
1. Trends in the periodic table. 

2. Introduction: Heavy Fermions and the Kondo Lattice. 

3.  From Anderson to Kondo 

4. Kondo Insulators: the simplest heavy fermions. 

5. Oshikawa’s Theorem. 

6. Large N expansion for the Kondo Lattice 

7. Heavy Fermion Superconductivity 

8. Topological Kondo Insulators 

9. Co-existing magnetism and the Kondo Effect. 

Outline of the Topics

Please ask questions!



Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
and Newns 83, Auerbach and Levin 86. 

Local Wannier state:

c†�( j) =
1�
V

�

k
ck�eik·R j

H =
X

k
✏kc
†
k�ck� + J

X

j

c
†
a
( j)cb( j)S ba( j)

<latexit sha1_base64="AbLqlT6no1yJDy/nAlEGz7Sgwys=">AAADOnicjZHNatwwEMdl9yt1+rFpj72IpoWEwrLOpb0UQnsJPSW0mwSijZHlsVexJRtJ7u4i/Eh9g75I6a23kmsfoLK9hawh0IERM7//DDNi4qrg2kwmPzz/zt179x9sPQy2Hz1+8nS08+xUl7ViMGVlUarzmGoouISp4aaA80oBFXEBZ3H+sdXPvoLSvJRfzKqCmaCZ5Cln1DgUjeqj90TXIrIkzhsCleaFw13GSJJ1EdE8E7 RhXYLX2Rv8CXedV6TbwmYKQK6baLN3tc+i2L1rVUHSfL60cacE0Wg3HE86w7cHu4evyD5ydhzteN9IUrJagDSsoFpfhJPKzCxVhrMCmoDUGirKcprBhQslFaBntpvd4NeOJDgtlXNpcEdvdlgqtF6J2FUKauZ6qLXwNs3MxcZ0a5btED1YyaTvZpbLqjYgWb9RWhfYlLi9Ck64AmaKlQsoU9x9CrM5VZQZd7uASFiwUggqE6KodS6z7tM3eJLZS5LQLAO1KcS5dXdLcd4MeNXzasiXPV8OeN3W1xVVqlwMpGThpKRcyH/ifx749GAcTsbhibv0B9TbFnqBXqI9FKK36BAdoWM0RQz99Dwv8Lb97/4v/7d/3Zf63rrnOdow/89f9GkShQ==</latexit><latexit sha1_base64="L9sbv6PdC2/usjkysdSJC+dVjA8=">AAADOnicjZHNbtQwEMed8FVSPrZw5GJRkBYhrXZ7gUulCi4VpyLYtlK9XTnObNaN7US2092VlWfgSXgDTrwF4sYNcYU7TrJI3UiVGGmsmd9/RjPWxIXgxg6H34Lwxs1bt+9s3Y22791/8LC38+jY5KVmMGa5yPVpTA0IrmBsuRVwWmigMhZwEmdva/3kErThufpoVwVMJE0Vn3FGrUfTXnm4T0wpp47EWUWgMFx43GSMJGkTEc NTSSvWJHidvcTvcNN5QZotXKoB1LqJVv2LF2wa+3etakiqD+cubpRo2tsdDYaN4euD3YNnpP/n6ydyNN0JPpMkZ6UEZZmgxpyNhoWdOKotZwKqiJQGCsoymsKZDxWVYCaumV3h554keJZr78rihl7tcFQas5Kxr5TUzk1Xq+F1mp3LjenOLushprOSnb2eOK6K0oJi7UazUmCb4/oqOOEamBUrH1Cmuf8UZnOqKbP+dhFRsGC5lFQlRFPnXaXNp6/wJHXnJKFpCnpTiDPn7zbDWdXhRcuLLl+2fNnhZV1fFlTrfNGRkoWXknyh/on/eeDjvcFoOBi995d+g1rbQk/QU9RHI/QKHaBDdITGiKHvQRBEwXb4JfwR/gx/taVhsO55jDYs/P0XvIIVJg==</latexit><latexit sha1_base64="O8EqETT6uqtSRBeRldGO+Ezm8vI=">AAADOnicdZHNbhMxEMe9y1fZ8pHCkYtFQQpCijZc4IJUwaXiVARpK9Vp5PVONu7a3pXtJYmsfQaehDfgxFsgbtwQV7jj3SRSs6iWbM38/jOasf5JKbixcfw9CK9dv3Hz1s7taPfO3Xv3e3sPjk1RaQYjVohCnybUgOAKRpZbAaelBioTASdJ/rbRTz6BNrxQH+2yhLGkmeJTzqj1aNKrDl8TU8mJI0leEygNFx63GSNp1kbE8E