopings near the critical
point (see Fig. 3). This is not expected in a conventional
metal, where the magnitude and form as a function of T
and B will in general be unrelated, each depending on
di↵erent details of the Fermi surface.
At temperatures below Tc, we note a deviation from

Eq. 1. Although we cannot account for this in our ansatz,
it seems likely that the deviation is due to the presence
of other energy scales related to superconductivity. At
compositions far from the QCP, we expect this behavior
to break down completely as the materials crossover to
conventional Fermi liquids[4]. This is indeed observed,
as shown in Fig. 4 for compositions well beyond xc. A
more detailed description of the relevance of Eq. 1 as a
function of x will require a much more extensive study.
High magnetic fields have played an important role

in the study of QCPs, both as a tuning parameter to
drive systems toward a QCP [3, 5, 21] and in suppress-
ing competing ordered states to reveal a QCP [2]. Here
the role of magnetic field is quite di↵erent; our measure-
ments suggest that B-linear resistivity has the same ori-
gin as T -linear resistivity. This suggests a revision of the
doping-temperature quantum critical phase diagram to

Einstein: Prague 

WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.

1 JUNE 2007 VOL 316 SCIENCE www.sciencemag.org1322

REPORTS

3

which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like

4

is the self-energy of the conduction electrons, which in the
frequency domain is

⌃̃C(! + i⌘) =

Z
d⌫

⇡

h
nB(!)G

00
B
(⌫ + i⌘)G�(⌫ � ! � i⌘) (45)

�f(⌫)G00
�
(⌫)GB(! + ⌫ + i⌘)

i
. (46)

The function SB(z) is part of the spinon contribution to the
entropy that requires a momentum-summation.

SB(z) =
1

2

X

q

log
h
det{�G

�1
B

(z, q)}
i

(47)

Again, this momentum sum can be done analytically to obtain

SB(z) =
1

2

X

q

log[⇤2
B
� ⌦2

B
��2

B
sin2 q] (48)

= cte+
1

2

X

q

log[cos 2q + a] (49)

! 1

2

Z
da

X

a

1

cos q + a
(50)

=
1

2
log[a(1 +

p
1� a�2)]. (51)

The specific heat is obtained from numerical differentiation
of the S(T ). Fig. 2 shows the specific heat coefficient as a
function of TK/JH and T/TK . The collapse of energy scale
from both sides are visible. The suppression of the C/T at the
QCP implies a zero-point entropy due to entropy balance.

FIG. 1. (a) The uniform �0 and (b) the local �loc spin susceptibility
vs. T/TK for various values of the tuning parameter TK/JH . While
�loc diverges logarithmically at the QCP, the uniform susceptibility
is only suppressed by the magnetism.

D. The leading order solution

Although, we have numerically obtained the solution to
the self-consistent large-N equations, it is interesting to study
the results of a single-iteration of these equations.

In a simple antiferromagnet, the particle-particle compo-
nent of the spinon Green’s function is

G
pp

B
(q, z) =

z + �

z2 � E2
q

=
u
2
q

z � Eq

�
v
2
q

z + Eq

(52)

FIG. 2. The specific heat coefficient C/T = dS/dT vs. TK/JH and
T/TJ shows the collapse of the energy scale from both sides as well
as a suppression of the C/T at the QCP, consistent with a zero-point
entropy.

where Eq =
q
�2 ��2

q
, u = cosh ✓q , v = sinh ✓q and

tanh 2✓q = ��q/�. Substituting this into (23), we obtain

⌃�(z) =
X

k,q

nu
2
q
[f(✏k) + nB(Eq)]

z � (Eq � ✏k)

+
vq([1� f(✏k) + nB(Eq)]

z � (✏k + Eq)

o
. (53)

Using a flat density of states for ✏k, at T = 0 we find

⌃�(z) = �⇢

X

q

n
u
2
q
ln

✓
D

Eq � z

◆
� v

2
q
ln

✓
D

Eq + z

◆o
. (54)

To obtain a rough estimate of this quantity, we can replace
Eq ⇠ � by the typical energy of a spinon, so that

G
�1
�

(z) = � 1

J
+ ⇢


u
2 ln

✓
⇤

�� z

◆
� v

2 ln

✓
⇤

�+ z

◆�
.

= ⇢


u
2 ln

✓
TK

�� z

◆
� v

2 ln

✓
TK

�+ z

◆�
, (55)

where we have used u
2 � v

2 = 1, TK = ⇤e�1/⇢J . The phase
shift at zero frequency is given by

�� = Im ln[G�1
�

(! + i⌘)]!=0

= Im ln


ln

✓
�+ i�

TK

◆�

= ⇡✓(TK ��). (56)

While this is a rough crude approximation, it captures the key
feature that the holon field � first develops a bound-state when
TK becomes of order �.

E. Scaling conditions

Fig. 3 shows the renormalized energies of spinons "B ⌘
�+ ⌃0

B
(0)�� and holons "� ⌘ 1/J + ⌃0

�
(0). We find that
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FIG. 1. Similarity of the functional form of ⇢̃(T ) and

⇢̃(B) in BaFe2(As1�xPx)2. A. The temperature depen-
dence of the normalized resistivity ⇢̃(T ) = ⇢(T )/⇢(273K) is
T -linear at high-T , which appears as sub-linear behavior in
C when plotted against T 2. B. The MR qualitatively looks
B-linear at high-B, particularly at low temperatures. The
similarity with the resistance as a function of temperature is
striking when plotted against B2, as can be seen by compar-
ing C & D. The MR curves were taken at temperatures 4K,
14K, 25K, 31K, 38K and 60K.

our analysis since we are interested in high field and
high temperature e↵ects.[22]. Figure 1 (B) shows the
MR, which exhibits an analogous high field B-linear
dependence. The similarity between the transport as
a function of T and B is even more striking when the
data is plotted as T

2 and B
2 on similar vertical scales,

as shown in Fig. 1 (C) and (D). Ideally we would
measure the MR of the normal state over a wide range of
magnetic field at zero (or at least very low) temperature
but superconductivity cuts o↵ the data below the upper
critical field µ0Hc2, restricting us to a narrow range
of the high magnetic field region where B-squared and
B-linear behaviors are di�cult to distinguish. However,
we observe that the MR qualitatively appears more
B-linear at low temperature and more B-squared at
high temperature (a fact that is widely known in these
and other unconventional superconductors [19, 27, 28]).
This gives us an important clue as to how magnetic field
and temperature influence transport - they appear to
compete to set the scale of the scattering.

To analyze the form of this competition, we look for
scaling behavior of the MR as a function of B and T

by plotting ⇢̃/T versus B/T . Note that we remove the
residual resistivity ⇢̃0 so that only the temperature de-
pendent part of the resistivity enters the analysis (see
Supplementary Information for details on the determi-
nation of ⇢̃0). When plotted this way, the data appear
to collapse to a single curve that is well described by a

hyperbolic function of B/T , as shown in Fig. 2 A. We
therefore formulate the following ansatz

~
⌧
=

q
(↵kBT )2 + (⌘µBB)2 ⌘ �, (1)

where ↵ and ⌘ relate the scattering rate directly to the
temperature and magnetic field scales respectively [29].
A similar ansatz has been used to describe the tempera-
ture dependence of the optical conductivity in URu2Si2
[30], the magnetic susceptibility of CeCu6�xAux [29] and
the magnetic fluctuations of La1.86Sr0.14CuO4 [31]. Fur-
thermore, this expression naturally captures the limiting
cases of high field and high temperature. As long as
T � B the scattering rate will be T -linear, and vice
versa. Between these two limits magnetic field and tem-
perature compete to set the scale of the scattering.
In order to understand the degree to which magnetic

field and temperature each influence the scattering, it is
necessary to determine the scale factor, ⌘/↵. The vari-
able ↵ can be determined by the slope of the resistance
versus temperature at zero field. However, because there
is a cross over from T -linear to T -squared behavior as
temperature is lowered, we use the high-T limit of the
resistivity data to determine ↵. Similarly, we look at the
high-B limit to determine ⌘, choosing the lowest tem-
perature curve so that magnetic field is certain to be
the dominant energy scale. Comparing the slope of re-
sistance versus T and B in these regions, we find that
⌘/↵ = 1.01 ± 0.07 (see Supplementary Information for
details). With the value of the scale factor ⌘/↵ deter-
mined, we can plot all of the MR data, together with the
zero field resistance, as a function of � (Fig. 2 (B)). We
observe that for any combination of field and tempera-
ture, the resistance always approaches the same �-linear
dependence, as described by Eq. 1. Remarkably, this
behavior holds for a range of dopings near the critical
point (see Fig. 3). This is not expected in a conventional
metal, where the magnitude and form as a function of T
and B will in general be unrelated, each depending on
di↵erent details of the Fermi surface.
At temperatures below Tc, we note a deviation from

Eq. 1. Although we cannot account for this in our ansatz,
it seems likely that the deviation is due to the presence
of other energy scales related to superconductivity. At
compositions far from the QCP, we expect this behavior
to break down completely as the materials crossover to
conventional Fermi liquids[4]. This is indeed observed,
as shown in Fig. 4 for compositions well beyond xc. A
more detailed description of the relevance of Eq. 1 as a
function of x will require a much more extensive study.
High magnetic fields have played an important role

in the study of QCPs, both as a tuning parameter to
drive systems toward a QCP [3, 5, 21] and in suppress-
ing competing ordered states to reveal a QCP [2]. Here
the role of magnetic field is quite di↵erent; our measure-
ments suggest that B-linear resistivity has the same ori-
gin as T -linear resistivity. This suggests a revision of the
doping-temperature quantum critical phase diagram to
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⇢̃(B) in BaFe2(As1�xPx)2. A. The temperature depen-
dence of the normalized resistivity ⇢̃(T ) = ⇢(T )/⇢(273K) is
T -linear at high-T , which appears as sub-linear behavior in
C when plotted against T 2. B. The MR qualitatively looks
B-linear at high-B, particularly at low temperatures. The
similarity with the resistance as a function of temperature is
striking when plotted against B2, as can be seen by compar-
ing C & D. The MR curves were taken at temperatures 4K,
14K, 25K, 31K, 38K and 60K.

our analysis since we are interested in high field and
high temperature e↵ects.[22]. Figure 1 (B) shows the
MR, which exhibits an analogous high field B-linear
dependence. The similarity between the transport as
a function of T and B is even more striking when the
data is plotted as T

2 and B
2 on similar vertical scales,

as shown in Fig. 1 (C) and (D). Ideally we would
measure the MR of the normal state over a wide range of
magnetic field at zero (or at least very low) temperature
but superconductivity cuts o↵ the data below the upper
critical field µ0Hc2, restricting us to a narrow range
of the high magnetic field region where B-squared and
B-linear behaviors are di�cult to distinguish. However,
we observe that the MR qualitatively appears more
B-linear at low temperature and more B-squared at
high temperature (a fact that is widely known in these
and other unconventional superconductors [19, 27, 28]).
This gives us an important clue as to how magnetic field
and temperature influence transport - they appear to
compete to set the scale of the scattering.

To analyze the form of this competition, we look for
scaling behavior of the MR as a function of B and T

by plotting ⇢̃/T versus B/T . Note that we remove the
residual resistivity ⇢̃0 so that only the temperature de-
pendent part of the resistivity enters the analysis (see
Supplementary Information for details on the determi-
nation of ⇢̃0). When plotted this way, the data appear
to collapse to a single curve that is well described by a

hyperbolic function of B/T , as shown in Fig. 2 A. We
therefore formulate the following ansatz

~
⌧
=

q
(↵kBT )2 + (⌘µBB)2 ⌘ �, (1)

where ↵ and ⌘ relate the scattering rate directly to the
temperature and magnetic field scales respectively [29].
A similar ansatz has been used to describe the tempera-
ture dependence of the optical conductivity in URu2Si2
[30], the magnetic susceptibility of CeCu6�xAux [29] and
the magnetic fluctuations of La1.86Sr0.14CuO4 [31]. Fur-
thermore, this expression naturally captures the limiting
cases of high field and high temperature. As long as
T � B the scattering rate will be T -linear, and vice
versa. Between these two limits magnetic field and tem-
perature compete to set the scale of the scattering.
In order to understand the degree to which magnetic

field and temperature each influence the scattering, it is
necessary to determine the scale factor, ⌘/↵. The vari-
able ↵ can be determined by the slope of the resistance
versus temperature at zero field. However, because there
is a cross over from T -linear to T -squared behavior as
temperature is lowered, we use the high-T limit of the
resistivity data to determine ↵. Similarly, we look at the
high-B limit to determine ⌘, choosing the lowest tem-
perature curve so that magnetic field is certain to be
the dominant energy scale. Comparing the slope of re-
sistance versus T and B in these regions, we find that
⌘/↵ = 1.01 ± 0.07 (see Supplementary Information for
details). With the value of the scale factor ⌘/↵ deter-
mined, we can plot all of the MR data, together with the
zero field resistance, as a function of � (Fig. 2 (B)). We
observe that for any combination of field and tempera-
ture, the resistance always approaches the same �-linear
dependence, as described by Eq. 1. Remarkably, this
behavior holds for a range of dopings near the critical
point (see Fig. 3). This is not expected in a conventional
metal, where the magnitude and form as a function of T
and B will in general be unrelated, each depending on
di↵erent details of the Fermi surface.
At temperatures below Tc, we note a deviation from

Eq. 1. Although we cannot account for this in our ansatz,
it seems likely that the deviation is due to the presence
of other energy scales related to superconductivity. At
compositions far from the QCP, we expect this behavior
to break down completely as the materials crossover to
conventional Fermi liquids[4]. This is indeed observed,
as shown in Fig. 4 for compositions well beyond xc. A
more detailed description of the relevance of Eq. 1 as a
function of x will require a much more extensive study.
High magnetic fields have played an important role

in the study of QCPs, both as a tuning parameter to
drive systems toward a QCP [3, 5, 21] and in suppress-
ing competing ordered states to reveal a QCP [2]. Here
the role of magnetic field is quite di↵erent; our measure-
ments suggest that B-linear resistivity has the same ori-
gin as T -linear resistivity. This suggests a revision of the
doping-temperature quantum critical phase diagram to

BaFe2As2-xPx       (x=0.31) Hayes et al (2015)
Iron-based SC Tc = 5-65K
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CeCoIn5

WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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Figure 2: Jump of Fermi surface across the critical pressure in CeRhIn5, observed by

dHvA measurements (adapted from [11]).

upper critical field for superconductivity. Quantum oscillations have been
observed by de Haas–van Alphen (dHvA) measurements at various pressures
at magnetic fields between 10 T and 17 T [11]. A jump of the Fermi surface
has been evidenced by the observation that the dHvA frequencies undergo
a sharp jump across pc. The dHvA frequencies are compatible with a small
Fermi surface in the antiferromagnetically ordered state at p < pc, and with
a large Fermi surface in the paramagnetic state at p > pc. The dHvA mea-
surements also indicate that the cyclotron mass diverges at pc, providing
evidence that the quasiparticle residues zL and zS indeed vanish at the QCP,
see Fig. 1, bottom.

4. Extrapolating the isothermal crossover to lower temperatures

For YbRh2Si2, the isothermal crossovers as a function of magnetic field
B have been studied between 0.02 K and 1 K. The pertinent measurements
include magnetotransport, Hall e↵ect and magnetoresistance, as well as ther-
modynamic properties, including magnetization and magnetostriction.

To draw conclusions about the nature of the QCP, the e↵orts have been
directed towards the evolution of the isothermal crossover behavior as tem-
perature is lowered. The lowest temperature of the studies is about 20 mK
[15]. Importantly, as temperature is lowered, the full width at half maximum
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WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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YbRh2Si2

What happens to the charge fluctuations
at a small-large FS transition? 

“Kondo Breakdown”

“Partial Mott Localization”



�15

What are the requirements for strange metal behavior?



under 0:1 T at P < 0:8 GPa. All the data are
consistent with the existence of a NFL phase
with a constant a ≈ 1:5 at P < Pc and a FL phase
with a ¼ 2:0 at P > Pc (Fig. 1D). The apparent
crossover between a ¼ 1:5 and 2.0 marked by
the two points with intermediate exponents is
most likely a consequence of experimental res-
olution and a small inhomogeneity in the pres-
sure. The presence of the superconducting
resistivity spike close to Pc (Fig. 1A) supports this
interpretation (24).

