INTRODUCTION TO MANY BODY PHYSICS: 620. Fall 2011

Answers to Questions II. Oct 10th

Here is an outline of the solutions.

1. (i) Expanding [¢) = [1111100...) = cf5¢cfscf3cl2c1|0) we obtain

CT3C6C4C6T03|’QZ)> = CTchC4CGT63CT5CT4CT3CT26T1|0>
= (—1)CT5CT30T26T1’0>
= —|1110100...).
(ii) We may write
1110110010... = cfg[11011000...)
= clge3|11111000. . ). (1)

This state can be interpreted as the creation of an electron and “hole” in states 8 and 3 respectively.
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Figure 1:

(iii) To calculate (1| N|1), where 1) = A[100...) + B|111000...), note that
N|¢) = AJ100...) 4+ 3B|111000...), (2)
so that (Y| N[p)[| Al + 3|BJ?].

2. (i) We need to confirm that {c1, c'1} = {c1, ¢1} = 1 and also {c1, c2} = {c2, &1} = 0.
Substituting for ¢; and co, we obtain

{c1, c2} = {ua; + vaTg, —valy + uas} = —uv{ay, alT} + vu{aTg, az} =0, (3)



and
{c1, o} = {uar +vals,u*a’y + v as} = [u*{a1, a1’} + [v]*{als, a2} = 1, (4)

provided |u|? + |v|? =

(ii) Consider H = w[chcl — cacly], then if

()= i) ()=o)

where we note U is a unitary transformation, we may re-write H as

H = (ClT,CQ) <(g _Ow> <C(:21T>

o t + w 0 aj
H = (al,ag)U (0 —w)U(a2T>

_ (altag)u* i) (5;)

so that using (5)

= ela’iar — agaly] + [Aatia’y + H.c] (6)
where
e = w(ul*~ ),
A = w2u'v. (7)
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Squaring both expressions and adding the results, we obtain w =(e? + A?)2 and
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= (14— = (1-= 8

(iii) The ground-state is annihilated by both ¢; and c¢g, so that if H = w[chcl + cfaeg — 1], the
1
ground-state energy is B, = —w = — (€2 + A?)2,

. Let us write our starting Hamiltonian in the form

H:—Z{J I‘] (S5.8; +He) + Ja 4‘] (S;“+1S++H.c.)}, 9)
J

where S* = 5% 4+ 8Y. Using the Jordan Wigner transformation,

o1
8 = (cjej—3)
Sj = chemZKim, (10)
we have
Sj—:-ls_ = e,



S]—':—IS;— = —erj_HCTj, (11)

so that
H=- Z tle!j11e; + Hae] — Z Alel el + Hal (12)
J J
where t = LZJ’H, A= 7‘]‘”;‘]“'.

(ii) Transforming to a momentum basis, cf; = % > dge™®i?, the Hamiltonian takes the form

H=- Z 2t cos(qa)[d' ydy 4+ d_qd"_,] — Z Ale~edt,d"_, + H.c]. (13)
q>0 q
Since qudT_q = —dT_daq is an odd function of ¢, we can replace Ae~%% — —2iAsin qa, to get
H=> eldlqdg —d_gd'_g] +> iA[d,d"_, — H.c]. (14)
q>0 q>0
where €, = —2t cos(qa), A, = 2Asinga . Notice how the sum over ¢ > 0 is needed so that d, and

d_4 are independent. Carrying out the Boguilubov transformation

()= o) () (15)

then following the results of the last section, the Hamiltonian takes the form
H = qu”[aTqaq —a_gal_g] (16)
q>0

where

1

[Jg + Jy2 + 2J,Jy cos(2qa)

N | =

1
2
wg = <e§+Ag> =

<5q> - [HZ]; an
i[l—:‘fl]

The spectrum of spin-excitations is shown below. For the case J, = J,, the excitation spectrum
is gapless, corresponding to the continuous rotational symmetry (Goldstone mode). For the case
Jy, or J, = 0, the excitation spectrum is flat, as expected for the 1d Ising model.
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Figure 2: Showing dispersion for x-y, anisotropic x-y and Ising limits of model.