zSmrUJXmfP8Tvcdl6QdguXaQC1bqJ1/+IZmyT+Xasa0vrDuUtaJZr09oeDuD346mD/4Anp//32mRxN9oIvJC1YJUFZJqgxZ8O4tGNHteVMQB2RykBJWU4zOPOhohLM2LWza/zUkxRPC+2vsrillzsclcYsZeIrJbUz09UaeJVmZ3JrurOLZojprGSnr8aOq7KyoNhqo2klsC1w4wpOuQZmxdIHlGnuP4XZjGrKrPcuIgrmrJCSqpRo6vxVWfvpSzzN3DlJaZaB3haS3HnfpjivO7xc8bLLFyu+6PCqqa9KqnUx70jp3EtpMVcbsTE43tj5f7Ax+PjFYBgPhu+902/Q6uygR+gx6qMheokO0CE6QiPE0I8gCKJgN/wa/gx/hb9XpWGw7nmItk745x+7LBUj</latexit><latexit sha1_base64="O8EqETT6uqtSRBeRldGO+Ezm8vI=">AAADOnicdZHNbhMxEMe9y1fZ8pHCkYtFQQpCijZc4IJUwaXiVARpK9Vp5PVONu7a3pXtJYmsfQaehDfgxFsgbtwQV7jj3SRSs6iWbM38/jOasf5JKbixcfw9CK9dv3Hz1s7taPfO3Xv3e3sPjk1RaQYjVohCnybUgOAKRpZbAaelBioTASdJ/rbRTz6BNrxQH+2yhLGkmeJTzqj1aNKrDl8TU8mJI0leEygNFx63GSNp1kbE8E zSmrUJXmfP8Tvcdl6QdguXaQC1bqJ1/+IZmyT+Xasa0vrDuUtaJZr09oeDuD346mD/4Anp//32mRxN9oIvJC1YJUFZJqgxZ8O4tGNHteVMQB2RykBJWU4zOPOhohLM2LWza/zUkxRPC+2vsrillzsclcYsZeIrJbUz09UaeJVmZ3JrurOLZojprGSnr8aOq7KyoNhqo2klsC1w4wpOuQZmxdIHlGnuP4XZjGrKrPcuIgrmrJCSqpRo6vxVWfvpSzzN3DlJaZaB3haS3HnfpjivO7xc8bLLFyu+6PCqqa9KqnUx70jp3EtpMVcbsTE43tj5f7Ax+PjFYBgPhu+902/Q6uygR+gx6qMheokO0CE6QiPE0I8gCKJgN/wa/gx/hb9XpWGw7nmItk745x+7LBUj</latexit><latexit sha1_base64="O8EqETT6uqtSRBeRldGO+Ezm8vI=">AAADOnicdZHNbhMxEMe9y1fZ8pHCkYtFQQpCijZc4IJUwaXiVARpK9Vp5PVONu7a3pXtJYmsfQaehDfgxFsgbtwQV7jj3SRSs6iWbM38/jOasf5JKbixcfw9CK9dv3Hz1s7taPfO3Xv3e3sPjk1RaQYjVohCnybUgOAKRpZbAaelBioTASdJ/rbRTz6BNrxQH+2yhLGkmeJTzqj1aNKrDl8TU8mJI0leEygNFx63GSNp1kbE8E zSmrUJXmfP8Tvcdl6QdguXaQC1bqJ1/+IZmyT+Xasa0vrDuUtaJZr09oeDuD346mD/4Anp//32mRxN9oIvJC1YJUFZJqgxZ8O4tGNHteVMQB2RykBJWU4zOPOhohLM2LWza/zUkxRPC+2vsrillzsclcYsZeIrJbUz09UaeJVmZ3JrurOLZojprGSnr8aOq7KyoNhqo2klsC1w4wpOuQZmxdIHlGnuP4XZjGrKrPcuIgrmrJCSqpRo6vxVWfvpSzzN3DlJaZaB3haS3HnfpjivO7xc8bLLFyu+6PCqqa9KqnUx70jp3EtpMVcbsTE43tj5f7Ax+PjFYBgPhu+902/Q6uygR+gx6qMheokO0CE6QiPE0I8gCKJgN/wa/gx/hb9XpWGw7nmItk745x+7LBUj</latexit><latexit sha1_base64="Gz5yqqr5hsh7cXkdlqmNo3ni3TU=">AAADOnicdZHNbtQwEMed8FVSPrZw5GKxQipCWmW5wAWpgkvFqQi2rVRvI8eZZN3ETmQ77K6sPBJvwIsgbtwQVx4AJ5uVukG1ZGvm95/RjPWPq4JrE4Y/PP/W7Tt37+3dD/YfPHz0eHTw5FSXtWIwY2VRqvOYaii4hJnhpoDzSgEVcQFncf6h1c++gtK8lF/MuoK5oJnkKWfUOBSN6uN3RNcisiTOGwKV5oXDXcZIknUR0TwTtG FdgvvsFf6Iu84r0m1hMwUg+ybaHF69ZFHs3l5VkDSfL23cKUE0Gk8nYXfwzcEY9eckOvC+kaRktQBpWEG1vpiGlZlbqgxnBTQBqTVUlOU0gwsXSipAz203u8EvHElwWip3pcEdvd5hqdB6LWJXKahZ6KHWwps0sxA7061ZtUP0YCWTvp1bLqvagGSbjdK6wKbErSs44QqYKdYuoExx9ynMFlRRZpx3AZGwZKUQVCZEUeuuzLpPX+NJZi9JQrMM1K4Q59b5luK8GfBqw6shX234asDrtr6uqFLlciAlSycl5VJuxdbgcGvn/8HW4NPXk2k4mX4Kx0fve6v30DP0HB2iKXqDjtAxOkEzxNBPz/MCb9//7v/yf/t/NqW+1/c8RTvH//sP71QRmQ==</latexit>



Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
and Newns 83, Auerbach and Levin 86. 

Local Wannier state:

⇥(x, �)

S[�]

�, x

Z =

Z

Fields
e� S[ ]

<latexit sha1_base64="q7QOxGOxUDdnX1g7AVPfQ8tn4LE="></latexit><latexit sha1_base64="q7QOxGOxUDdnX1g7AVPfQ8tn4LE="></latexit>

Path Integral
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Path Integral
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How can we tame the wild Quantum fluctuations?
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Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
and Newns 83, Auerbach and Levin 86. 
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<latexit sha1_base64="q7QOxGOxUDdnX1g7AVPfQ8tn4LE="></latexit><latexit sha1_base64="q7QOxGOxUDdnX1g7AVPfQ8tn4LE="></latexit>
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<latexit sha1_base64="aM0c6e/JcHMzL8WRDspV6Eo6nXo="></latexit><latexit sha1_base64="aM0c6e/JcHMzL8WRDspV6Eo6nXo="></latexit>
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<latexit sha1_base64="/Ni1jXDK+FhtPlxy6n5a4r73Blg="></latexit><latexit sha1_base64="/Ni1jXDK+FhtPlxy6n5a4r73Blg="></latexit>
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<latexit sha1_base64="bHmaGIesvAlr+jOFWYny9v8M2bA=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRWSKuES3tBquBScUBFsG2lertynEnWTexEtsPuyop4Il6Dd+ABuHFDXBFOskjdSJUYydHM7z/jGWeiMufaBMF3z79x89btOxt3B5v37j/YGm4/PNFFpRiMWZEX6iyiGnIuYWy4yeGsVEBFlMNplL1t9NPPoDQv5CezLGEiaCp5whk1Dk2HX45eE12JqSVRVhMoNc8dbiNG4rT1iO apoDVrA7yKXmKSKMrsu9q+r3F7xyVp57GpApCrclrvXu6xaeS+K1VBXH+8sFGrDKbDnXAUtIavd3YOn5M95Ox4uu19JXHBKgHSsJxqfR4GpZlYqgxnOdQDUmkoKctoCufOlVSAnti2d41fOBLjpFDuSINberXCUqH1UkQuU1Az032tgddpZibWuluzaJro3kgmOZhYLsvKgGTdREmVY1PgZj845gqYyZfOoUxx9yjMZtT9aeO2OCAS5qwQgsqYKGrdkWn76Cs8Tu0FiWmagloXosy6DSY4q3u87HjZ54uOL3q8avKrkipVzHtSPHdSXMzlP/E/F3zyahQGo/CD2/Qb1NkGeoqeoV0Uon10iI7QMRojhn54m95j74n/zf/p//J/d6m+t6p5hNbM//MXZ0QXHw==</latexit><latexit sha1_base64="M7i2oQCCXTWcvQ/JnnxWpnZ2EoQ=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRFSKuES3tBquBScUBFsG2lertynEnWXduJbIfdlRXxCDwJL8GBd+ABuHFDvSK82UXqRqrESI5mfv8ZzziTlIIbG0U/gvDa9Rs3b23c7mzeuXtvq7t9/8gUlWYwYIUo9ElCDQiuYGC5FXBSaqAyEXCcTN4s9ONPoA0v1Ec7L2Eoaa54xhm1Ho26nw9eEVPJkSPJpCZQGi48biJG0r zxiOG5pDVrAryKXmCSacrc29q9q3Fzxzlp5nG5BlCrclr3zp+zUeK/K1VDWn84c0mjdEbdnbgfNYavdnb2n5Lexbcv5HC0HXwlacEqCcoyQY05jaPSDh3VljMBdYdUBkrKJjSHU+8qKsEMXdO7xs88SXFWaH+UxQ29XOGoNGYuE58pqR2btraAV2l2LNe6OztbNDGtkWy2N3RclZUFxZYTZZXAtsCL/eCUa2BWzL1Dmeb+UZiNqf/T1m+xQxRMWSElVSnR1Pmj8ubRl3iauzOS0jwHvS4kE+c3mOFJ3eLlkpdtPlvyWYtXi/yqpFoX05aUTr2UFlP1T/zPBR+97MdRP37vN/0aLW0DPUZPUA/FaBftowN0iAaIoZ/BZvAweBR+D3+Fv8OLZWoYrGoeoDUL//wFL10ZwA==</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="afQBk2etxyt+IPoRfvwjiPRkK2w=">AAADRHicdVHLbtQwFHXCq0x5THms2FiMkIqQRgkb2CBVsKlYoCKYtlI9HTnOTcZN7ES2w8zIivgifoN/4APYsUNsEU4mI3WCeiVH555zr+91TlTmXJsg+OH5167fuHlr5/Zg987de/eHew+OdVEpBhNW5IU6jaiGnEuYGG5yOC0VUBHlcBJl7xr95AsozQv52axKmAqaSp5wRo2jZsOvh2+IrsTMkiirCZSa545uM0bitEVE81 TQmrUJ7rIXmCSKMvu+th9q3N5xQdp9bKoAZNdO6/2L52wWuW+nKojrT+c2apXBbDgKx0Eb+GowQl0czfa8byQuWCVAGpZTrc/CoDRTS5XhLId6QCoNJWUZTeHMQUkF6KltZ9f4mWNinBTKHWlwy17usFRovRKRqxTUzHVfa8irNDMXW9OtWTZDdG8lk7yeWi7LyoBk642SKsemwI0/OOYKmMlXDlCmuHsUZnPq/rRxLg6IhAUrhKAyJopad2TaPvoSH6f2nMQ0TUFtC1FmnYMJzuoeX675ss8v1/yyx1dNfVVSpYpFT4oXToqLhdyIjcHBxs7/wcbg45fjMBiHH4PRwdvO6h30BD1F+yhEr9ABOkRHaIIY+unteo+8x/53/5f/2/+zLvW9ruch2gr/7z9iLxYz</latexit>



Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
and Newns 83, Auerbach and Levin 86. 

Local Wannier state:
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Large N expansion.
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<latexit sha1_base64="q7QOxGOxUDdnX1g7AVPfQ8tn4LE="></latexit><latexit sha1_base64="q7QOxGOxUDdnX1g7AVPfQ8tn4LE="></latexit>
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<latexit sha1_base64="aM0c6e/JcHMzL8WRDspV6Eo6nXo="></latexit><latexit sha1_base64="aM0c6e/JcHMzL8WRDspV6Eo6nXo="></latexit>
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<latexit sha1_base64="/Ni1jXDK+FhtPlxy6n5a4r73Blg="></latexit><latexit sha1_base64="/Ni1jXDK+FhtPlxy6n5a4r73Blg="></latexit>