In the FL phase, theA coefficient for the r ˜ T 2

law is found to be field-independent atBab ≤ 0:1 T
(fig. S8C) (24). The A coefficient has a component
that diverges at Pc, following ˜1=ðP − PcÞ0:8ð1Þ
with Pc ¼ 0:40ð5Þ GPa (Fig. 1D). In addition,
changes in P dependence of r0 are observed
around Pc for both B ¼ 0 and 0.1 T (Fig. 1E).
Taken together with the change in the exponent
a, these anomalies suggest a possible quantum
phase transition at Pc separating the strange me-
tal phase from the high-pressure FL.

Each of the putative NFL phases reported to
date directly adjoin amagnetic phase and are thus
linked to magnetic criticality (11, 12, 14, 17, 19).
Generally, in Yb-based heavy-fermion com-
pounds, both physical and chemical pressure
induce magnetism, stabilizing an “Yb3þ” state
with a 4f magnetic moment and a smaller ionic
radius than its nonmagnetic “Yb2þ” counterpart
(25). To clarify the relation between magnet-
ism and the observed extensive regime of NFL
behavior in b-YbAlB4, we have performed a
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Fig. 1. Strange metal, Fermi liquid, and magnetic order in b-YbAlB4

under pressure. Ultrapure single crystals (RRR = 300) were used (24). (A)
Zero-field resistivity rðTÞ versus T1:5 at various pressures (left and right axes).
The anomalous T1:5 dependence was found robust up to Pc ˜ 0.4 GPa. The
superconducting (SC) transition was observed up to P = 0.59 GPa. Around
Pc, a resistivity spike was observed just above Tc (24). (Inset) rðTÞ versus
T1:5 obtained under an in-plane fieldBab ¼ 0:1 T.The solid red line indicates a fit
to T2 dependence found at 0.72 GPa. (B) T dependence of the power law
exponent a ¼ @lnðrðTÞ − r0Þ=@lnT, corresponding to rðTÞ in (A) under B = 0
(solid symbols) and under Bab ¼ 0:1 T (open symbols). (C) Contour plot of the
exponent a in the P-T phase diagram for zero field. (For Bab ¼ 0:1 T, see fig.
S8). Red, green, and blue circles indicate the superconducting Tc, Néel point
TN, and TFL where rðTÞ starts showing T2 dependence, respectively. TFL, de-

termined using rðTÞ under Bab ¼ 0:1 T, is also shown as purple circles. TFL be-
comes strongly suppressed near P ˜ Pc (fig. S8).The solid line is a guide to the

eye. (D) P dependence of the exponent a and the coefficient A [of the T2

dependence of rðTÞ] estimated in two T ranges: 90 ˜ 120 mK under zero
field (a, large red circles), and 40 ˜ 60 mK under zero field at P > 0:8 GPa
(a, yellow circles; A, closed squares) and under Bab ¼ 0:1 Tat P < 0:8 GPa (a,
orange circles; A, open squares). Blue crosses: a ¼ 1þ @lnð@rðTÞ=@TÞ=@lnT
in the T range 40 ˜ 80 mK, Bab ¼ 0:1 T and P < 0:8 GPa. Solid line: Fit to

A ¼ A0 þ A1=ðP − PcÞb, yielding b ¼ 0:8ð1Þ, Pc = 0.40(5) GPa, A1 = 0.05(1)
mWcm GPa/K2 and A0 = 0.43(1) mWcm/K2. (E) P dependence of the residual
resistivity r0 under zero field (red) and under Bab ¼ 0:1 T (orange). The
background color (yellow, white, blue, and green) in (D) and (E) is a guide to
the eye.
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CeRh6Ge4: Strange metal at a FM QCP

Figure 3: Phase diagram of CeRh6Ge4 under pressure. (A) Pressure dependence of the A-
coefficient of the T 2 term from the resistivity and Sommerfeld coefficient � (as C/T at 60 mK),
which show a pronounced maximum near the QCP. (B) Temperature-pressure phase diagram of
CeRh6Ge4, where the open circles, triangles and squares denote TC derived from the resistivity,
specific heat (dc method), and ac heat capacity (Fig. S6), respectively. The corresponding solid
symbols mark TFL, the temperature below which FL behavior occurs. The FM transition is
suppressed by pressure until the system reaches a QCP at pc ⇡ 0.8 GPa. Below TC, and at higher
pressures below TFL, FL ground states develop. These phases (shaded blue) are separated by a
fan-shaped region of non-Fermi liquid behavior, where around pc there is a SM phase (shaded
red) showing a linear in temperature resistivity and logarithmic C/T vs T . (C) The schematic
representation of different phases. In the ordered phase (left), most of the spins are ordered
in the plane, whereas some have RVB bonds. The Fermi surface is small, as represented by
the volume of the conduction sea. In the PM FL phase (right), all the spins are ‘ionized’ to
form heavy-electrons that expand the Fermi sea. A background of positively charged singlets
are left behind. At the QCP (center), the system is in dynamical critical equilibrium, where the
moments are fluctuating and the Kondo screening by the conduction electron competes with
RVBs for the entanglement. In this region, critical fluctuations strongly scatter the conduction
electrons.
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Figure 1: Crystal structure and physical properties of CeRh6Ge4 at ambient pressure. (A) Crys-
tal structure of CeRh6Ge4, where the red, blue and yellow atoms denote Ce, Rh, and Ge re-
spectively. Left panel shows the structure perpendicular to the ab-plane, where the Ce atoms
have a hexagonal arrangement, while the right side displays perpendicular to the chain direc-
tion (c-axis). The (B) resistivity ⇢(T ), and (C) specific heat as C/T vs T of CeRh6Ge4 are also
displayed, in both zero-field and various fields applied within the ab plane. (D) Temperature
dependence of the magnetization of CeRh6Ge4 as M/H in a field of 1 mT applied both along
the c axis and in the ab plane. (E) Low field magnetization loops for fields within the ab-plane
at three temperatures. Below TC, these exhibit hysteresis loops typical of FM order, while at
3 K no hysteresis is observed.

12

Figure 2: Quantum critical point and non-FL behavior in CeRh6Ge4 under pressure. (A) Re-
sistivity of CeRh6Ge4 under various hydrostatic pressures. The FM transition is suppressed by
pressure, and is no longer observed at pc = 0.8 GPa (green line). The inset shows the derivative
of ⇢(T ) at lower pressures, where the peak position corresponds to TC. (B) Specific heat of
CeRh6Ge4 under hydrostatic pressures, where the bulk FM transition is suppressed with pres-
sure, as indicated by the vertical arrows showing the position of TC. For clarity, not all the data
points are displayed. The error bars shown are representative of the scattering of the data at low
temperature. A crossover to FL behavior at low temperatures can be observed either side of pc,
where C(T )/T flattens. (C) ⇢(T ) and C(T )/T at pc = 0.8 GPa. ⇢(T ) exhibits linear behavior
extending from 5 K, down to at least 40 mK (dashed line), while C(T )/T continues to increase
with decreasing temperature, exhibiting a ⇠ log(T ⇤

/T ) dependence (dotted line).
13

Bin Shen et al, preprint (2019)

Strange metal behavior  at a FM QCP  

ρ~T

C/T~ ln (T*/T)

(Strong xy anisotropy: spin entanglement)



Strange Metals: Summary

• Ubiquity of strange metal behavior, in transition metal 
and rare-earth materials.

• Linear Resistivity can’t be explained by spin fluctuations

• Logarithmic C/T~ S0/T* loge(T*/T).

• AFM QCP not necessary: Kondo breakdown in FM in 
CeRh6Ge4 and away from QCP in YbAlB4

• Common feature: partial Mott localization/Kondo 
Breakdown 
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FIG. 1. Similarity of the functional form of ⇢̃(T ) and

⇢̃(B) in BaFe2(As1�xPx)2. A. The temperature depen-
dence of the normalized resistivity ⇢̃(T ) = ⇢(T )/⇢(273K) is
T -linear at high-T , which appears as sub-linear behavior in
C when plotted against T 2. B. The MR qualitatively looks
B-linear at high-B, particularly at low temperatures. The
similarity with the resistance as a function of temperature is
striking when plotted against B2, as can be seen by compar-
ing C & D. The MR curves were taken at temperatures 4K,
14K, 25K, 31K, 38K and 60K.

our analysis since we are interested in high field and
high temperature e↵ects.[22]. Figure 1 (B) shows the
MR, which exhibits an analogous high field B-linear
dependence. The similarity between the transport as
a function of T and B is even more striking when the
data is plotted as T

2 and B
2 on similar vertical scales,

as shown in Fig. 1 (C) and (D). Ideally we would
measure the MR of the normal state over a wide range of
magnetic field at zero (or at least very low) temperature
but superconductivity cuts o↵ the data below the upper
critical field µ0Hc2, restricting us to a narrow range
of the high magnetic field region where B-squared and
B-linear behaviors are di�cult to distinguish. However,
we observe that the MR qualitatively appears more
B-linear at low temperature and more B-squared at
high temperature (a fact that is widely known in these
and other unconventional superconductors [19, 27, 28]).
This gives us an important clue as to how magnetic field
and temperature influence transport - they appear to
compete to set the scale of the scattering.

To analyze the form of this competition, we look for
scaling behavior of the MR as a function of B and T

by plotting ⇢̃/T versus B/T . Note that we remove the
residual resistivity ⇢̃0 so that only the temperature de-
pendent part of the resistivity enters the analysis (see
Supplementary Information for details on the determi-
nation of ⇢̃0). When plotted this way, the data appear
to collapse to a single curve that is well described by a

hyperbolic function of B/T , as shown in Fig. 2 A. We
therefore formulate the following ansatz

~
⌧
=

q
(↵kBT )2 + (⌘µBB)2 ⌘ �, (1)

where ↵ and ⌘ relate the scattering rate directly to the
temperature and magnetic field scales respectively [29].
A similar ansatz has been used to describe the tempera-
ture dependence of the optical conductivity in URu2Si2
[30], the magnetic susceptibility of CeCu6�xAux [29] and
the magnetic fluctuations of La1.86Sr0.14CuO4 [31]. Fur-
thermore, this expression naturally captures the limiting
cases of high field and high temperature. As long as
T � B the scattering rate will be T -linear, and vice
versa. Between these two limits magnetic field and tem-
perature compete to set the scale of the scattering.
In order to understand the degree to which magnetic

field and temperature each influence the scattering, it is
necessary to determine the scale factor, ⌘/↵. The vari-
able ↵ can be determined by the slope of the resistance
versus temperature at zero field. However, because there
is a cross over from T -linear to T -squared behavior as
temperature is lowered, we use the high-T limit of the
resistivity data to determine ↵. Similarly, we look at the
high-B limit to determine ⌘, choosing the lowest tem-
perature curve so that magnetic field is certain to be
the dominant energy scale. Comparing the slope of re-
sistance versus T and B in these regions, we find that
⌘/↵ = 1.01 ± 0.07 (see Supplementary Information for
details). With the value of the scale factor ⌘/↵ deter-
mined, we can plot all of the MR data, together with the
zero field resistance, as a function of � (Fig. 2 (B)). We
observe that for any combination of field and tempera-
ture, the resistance always approaches the same �-linear
dependence, as described by Eq. 1. Remarkably, this
behavior holds for a range of dopings near the critical
point (see Fig. 3). This is not expected in a conventional
metal, where the magnitude and form as a function of T
and B will in general be unrelated, each depending on
di↵erent details of the Fermi surface.
At temperatures below Tc, we note a deviation from

Eq. 1. Although we cannot account for this in our ansatz,
it seems likely that the deviation is due to the presence
of other energy scales related to superconductivity. At
compositions far from the QCP, we expect this behavior
to break down completely as the materials crossover to
conventional Fermi liquids[4]. This is indeed observed,
as shown in Fig. 4 for compositions well beyond xc. A
more detailed description of the relevance of Eq. 1 as a
function of x will require a much more extensive study.
High magnetic fields have played an important role

in the study of QCPs, both as a tuning parameter to
drive systems toward a QCP [3, 5, 21] and in suppress-
ing competing ordered states to reveal a QCP [2]. Here
the role of magnetic field is quite di↵erent; our measure-
ments suggest that B-linear resistivity has the same ori-
gin as T -linear resistivity. This suggests a revision of the
doping-temperature quantum critical phase diagram to

WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM
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associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM
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Captures the physics of fluctuating magnetism in
one and two dimensions as a bosonic RVB.

Treats the Kondo effect as an fractionalization of 
spins into heavy electrons and Kondo singlets 

2

[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where

HAFM (j) = �(JH/N)(↵̃b†
j↵
b
†
j+1,�↵

)(�̃b
j+1,��

b
j�
),

HK(j) = �(JK/N)
�
b
†
j↵
 
ja↵

�
( †

ja�
b
j�
),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:

HK(j) !
⇥
(b†

j↵
 
ja↵

)�ja + h.c
⇤
+

N �̄ja�ja

JK
(4)

HAFM (j) !
⇥
�̄j(↵̃b

†
j+1,�↵

b
†
j,↵

) + h.c
⇤
+

N |�j |
2

JH
,

where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
The holon Green’s function G�(z) = [�J

�1
� ⌃�(z)]�1, is

purely local, whereas the spinons are delocalized by the RVB
pairing with propagator B(p, z) = [z⌧z � � � �p⌧

x
�

B(z)]�1. The self-energy � B(z) is diagonal in Nambu
space, while the momentum sum in loc

B
(z) =

P
p B(p, z)

can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
TK/JH is small) the constraint is satisfied with � > �. This
Schwinger boson model describes a bipartite spin chain, in

Arovas Auerbach Approach (Large N)
D. P. Arovas and A. Auerbach, PRB 38, 316 (1988). 
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Captures the physics of fluctuating magnetism in
one and two dimensions as a bosonic RVB.

Kondo effect as an fractionalization of spins into 
heavy electrons and Kondo singlets (holons) 
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[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where

HAFM (j) = �(JH/N)(↵̃b†
j↵
b
†
j+1,�↵

)(�̃b
j+1,��

b
j�
),

HK(j) = �(JK/N)
�
b
†
j↵
 
ja↵

�
( †

ja�
b
j�
),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:

HK(j) !
⇥
(b†

j↵
 
ja↵

)�ja + h.c
⇤
+

N �̄ja�ja

JK
(4)

HAFM (j) !
⇥
�̄j(↵̃b

†
j+1,�↵

b
†
j,↵

) + h.c
⇤
+

N |�j |
2

JH
,

where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
The holon Green’s function G�(z) = [�J

�1
� ⌃�(z)]�1, is

purely local, whereas the spinons are delocalized by the RVB
pairing with propagator B(p, z) = [z⌧z � � � �p⌧

x
�

B(z)]�1. The self-energy � B(z) is diagonal in Nambu
space, while the momentum sum in loc

B
(z) =

P
p B(p, z)

can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
TK/JH is small) the constraint is satisfied with � > �. This
Schwinger boson model describes a bipartite spin chain, in

Arovas Auerbach Approach (Large N)
D. P. Arovas and A. Auerbach, PRB 38, 316 (1988). 
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Parcollet-Georges Approach
O. Parcollet and A. Georges, PRL  79, 4665 (1997). 
J. Rech, et al, PRL 96, 016601 (2006). 
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!Fig. 17.11 Spin quenching in the Kondo lattice: (a) high-temperature state: small Fermi surface (FS) with a background of spins;
(b) low-temperature state where a large Fermi surface develops against a background of positive charge. Each spin
“ionizes” into Q heavy electrons, leaving behind a background of Kondo singlets, each with charge+Qe.

• We can construct the mean-field ground state from the quasiparticle operators, as
follows:

|MF⟩ =
∏

|k|<kFσ

b†
kσ |0⟩ =

∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩. (17.123)

However, this state only satisfies the constraint on the average. We can improve it by
imposing the constraint, forming a Gutzwiller wavefunction [36– 38],

|GW⟩ = PQ
∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩, (17.124)

where, using (17.48),

PQ =
∏

j

PQ(j) =
∫ 2π

0

∏

j

dαj

2π
ei

∑
j αj(n̂f (j)− Q). (17.125)

The action of the constraint gives rise to a highly incompressible Fermi liquid, in which
the compressibility is far smaller than the density of states.