N
<latexit sha1_base64="6LYRkrUc6QxytcjAP2cy3TnovAs="></latexit><latexit sha1_base64="6LYRkrUc6QxytcjAP2cy3TnovAs="></latexit>
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<latexit sha1_base64="bHmaGIesvAlr+jOFWYny9v8M2bA=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRWSKuES3tBquBScUBFsG2lertynEnWTexEtsPuyop4Il6Dd+ABuHFDXBFOskjdSJUYydHM7z/jGWeiMufaBMF3z79x89btOxt3B5v37j/YGm4/PNFFpRiMWZEX6iyiGnIuYWy4yeGsVEBFlMNplL1t9NPPoDQv5CezLGEiaCp5whk1Dk2HX45eE12JqSVRVhMoNc8dbiNG4rT1iO apoDVrA7yKXmKSKMrsu9q+r3F7xyVp57GpApCrclrvXu6xaeS+K1VBXH+8sFGrDKbDnXAUtIavd3YOn5M95Ox4uu19JXHBKgHSsJxqfR4GpZlYqgxnOdQDUmkoKctoCufOlVSAnti2d41fOBLjpFDuSINberXCUqH1UkQuU1Az032tgddpZibWuluzaJro3kgmOZhYLsvKgGTdREmVY1PgZj845gqYyZfOoUxx9yjMZtT9aeO2OCAS5qwQgsqYKGrdkWn76Cs8Tu0FiWmagloXosy6DSY4q3u87HjZ54uOL3q8avKrkipVzHtSPHdSXMzlP/E/F3zyahQGo/CD2/Qb1NkGeoqeoV0Uon10iI7QMRojhn54m95j74n/zf/p//J/d6m+t6p5hNbM//MXZ0QXHw==</latexit><latexit sha1_base64="M7i2oQCCXTWcvQ/JnnxWpnZ2EoQ=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRFSKuES3tBquBScUBFsG2lertynEnWXduJbIfdlRXxCDwJL8GBd+ABuHFDvSK82UXqRqrESI5mfv8ZzziTlIIbG0U/gvDa9Rs3b23c7mzeuXtvq7t9/8gUlWYwYIUo9ElCDQiuYGC5FXBSaqAyEXCcTN4s9ONPoA0v1Ec7L2Eoaa54xhm1Ho26nw9eEVPJkSPJpCZQGi48biJG0r zxiOG5pDVrAryKXmCSacrc29q9q3Fzxzlp5nG5BlCrclr3zp+zUeK/K1VDWn84c0mjdEbdnbgfNYavdnb2n5Lexbcv5HC0HXwlacEqCcoyQY05jaPSDh3VljMBdYdUBkrKJjSHU+8qKsEMXdO7xs88SXFWaH+UxQ29XOGoNGYuE58pqR2btraAV2l2LNe6OztbNDGtkWy2N3RclZUFxZYTZZXAtsCL/eCUa2BWzL1Dmeb+UZiNqf/T1m+xQxRMWSElVSnR1Pmj8ubRl3iauzOS0jwHvS4kE+c3mOFJ3eLlkpdtPlvyWYtXi/yqpFoX05aUTr2UFlP1T/zPBR+97MdRP37vN/0aLW0DPUZPUA/FaBftowN0iAaIoZ/BZvAweBR+D3+Fv8OLZWoYrGoeoDUL//wFL10ZwA==</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="afQBk2etxyt+IPoRfvwjiPRkK2w=">AAADRHicdVHLbtQwFHXCq0x5THms2FiMkIqQRgkb2CBVsKlYoCKYtlI9HTnOTcZN7ES2w8zIivgifoN/4APYsUNsEU4mI3WCeiVH555zr+91TlTmXJsg+OH5167fuHlr5/Zg987de/eHew+OdVEpBhNW5IU6jaiGnEuYGG5yOC0VUBHlcBJl7xr95AsozQv52axKmAqaSp5wRo2jZsOvh2+IrsTMkiirCZSa545uM0bitEVE81 TQmrUJ7rIXmCSKMvu+th9q3N5xQdp9bKoAZNdO6/2L52wWuW+nKojrT+c2apXBbDgKx0Eb+GowQl0czfa8byQuWCVAGpZTrc/CoDRTS5XhLId6QCoNJWUZTeHMQUkF6KltZ9f4mWNinBTKHWlwy17usFRovRKRqxTUzHVfa8irNDMXW9OtWTZDdG8lk7yeWi7LyoBk642SKsemwI0/OOYKmMlXDlCmuHsUZnPq/rRxLg6IhAUrhKAyJopad2TaPvoSH6f2nMQ0TUFtC1FmnYMJzuoeX675ss8v1/yyx1dNfVVSpYpFT4oXToqLhdyIjcHBxs7/wcbg45fjMBiHH4PRwdvO6h30BD1F+yhEr9ABOkRHaIIY+unteo+8x/53/5f/2/+zLvW9ruch2gr/7z9iLxYz</latexit>



Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
and Newns 83, Auerbach and Levin 86. 
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<latexit sha1_base64="aM0c6e/JcHMzL8WRDspV6Eo6nXo="></latexit><latexit sha1_base64="aM0c6e/JcHMzL8WRDspV6Eo6nXo="></latexit>
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<latexit sha1_base64="bHmaGIesvAlr+jOFWYny9v8M2bA=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRWSKuES3tBquBScUBFsG2lertynEnWTexEtsPuyop4Il6Dd+ABuHFDXBFOskjdSJUYydHM7z/jGWeiMufaBMF3z79x89btOxt3B5v37j/YGm4/PNFFpRiMWZEX6iyiGnIuYWy4yeGsVEBFlMNplL1t9NPPoDQv5CezLGEiaCp5whk1Dk2HX45eE12JqSVRVhMoNc8dbiNG4rT1iO apoDVrA7yKXmKSKMrsu9q+r3F7xyVp57GpApCrclrvXu6xaeS+K1VBXH+8sFGrDKbDnXAUtIavd3YOn5M95Ox4uu19JXHBKgHSsJxqfR4GpZlYqgxnOdQDUmkoKctoCufOlVSAnti2d41fOBLjpFDuSINberXCUqH1UkQuU1Az032tgddpZibWuluzaJro3kgmOZhYLsvKgGTdREmVY1PgZj845gqYyZfOoUxx9yjMZtT9aeO2OCAS5qwQgsqYKGrdkWn76Cs8Tu0FiWmagloXosy6DSY4q3u87HjZ54uOL3q8avKrkipVzHtSPHdSXMzlP/E/F3zyahQGo/CD2/Qb1NkGeoqeoV0Uon10iI7QMRojhn54m95j74n/zf/p//J/d6m+t6p5hNbM//MXZ0QXHw==</latexit><latexit sha1_base64="M7i2oQCCXTWcvQ/JnnxWpnZ2EoQ=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRFSKuES3tBquBScUBFsG2lertynEnWXduJbIfdlRXxCDwJL8GBd+ABuHFDvSK82UXqRqrESI5mfv8ZzziTlIIbG0U/gvDa9Rs3b23c7mzeuXtvq7t9/8gUlWYwYIUo9ElCDQiuYGC5FXBSaqAyEXCcTN4s9ONPoA0v1Ec7L2Eoaa54xhm1Ho26nw9eEVPJkSPJpCZQGi48biJG0r zxiOG5pDVrAryKXmCSacrc29q9q3Fzxzlp5nG5BlCrclr3zp+zUeK/K1VDWn84c0mjdEbdnbgfNYavdnb2n5Lexbcv5HC0HXwlacEqCcoyQY05jaPSDh3VljMBdYdUBkrKJjSHU+8qKsEMXdO7xs88SXFWaH+UxQ29XOGoNGYuE58pqR2btraAV2l2LNe6OztbNDGtkWy2N3RclZUFxZYTZZXAtsCL/eCUa2BWzL1Dmeb+UZiNqf/T1m+xQxRMWSElVSnR1Pmj8ubRl3iauzOS0jwHvS4kE+c3mOFJ3eLlkpdtPlvyWYtXi/yqpFoX05aUTr2UFlP1T/zPBR+97MdRP37vN/0aLW0DPUZPUA/FaBftowN0iAaIoZ/BZvAweBR+D3+Fv8OLZWoYrGoeoDUL//wFL10ZwA==</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="afQBk2etxyt+IPoRfvwjiPRkK2w=">AAADRHicdVHLbtQwFHXCq0x5THms2FiMkIqQRgkb2CBVsKlYoCKYtlI9HTnOTcZN7ES2w8zIivgifoN/4APYsUNsEU4mI3WCeiVH555zr+91TlTmXJsg+OH5167fuHlr5/Zg987de/eHew+OdVEpBhNW5IU6jaiGnEuYGG5yOC0VUBHlcBJl7xr95AsozQv52axKmAqaSp5wRo2jZsOvh2+IrsTMkiirCZSa545uM0bitEVE81 TQmrUJ7rIXmCSKMvu+th9q3N5xQdp9bKoAZNdO6/2L52wWuW+nKojrT+c2apXBbDgKx0Eb+GowQl0czfa8byQuWCVAGpZTrc/CoDRTS5XhLId6QCoNJWUZTeHMQUkF6KltZ9f4mWNinBTKHWlwy17usFRovRKRqxTUzHVfa8irNDMXW9OtWTZDdG8lk7yeWi7LyoBk642SKsemwI0/OOYKmMlXDlCmuHsUZnPq/rRxLg6IhAUrhKAyJopad2TaPvoSH6f2nMQ0TUFtC1FmnYMJzuoeX675ss8v1/yyx1dNfVVSpYpFT4oXToqLhdyIjcHBxs7/wcbg45fjMBiHH4PRwdvO6h30BD1F+yhEr9ABOkRHaIIY+unteo+8x/53/5f/2/+zLvW9ruch2gr/7z9iLxYz</latexit>
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<latexit sha1_base64="/Ni1jXDK+FhtPlxy6n5a4r73Blg="></latexit><latexit sha1_base64="/Ni1jXDK+FhtPlxy6n5a4r73Blg="></latexit>
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<latexit sha1_base64="LA2kaxXsEvJf3TFvCk2P4+RydVw="></latexit><latexit sha1_base64="LA2kaxXsEvJf3TFvCk2P4+RydVw="></latexit>
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Local Wannier state:
Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
and Newns 83, Auerbach and Levin 86. 
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<latexit sha1_base64="bHmaGIesvAlr+jOFWYny9v8M2bA=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRWSKuES3tBquBScUBFsG2lertynEnWTexEtsPuyop4Il6Dd+ABuHFDXBFOskjdSJUYydHM7z/jGWeiMufaBMF3z79x89btOxt3B5v37j/YGm4/PNFFpRiMWZEX6iyiGnIuYWy4yeGsVEBFlMNplL1t9NPPoDQv5CezLGEiaCp5whk1Dk2HX45eE12JqSVRVhMoNc8dbiNG4rT1iO apoDVrA7yKXmKSKMrsu9q+r3F7xyVp57GpApCrclrvXu6xaeS+K1VBXH+8sFGrDKbDnXAUtIavd3YOn5M95Ox4uu19JXHBKgHSsJxqfR4GpZlYqgxnOdQDUmkoKctoCufOlVSAnti2d41fOBLjpFDuSINberXCUqH1UkQuU1Az032tgddpZibWuluzaJro3kgmOZhYLsvKgGTdREmVY1PgZj845gqYyZfOoUxx9yjMZtT9aeO2OCAS5qwQgsqYKGrdkWn76Cs8Tu0FiWmagloXosy6DSY4q3u87HjZ54uOL3q8avKrkipVzHtSPHdSXMzlP/E/F3zyahQGo/CD2/Qb1NkGeoqeoV0Uon10iI7QMRojhn54m95j74n/zf/p//J/d6m+t6p5hNbM//MXZ0QXHw==</latexit><latexit