17.6.2 Mean-field free energy and saddle point

Let us now use the results of the previous section to calculate the mean-field free energy
FMFT and determine self-consistently the parameters λ and V which set the scales of the
Kondo lattice. Using (17.70) we obtain

FMF = − NT
∑

k,iωr

Tr ln
[

− G− 1
k (iωr)

︷ ︸︸ ︷

− iωr +
(

ϵk V
V λ

)]
+ Ns

(
N|V|2

J
− λQ

)
, (17.126)

where Ns is the number of sites in the lattice. Note that translational invariance means that
momentum is conserved and the Green’s function is diagonal in momentum, so we can
rewrite the trace over the momentum as a sum over k. Let us remind ourselves of the steps
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bholon self-energy

tibility vanish), we deduce the Wilson ratio

W ! !="
!0="0

! "1# k$
1% 1=N2 : (9)

This form is consistent with Bethe Ansatz results [23]. We
may also derive this result by applying Luttinger-Ward
techniques [26] to our model. Our large N approximation
reproduces the limiting largeN behavior of this expression,
W ! 1# k; in other words, the local Fermi liquid is inter-
acting in this particular large N limit.

Having demonstrated that our method captures the ther-
modynamic aspects of the Fermi liquid behavior in the
single impurity model, we now show it can handle mag-
netic correlations within the two-impurity Kondo model,

H!
X

~k;#;$

% ~kc
y
~k#$
c ~k#$#HK "1$#HK "2$%

JH
N
By12B12; (10)

where HK "i$ is the Kondo Hamiltonian for impurity "i$ and
the antiferromagnetic interaction between the two mo-
ments is expressed in terms of the boson pair operator
B12 !

P
$sgn"$$b1$b2%$. H is invariant under spin trans-

formations in the symmetry group SP (N) (N-even) [27].

We now factorize the antiferromagnetic interaction [17],

% JH
N
By12B12 ! !"B12 # By12"# N

!""

JH
: (11)

Boson pairing is associated with the establishment of
short-range antiferromagnetic correlations. Once " be-
comes nonzero, the local gauge symmetry is broken, and
the Schwinger bosons propagate from site to site. In this
state, the holons delocalize, giving rise to a mobile,
charged yet spinless excitation that is gapped in the
Fermi liquid. Loosely speaking, on a lattice, these excita-
tions are mobile Kondo singlets. However, since the paired
Schwinger bosons interconvert from particle to hole as
they move, they only induce holon motion within the
same sublattice. Therefore, in the special case of two-
impurity model, so long as the net coupling between the
spins is antiferromagnetic, the holons remain localized.

Under these conditions, we can adapt the single impurity
equations to the two-impurity model by replacing

Gb"!$! ~Gb"!$ ! &Gb"!$%1 % j"j2Gb"%!$'(%1 (12)

in the integral equations. We must also impose self-
consistency " ! %JHhB12i, or

1

JH
! %

Z d!
&

Im
!

1# 2nB"!$
G%1
b "!$G%1

b "%!$' % j"j2
"
: (13)

We have solved the integral equations with this modified
boson propagator. Using the entropy as a guide, we are able
to map out the phase diagram (Fig. 4.).

We find that the development of " ! 0 preserves the
linear temperature dependence of the entropy at low tem-
peratures, indicating Fermi liquid behavior. However, as
the JH increases, the confining gap for the creation of free
spinons and holons collapses towards zero, and the corre-
sponding temperature range of Fermi liquid behavior ulti-
mately vanishes at a critical value of JH ! Jc. For JH > Jc,
the holon-spinon gap becomes finite again and Fermi
liquid behavior reemerges, but the phase shift '! is found
to have jumped from & to zero, indicating a collapse of the
Kondo resonance. The entropy develops a finite value at
the quantum critical point which is numerically identical to
half the high temperature entropy of a local moment,
"N=2$&"1# nb$ ln"1# nb$ % nb lnnb(. Similar behavior
occurs at the ‘‘Varma-Jones’’ fixed point [28–30] in the
N ! 2 two-impurity model when the conduction band is
particle-hole symmetric. We can in fact identify two max-
ima in the specific heat, indicating that as in the N ! 2
Varma-Jones fixed point, the antiferromagnetic coupling
generates a second set of screening channels, leading to a
two-stage quenching process.

The survival of the Varma-Jones fixed point at large N in
the absence of particle-hole symmetry is a consequence of
the two-impurity Friedel sum rule,

FIG. 3 (color online). Showing temperature dependence of
(a) impurity magnetic susceptibility and (b) specific heat ca-
pacity in the fully screened Kondo model for k ! 0:3, 0.5, 0.7
(with the Kondo temperature given by TK ! De%2D=JK , D being
the electron bandwidth). Inset calculated Wilson ratio.
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Schwinger Bosons and the Kondo Lattice
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Captures the physics of fluctuating magnetism in
one and two dimensions as a bosonic RVB.

Kondo effect as an fractionalization of spins into 
heavy electrons and Kondo singlets (holons) 

2

[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where

HAFM (j) = �(JH/N)(↵̃b†
j↵
b
†
j+1,�↵

)(�̃b
j+1,��

b
j�
),

HK(j) = �(JK/N)
�
b
†
j↵
 
ja↵

�
( †

ja�
b
j�
),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:

HK(j) !
⇥
(b†

j↵
 
ja↵

)�ja + h.c
⇤
+

N �̄ja�ja

JK
(4)

HAFM (j) !
⇥
�̄j(↵̃b

†
j+1,�↵

b
†
j,↵

) + h.c
⇤
+

N |�j |
2

JH
,

where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
The holon Green’s function G�(z) = [�J

�1
� ⌃�(z)]�1, is

purely local, whereas the spinons are delocalized by the RVB
pairing with propagator B(p, z) = [z⌧z � � � �p⌧

x
�

B(z)]�1. The self-energy � B(z) is diagonal in Nambu
space, while the momentum sum in loc

B
(z) =

P
p B(p, z)

can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
TK/JH is small) the constraint is satisfied with � > �. This
Schwinger boson model describes a bipartite spin chain, in

Arovas Auerbach Approach (Large N)
D. P. Arovas and A. Auerbach, PRB 38, 316 (1988). 
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Parcollet-Georges Approach
O. Parcollet and A. Georges, PRL  79, 4665 (1997). 
J. Rech, et al, PRL 96, 016601 (2006). 
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!Fig. 17.11 Spin quenching in the Kondo lattice: (a) high-temperature state: small Fermi surface (FS) with a background of spins;
(b) low-temperature state where a large Fermi surface develops against a background of positive charge. Each spin
“ionizes” into Q heavy electrons, leaving behind a background of Kondo singlets, each with charge+Qe.

• We can construct the mean-field ground state from the quasiparticle operators, as
follows:

|MF⟩ =
∏

|k|<kFσ

b†
kσ |0⟩ =

∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩. (17.123)

However, this state only satisfies the constraint on the average. We can improve it by
imposing the constraint, forming a Gutzwiller wavefunction [36– 38],

|GW⟩ = PQ
∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩, (17.124)

where, using (17.48),

PQ =
∏

j

PQ(j) =
∫ 2π

0

∏

j

dαj

2π
ei

∑
j αj(n̂f (j)− Q). (17.125)

The action of the constraint gives rise to a highly incompressible Fermi liquid, in which
the compressibility is far smaller than the density of states.

17.6.2 Mean-field free energy and saddle point

Let us now use the results of the previous section to calculate the mean-field free energy
FMFT and determine self-consistently the parameters λ and V which set the scales of the
Kondo lattice. Using (17.70) we obtain

FMF = − NT
∑

k,iωr

Tr ln
[

− G− 1
k (iωr)

︷ ︸︸ ︷

− iωr +
(

ϵk V
V λ

)]
+ Ns

(
N|V|2

J
− λQ

)
, (17.126)

where Ns is the number of sites in the lattice. Note that translational invariance means that
momentum is conserved and the Green’s function is diagonal in momentum, so we can
rewrite the trace over the momentum as a sum over k. Let us remind ourselves of the steps
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Captures the physics of fluctuating magnetism in
one and two dimensions as a bosonic RVB.

Kondo effect as an fractionalization of spins into 
heavy electrons and Kondo singlets (holons) 

2

[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where

HAFM (j) = �(JH/N)(↵̃b†
j↵
b
†
j+1,�↵

)(�̃b
j+1,��

b
j�
),

HK(j) = �(JK/N)
�
b
†
j↵
 
ja↵

�
( †

ja�
b
j�
),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:

HK(j) !
⇥
(b†

j↵
 
ja↵

)�ja + h.c
⇤
+

N �̄ja�ja

JK
(4)

HAFM (j) !
⇥
�̄j(↵̃b

†
j+1,�↵

b
†
j,↵

) + h.c
⇤
+

N |�j |
2

JH
,

where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
The holon Green’s function G�(z) = [�J

�1
� ⌃�(z)]�1, is

purely local, whereas the spinons are delocalized by the RVB
pairing with propagator B(p, z) = [z⌧z � � � �p⌧

x
�

B(z)]�1. The self-energy � B(z) is diagonal in Nambu
space, while the momentum sum in loc

B
(z) =

P
p B(p, z)

can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
TK/JH is small) the constraint is satisfied with � > �. This
Schwinger boson model describes a bipartite spin chain, in

Arovas Auerbach Approach (Large N)
D. P. Arovas and A. Auerbach, PRB 38, 316 (1988). 
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O. Parcollet and A. Georges, PRL  79, 4665 (1997). 
J. Rech, et al, PRL 96, 016601 (2006). 
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!Fig. 17.11 Spin quenching in the Kondo lattice: (a) high-temperature state: small Fermi surface (FS) with a background of spins;
(b) low-temperature state where a large Fermi surface develops against a background of positive charge. Each spin
“ionizes” into Q heavy electrons, leaving behind a background of Kondo singlets, each with charge+Qe.

• We can construct the mean-field ground state from the quasiparticle operators, as
follows:

|MF⟩ =
∏

|k|<kFσ

b†
kσ |0⟩ =

∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩. (17.123)

However, this state only satisfies the constraint on the average. We can improve it by
imposing the constraint, forming a Gutzwiller wavefunction [36– 38],

|GW⟩ = PQ
∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩, (17.124)

where, using (17.48),

PQ =
∏

j

PQ(j) =
∫ 2π

0

∏

j

dαj

2π
ei

∑
j αj(n̂f (j)− Q). (17.125)

The action of the constraint gives rise to a highly incompressible Fermi liquid, in which
the compressibility is far smaller than the density of states.

17.6.2 Mean-field free energy and saddle point

Let us now use the results of the previous section to calculate the mean-field free energy
FMFT and determine self-consistently the parameters λ and V which set the scales of the
Kondo lattice. Using (17.70) we obtain

FMF = − NT
∑

k,iωr

Tr ln
[

− G− 1
k (iωr)

︷ ︸︸ ︷

− iωr +
(

ϵk V
V λ

)]
+ Ns

(
N|V|2

J
− λQ

)
, (17.126)

where Ns is the number of sites in the lattice. Note that translational invariance means that
momentum is conserved and the Green’s function is diagonal in momentum, so we can
rewrite the trace over the momentum as a sum over k. Let us remind ourselves of the steps

G(q,!) =
⇣
!⌧3 � � � i�q⌧2

⌘
� ⌃b(!)

��1
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Unified approach



Application to 1D Kondo Lattices



Schwinger Boson approach to the KL

Simplified 1D Kondo Lattice

2

[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where

HAFM (j) = �(JH/N)(↵̃b†
j↵
b
†
j+1,�↵

)(�̃b
j+1,��

b
j�
),

HK(j) = �(JK/N)
�
b
†
j↵
 
ja↵

�
( †

ja�
b
j�
),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:

HK(j) !
⇥
(b†

j↵
 
ja↵

)�ja + h.c
⇤
+

N �̄ja�ja

JK
(4)

HAFM (j) !
⇥
�̄j(↵̃b

†
j+1,�↵

b
†
j,↵

) + h.c
⇤
+

N |�j |
2

JH
,

where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
The holon Green’s function G�(z) = [�J

�1
� ⌃�(z)]�1, is

purely local, whereas the spinons are delocalized by the RVB
pairing with propagator B(p, z) = [z⌧z � � � �p⌧

x
�

B(z)]�1. The self-energy � B(z) is diagonal in Nambu
space, while the momentum sum in loc

B
(z) =

P
p B(p, z)

can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
TK/JH is small) the constraint is satisfied with � > �. This
Schwinger boson model describes a bipartite spin chain, in
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[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1
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. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
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p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
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Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
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� ↵̃�̃b
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b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
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FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:

HK(j) !
⇥
(b†

j↵
 
ja↵

)�ja + h.c
⇤
+

N �̄ja�ja

JK
(4)

HAFM (j) !
⇥
�̄j(↵̃b

†
j+1,�↵

b
†
j,↵

) + h.c
⇤
+

N |�j |
2

JH
,

where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
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can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
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Schwinger boson model describes a bipartite spin chain, in
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM
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Schwinger Boson approach to the KL
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[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where

HAFM (j) = �(JH/N)(↵̃b†
j↵
b
†
j+1,�↵

)(�̃b
j+1,��

b
j�
),

HK(j) = �(JK/N)
�
b
†
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ja↵

�
( †

ja�
b
j�
),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:
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where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
The holon Green’s function G�(z) = [�J

�1
� ⌃�(z)]�1, is

purely local, whereas the spinons are delocalized by the RVB
pairing with propagator B(p, z) = [z⌧z � � � �p⌧
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�

B(z)]�1. The self-energy � B(z) is diagonal in Nambu
space, while the momentum sum in loc
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(z) =
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can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
TK/JH is small) the constraint is satisfied with � > �. This
Schwinger boson model describes a bipartite spin chain, in
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM
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While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
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[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where
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�
( †

ja�
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),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:
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where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
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that g0(⌧) is the bare local conduction electron propagator.
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can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.
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TK/JH is small) the constraint is satisfied with � > �. This
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Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
j↵
~�↵� j� is the spin density at

site j, where  †
j↵

=
P

p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b

†
↵
b
�
� ↵̃�̃b

†
��

b�↵
[39, 40], where ↵ 2

[±1, · · · ±N/2], ↵̃ = sign(↵) and nb(j) = 2S is the number
of bosons per site. Each moment is coupled to a K-channel
conduction sea, with Hamiltonian

H =
X

j

h
HAFM (j) +HK(j) +HC(j) +H�(j)

i
, (2)

where

HAFM (j) = �(JH/N)(↵̃b†
j↵
b
†
j+1,�↵

)(�̃b
j+1,��

b
j�
),

HK(j) = �(JK/N)
�
b
†
j↵
 
ja↵

�
( †

ja�
b
j�
),

H�(j) = �j [nb(j)� 2S]. (3)

Here we have adopted a summation convention for the re-
peated greek ↵ 2 [±1,±N/2] spin and roman a 2 [1,K]

FIG. 2. (color online) (a) Calculated spectral function of spinons
G00

B(! � i⌘) at T/TK = 0.03 shows confined spinons protected by
a gap in the FL and SL, and deconfined with with a soft excitation
gap in the SM regime. (b) Staggered spin susceptibilities vs. T/TK

for various various values of TK/JH from SL (in green) and FL (in
blue) passing QCP (in red). A log-divergence at the QCP is visible.

channel indices. The Lagrange multiplier �j imposes the con-
straint nb(j) = 2S: we take 2S = K = sN for perfect
screening, where s is kept fixed.

We carry out the Hubbard-Stratonovich transformations:

HK(j) !
⇥
(b†

j↵
 
ja↵

)�ja + h.c
⇤
+

N �̄ja�ja

JK
(4)

HAFM (j) !
⇥
�̄j(↵̃b

†
j+1,�↵

b
†
j,↵

) + h.c
⇤
+

N |�j |
2

JH
,

where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
[�2 ��2

p
]
1
2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies

⌃�(⌧) = g0(�⌧)GB(⌧), ⌃B(⌧) = ��g0(⌧)G�(⌧). (5)

Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
the local propagators of the holons, spinons and conduction
electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
The holon Green’s function G�(z) = [�J

�1
� ⌃�(z)]�1, is

purely local, whereas the spinons are delocalized by the RVB
pairing with propagator B(p, z) = [z⌧z � � � �p⌧

x
�

B(z)]�1. The self-energy � B(z) is diagonal in Nambu
space, while the momentum sum in loc

B
(z) =

P
p B(p, z)

can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
axis using linear and logarithmic grids.