sha1_base64="M7i2oQCCXTWcvQ/JnnxWpnZ2EoQ=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRFSKuES3tBquBScUBFsG2lertynEnWXduJbIfdlRXxCDwJL8GBd+ABuHFDvSK82UXqRqrESI5mfv8ZzziTlIIbG0U/gvDa9Rs3b23c7mzeuXtvq7t9/8gUlWYwYIUo9ElCDQiuYGC5FXBSaqAyEXCcTN4s9ONPoA0v1Ec7L2Eoaa54xhm1Ho26nw9eEVPJkSPJpCZQGi48biJG0r zxiOG5pDVrAryKXmCSacrc29q9q3Fzxzlp5nG5BlCrclr3zp+zUeK/K1VDWn84c0mjdEbdnbgfNYavdnb2n5Lexbcv5HC0HXwlacEqCcoyQY05jaPSDh3VljMBdYdUBkrKJjSHU+8qKsEMXdO7xs88SXFWaH+UxQ29XOGoNGYuE58pqR2btraAV2l2LNe6OztbNDGtkWy2N3RclZUFxZYTZZXAtsCL/eCUa2BWzL1Dmeb+UZiNqf/T1m+xQxRMWSElVSnR1Pmj8ubRl3iauzOS0jwHvS4kE+c3mOFJ3eLlkpdtPlvyWYtXi/yqpFoX05aUTr2UFlP1T/zPBR+97MdRP37vN/0aLW0DPUZPUA/FaBftowN0iAaIoZ/BZvAweBR+D3+Fv8OLZWoYrGoeoDUL//wFL10ZwA==</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="afQBk2etxyt+IPoRfvwjiPRkK2w=">AAADRHicdVHLbtQwFHXCq0x5THms2FiMkIqQRgkb2CBVsKlYoCKYtlI9HTnOTcZN7ES2w8zIivgifoN/4APYsUNsEU4mI3WCeiVH555zr+91TlTmXJsg+OH5167fuHlr5/Zg987de/eHew+OdVEpBhNW5IU6jaiGnEuYGG5yOC0VUBHlcBJl7xr95AsozQv52axKmAqaSp5wRo2jZsOvh2+IrsTMkiirCZSa545uM0bitEVE81 TQmrUJ7rIXmCSKMvu+th9q3N5xQdp9bKoAZNdO6/2L52wWuW+nKojrT+c2apXBbDgKx0Eb+GowQl0czfa8byQuWCVAGpZTrc/CoDRTS5XhLId6QCoNJWUZTeHMQUkF6KltZ9f4mWNinBTKHWlwy17usFRovRKRqxTUzHVfa8irNDMXW9OtWTZDdG8lk7yeWi7LyoBk642SKsemwI0/OOYKmMlXDlCmuHsUZnPq/rRxLg6IhAUrhKAyJopad2TaPvoSH6f2nMQ0TUFtC1FmnYMJzuoeX675ss8v1/yyx1dNfVVSpYpFT4oXToqLhdyIjcHBxs7/wcbg45fjMBiHH4PRwdvO6h30BD1F+yhEr9ABOkRHaIIY+unteo+8x/53/5f/2/+zLvW9ruch2gr/7z9iLxYz</latexit>
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<latexit sha1_base64="LA2kaxXsEvJf3TFvCk2P4+RydVw="></latexit><latexit sha1_base64="LA2kaxXsEvJf3TFvCk2P4+RydVw="></latexit>
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Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
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<latexit sha1_base64="bHmaGIesvAlr+jOFWYny9v8M2bA=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRWSKuES3tBquBScUBFsG2lertynEnWTexEtsPuyop4Il6Dd+ABuHFDXBFOskjdSJUYydHM7z/jGWeiMufaBMF3z79x89btOxt3B5v37j/YGm4/PNFFpRiMWZEX6iyiGnIuYWy4yeGsVEBFlMNplL1t9NPPoDQv5CezLGEiaCp5whk1Dk2HX45eE12JqSVRVhMoNc8dbiNG4rT1iO apoDVrA7yKXmKSKMrsu9q+r3F7xyVp57GpApCrclrvXu6xaeS+K1VBXH+8sFGrDKbDnXAUtIavd3YOn5M95Ox4uu19JXHBKgHSsJxqfR4GpZlYqgxnOdQDUmkoKctoCufOlVSAnti2d41fOBLjpFDuSINberXCUqH1UkQuU1Az032tgddpZibWuluzaJro3kgmOZhYLsvKgGTdREmVY1PgZj845gqYyZfOoUxx9yjMZtT9aeO2OCAS5qwQgsqYKGrdkWn76Cs8Tu0FiWmagloXosy6DSY4q3u87HjZ54uOL3q8avKrkipVzHtSPHdSXMzlP/E/F3zyahQGo/CD2/Qb1NkGeoqeoV0Uon10iI7QMRojhn54m95j74n/zf/p//J/d6m+t6p5hNbM//MXZ0QXHw==</latexit><latexit sha1_base64="M7i2oQCCXTWcvQ/JnnxWpnZ2EoQ=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRFSKuES3tBquBScUBFsG2lertynEnWXduJbIfdlRXxCDwJL8GBd+ABuHFDvSK82UXqRqrESI5mfv8ZzziTlIIbG0U/gvDa9Rs3b23c7mzeuXtvq7t9/8gUlWYwYIUo9ElCDQiuYGC5FXBSaqAyEXCcTN4s9ONPoA0v1Ec7L2Eoaa54xhm1Ho26nw9eEVPJkSPJpCZQGi48biJG0r zxiOG5pDVrAryKXmCSacrc29q9q3Fzxzlp5nG5BlCrclr3zp+zUeK/K1VDWn84c0mjdEbdnbgfNYavdnb2n5Lexbcv5HC0HXwlacEqCcoyQY05jaPSDh3VljMBdYdUBkrKJjSHU+8qKsEMXdO7xs88SXFWaH+UxQ29XOGoNGYuE58pqR2btraAV2l2LNe6OztbNDGtkWy2N3RclZUFxZYTZZXAtsCL/eCUa2BWzL1Dmeb+UZiNqf/T1m+xQxRMWSElVSnR1Pmj8ubRl3iauzOS0jwHvS4kE+c3mOFJ3eLlkpdtPlvyWYtXi/yqpFoX05aUTr2UFlP1T/zPBR+97MdRP37vN/0aLW0DPUZPUA/FaBftowN0iAaIoZ/BZvAweBR+D3+Fv8OLZWoYrGoeoDUL//wFL10ZwA==</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="afQBk2etxyt+IPoRfvwjiPRkK2w=">AAADRHicdVHLbtQwFHXCq0x5THms2FiMkIqQRgkb2CBVsKlYoCKYtlI9HTnOTcZN7ES2w8zIivgifoN/4APYsUNsEU4mI3WCeiVH555zr+91TlTmXJsg+OH5167fuHlr5/Zg987de/eHew+OdVEpBhNW5IU6jaiGnEuYGG5yOC0VUBHlcBJl7xr95AsozQv52axKmAqaSp5wRo2jZsOvh2+IrsTMkiirCZSa545uM0bitEVE81 TQmrUJ7rIXmCSKMvu+th9q3N5xQdp9bKoAZNdO6/2L52wWuW+nKojrT+c2apXBbDgKx0Eb+GowQl0czfa8byQuWCVAGpZTrc/CoDRTS5XhLId6QCoNJWUZTeHMQUkF6KltZ9f4mWNinBTKHWlwy17usFRovRKRqxTUzHVfa8irNDMXW9OtWTZDdG8lk7yeWi7LyoBk642SKsemwI0/OOYKmMlXDlCmuHsUZnPq/rRxLg6IhAUrhKAyJopad2TaPvoSH6f2nMQ0TUFtC1FmnYMJzuoeX675ss8v1/yyx1dNfVVSpYpFT4oXToqLhdyIjcHBxs7/wcbg45fjMBiHH4PRwdvO6h30BD1F+yhEr9ABOkRHaIIY+unteo+8x/53/5f/2/+zLvW9ruch2gr/7z9iLxYz</latexit>