The two limits - In absence of Kondo screening (when
TK/JH is small) the constraint is satisfied with � > �. This
Schwinger boson model describes a bipartite spin chain, in

JH
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM
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While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
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is the self-energy of the conduction electrons, which in the
frequency domain is
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The function SB(z) is part of the spinon contribution to the
entropy that requires a momentum-summation.
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Again, this momentum sum can be done analytically to obtain
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The specific heat is obtained from numerical differentiation
of the S(T ). Fig. 2 shows the specific heat coefficient as a
function of TK/JH and T/TK . The collapse of energy scale
from both sides are visible. The suppression of the C/T at the
QCP implies a zero-point entropy due to entropy balance.

FIG. 1. (a) The uniform �0 and (b) the local �loc spin susceptibility
vs. T/TK for various values of the tuning parameter TK/JH . While
�loc diverges logarithmically at the QCP, the uniform susceptibility
is only suppressed by the magnetism.

D. The leading order solution

Although, we have numerically obtained the solution to
the self-consistent large-N equations, it is interesting to study
the results of a single-iteration of these equations.

In a simple antiferromagnet, the particle-particle compo-
nent of the spinon Green’s function is

G
pp
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(q, z) =
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�
v
2
q
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(52)

FIG. 2. The specific heat coefficient C/T = dS/dT vs. TK/JH and
T/TJ shows the collapse of the energy scale from both sides as well
as a suppression of the C/T at the QCP, consistent with a zero-point
entropy.
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Using a flat density of states for ✏k, at T = 0 we find
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To obtain a rough estimate of this quantity, we can replace
Eq ⇠ � by the typical energy of a spinon, so that
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where we have used u
2 � v

2 = 1, TK = ⇤e�1/⇢J . The phase
shift at zero frequency is given by
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While this is a rough crude approximation, it captures the key
feature that the holon field � first develops a bound-state when
TK becomes of order �.

E. Scaling conditions

Fig. 3 shows the renormalized energies of spinons "B ⌘
�+ ⌃0

B
(0)�� and holons "� ⌘ 1/J + ⌃0

�
(0). We find that
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[Fig. 1a], examining the quantum phase transition transition
between a spin-liquid and a Fermi liquid [Fig. 1(b)]. The con-
duction electron phase shift (related to the Fermi surface size)
jumps at T = 0, indicating that QCP is a KBD transition. Ad-
ditionally, we find that the KBD features a zero point entropy
[Fig. 1(d)]. In our calculations we observe that the KBD is
linked to the emergence of a gapless charge degree of free-
dom at the QCP which occurs in natural coincidence with a
divergent charge and staggered spin susceptibility.

The simplified 1D Kondo lattice is a chain of antiferro-
magnetically coupled spins each individually screened by a
conduction electron bath:

H =
X

j

h
HC(j) + JK

~Sj · ~�j + JH
~Sj ·

~Sj+1

i
. (1)

Here ~Sj is the spin at the j-th site, coupled antiferro-
magnetically to its neigbor with strength JH . HC(j) =P

p ✏pc
†
p↵(j)cp↵(j) describes the conduction bath coupled to

the j-th moment in the chain, where p is the momentum of the
conduction electron. ~�j =  

†
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~�↵� j� is the spin density at

site j, where  †
j↵

=
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p c
†
p↵(j) creates an electron on the

chain at site j.
Global phase diagram - Numerical and experimental stud-

ies of heavy-fermion systems are often interpreted [10, 34, 35]
within a global phase diagram of the Kondo lattice, with two
axes: a Doniach parameter x = TK/JH [36], where TK is the
Kondo temperature, and a frustration parameter y representing
the magnitude of quantum fluctuations, controlled by geomet-
rical or dimensional frustration. The 1D limit provides a way
to explore the two extremes of y: on the one hand, the uniform
magnetization of a 1D FM commutes with the Hamiltonian
and has no quantum fluctuations, corresponding to y = 0 [33],
whereas a 1D AFM never develops long range order, loosely
corresponding to y = 1. When the magnetic coupling is
Ising-like, both models can be mapped via bosonization to the
dissipative transverse-field Ising model [37, 38], but a Heisen-
berg coupling changes the behavior significantly.

The method is a large-N approach, obtained by enlarging
the spin rotation group from SU(2) to SP(N ), representing the
spin S local moments using Schwinger bosons (“spinons”),
according to S↵� = b
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where �ja is a Grassmanian “holon” field that mediates the
Kondo effect at site j in channel a, while �j describes the
development of singlets between site j and j + 1.

A mean-field RVB description of the 1D magnetism is ob-
tained from a uniform mean-field theory where �j = i�B/2,
and �j = �, giving rise to a bare spinon dispersion ✏B(p) =
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2 , with �p = �B sin p. Both b and � fields have

non-trivial dynamics [31, 33, 41–43], with self-energies
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Here, � = K/N = 2s and G�(⌧), GB(⌧) and g(⌧) are
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electrons, respectively. The conduction electron self-energy
is of order O(1/N) and is neglected in the large-N limit, so
that g0(⌧) is the bare local conduction electron propagator.
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can be done analytically [44].
Stationarity of the free energy with respect to � enforces

the mean-field constraint hnb(j)i = K, and with respect to
�B determines the relation �B(JH) [44]. We solve these
self-consistent equations numerically on the real-frequency
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The two limits - In absence of Kondo screening (when
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM

3

which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
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(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G
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�
(!, T ) =
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f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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!Fig. 17.11 Spin quenching in the Kondo lattice: (a) high-temperature state: small Fermi surface (FS) with a background of spins;
(b) low-temperature state where a large Fermi surface develops against a background of positive charge. Each spin
“ionizes” into Q heavy electrons, leaving behind a background of Kondo singlets, each with charge+Qe.

• We can construct the mean-field ground state from the quasiparticle operators, as
follows:

|MF⟩ =
∏

|k|<kFσ

b†
kσ |0⟩ =

∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩. (17.123)

However, this state only satisfies the constraint on the average. We can improve it by
imposing the constraint, forming a Gutzwiller wavefunction [36– 38],

|GW⟩ = PQ
∏

|k|<kFσ

(− vkc†
kσ + ukf †

kσ )|0⟩, (17.124)

where, using (17.48),

PQ =
∏

j

PQ(j) =
∫ 2π

0

∏

j

dαj

2π
ei

∑
j αj(n̂f (j)− Q). (17.125)

The action of the constraint gives rise to a highly incompressible Fermi liquid, in which
the compressibility is far smaller than the density of states.

17.6.2 Mean-field free energy and saddle point

Let us now use the results of the previous section to calculate the mean-field free energy
FMFT and determine self-consistently the parameters λ and V which set the scales of the
Kondo lattice. Using (17.70) we obtain

FMF = − NT
∑

k,iωr

Tr ln
[

− G− 1
k (iωr)

︷ ︸︸ ︷

− iωr +
(

ϵk V
V λ

)]
+ Ns

(
N|V|2

J
− λQ

)
, (17.126)

where Ns is the number of sites in the lattice. Note that translational invariance means that
momentum is conserved and the Green’s function is diagonal in momentum, so we can
rewrite the trace over the momentum as a sum over k. Let us remind ourselves of the steps
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G
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(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
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(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G
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f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �
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⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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One of the challenges in strongly correlated electron systems, is to understand the anomalous electronic
behavior that develops at an antiferromagnetic quantum critical point (QCP), a phenomenon that has been ex-
tensively studied in heavy fermion materials. Current theories have focused on the critical spin fluctuations and
associated break-down of the Kondo effect. Here we argue that the abrupt change in Fermi surface volume
that accompanies heavy fermion criticality leads to critical charge fluctuations. Using a model one dimensional
Kondo lattice in which each moment is connected to a separate conduction bath, we show a Kondo breakdown
transition develops between a heavy Fermi liquid and a gapped spin liquid via a QCP with !/T scaling, which
features a critical charge mode directly associated with the break-up of Kondo singlets. We discuss the possible
implications of this emergent charge mode for experiment.

Introduction - The relation between valence fluctuations
and the Kondo effect has long fascinated the physics com-
munity [1]. A partially occupied atomic state, weakly hy-
bridized with a conduction sea, forms a local moment [2]
and its virtual valence fluctuations give rise to low frequency
spin-fluctuations, while leaving its charge essentially frozen.
On the other hand, in heavy fermion systems, the Kondo-
screening of the local moments gives rise to an enlargement of
the Fermi surface, a phenomenon that is well established both
theoretically [3, 4] and through Hall coefficient [5], quantum
oscillation [6], ARPES and STM measurements [7, 8]. The
large Fermi surface of a Kondo lattice is believed to partially
collapse when Kondo screening is disrupted [9–15] at an an-
tiferromagnetic (AFM) quantum critical point (QCP), a phe-
nomenon known as “Kondo breakdown” (KBD).

Recently, a number of experiments have observed a coin-
cidence of critical charge fluctuations at the magnetic quan-
tum critical points in CeRhIn5 [16] YbRh2Si2 [17] and �-
YbAlB4 [18]. Watanabe and Miyake have argued that the de-
velopment of soft charge fluctuations near a heavy fermion
QCP is likely a result of a quantum-critical end-point, in
which a first-order valence changing transition line is sup-
pressed to low temperatures [19–23]. Here we present an
alternative view, arguing that the coincidence of soft charge
fluctuations and Kondo breakdown is a natural consequence
of the Fermi surface collapse.

In the eighties, Anderson introduced the concept of a nom-

inal valence to distinguish the valence of a rare earth ion in-
fered from the apparent delocalization of f-electrons [24, 25],
from the core-level valence, infered from spectroscopy. From
this perspective, a shift in nominal valence is associated with
formation of a large Fermi surface, even in a strict Kondo lat-
tice where the core-level valence is fixed. Interpreted liter-
ally, this implies a kind of many-body ionization in the Kondo
lattice, in which a fractionalization of local moments into
charged heavy electrons, leaves behind a compensating pos-
itive background of Kondo singlets [26]. Taken to its logical
extreme, such an interpretation would then imply that at KBD
quantum critical point, degenerate fluctuations in the nominal
valence will give rise to an observable soft charge mode.

FIG. 1. (color online) (a) Model 1D Kondo lattice, with local mo-
ments (red) with an AFM Heisenberg coupling JH , individually
screened by separate conduction electron baths (blue wires). (b)
Schematic phase diagram showing the transition between heavy-
Fermi liquid (FL) and spin-liquid (SL) phases at a QCP. (c) Con-
duction electron phase shift �c as a function of TK/JH , which ex-
trapolates to a step-like jump from 0 to ⇡/N as T ! 0. (d) Color
map of entropy S(T ), showing the collapse of energy scales at the
QCP: the dashed line separates localized (� = 0 to the right) and
delocalized (� > 0 to the left) spinon regimes. Inset: temperature
cuts showing the accumulation of entropy at the QCP.

While Kondo Breakdown has been extensively modelled
at an impurity-level [27, 28] and simulated using dynamical
mean-field theory [10, 29, 30], a possible link with charge
fluctuations has not sofar been explored in the lattice. To ex-
amine this idea, we introduce a simple field-theoretic frame-
work for Kondo breakdown, emplying a Schwinger boson rep-
resentation of spins that permits us to treat Kondo screening
and antiferromagnetism [31, 32]. Early application of this
method demonstrated its efficacy for describing a ferromag-
netic quantum critical point [33] in a Kondo lattice. Here
we consider a Kondo screened one dimensional (1D) AFM

3

which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
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�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
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whereas the low temperature susceptibility develops a loga-
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havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G
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pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �
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⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
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transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].
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T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.
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liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
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T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
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f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].
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A possible link between Kondo Breakdown
and Strange Metals



Ubiquitous	linear	resistivity	of	
strange	metals	is	often	regarded	as	
a	result	of	a	marginal	Fermi	liquid	
with	a	Planckian	relaxation	time.

Varma	et	al,	PRL	1989,	
Legros	et	al,	Nature	Physics	15,	142	(2019)
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New	Rule:	Strange	Metals		
are	Bad	Metals

Strange

Bad

(lmfp<< a)

But		the	linear	resistivity	
continues	unabated	from	
the	strange	metal	regime	
to	the	bad	metal	regime.	



understood as the damped limit of sound waves.
Both of these effects are related to the fact that
a density modulation does not instantaneously
create a current, as implied by the diffusion
equation. Rather, a current requires a finite
amount of time to reach an equilibrium value
after the creation of a density modulation.
To unify the description of modulation decay

at all wavelengths, we developed a hydrodynamic
description that conserves density and has a finite
momentum (or current) relaxation rate (23). This
approach leads to a differential equation for the
density decay

@2
t nþ G@tnþ GDk2n ¼ 0

where G is the momentum relaxation rate and
D is the diffusion constant. This oscillator model
crosses over from an underdamped to an over-
damped (approximately diffusive) regime at a
modulation wavelength 4p

ffiffiffiffiffiffiffiffiffi
D=G

p
. Instead of as-

suming that D and G are dependent parameters
linked through a Drude formula, as would be the
case in a system that can be described by using
quasiparticles, we determine D and G from our
data at a fixed temperature, simultaneously fitting
the amplitude as a function of time for all wave-
lengths as shown in Fig. 2B.
Our model neglects thermoelectric effects,

which affect the measured density response by
coupling local energy density modulations and
the resulting temperature gradients to the par-

ticle current. We justify this approximation on
the empirical basis that our simplemodel fits the
data and that we have not been able to detect any
measurable temperature modulation in the gas
(23). In addition, theoretical work suggests that
the thermopower (Seebeck coefficient) is negli-
gible near our doping (13, 28).
For the remainder of this study, we focus on

the temperature dependence of D and G. The
temperature is controlled as follows. After the
initial preparation of the cloud, we hold the atoms
in the trap ormodulate the lattice amplitude for a
controlled time to heat the system. To determine
the temperature of the cloud after the system has
equilibrated, we measure the singles density or
localmoment,hnsi ¼ hn↑ þ n↓ # 2n↑n↓i, and the
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Fig. 1. Measuring transport in the Hubbard
model. (A) (Top) Exemplary single-shot
fluorescence image of the atomic density for
one spin component. The field-of-view diameter
is ~60 mm. (Bottom) Schematic of the setup
for generating optical potentials. Far-off resonant
light is projected onto a digital micromirror
device (DMD), and the resulting pattern is
imaged onto the atoms by using a high-resolution
objective. We project a sinusoidally modulated
potential along one direction. (B) One-
dimensional cuts along the projected potential.
The DMD is used to flatten the trap and
project a sinusoidally modulated potential
(leftmost image). The confining potential comes
from the optical lattice. After initial preparation,
the sinusoidal potential is suddenly turned
off, but the flattening potential is not. (C) Average
density of a single spin component, hn↑i, versus
time for ~30 images. Initially the system is in
thermal equilibrium with a spatially modulated density (leftmost image) (0-ms decay time). Immediately after the sinusoidal potential is turned
off, the system is no longer in equilibrium but the density has not yet changed (second image from left) (0-ms decay time).The density modulation decays
with time (third image from left) (50-ms decay time) until it is no longer visible (fourth image from left) (500-ms decay time). The central flattened
region of the potential is marked by an ellipse. The field of view is approximately 75 mm by 75 mm. (D) Atomic density from (C) averaged along
the direction orthogonal to the modulation in the central flattened region of the potential.