c†�( j) =
1�
V

�

k
ck�eik·R j

⇥(x, �)

S[�]

�, x

Large N expansion.

Z =

Z

Fields
e
�S[ ]

1/N

<latexit sha1_base64="LA2kaxXsEvJf3TFvCk2P4+RydVw="></latexit><latexit sha1_base64="LA2kaxXsEvJf3TFvCk2P4+RydVw="></latexit>
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Doniach 77, Lacroix and Cyrot 79, Coleman 83, Read 
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<latexit sha1_base64="naBl5sP8ebDPxBTFuX4Mp9MsKQA=">AAADFXicjZJNj9MwEIbd8LWUry4cuUQsSO2BKuECxxVcFg6oSHR3pXWJJo6TeBvbke3QVlZ+B7+CKzduiCtnJK7wO3CSBbaRVmKkkV4971j2zDguC6ZNEHwfeJcuX7l6bef68MbNW7fvjHbvHmpZKULnRBZSHcegacEEnRtmCnpcKgo8LuhRvHzR+EfvqdJMirdmU9IFh0ywlBEwDkWj2UH0EiuW5QaUkiv/MU4VEPuqtq/rcY qTLLKnGIoyh5r8k5MxObNiaqBO/6rJMBrthdOgDf9isbf/EE+Qi1m0O/iIE0kqToUhBWh9EgalWVhQhpGC1kNcaVoCWUJGT5wUwKle2Lb12n/kSOKnUrkUxm/p+RMWuNYbHrtKDibXfa+BF3km51u3W7NuLtG9J5n02cIyUVaGCtK9KK0K30i/GbifMEWJKTZOAFHMNeWTHNyQjVvLEAu6IpJzEAlWYF2KrG36HE8y+w4nkGVUbRvx0locp/6y7vGy42Wfrzu+7vGqqa/K9gf0rGTlrESuxB/zPxd8+GQaBtPwjdv0c9TFDrqPHqAxCtFTtI8O0AzNEUGf0A/0E/3yPnifvS/e167UG5yduYe2wvv2G2rZBdU=</latexit><latexit sha1_base64="0IbdEqhJiKn1mfvN4rVuYUdcbUQ=">AAADFXicjZI9j9QwEIa94etYvvagpLE4kPYKVgkNlCdoDgq0SOzdSeclmjhOYjZxLNthd2XlN1DyK2jpaBCipUaihX9Aj5MccBvpJEYa6dXzjmXPjCOZc218/9vAO3f+wsVLW5eHV65eu35jtH3zQJeVomxGy7xURxFolnPBZoabnB1JxaCIcnYYLZ40/uEbpjQvxUuzlmxeQCp4wikYh8LRdD98ShRPMwNKlUt8nyQKqH1W2+ f1OCFxGtrXBHKZQU3/yd0xPbEiZqBO/qrdYTjaCSZ+G/hssbN3l4x/fXpLpuH24D2JS1oVTBiag9bHgS/N3IIynOasHpJKMwl0ASk7dlJAwfTctq3X+J4jMU5K5VIY3NLTJywUWq+LyFUWYDLd9xp4lmeyYuN2a1bNJbr3JJM8mlsuZGWYoN2LkirHpsTNwHHMFaMmXzsBVHHXFKYZuCEbt5YhEWxJy6IAERMF1qVI26ZP8Ti1r0gMacrUphEtrCVRghd1j8uOyz5fdXzV41VTX8n2B/SseOmsuFyKP+Z/LvjgwSTwJ8ELt+nHqIstdBvdQWMUoIdoD+2jKZohij6g7+gH+um98z56n70vXak3ODlzC22E9/U3MvIIdg==</latexit><latexit sha1_base64="24gDXVmafP543HQlcLwROEXs0Gk=">AAADFXicdZI/j9MwGMbd8O8o/3owskQcSL2BKmGB8QTLwYCKRO9OOpfojeOkvia2ZTu0lZXPwMinYGVjQYiVGYkVvgE7TnKFa9C9kqVHv+e17NePY5kzbYLge8+7cPHS5StbV/vXrt+4eWuwfftAi1IROiEiF+ooBk1zxunEMJPTI6koFHFOD+P5s9o/fEuVZoK/NitJpwVknKWMgHEoGoz3o+dYsWxmQCmx8B/iVAGxLyr7sh qmOMkie4IhlzOoyD+5OySnVkwNVOlftduPBjvhKGjKP1/s7N3Hw9+f3+FxtN37gBNByoJyQ3LQ+jgMpJlaUIaRnFZ9XGoqgcwho8dOciiontpm9Mp/4Ejip0K5xY3f0LM7LBRar4rYdRZgZrrr1fA8z8yKjdOtWdaH6M6VTPpkahmXpaGctDdKy9w3wq8f3E+YosTkKyeAKOaG8skM3CMbF0sfc7ogoiiAJ1iBdYtnzdBneJLZNziBLKNq04jn1uI49edVh8uWyy5ftnzZ4WXdX8rmB3SsZOGsRCz42qwDDtZx/i/WAR88GoXBKHzlkn6K2tpCd9E9NEQheoz20D4aowki6CP6gX6iX95775P3xfvatnq90z130EZ53/4AMZwIcw==</latexit><latexit sha1_base64="24gDXVmafP543HQlcLwROEXs0Gk=">AAADFXicdZI/j9MwGMbd8O8o/3owskQcSL2BKmGB8QTLwYCKRO9OOpfojeOkvia2ZTu0lZXPwMinYGVjQYiVGYkVvgE7TnKFa9C9kqVHv+e17NePY5kzbYLge8+7cPHS5StbV/vXrt+4eWuwfftAi1IROiEiF+ooBk1zxunEMJPTI6koFHFOD+P5s9o/fEuVZoK/NitJpwVknKWMgHEoGoz3o+dYsWxmQCmx8B/iVAGxLyr7sh