Fig. 2. Decay of modulation pattern versus
time. (A) Cloud profiles averaged along the
direction of the modulation (points) and
sinusoidal fits (lines) for modulation wavelength of
8.1 sites and times 0 ℏ=t (top), 0.6 ℏ=t (second
from top), 1.7 ℏ=t (third from top), and 3.8 ℏ=t
(bottom). The average value obtained from the
sine fit has been subtracted. (B) Sinusoid fit
amplitudes (points) versus decay time for
modulation periods of 8.1 (blue), 11.8 (green),
15.6 (yellow), and 18.7 (red) sites. Each curve is
scaled by the initial modulation amplitude. Lines
are obtained from a simultaneous fit of the
diffusion constant, D, and momentum relaxation
rate, G, to all wavelengths and times (23).
Different-shaped points for period 8.1 correspond
to different panels in (A): 0 ℏ=t (square), 0.6 ℏ=t
(triangle), 1.7 ℏ=t (pentagon), and 3.8 ℏ=t
(diamond). The temperature for all wavelengths
and decay times is T/t = 0.57(8). Each point
is the average from ~30 images. Error bars, SEM.
arb, arbitrary units.
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Measurement	of	conductivity	
in	optical	trap	Hubbard	model	
using	Einstein-Nernst	equation.

nearest-neighbor correlations between spin-
up atomsC↑ðdÞ ¼ 4ðhniþ d;↑ni;↑i % hniþ d;↑ihni;↑iÞ,
where i = (ix , iy ) is the site index and d is the
separation between sites. We compare these
quantities with determinantal quantumMonte
Carlo (DQMC) simulations to extract the tem-
perature (23). For temperatures at the low end
of the range we can access, 0.3 < T/t < 1, the
density correlations are a sensitive thermometer.
At higher temperatures, the singles density be-
comes a better thermometer. We have compared
the temperature of the gas before switching off
the potential modulation and after the density
modulation has decayed and find nomeasurable
increase.
As the temperature is lowered, Pauli blocking

closes scattering channels, leading to an increased
range of diffusion, in agreement with our ob-
servations in Fig. 3A. At high temperatures, D
is expected to saturate, eventually approaching
an infinite temperature-limiting value (29). The
diffusion constant is closely related to the mean
free path, l, and is often estimated asD ¼ lhv i=2,
where hv i is the mean quasiparticle velocity (30).
Therefore, the MIR limit implies a lower bound
on the diffusion constant, D≳ ta2=ℏ, where a is
the lattice constant and ħ is Planck’s constant h
divided by 2p. Our measured diffusion constants
approach this derived bound at high temper-
atures but do not violate it. Because of the
difficulty of measuring diffusion constants in
materials, this limit has not been tested in real
bad metals. We do not compare the measured
diffusion constants with theory because de-
termining D requires working in the limit l→1
(23), and exact techniques such as diagonaliza-
tion of finite systems and DQMC are limited to
small systems. Even determining the infinite
temperature-limiting value is a nontrivial quan-
tum dynamics problem (31, 32).
In a clean system like ours, momentum relaxa-

tion can occur only because of Umklapp scatter-
ing, where a portion of the net momentum in a
collision is transferred to the rigid lattice. Never-
theless, the momentum relaxation is strong at
our interaction strength, which makes deter-
mining the temperature dependence of G chal-
lenging because G drops out of the model entirely
in the overdamped limit.We find thatG decreases
weakly with decreasing temperature (Fig. 3A,
inset). This trend may again be understood as
Pauli blocking suppressing momentum relaxa-
tion at low temperatures.
We compare the experimental G with results

from state-of-the-art finite-temperature Lanczos
method (FTLM) and dynamicalmean-field theory
(DMFT) simulations by estimating the momen-
tum relaxation rate as the half width at half
maximum of the Drude peak in the optical
conductivity. The optical conductivity has an
additional peak at angular frequency w ~ U,
but this does not affect G substantially (23).
Our experimental G agrees reasonably with the
DMFT results but exceeds the FTLM results by
up to a factor of two. FTLM is an exact technique
expected to give correct results at high temper-
ature. One possible explanation for the discrep-

ancy is that G is sensitive to the amplitude of the
density modulation. To test this, we measured
G andD versus themodulation amplitude (23).We
found that D is insensitive to the amplitude in
the range explored. G shows some amplitude
dependence, but because of the large error bars
we cannot conclusively say whether this is the
source of the discrepancy between experimental
and FTLM results (fig. S1).
To extract a resistivity by using the Nernst-

Einstein relation, we need the compressibility.
It is determined in a separate experiment by
measuring the variation of total density versus
position in a harmonic trap and converting the
position to chemical potential in the local density
approximation (23, 33, 34 ). The measured com-
pressibility increases with decreasing temper-
ature (Fig. 3B). For our highest experimental
temperatures, cc approaches n(1 − n/2)/T, as
expected in the high temperature limit (29). At
sufficiently low temperature, cc is expected to
saturate, but we do not reach this limit at our
lowest experimental temperature, T/t = 0.3.
Our experimental results agree well with DQMC
numerics over the full range of experimental
temperatures.
We can now use the Nernst-Einstein relation

to determine the conductivity from the mea-
sured diffusion constant and charge compress-
ibility. We examine the temperature dependence
of the resistivity r = 1/s in Fig. 4 and observe
that it rises without limit, showing no sign of
saturation. Assuming the existence of quasi-
particles, themaximum resistivity obtained from
the Drude relation by using the MIR limit is

r < rmax≈
ffiffiffiffi
2p
n

q
ℏ (6, 30). We find that our re-

sistivity violates this bound for temperatures
above T/t ~ 1.3. The temperature where r exceeds
this limit is near the Brinkman-Rice temperature
scale, defined by TBR = (1 − n)W, whereW = 8t is
the bandwidth, which is an estimate of the
degeneracy temperature of quasiparticles in a
doped Mott insulator. Similar violation of the
resistivity bound at TBR has been observed in
DMFT studies (35, 36).
The failure of r to saturate at the resistivity

bound is similar to behavior observed in bad
metals at high temperatures (6). In our system,
the violation of the resistivity bound is associated
not with the mean free path becoming shorter
than the lattice spacing because the diffusion
constant does not violate its derived bound, but
rather with the temperature dependence of the
compressibility (30). This suggests a need for a
more careful distinction between the MIR limit
on the mean free path and the resistivity bound,
despite the presumed equivalence of these con-
cepts in condensed matter experiments.
To further elucidate the temperature depen-

dence of r, we fit our results to the form r(T) =
ro + AT + BT 2. We find that the temperature
dependence is linear to good approximation, as
we obtain ro ¼ 1:1ð1Þℏ, A ¼ 1:55ð15Þ ℏt , and B ¼
0:03ð3Þ ℏ

t2 . Alternatively, a power law fit to the
form r(T) = ro + (CT)a yields ro ¼ 1:2ð2Þℏ, C ¼
1:4ð2Þ ℏt, and a = 1.1(1). Similar fits show that the

inverse diffusion constant 1/D scales with a =
0.6(1) and that the inverse charge compress-
ibility scales with a = 0.85(20). In our temper-
ature range, the linear resistivity is a combined
result of the temperature dependence of the
diffusivity and compressibility, both of which
behave in a nontrivial way. This behavior should
be contrastedwith the high-temperature regime,
T ≫W , where D saturates to a limiting value and
the resistivity inherits its temperature depen-
dence from the compressibility, which scales as
ccº 1/T (29). It should also be contrasted with
the low-temperature regime usually considered
in condensed matter, where the compressibility
has saturated and the resistivity inherits its tem-
perature dependence from the diffusion constant.
We end with more detailed comparison of

resistivity with available theories. At our higher
experimental temperatures, we compare with
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Fig. 3. Hydrodynamic model parameters.
(A) Experimental diffusion constant, D, versus
temperature (red) and the lower bound on
D inferred from the MIR limit (gray). Each
point is typically determined from four
different modulation wavelengths, each
consisting of 10 different decay times with
30 images for each decay time. (Inset) Results
for the momentum relaxation rate, G, including
experimental data (yellow), single-site
DMFT results for hni ¼ 0:825 and U/t = 7.5
(green), and FTLM results on a 16-site cluster
for hni ¼ 0:8 % 0:85 and U/t = 7.5 (blue).
(B) Results for the charge compressibility, cc.
Experimental results (red points), DQMC at
hni ¼ 0:83 and U/t = 7.5 (green points), and
the high-temperature limit 1/T scaling (black
dashed line). Each compressibility point is
typically determined from 60 images. Experi-
mental error bars, SEM.
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nearest-neighbor correlations between spin-
up atomsC↑ðdÞ ¼ 4ðhniþ d;↑ni;↑i % hniþ d;↑ihni;↑iÞ,
where i = (ix , iy ) is the site index and d is the
separation between sites. We compare these
quantities with determinantal quantumMonte
Carlo (DQMC) simulations to extract the tem-
perature (23). For temperatures at the low end
of the range we can access, 0.3 < T/t < 1, the
density correlations are a sensitive thermometer.
At higher temperatures, the singles density be-
comes a better thermometer. We have compared
the temperature of the gas before switching off
the potential modulation and after the density
modulation has decayed and find nomeasurable
increase.
As the temperature is lowered, Pauli blocking

closes scattering channels, leading to an increased
range of diffusion, in agreement with our ob-
servations in Fig. 3A. At high temperatures, D
is expected to saturate, eventually approaching
an infinite temperature-limiting value (29). The
diffusion constant is closely related to the mean
free path, l, and is often estimated asD ¼ lhv i=2,
where hv i is the mean quasiparticle velocity (30).
Therefore, the MIR limit implies a lower bound
on the diffusion constant, D≳ ta2=ℏ, where a is
the lattice constant and ħ is Planck’s constant h
divided by 2p. Our measured diffusion constants
approach this derived bound at high temper-
atures but do not violate it. Because of the
difficulty of measuring diffusion constants in
materials, this limit has not been tested in real
bad metals. We do not compare the measured
diffusion constants with theory because de-
termining D requires working in the limit l→1
(23), and exact techniques such as diagonaliza-
tion of finite systems and DQMC are limited to
small systems. Even determining the infinite
temperature-limiting value is a nontrivial quan-
tum dynamics problem (31, 32).
In a clean system like ours, momentum relaxa-

tion can occur only because of Umklapp scatter-
ing, where a portion of the net momentum in a
collision is transferred to the rigid lattice. Never-
theless, the momentum relaxation is strong at
our interaction strength, which makes deter-
mining the temperature dependence of G chal-
lenging because G drops out of the model entirely
in the overdamped limit.We find thatG decreases
weakly with decreasing temperature (Fig. 3A,
inset). This trend may again be understood as
Pauli blocking suppressing momentum relaxa-
tion at low temperatures.
We compare the experimental G with results

from state-of-the-art finite-temperature Lanczos
method (FTLM) and dynamicalmean-field theory
(DMFT) simulations by estimating the momen-
tum relaxation rate as the half width at half
maximum of the Drude peak in the optical
conductivity. The optical conductivity has an
additional peak at angular frequency w ~ U,
but this does not affect G substantially (23).
Our experimental G agrees reasonably with the
DMFT results but exceeds the FTLM results by
up to a factor of two. FTLM is an exact technique
expected to give correct results at high temper-
ature. One possible explanation for the discrep-

ancy is that G is sensitive to the amplitude of the
density modulation. To test this, we measured
G andD versus themodulation amplitude (23).We
found that D is insensitive to the amplitude in
the range explored. G shows some amplitude
dependence, but because of the large error bars
we cannot conclusively say whether this is the
source of the discrepancy between experimental
and FTLM results (fig. S1).
To extract a resistivity by using the Nernst-

Einstein relation, we need the compressibility.
It is determined in a separate experiment by
measuring the variation of total density versus
position in a harmonic trap and converting the
position to chemical potential in the local density
approximation (23, 33, 34 ). The measured com-
pressibility increases with decreasing temper-
ature (Fig. 3B). For our highest experimental
temperatures, cc approaches n(1 − n/2)/T, as
expected in the high temperature limit (29). At
sufficiently low temperature, cc is expected to
saturate, but we do not reach this limit at our
lowest experimental temperature, T/t = 0.3.
Our experimental results agree well with DQMC
numerics over the full range of experimental
temperatures.
We can now use the Nernst-Einstein relation

to determine the conductivity from the mea-
sured diffusion constant and charge compress-
ibility. We examine the temperature dependence
of the resistivity r = 1/s in Fig. 4 and observe
that it rises without limit, showing no sign of
saturation. Assuming the existence of quasi-
particles, themaximum resistivity obtained from
the Drude relation by using the MIR limit is

r < rmax≈
ffiffiffiffi
2p
n

q
ℏ (6, 30). We find that our re-

sistivity violates this bound for temperatures
above T/t ~ 1.3. The temperature where r exceeds
this limit is near the Brinkman-Rice temperature
scale, defined by TBR = (1 − n)W, whereW = 8t is
the bandwidth, which is an estimate of the
degeneracy temperature of quasiparticles in a
doped Mott insulator. Similar violation of the
resistivity bound at TBR has been observed in
DMFT studies (35, 36).
The failure of r to saturate at the resistivity

bound is similar to behavior observed in bad
metals at high temperatures (6). In our system,
the violation of the resistivity bound is associated
not with the mean free path becoming shorter
than the lattice spacing because the diffusion
constant does not violate its derived bound, but
rather with the temperature dependence of the
compressibility (30). This suggests a need for a
more careful distinction between the MIR limit
on the mean free path and the resistivity bound,
despite the presumed equivalence of these con-
cepts in condensed matter experiments.
To further elucidate the temperature depen-

dence of r, we fit our results to the form r(T) =
ro + AT + BT 2. We find that the temperature
dependence is linear to good approximation, as
we obtain ro ¼ 1:1ð1Þℏ, A ¼ 1:55ð15Þ ℏt , and B ¼
0:03ð3Þ ℏ

t2 . Alternatively, a power law fit to the
form r(T) = ro + (CT)a yields ro ¼ 1:2ð2Þℏ, C ¼
1:4ð2Þ ℏt, and a = 1.1(1). Similar fits show that the

inverse diffusion constant 1/D scales with a =
0.6(1) and that the inverse charge compress-
ibility scales with a = 0.85(20). In our temper-
ature range, the linear resistivity is a combined
result of the temperature dependence of the
diffusivity and compressibility, both of which
behave in a nontrivial way. This behavior should
be contrastedwith the high-temperature regime,
T ≫W , where D saturates to a limiting value and
the resistivity inherits its temperature depen-
dence from the compressibility, which scales as
ccº 1/T (29). It should also be contrasted with
the low-temperature regime usually considered
in condensed matter, where the compressibility
has saturated and the resistivity inherits its tem-
perature dependence from the diffusion constant.
We end with more detailed comparison of

resistivity with available theories. At our higher
experimental temperatures, we compare with
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Fig. 3. Hydrodynamic model parameters.
(A) Experimental diffusion constant, D, versus
temperature (red) and the lower bound on
D inferred from the MIR limit (gray). Each
point is typically determined from four
different modulation wavelengths, each
consisting of 10 different decay times with
30 images for each decay time. (Inset) Results
for the momentum relaxation rate, G, including
experimental data (yellow), single-site
DMFT results for hni ¼ 0:825 and U/t = 7.5
(green), and FTLM results on a 16-site cluster
for hni ¼ 0:8 % 0:85 and U/t = 7.5 (blue).
(B) Results for the charge compressibility, cc.
Experimental results (red points), DQMC at
hni ¼ 0:83 and U/t = 7.5 (green points), and
the high-temperature limit 1/T scaling (black
dashed line). Each compressibility point is
typically determined from 60 images. Experi-
mental error bars, SEM.
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understood as the damped limit of sound waves.
Both of these effects are related to the fact that
a density modulation does not instantaneously
create a current, as implied by the diffusion
equation. Rather, a current requires a finite
amount of time to reach an equilibrium value
after the creation of a density modulation.
To unify the description of modulation decay

at all wavelengths, we developed a hydrodynamic
description that conserves density and has a finite
momentum (or current) relaxation rate (23). This
approach leads to a differential equation for the
density decay

@2
t nþ G@tnþ GDk2n ¼ 0

where G is the momentum relaxation rate and
D is the diffusion constant. This oscillator model
crosses over from an underdamped to an over-
damped (approximately diffusive) regime at a
modulation wavelength 4p

ffiffiffiffiffiffiffiffiffi
D=G

p
. Instead of as-

suming that D and G are dependent parameters
linked through a Drude formula, as would be the
case in a system that can be described by using
quasiparticles, we determine D and G from our
data at a fixed temperature, simultaneously fitting
the amplitude as a function of time for all wave-
lengths as shown in Fig. 2B.
Our model neglects thermoelectric effects,

which affect the measured density response by
coupling local energy density modulations and
the resulting temperature gradients to the par-

ticle current. We justify this approximation on
the empirical basis that our simplemodel fits the
data and that we have not been able to detect any
measurable temperature modulation in the gas
(23). In addition, theoretical work suggests that
the thermopower (Seebeck coefficient) is negli-
gible near our doping (13, 28).
For the remainder of this study, we focus on

the temperature dependence of D and G. The
temperature is controlled as follows. After the
initial preparation of the cloud, we hold the atoms
in the trap ormodulate the lattice amplitude for a
controlled time to heat the system. To determine
the temperature of the cloud after the system has
equilibrated, we measure the singles density or
localmoment,hnsi ¼ hn↑ þ n↓ # 2n↑n↓i, and the
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Fig. 1. Measuring transport in the Hubbard
model. (A) (Top) Exemplary single-shot
fluorescence image of the atomic density for
one spin component. The field-of-view diameter
is ~60 mm. (Bottom) Schematic of the setup
for generating optical potentials. Far-off resonant
light is projected onto a digital micromirror
device (DMD), and the resulting pattern is
imaged onto the atoms by using a high-resolution
objective. We project a sinusoidally modulated
potential along one direction. (B) One-
dimensional cuts along the projected potential.
The DMD is used to flatten the trap and
project a sinusoidally modulated potential
(leftmost image). The confining potential comes
from the optical lattice. After initial preparation,
the sinusoidal potential is suddenly turned
off, but the flattening potential is not. (C) Average
density of a single spin component, hn↑i, versus
time for ~30 images. Initially the system is in
thermal equilibrium with a spatially modulated density (leftmost image) (0-ms decay time). Immediately after the sinusoidal potential is turned
off, the system is no longer in equilibrium but the density has not yet changed (second image from left) (0-ms decay time).The density modulation decays
with time (third image from left) (50-ms decay time) until it is no longer visible (fourth image from left) (500-ms decay time). The central flattened
region of the potential is marked by an ellipse. The field of view is approximately 75 mm by 75 mm. (D) Atomic density from (C) averaged along
the direction orthogonal to the modulation in the central flattened region of the potential.

Fig. 2. Decay of modulation pattern versus
time. (A) Cloud profiles averaged along the
direction of the modulation (points) and
sinusoidal fits (lines) for modulation wavelength of
8.1 sites and times 0 ℏ=t (top), 0.6 ℏ=t (second
from top), 1.7 ℏ=t (third from top), and 3.8 ℏ=t
(bottom). The average value obtained from the
sine fit has been subtracted. (B) Sinusoid fit
amplitudes (points) versus decay time for
modulation periods of 8.1 (blue), 11.8 (green),
15.6 (yellow), and 18.7 (red) sites. Each curve is
scaled by the initial modulation amplitude. Lines
are obtained from a simultaneous fit of the
diffusion constant, D, and momentum relaxation
rate, G, to all wavelengths and times (23).
Different-shaped points for period 8.1 correspond
to different panels in (A): 0 ℏ=t (square), 0.6 ℏ=t
(triangle), 1.7 ℏ=t (pentagon), and 3.8 ℏ=t
(diamond). The temperature for all wavelengths
and decay times is T/t = 0.57(8). Each point
is the average from ~30 images. Error bars, SEM.
arb, arbitrary units.
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Measurement	of	conductivity	
in	optical	trap	Hubbard	model	
using	Einstein-Nernst	equation.

nearest-neighbor correlations between spin-
up atomsC↑ðdÞ ¼ 4ðhniþ d;↑ni;↑i % hniþ d;↑ihni;↑iÞ,
where i = (ix , iy ) is the site index and d is the
separation between sites. We compare these
quantities with determinantal quantumMonte
Carlo (DQMC) simulations to extract the tem-
perature (23). For temperatures at the low end
of the range we can access, 0.3 < T/t < 1, the
density correlations are a sensitive thermometer.
At higher temperatures, the singles density be-
comes a better thermometer. We have compared
the temperature of the gas before switching off
the potential modulation and after the density
modulation has decayed and find nomeasurable
increase.
As the temperature is lowered, Pauli blocking

closes scattering channels, leading to an increased
range of diffusion, in agreement with our ob-
servations in Fig. 3A. At high temperatures, D
is expected to saturate, eventually approaching
an infinite temperature-limiting value (29). The
diffusion constant is closely related to the mean
free path, l, and is often estimated asD ¼ lhv i=2,
where hv i is the mean quasiparticle velocity (30).
Therefore, the MIR limit implies a lower bound
on the diffusion constant, D≳ ta2=ℏ, where a is
the lattice constant and ħ is Planck’s constant h
divided by 2p. Our measured diffusion constants
approach this derived bound at high temper-
atures but do not violate it. Because of the
difficulty of measuring diffusion constants in
materials, this limit has not been tested in real
bad metals. We do not compare the measured
diffusion constants with theory because de-
termining D requires working in the limit l→1
(23), and exact techniques such as diagonaliza-
tion of finite systems and DQMC are limited to
small systems. Even determining the infinite
temperature-limiting value is a nontrivial quan-
tum dynamics problem (31, 32).
In a clean system like ours, momentum relaxa-

tion can occur only because of Umklapp scatter-
ing, where a portion of the net momentum in a
collision is transferred to the rigid lattice. Never-
theless, the momentum relaxation is strong at
our interaction strength, which makes deter-
mining the temperature dependence of G chal-
lenging because G drops out of the model entirely
in the overdamped limit.We find thatG decreases
weakly with decreasing temperature (Fig. 3A,
inset). This trend may again be understood as
Pauli blocking suppressing momentum relaxa-
tion at low temperatures.
We compare the experimental G with results

from state-of-the-art finite-temperature Lanczos
method (FTLM) and dynamicalmean-field theory
(DMFT) simulations by estimating the momen-
tum relaxation rate as the half width at half
maximum of the Drude peak in the optical
conductivity. The optical conductivity has an
additional peak at angular frequency w ~ U,
but this does not affect G substantially (23).
Our experimental G agrees reasonably with the
DMFT results but exceeds the FTLM results by
up to a factor of two. FTLM is an exact technique
expected to give correct results at high temper-
ature. One possible explanation for the discrep-

ancy is that G is sensitive to the amplitude of the
density modulation. To test this, we measured
G andD versus themodulation amplitude (23).We
found that D is insensitive to the amplitude in
the range explored. G shows some amplitude
dependence, but because of the large error bars
we cannot conclusively say whether this is the
source of the discrepancy between experimental
and FTLM results (fig. S1).
To extract a resistivity by using the Nernst-

Einstein relation, we need the compressibility.
It is determined in a separate experiment by
measuring the variation of total density versus
position in a harmonic trap and converting the
position to chemical potential in the local density
approximation (23, 33, 34 ). The measured com-
pressibility increases with decreasing temper-
ature (Fig. 3B). For our highest experimental
temperatures, cc approaches n(1 − n/2)/T, as
expected in the high temperature limit (29). At
sufficiently low temperature, cc is expected to
saturate, but we do not reach this limit at our
lowest experimental temperature, T/t = 0.3.
Our experimental results agree well with DQMC
numerics over the full range of experimental
temperatures.
We can now use the Nernst-Einstein relation

to determine the conductivity from the mea-
sured diffusion constant and charge compress-
ibility. We examine the temperature dependence
of the resistivity r = 1/s in Fig. 4 and observe
that it rises without limit, showing no sign of
saturation. Assuming the existence of quasi-
particles, themaximum resistivity obtained from
the Drude relation by using the MIR limit is

r < rmax≈
ffiffiffiffi
2p
n

q
ℏ (6, 30). We find that our re-

sistivity violates this bound for temperatures
above T/t ~ 1.3. The temperature where r exceeds
this limit is near the Brinkman-Rice temperature
scale, defined by TBR = (1 − n)W, whereW = 8t is
the bandwidth, which is an estimate of the
degeneracy temperature of quasiparticles in a
doped Mott insulator. Similar violation of the
resistivity bound at TBR has been observed in
DMFT studies (35, 36).
The failure of r to saturate at the resistivity

bound is similar to behavior observed in bad
metals at high temperatures (6). In our system,
the violation of the resistivity bound is associated
not with the mean free path becoming shorter
than the lattice spacing because the diffusion
constant does not violate its derived bound, but
rather with the temperature dependence of the
compressibility (30). This suggests a need for a
more careful distinction between the MIR limit
on the mean free path and the resistivity bound,
despite the presumed equivalence of these con-
cepts in condensed matter experiments.
To further elucidate the temperature depen-

dence of r, we fit our results to the form r(T) =
ro + AT + BT 2. We find that the temperature
dependence is linear to good approximation, as
we obtain ro ¼ 1:1ð1Þℏ, A ¼ 1:55ð15Þ ℏt , and B ¼
0:03ð3Þ ℏ

t2 . Alternatively, a power law fit to the
form r(T) = ro + (CT)a yields ro ¼ 1:2ð2Þℏ, C ¼
1:4ð2Þ ℏt, and a = 1.1(1). Similar fits show that the

inverse diffusion constant 1/D scales with a =
0.6(1) and that the inverse charge compress-
ibility scales with a = 0.85(20). In our temper-
ature range, the linear resistivity is a combined
result of the temperature dependence of the
diffusivity and compressibility, both of which
behave in a nontrivial way. This behavior should
be contrastedwith the high-temperature regime,
T ≫W , where D saturates to a limiting value and
the resistivity inherits its temperature depen-
dence from the compressibility, which scales as
ccº 1/T (29). It should also be contrasted with
the low-temperature regime usually considered
in condensed matter, where the compressibility
has saturated and the resistivity inherits its tem-
perature dependence from the diffusion constant.
We end with more detailed comparison of

resistivity with available theories. At our higher
experimental temperatures, we compare with
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Fig. 3. Hydrodynamic model parameters.
(A) Experimental diffusion constant, D, versus
temperature (red) and the lower bound on
D inferred from the MIR limit (gray). Each
point is typically determined from four
different modulation wavelengths, each
consisting of 10 different decay times with
30 images for each decay time. (Inset) Results
for the momentum relaxation rate, G, including
experimental data (yellow), single-site
DMFT results for hni ¼ 0:825 and U/t = 7.5
(green), and FTLM results on a 16-site cluster
for hni ¼ 0:8 % 0:85 and U/t = 7.5 (blue).
(B) Results for the charge compressibility, cc.
Experimental results (red points), DQMC at
hni ¼ 0:83 and U/t = 7.5 (green points), and
the high-temperature limit 1/T scaling (black
dashed line). Each compressibility point is
typically determined from 60 images. Experi-
mental error bars, SEM.
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nearest-neighbor correlations between spin-
up atomsC↑ðdÞ ¼ 4ðhniþ d;↑ni;↑i % hniþ d;↑ihni;↑iÞ,
where i = (ix , iy ) is the site index and d is the
separation between sites. We compare these
quantities with determinantal quantumMonte
Carlo (DQMC) simulations to extract the tem-
perature (23). For temperatures at the low end
of the range we can access, 0.3 < T/t < 1, the
density correlations are a sensitive thermometer.
At higher temperatures, the singles density be-
comes a better thermometer. We have compared
the temperature of the gas before switching off
the potential modulation and after the density
modulation has decayed and find nomeasurable
increase.
As the temperature is lowered, Pauli blocking

closes scattering channels, leading to an increased
range of diffusion, in agreement with our ob-
servations in Fig. 3A. At high temperatures, D
is expected to saturate, eventually approaching
an infinite temperature-limiting value (29). The
diffusion constant is closely related to the mean
free path, l, and is often estimated asD ¼ lhv i=2,
where hv i is the mean quasiparticle velocity (30).
Therefore, the MIR limit implies a lower bound
on the diffusion constant, D≳ ta2=ℏ, where a is
the lattice constant and ħ is Planck’s constant h
divided by 2p. Our measured diffusion constants
approach this derived bound at high temper-
atures but do not violate it. Because of the
difficulty of measuring diffusion constants in
materials, this limit has not been tested in real
bad metals. We do not compare the measured
diffusion constants with theory because de-
termining D requires working in the limit l→1
(23), and exact techniques such as diagonaliza-
tion of finite systems and DQMC are limited to
small systems. Even determining the infinite
temperature-limiting value is a nontrivial quan-
tum dynamics problem (31, 32).
In a clean system like ours, momentum relaxa-

tion can occur only because of Umklapp scatter-
ing, where a portion of the net momentum in a
collision is transferred to the rigid lattice. Never-
theless, the momentum relaxation is strong at
our interaction strength, which makes deter-
mining the temperature dependence of G chal-
lenging because G drops out of the model entirely
in the overdamped limit.We find thatG decreases
weakly with decreasing temperature (Fig. 3A,
inset). This trend may again be understood as
Pauli blocking suppressing momentum relaxa-
tion at low temperatures.
We compare the experimental G with results

from state-of-the-art finite-temperature Lanczos
method (FTLM) and dynamicalmean-field theory
(DMFT) simulations by estimating the momen-
tum relaxation rate as the half width at half
maximum of the Drude peak in the optical
conductivity. The optical conductivity has an
additional peak at angular frequency w ~ U,
but this does not affect G substantially (23).
Our experimental G agrees reasonably with the
DMFT results but exceeds the FTLM results by
up to a factor of two. FTLM is an exact technique
expected to give correct results at high temper-
ature. One possible explanation for the discrep-

ancy is that G is sensitive to the amplitude of the
density modulation. To test this, we measured
G andD versus themodulation amplitude (23).We
found that D is insensitive to the amplitude in
the range explored. G shows some amplitude
dependence, but because of the large error bars
we cannot conclusively say whether this is the
source of the discrepancy between experimental
and FTLM results (fig. S1).
To extract a resistivity by using the Nernst-

Einstein relation, we need the compressibility.
It is determined in a separate experiment by
measuring the variation of total density versus
position in a harmonic trap and converting the
position to chemical potential in the local density
approximation (23, 33, 34 ). The measured com-
pressibility increases with decreasing temper-
ature (Fig. 3B). For our highest experimental
temperatures, cc approaches n(1 − n/2)/T, as
expected in the high temperature limit (29). At
sufficiently low temperature, cc is expected to
saturate, but we do not reach this limit at our
lowest experimental temperature, T/t = 0.3.
Our experimental results agree well with DQMC
numerics over the full range of experimental
temperatures.
We can now use the Nernst-Einstein relation

to determine the conductivity from the mea-
sured diffusion constant and charge compress-
ibility. We examine the temperature dependence
of the resistivity r = 1/s in Fig. 4 and observe
that it rises without limit, showing no sign of
saturation. Assuming the existence of quasi-
particles, themaximum resistivity obtained from
the Drude relation by using the MIR limit is

r < rmax≈
ffiffiffiffi
2p
n

q
ℏ (6, 30). We find that our re-

sistivity violates this bound for temperatures
above T/t ~ 1.3. The temperature where r exceeds
this limit is near the Brinkman-Rice temperature
scale, defined by TBR = (1 − n)W, whereW = 8t is
the bandwidth, which is an estimate of the
degeneracy temperature of quasiparticles in a
doped Mott insulator. Similar violation of the
resistivity bound at TBR has been observed in
DMFT studies (35, 36).
The failure of r to saturate at the resistivity

bound is similar to behavior observed in bad
metals at high temperatures (6). In our system,
the violation of the resistivity bound is associated
not with the mean free path becoming shorter
than the lattice spacing because the diffusion
constant does not violate its derived bound, but
rather with the temperature dependence of the
compressibility (30). This suggests a need for a
more careful distinction between the MIR limit
on the mean free path and the resistivity bound,
despite the presumed equivalence of these con-
cepts in condensed matter experiments.
To further elucidate the temperature depen-

dence of r, we fit our results to the form r(T) =
ro + AT + BT 2. We find that the temperature
dependence is linear to good approximation, as
we obtain ro ¼ 1:1ð1Þℏ, A ¼ 1:55ð15Þ ℏt , and B ¼
0:03ð3Þ ℏ

t2 . Alternatively, a power law fit to the
form r(T) = ro + (CT)a yields ro ¼ 1:2ð2Þℏ, C ¼
1:4ð2Þ ℏt, and a = 1.1(1). Similar fits show that the

inverse diffusion constant 1/D scales with a =
0.6(1) and that the inverse charge compress-
ibility scales with a = 0.85(20). In our temper-
ature range, the linear resistivity is a combined
result of the temperature dependence of the
diffusivity and compressibility, both of which
behave in a nontrivial way. This behavior should
be contrastedwith the high-temperature regime,
T ≫W , where D saturates to a limiting value and
the resistivity inherits its temperature depen-
dence from the compressibility, which scales as
ccº 1/T (29). It should also be contrasted with
the low-temperature regime usually considered
in condensed matter, where the compressibility
has saturated and the resistivity inherits its tem-
perature dependence from the diffusion constant.
We end with more detailed comparison of

resistivity with available theories. At our higher
experimental temperatures, we compare with
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Fig. 3. Hydrodynamic model parameters.
(A) Experimental diffusion constant, D, versus
temperature (red) and the lower bound on
D inferred from the MIR limit (gray). Each
point is typically determined from four
different modulation wavelengths, each
consisting of 10 different decay times with
30 images for each decay time. (Inset) Results
for the momentum relaxation rate, G, including
experimental data (yellow), single-site
DMFT results for hni ¼ 0:825 and U/t = 7.5
(green), and FTLM results on a 16-site cluster
for hni ¼ 0:8 % 0:85 and U/t = 7.5 (blue).
(B) Results for the charge compressibility, cc.
Experimental results (red points), DQMC at
hni ¼ 0:83 and U/t = 7.5 (green points), and
the high-temperature limit 1/T scaling (black
dashed line). Each compressibility point is
typically determined from 60 images. Experi-
mental error bars, SEM.
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FTLM, which is an exact technique, and find
reasonable agreement (Fig. 4). The experimental
resistivity is systematically smaller than the FTLM
calculation but within error bars. This may be a
result of the uncertainty in determining U/t. At
our lowest experimental temperatures, FTLM
suffers from finite size effects that become rel-
evant as correlation lengths approach the cluster
size. For the four-site by four-site cluster con-
sidered here, these effects limit FTLM resistivity
calculations to T=t≳1.
Because our experiment explores low temper-

atures that are inaccessible to FTLM, we also
compare with an approximate technique, single-
site DMFT (37) (Fig. 4). We find that the DMFT
tends to overestimate the experimental resistivity
at high temperatures. At our highest experimental
temperatures, the DMFT resistivity is linear, with
a positive zero-temperature intercept. This linear
scaling crosses over to a second linear scalingwith
a negative zero-temperature intercept around
T/t = 2. This second linear region continues down
to about T/t = 0.8, where the resistivity acquires a
substantial quadratic component. These regimes
coincide with two different regimes observed in
the DMFT compressibility (23). Previous DMFT
studies at greater interaction strengths have also
observed these two linear regimes at intermedi-
ate temperatures, finding evidence for resilient
quasiparticles in the lower-temperature regime
(35, 36). We do not observe the change of slope in
the resistivity expected near T/t = 2 in either the
experimental data (within uncertainties) or the
FTLM results. This suggests a need for com-
parison betweenmore refined DMFT and exact
theoretical approaches in the regime where this
is possible.
Our experiment paves the way for future

studies of the optical conductivity and thermo-

power, which can be examined near equilibrium
by using a similar approach. Both of these quan-
tities might be expected to show anomalous
scalings, as in the cuprates (4, 9). In line with
theoretical work such as (35, 36), searching for
direct signatures of resilient quasiparticles by
using spectroscopic techniques (38 ) would also
be very interesting. Further experimental studies
will also provide important benchmarks for ap-
proximate theoreticalmethods, as the combination
of low temperature, finite doping, and dynamics
is challenging for exact theoretical approaches.
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Fig. 4. Conductivity versus temperature. Results for the resistivity, r. Experimental data (red
points), 16-site FTLM results for U/t = 7.5 and hni ¼ 0:8" 0:85 (blue band), single-site DMFT
results for U/t = 7.5 and hni ¼ 0:825 (green band), and the upper bound on resistivity inferred from
the Drude relation by using the MIR limit, rmax (gray line). For more information about the error
bands, see (23).
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nearest-neighbor correlations between spin-
up atomsC↑ðdÞ ¼ 4ðhniþ d;↑ni;↑i % hniþ d;↑ihni;↑iÞ,
where i = (ix , iy ) is the site index and d is the
separation between sites. We compare these
quantities with determinantal quantumMonte
Carlo (DQMC) simulations to extract the tem-
perature (23). For temperatures at the low end
of the range we can access, 0.3 < T/t < 1, the
density correlations are a sensitive thermometer.
At higher temperatures, the singles density be-
comes a better thermometer. We have compared
the temperature of the gas before switching off
the potential modulation and after the density
modulation has decayed and find nomeasurable
increase.
As the temperature is lowered, Pauli blocking

closes scattering channels, leading to an increased
range of diffusion, in agreement with our ob-
servations in Fig. 3A. At high temperatures, D
is expected to saturate, eventually approaching
an infinite temperature-limiting value (29). The
diffusion constant is closely related to the mean
free path, l, and is often estimated asD ¼ lhv i=2,
where hv i is the mean quasiparticle velocity (30).
Therefore, the MIR limit implies a lower bound
on the diffusion constant, D≳ ta2=ℏ, where a is
the lattice constant and ħ is Planck’s constant h
divided by 2p. Our measured diffusion constants
approach this derived bound at high temper-
atures but do not violate it. Because of the
difficulty of measuring diffusion constants in
materials, this limit has not been tested in real
bad metals. We do not compare the measured
diffusion constants with theory because de-
termining D requires working in the limit l→1
(23), and exact techniques such as diagonaliza-
tion of finite systems and DQMC are limited to
small systems. Even determining the infinite
temperature-limiting value is a nontrivial quan-
tum dynamics problem (31, 32).
In a clean system like ours, momentum relaxa-

tion can occur only because of Umklapp scatter-
ing, where a portion of the net momentum in a
collision is transferred to the rigid lattice. Never-
theless, the momentum relaxation is strong at
our interaction strength, which makes deter-
mining the temperature dependence of G chal-
lenging because G drops out of the model entirely
in the overdamped limit.We find thatG decreases
weakly with decreasing temperature (Fig. 3A,
inset). This trend may again be understood as
Pauli blocking suppressing momentum relaxa-
tion at low temperatures.
We compare the experimental G with results

from state-of-the-art finite-temperature Lanczos
method (FTLM) and dynamicalmean-field theory
(DMFT) simulations by estimating the momen-
tum relaxation rate as the half width at half
maximum of the Drude peak in the optical
conductivity. The optical conductivity has an
additional peak at angular frequency w ~ U,
but this does not affect G substantially (23).
Our experimental G agrees reasonably with the
DMFT results but exceeds the FTLM results by
up to a factor of two. FTLM is an exact technique
expected to give correct results at high temper-
ature. One possible explanation for the discrep-

ancy is that G is sensitive to the amplitude of the
density modulation. To test this, we measured
G andD versus themodulation amplitude (23).We
found that D is insensitive to the amplitude in
the range explored. G shows some amplitude
dependence, but because of the large error bars
we cannot conclusively say whether this is the
source of the discrepancy between experimental
and FTLM results (fig. S1).
To extract a resistivity by using the Nernst-

Einstein relation, we need the compressibility.
It is determined in a separate experiment by
measuring the variation of total density versus
position in a harmonic trap and converting the
position to chemical potential in the local density
approximation (23, 33, 34 ). The measured com-
pressibility increases with decreasing temper-
ature (Fig. 3B). For our highest experimental
temperatures, cc approaches n(1 − n/2)/T, as
expected in the high temperature limit (29). At
sufficiently low temperature, cc is expected to
saturate, but we do not reach this limit at our
lowest experimental temperature, T/t = 0.3.
Our experimental results agree well with DQMC
numerics over the full range of experimental
temperatures.
We can now use the Nernst-Einstein relation

to determine the conductivity from the mea-
sured diffusion constant and charge compress-
ibility. We examine the temperature dependence
of the resistivity r = 1/s in Fig. 4 and observe
that it rises without limit, showing no sign of
saturation. Assuming the existence of quasi-
particles, themaximum resistivity obtained from
the Drude relation by using the MIR limit is

r < rmax≈
ffiffiffiffi
2p
n

q
ℏ (6, 30). We find that our re-

sistivity violates this bound for temperatures
above T/t ~ 1.3. The temperature where r exceeds
this limit is near the Brinkman-Rice temperature
scale, defined by TBR = (1 − n)W, whereW = 8t is
the bandwidth, which is an estimate of the
degeneracy temperature of quasiparticles in a
doped Mott insulator. Similar violation of the
resistivity bound at TBR has been observed in
DMFT studies (35, 36).
The failure of r to saturate at the resistivity

bound is similar to behavior observed in bad
metals at high temperatures (6). In our system,
the violation of the resistivity bound is associated
not with the mean free path becoming shorter
than the lattice spacing because the diffusion
constant does not violate its derived bound, but
rather with the temperature dependence of the
compressibility (30). This suggests a need for a
more careful distinction between the MIR limit
on the mean free path and the resistivity bound,
despite the presumed equivalence of these con-
cepts in condensed matter experiments.
To further elucidate the temperature depen-

dence of r, we fit our results to the form r(T) =
ro + AT + BT 2. We find that the temperature
dependence is linear to good approximation, as
we obtain ro ¼ 1:1ð1Þℏ, A ¼ 1:55ð15Þ ℏt , and B ¼
0:03ð3Þ ℏ

t2 . Alternatively, a power law fit to the
form r(T) = ro + (CT)a yields ro ¼ 1:2ð2Þℏ, C ¼
1:4ð2Þ ℏt, and a = 1.1(1). Similar fits show that the

inverse diffusion constant 1/D scales with a =
0.6(1) and that the inverse charge compress-
ibility scales with a = 0.85(20). In our temper-
ature range, the linear resistivity is a combined
result of the temperature dependence of the
diffusivity and compressibility, both of which
behave in a nontrivial way. This behavior should
be contrastedwith the high-temperature regime,
T ≫W , where D saturates to a limiting value and
the resistivity inherits its temperature depen-
dence from the compressibility, which scales as
ccº 1/T (29). It should also be contrasted with
the low-temperature regime usually considered
in condensed matter, where the compressibility
has saturated and the resistivity inherits its tem-
perature dependence from the diffusion constant.
We end with more detailed comparison of

resistivity with available theories. At our higher
experimental temperatures, we compare with
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Fig. 3. Hydrodynamic model parameters.
(A) Experimental diffusion constant, D, versus
temperature (red) and the lower bound on
D inferred from the MIR limit (gray). Each
point is typically determined from four
different modulation wavelengths, each
consisting of 10 different decay times with
30 images for each decay time. (Inset) Results
for the momentum relaxation rate, G, including
experimental data (yellow), single-site
DMFT results for hni ¼ 0:825 and U/t = 7.5
(green), and FTLM results on a 16-site cluster
for hni ¼ 0:8 % 0:85 and U/t = 7.5 (blue).
(B) Results for the charge compressibility, cc.
Experimental results (red points), DQMC at
hni ¼ 0:83 and U/t = 7.5 (green points), and
the high-temperature limit 1/T scaling (black
dashed line). Each compressibility point is
typically determined from 60 images. Experi-
mental error bars, SEM.
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nearest-neighbor correlations between spin-
up atomsC↑ðdÞ ¼ 4ðhniþ d;↑ni;↑i % hniþ d;↑ihni;↑iÞ,
where i = (ix , iy ) is the site index and d is the
separation between sites. We compare these
quantities with determinantal quantumMonte
Carlo (DQMC) simulations to extract the tem-
perature (23). For temperatures at the low end
of the range we can access, 0.3 < T/t < 1, the
density correlations are a sensitive thermometer.
At higher temperatures, the singles density be-
comes a better thermometer. We have compared
the temperature of the gas before switching off
the potential modulation and after the density
modulation has decayed and find nomeasurable
increase.
As the temperature is lowered, Pauli blocking

closes scattering channels, leading to an increased
range of diffusion, in agreement with our ob-
servations in Fig. 3A. At high temperatures, D
is expected to saturate, eventually approaching
an infinite temperature-limiting value (29). The
diffusion constant is closely related to the mean
free path, l, and is often estimated asD ¼ lhv i=2,
where hv i is the mean quasiparticle velocity (30).
Therefore, the MIR limit implies a lower bound
on the diffusion constant, D≳ ta2=ℏ, where a is
the lattice constant and ħ is Planck’s constant h
divided by 2p. Our measured diffusion constants
approach this derived bound at high temper-
atures but do not violate it. Because of the
difficulty of measuring diffusion constants in
materials, this limit has not been tested in real
bad metals. We do not compare the measured
diffusion constants with theory because de-
termining D requires working in the limit l→1
(23), and exact techniques such as diagonaliza-
tion of finite systems and DQMC are limited to
small systems. Even determining the infinite
temperature-limiting value is a nontrivial quan-
tum dynamics problem (31, 32).
In a clean system like ours, momentum relaxa-

tion can occur only because of Umklapp scatter-
ing, where a portion of the net momentum in a
collision is transferred to the rigid lattice. Never-
theless, the momentum relaxation is strong at
our interaction strength, which makes deter-
mining the temperature dependence of G chal-
lenging because G drops out of the model entirely
in the overdamped limit.We find thatG decreases
weakly with decreasing temperature (Fig. 3A,
inset). This trend may again be understood as
Pauli blocking suppressing momentum relaxa-
tion at low temperatures.
We compare the experimental G with results

from state-of-the-art finite-temperature Lanczos
method (FTLM) and dynamicalmean-field theory
(DMFT) simulations by estimating the momen-
tum relaxation rate as the half width at half
maximum of the Drude peak in the optical
conductivity. The optical conductivity has an
additional peak at angular frequency w ~ U,
but this does not affect G substantially (23).
Our experimental G agrees reasonably with the
DMFT results but exceeds the FTLM results by
up to a factor of two. FTLM is an exact technique
expected to give correct results at high temper-
ature. One possible explanation for the discrep-

ancy is that G is sensitive to the amplitude of the
density modulation. To test this, we measured
G andD versus themodulation amplitude (23).We
found that D is insensitive to the amplitude in
the range explored. G shows some amplitude
dependence, but because of the large error bars
we cannot conclusively say whether this is the
source of the discrepancy between experimental
and FTLM results (fig. S1).
To extract a resistivity by using the Nernst-

Einstein relation, we need the compressibility.
It is determined in a separate experiment by
measuring the variation of total density versus
position in a harmonic trap and converting the
position to chemical potential in the local density
approximation (23, 33, 34 ). The measured com-
pressibility increases with decreasing temper-
ature (Fig. 3B). For our highest experimental
temperatures, cc approaches n(1 − n/2)/T, as
expected in the high temperature limit (29). At
sufficiently low temperature, cc is expected to
saturate, but we do not reach this limit at our
lowest experimental temperature, T/t = 0.3.
Our experimental results agree well with DQMC
numerics over the full range of experimental
temperatures.
We can now use the Nernst-Einstein relation

to determine the conductivity from the mea-
sured diffusion constant and charge compress-
ibility. We examine the temperature dependence
of the resistivity r = 1/s in Fig. 4 and observe
that it rises without limit, showing no sign of
saturation. Assuming the existence of quasi-
particles, themaximum resistivity obtained from
the Drude relation by using the MIR limit is

r < rmax≈
ffiffiffiffi
2p
n

q
ℏ (6, 30). We find that our re-

sistivity violates this bound for temperatures
above T/t ~ 1.3. The temperature where r exceeds
this limit is near the Brinkman-Rice temperature
scale, defined by TBR = (1 − n)W, whereW = 8t is
the bandwidth, which is an estimate of the
degeneracy temperature of quasiparticles in a
doped Mott insulator. Similar violation of the
resistivity bound at TBR has been observed in
DMFT studies (35, 36).
The failure of r to saturate at the resistivity

bound is similar to behavior observed in bad
metals at high temperatures (6). In our system,
the violation of the resistivity bound is associated
not with the mean free path becoming shorter
than the lattice spacing because the diffusion
constant does not violate its derived bound, but
rather with the temperature dependence of the
compressibility (30). This suggests a need for a
more careful distinction between the MIR limit
on the mean free path and the resistivity bound,
despite the presumed equivalence of these con-
cepts in condensed matter experiments.
To further elucidate the temperature depen-

dence of r, we fit our results to the form r(T) =
ro + AT + BT 2. We find that the temperature
dependence is linear to good approximation, as
we obtain ro ¼ 1:1ð1Þℏ, A ¼ 1:55ð15Þ ℏt , and B ¼
0:03ð3Þ ℏ

t2 . Alternatively, a power law fit to the
form r(T) = ro + (CT)a yields ro ¼ 1:2ð2Þℏ, C ¼
1:4ð2Þ ℏt, and a = 1.1(1). Similar fits show that the

inverse diffusion constant 1/D scales with a =
0.6(1) and that the inverse charge compress-
ibility scales with a = 0.85(20). In our temper-
ature range, the linear resistivity is a combined
result of the temperature dependence of the
diffusivity and compressibility, both of which
behave in a nontrivial way. This behavior should
be contrastedwith the high-temperature regime,
T ≫W , where D saturates to a limiting value and
the resistivity inherits its temperature depen-
dence from the compressibility, which scales as
ccº 1/T (29). It should also be contrasted with
the low-temperature regime usually considered
in condensed matter, where the compressibility
has saturated and the resistivity inherits its tem-
perature dependence from the diffusion constant.
We end with more detailed comparison of

resistivity with available theories. At our higher
experimental temperatures, we compare with
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Fig. 3. Hydrodynamic model parameters.
(A) Experimental diffusion constant, D, versus
temperature (red) and the lower bound on
D inferred from the MIR limit (gray). Each
point is typically determined from four
different modulation wavelengths, each
consisting of 10 different decay times with
30 images for each decay time. (Inset) Results
for the momentum relaxation rate, G, including
experimental data (yellow), single-site
DMFT results for hni ¼ 0:825 and U/t = 7.5
(green), and FTLM results on a 16-site cluster
for hni ¼ 0:8 % 0:85 and U/t = 7.5 (blue).
(B) Results for the charge compressibility, cc.
Experimental results (red points), DQMC at
hni ¼ 0:83 and U/t = 7.5 (green points), and
the high-temperature limit 1/T scaling (black
dashed line). Each compressibility point is
typically determined from 60 images. Experi-
mental error bars, SEM.
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Remarkably,	even	though	𝛘	
departs	from	its	high	
temperature	Curie	law,	
and	D	becomes	temperature	
dependent,		the	resistivity	
remains	linear	to	low	
temperatures.	

Does	the	linear	
resistance	derive	from	
an	underlying	classical	
gas	of	gapless	holons	
formed	at	the	QCP?

Resistors	in	Series	
R	=	Rh+Re	~	AT	+C	?			
cf	Ioffe	Larkin

holons e-

New	Rule:	Strange	Metals		
are	Bad	Metals



Kondo Breakdown and a possible connection with Strange and Bad 
metals: Conclusions

• Ubiquity of strange metal behavior, in transition metal 
and rare-earth materials.

• Common feature appears to be the partial Mott 
localization.  AFM not necessary.

•Schwinger Boson Scheme allows unification of magnetic 
and Kondo entanglement physics

• Emergent charge fluctuations associated with small to 
large FS transition (Kondo breakdown/Mott) may have a 
link with the linear resistivity of Strange Metals. 
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is the self-energy of the conduction electrons, which in the
frequency domain is

⌃̃C(! + i⌘) =

Z
d⌫

⇡

h
nB(!)G

00
B
(⌫ + i⌘)G�(⌫ � ! � i⌘) (45)

�f(⌫)G00
�
(⌫)GB(! + ⌫ + i⌘)

i
. (46)

The function SB(z) is part of the spinon contribution to the
entropy that requires a momentum-summation.

SB(z) =
1

2

X

q

log
h
det{�G

�1
B

(z, q)}
i

(47)

Again, this momentum sum can be done analytically to obtain

SB(z) =
1

2

X

q

log[⇤2
B
� ⌦2

B
��2

B
sin2 q] (48)

= cte+
1

2

X

q

log[cos 2q + a] (49)

! 1

2

Z
da

X

a

1

cos q + a
(50)

=
1

2
log[a(1 +

p
1� a�2)]. (51)

The specific heat is obtained from numerical differentiation
of the S(T ). Fig. 2 shows the specific heat coefficient as a
function of TK/JH and T/TK . The collapse of energy scale
from both sides are visible. The suppression of the C/T at the
QCP implies a zero-point entropy due to entropy balance.

FIG. 1. (a) The uniform �0 and (b) the local �loc spin susceptibility
vs. T/TK for various values of the tuning parameter TK/JH . While
�loc diverges logarithmically at the QCP, the uniform susceptibility
is only suppressed by the magnetism.

D. The leading order solution

Although, we have numerically obtained the solution to
the self-consistent large-N equations, it is interesting to study
the results of a single-iteration of these equations.

In a simple antiferromagnet, the particle-particle compo-
nent of the spinon Green’s function is

G
pp

B
(q, z) =

z + �

z2 � E2
q

=
u
2
q

z � Eq

�
v
2
q

z + Eq

(52)

FIG. 2. The specific heat coefficient C/T = dS/dT vs. TK/JH and
T/TJ shows the collapse of the energy scale from both sides as well
as a suppression of the C/T at the QCP, consistent with a zero-point
entropy.

where Eq =
q
�2 ��2

q
, u = cosh ✓q , v = sinh ✓q and

tanh 2✓q = ��q/�. Substituting this into (23), we obtain

⌃�(z) =
X

k,q
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2
q
[f(✏k) + nB(Eq)]

z � (Eq � ✏k)

+
vq([1� f(✏k) + nB(Eq)]
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o
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Using a flat density of states for ✏k, at T = 0 we find
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To obtain a rough estimate of this quantity, we can replace
Eq ⇠ � by the typical energy of a spinon, so that
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where we have used u
2 � v

2 = 1, TK = ⇤e�1/⇢J . The phase
shift at zero frequency is given by

�� = Im ln[G�1
�

(! + i⌘)]!=0

= Im ln


ln

✓
�+ i�

TK

◆�

= ⇡✓(TK ��). (56)

While this is a rough crude approximation, it captures the key
feature that the holon field � first develops a bound-state when
TK becomes of order �.

E. Scaling conditions

Fig. 3 shows the renormalized energies of spinons "B ⌘
�+ ⌃0

B
(0)�� and holons "� ⌘ 1/J + ⌃0

�
(0). We find that

WF law violation are all related, and (ii) a good
indicator for their joint occurrence is a linear-T
resistivity. Returning to our comparison with
cuprates, a similar connection between r ~ T
and Z = 0 appears to exist there as well. Indeed, a
recent measurement of the (azimuthal) anisotropy
of the in-plane scattering rateG(f) in an overdoped
cuprate (24) revealed that G ~ Tat f = 0, where the
Fermi surface is eventually destroyed (at lower
doping), and G~T 2 at f = p/4, where it survives.

It is instructive to compare our findings with
the properties of other materials and theories of
quantum criticality. AT3/2 resistivity is observed in
CeIn3 near the pressure-tuned QCP where its AF
order vanishes (6). CeIn3 is the cubic parent
compound of tetragonal CeRhIn5 and, along with
the increase in c/a ratio, the ordering temperature
drops from TN = 10 K in the former to TN = 3.8 K
in the latter. However, they still have comparable
TSF (assuming that in CeIn3 TSF ≅ TN). CeCoIn5
encounters a further stretch of the c/a ratio, and
long-range AF order is no longer stabilized.
However, it can still be viewed as a layered ver-
sion of CeIn3, with similar in-plane correlations
and scattering. In this sense, the T3/2 dependence
observed in CeCoIn5 can be viewed as the result of
antiferromagnetic fluctuations that are character-
istic of the parent compound. Theoretically, a T3/2

resistivity is expected for AF critical fluctuations in
3D from the so-called quantum spin density wave
(SDW)model (17, 25, 26). In this scenario, critical
scattering is peaked at “hot spots” connected by the
AFwave vectors (25). As T→0, one would expect
the Fermi surface to remain sharp everywhere else,
and thus the WF law to prevail, as found here for
in-plane currents.

A T-linear resistivity is observed at the
composition-tuned QCP of CeCu5.9Au0.1 (7)
and field-tuned QCP of YbRh2Si2 (12), where
AF order is thought to disappear. [In these cases,
the power law is linear in both high-symmetry

directions (15, 27).] The fact that a linear power is
inconsistent with the SDW model for AF fluc-
tuations in 3D prompted the proposal of a 2D
version (28) and of an alternate theory, where
critical scattering is local in space and therefore
present at all wave vectors (29). These scenarios
would lead to a more extreme breakdown of FL
theory, because the Fermi surface is “hot” not
only at certain specific spots but everywhere. It
was argued in (8) that the specific heat data on
Ge-doped YbRh2Si2, which shows a C/T that
exceeds the log(1/T) dependence at low temper-
ature, may be an indication of such enhanced
breakdown. In CeCoIn5, the fact that it is in the
direction where r ~ T that the WF law is violated
is certainly consistent with this picture. Clearly, it
would be interesting to test the WF law in
YbRh2Si2.

Bringing together our findings for T→0 and
T > 0, a picture of qualitative anisotropy emerges,
not present in either the SDW model or the local
criticality model, at least in their current forms.
The characteristic spin fluctuation temperature
TSF vanishes at the QCP for transport along the c
axis but not in the plane. As a result, the break-
down of FL theory is extreme in the c direction:
rc ~ T and wc ~ T down to the lowest temper-
atures and the T = 0 Fermi surface is blurred, that
is, the quasiparticle Z parameter vanishes, in re-
gions around the c-axis direction.

A possible origin for this anisotropic critical-
ity is an anisotropic spin fluctuation spectrum.
First, an AF instability is present in all three
CeMIn5 compounds (M = Co, Rh, Ir), as shown
by the fact that magnetic ordering can be induced
by Cd doping (30). Second, a magnetic field does
tune the magnetism. In CeRhIn5 under pressure
(where it becomes in many ways more similar to
CeCoIn5, e.g., by developing superconductivity
with the same Tc), a magnetic field stabilizes
long-range magnetic order (31, 32). In CeCoIn5,
it is the magnetic fluctuations that are tuned by a
magnetic field (21), with TSF starting at a value
equivalent to that of CeRhIn5 at high fields and
then lowered to a minimum at Hc. Third, the AF
fluctuations in CeCoIn5 have strongly anisotrop-
ic character (33), with magnetic moments well
coupled in-plane but weakly coupled interplane.
This is consistent with the helical ordering of
moments in CeRhIn5, commensurate in-plane
and incommensurate along the c axis. Therefore,
it seems natural to link this uniaxial anisotropy
with the observed anisotropy in TSF, power laws,
and Z(q). What is not yet known is whether a
scenario of AF critical fluctuations can indeed
cause a violation of the WF law at T→0.

However, the AF scenario is not the only
candidate for the anisotropic quantum criticality
of CeCoIn5. The “Kondo breakdown”model pro-
posed recently (23, 34), a type of deconfined
QCPwhere the hybridization between conduction
and f electrons goes to zero, captures some of the
key signatures—absence of magnetic order in the
phase diagram, strong anisotropy, multiple ener-
gy scales, and a T-linear behavior of both charge

and heat resistivities. Proximity to a Pomeranchuk
instability of the Fermi surface can also cause
anisotropy in electronic liquids (7). Recent cal-
culations show that the transport decay rate at
such a QCP has a linear T dependence every-
where on the Fermi surface except at “cold”
points, resulting in a T3/2 dependence of the
resistivity (35).
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Fig. 3. Anisotropic quantum criticality. Electrical
resistivity at the QCP (at H = 5.3, T ≅ Hc) for in-
plane (ra) and inter-plane (rc) current directions.
rc (T) remains linear over a 100-fold increase in
magnitude. By contrast, ra is linear only above a
characteristic fluctuation temperature TSF ≅ 4 K
(arrow) (18). (Inset) Thermal resistivity (wc ≡ L0T/kc)
at the QCP, for inter-plane transport. wc is perfectly
linear down to the lowest temperature.
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which each sublattice is in the symmetric spin-S representa-
tion of SP(N ) [39, 40]: Each spin can form singlets with its
neighbors in an RVB state for any value S. This, together with
the Gutzwiller projection treated by a soft constraint leads to a
U(1) gapped spin liquid [32], closely analogous to the integer-
spin Haldane chain [45]. A lattice with closed boundary con-
dition has a unique ground state and corresponds to a symme-
try protected topological phase [46].

The large TK/JH limit corresponds to a local Fermi liq-
uid [33, 43] at each site of the chain, in which the electrons and
spinons form bound, localized singlets, protected by a spectral
gap of the size TK ; the remaining electrons are scattered with
a phase shift �c = ⇡/N . Fig. (1b) summarizes the phase dia-
gram as TK/JH is varied between the above two limits, which
we discuss in the following.

Ward identity, entropy, Phase Shifts - At large N , the many
body equations can be derived from a Luttinger Ward func-
tional, leading to an exact relation between the conduction
electron and holon phase shifts �c = ��/N and a closed form
formula for the entropy [42, 43]. Fig. 1(c) shows the conduc-
tion electron phase shift N�c/⇡ as a function of TK/JH . In
the Fermi liquid, �� = N�c is equal to ⇡, equivalent to a large
Fermi surface, but it is zero in the spin liquid regime. Extrap-
olating the calculations to T ! 0, the phase shift appears to
jump at the QCP separating the spin-liquid (decoupled elec-
trons) and the Fermi-liquid. From the perspective of conduc-
tion electrons, both SL and FL phases are Fermi liquids and
the transition in �� is a measure of change in the Fermi sur-
face, a manifestation of Kondo breakdown (KBD).

Entropy - Fig. 1(d) shows the colormap of the entropy
S(T ) across the phase diagram. The gray dashed line indi-
cates a second order phase transition for the internal variable
�B that separates a local Fermi liquid (�B = 0) from a de-
localized regime (�B > 0). The collapse of the energy scale
from both sides are visible. Unlike the 1D ferromagnetic QCP
[33], the antiferromagnetic QCP develops a residual entropy
SE/N ⇡ 1/20 at a spin of s = 0.1 per moment (inset of
Fig. 1d),

Magnetic excitations - Fig. (2a) shows the spinon spectrum
G

00
B
(! � i�) vs. TK/JH at T/TK = 0.03. Approaching the

transition from the Fermi liquid side (right), the spinon spec-
trum shifts to positive frequencies and, maintaining overall
gap size, brings the gap edge close to the chemical poten-
tial and only then, the hard gap closes at the QCP. Passing
through the critical point, the gap re-opens due to development
of short-range RVBs in the spin liquid regime. Fig. 2(b) shows
the temperature dependence of the staggered spin susceptibil-
ity �⇡ , which acquires a logarithmic temperature dependence
�⇡ ⇠ � log T at the QCP. The Fermi liquid (blue) exhibits
a crossover from Curie law 1/T to a Pauli form 1/TK , with
a characteristic peak at T/TK ⇠ 0.1. As TK/JH is reduced
the peak position is unchanged (unlike the 1D FM case [33])
whereas the low temperature susceptibility develops a loga-
rithmic divergence. Similar divergence is observed in local
spin susceptibility but the uniform susceptibility is only sup-
pressed by magnetism [44].

FIG. 3. (a) Calculated spectrum of holons G00
�(! � i⌘) showing that

the holon mode crosses the chemical potential at the QCP. (b) !/T
scaling of the holon Green’s function G00

�(! � i⌘) at the QCP. The
inset shows the holon mode before scaling. (c) The O(1) charge ver-
tex of holons coupling them to potential fluctuations. (d) The charge
susceptibility computed via this vertex corrections (inset) shows a
T�1 divergence at the QCP point (red) and its suppression in SL/FL
sides.

The holon spectrum - G
00
�
(! � i⌘) shows a striking be-

havior at the QCP (Fig. 3a). Most of the spectral weight is
contained in a sharp holon mode which crosses the chemical
potential as TK/JH is tuned from Fermi liquid (right) to spin-
liquid (left). In the critical regime at a finite temperature, the
holon mode is pinned to the Fermi energy over a finite range
of Doniach parameter, which shrinks to a point as T ! 0,
forming a strange metal regime at finite temperature with de-
confined critical holon and spinon modes.

!/T scaling - At the QCP, the holon mode lies at zero en-
ergy. Fig. 3(b) shows that the holon spectra at different tem-
peratures collapse onto a single scaling curve G

00
�
(!, T ) =

T
�↵

f(!/T ). For s = 0.1 we find ↵ = 0.6 consistent with
a scaling analysis [44]. The universality class of the QCP ap-
pears to be that of an overscreened impurity model[31] , with
an effective number of channels Ke↵/N = (1/↵ � 1) ⇡

0.67 > 2s.
The holon modes have an emergent coupling to the elec-

tromagnetic field, mediated via the internal vertices of the lat-
tice Kondo effect. In particular, the field theory implies an
O(1) vertex correction that couples to the electric potential
as shown in Fig. 3(c). At low energies the vertex can be ap-
proximated by �� = �

d

d!
⌃�. This quantity perfectly can-

cels the wavefunction renormalization of the holon propagator
G� ⇡ Z�/!, where Z� = �[@!⌃�]�1, so that the holon cou-
ples to the electric potential with a net charge ��Z� = +1.
Fig. (3)(d) shows the charge susceptibility calculated using
this vertex corrections. At the QCP, the temperature depen-
dence of the holon charge susceptibilty acquires a Curie-like
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