qmOMkie4IhlzOoyD+5OySnVkwNVOlftduPBjvhKGjKP1/s7N3Hw9+f3+FxtN37gBNByoJyQ3LQ+jgMpJlaUIaRnFZ9XGoqgcwho8dOciiontpm9Mp/4Ejip0K5xY3f0LM7LBRar4rYdRZgZrrr1fA8z8yKjdOtWdaH6M6VTPpkahmXpaGctDdKy9w3wq8f3E+YosTkKyeAKOaG8skM3CMbF0sfc7ogoiiAJ1iBdYtnzdBneJLZNziBLKNq04jn1uI49edVh8uWyy5ftnzZ4WXdX8rmB3SsZOGsRCz42qwDDtZx/i/WAR88GoXBKHzlkn6K2tpCd9E9NEQheoz20D4aowki6CP6gX6iX95775P3xfvatnq90z130EZ53/4AMZwIcw==</latexit><latexit sha1_base64="24gDXVmafP543HQlcLwROEXs0Gk=">AAADFXicdZI/j9MwGMbd8O8o/3owskQcSL2BKmGB8QTLwYCKRO9OOpfojeOkvia2ZTu0lZXPwMinYGVjQYiVGYkVvgE7TnKFa9C9kqVHv+e17NePY5kzbYLge8+7cPHS5StbV/vXrt+4eWuwfftAi1IROiEiF+ooBk1zxunEMJPTI6koFHFOD+P5s9o/fEuVZoK/NitJpwVknKWMgHEoGoz3o+dYsWxmQCmx8B/iVAGxLyr7sh qmOMkie4IhlzOoyD+5OySnVkwNVOlftduPBjvhKGjKP1/s7N3Hw9+f3+FxtN37gBNByoJyQ3LQ+jgMpJlaUIaRnFZ9XGoqgcwho8dOciiontpm9Mp/4Ejip0K5xY3f0LM7LBRar4rYdRZgZrrr1fA8z8yKjdOtWdaH6M6VTPpkahmXpaGctDdKy9w3wq8f3E+YosTkKyeAKOaG8skM3CMbF0sfc7ogoiiAJ1iBdYtnzdBneJLZNziBLKNq04jn1uI49edVh8uWyy5ftnzZ4WXdX8rmB3SsZOGsRCz42qwDDtZx/i/WAR88GoXBKHzlkn6K2tpCd9E9NEQheoz20D4aowki6CP6gX6iX95775P3xfvatnq90z130EZ53/4AMZwIcw==</latexit><latexit sha1_base64="FV28yw/mHbL1Yf6soqksAKjIW7s=">AAADFXicdZLNjtMwFIXd8DeUvw4s2URUSJ0FVTIbWI5gM7BARaIzI41LdOM4iWlsR7ZDW1l5Dp6CLTt2iC1rJLbwHDhpC9OguZKlo+9cy74+jsuCaRMEP3relavXrt/Yu9m/dfvO3XuD/fsnWlaK0CmRhVRnMWhaMEGnhpmCnpWKAo8LehrPXzT+6QeqNJPirVmVdMYhEyxlBIxD0WByHL3EimW5AaXkwn+CUwXEvqrt63qU4i SL7HsMRZlDTf7JgxHZWDE1UKd/1UE/GgzDcdCWf7kYok1Nov3eJ5xIUnEqDClA6/MwKM3MgjKMFLTu40rTEsgcMnrupABO9cy2o9f+Y0cSP5XKLWH8ll7cYYFrveKx6+Rgct31GniZZ3K+c7o1y+YQ3bmSSZ/NLBNlZagg6xulVeEb6TcP7idMUWKKlRNAFHND+SQH98jGxdLHgi6I5BxEghVYt0TWDn2BJ5l9hxPIMqp2jXhuLY5Tf153eLnmZZcv13zZ4VXTX5XtD+hYycJZiVyIrdkEHGzj/F9sAz45HIfBOHwTDI+eb6LeQw/RIzRCIXqKjtAxmqApIugz+ol+od/eR++L99X7tm71eps9D9BOed//AGXEBOk=</latexit>
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<latexit sha1_base64="bHmaGIesvAlr+jOFWYny9v8M2bA=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRWSKuES3tBquBScUBFsG2lertynEnWTexEtsPuyop4Il6Dd+ABuHFDXBFOskjdSJUYydHM7z/jGWeiMufaBMF3z79x89btOxt3B5v37j/YGm4/PNFFpRiMWZEX6iyiGnIuYWy4yeGsVEBFlMNplL1t9NPPoDQv5CezLGEiaCp5whk1Dk2HX45eE12JqSVRVhMoNc8dbiNG4rT1iO apoDVrA7yKXmKSKMrsu9q+r3F7xyVp57GpApCrclrvXu6xaeS+K1VBXH+8sFGrDKbDnXAUtIavd3YOn5M95Ox4uu19JXHBKgHSsJxqfR4GpZlYqgxnOdQDUmkoKctoCufOlVSAnti2d41fOBLjpFDuSINberXCUqH1UkQuU1Az032tgddpZibWuluzaJro3kgmOZhYLsvKgGTdREmVY1PgZj845gqYyZfOoUxx9yjMZtT9aeO2OCAS5qwQgsqYKGrdkWn76Cs8Tu0FiWmagloXosy6DSY4q3u87HjZ54uOL3q8avKrkipVzHtSPHdSXMzlP/E/F3zyahQGo/CD2/Qb1NkGeoqeoV0Uon10iI7QMRojhn54m95j74n/zf/p//J/d6m+t6p5hNbM//MXZ0QXHw==</latexit><latexit sha1_base64="M7i2oQCCXTWcvQ/JnnxWpnZ2EoQ=">AAADRHicjZHNbtQwEMed8FW2QLd8nLhYFKRFSKuES3tBquBScUBFsG2lertynEnWXduJbIfdlRXxCDwJL8GBd+ABuHFDvSK82UXqRqrESI5mfv8ZzziTlIIbG0U/gvDa9Rs3b23c7mzeuXtvq7t9/8gUlWYwYIUo9ElCDQiuYGC5FXBSaqAyEXCcTN4s9ONPoA0v1Ec7L2Eoaa54xhm1Ho26nw9eEVPJkSPJpCZQGi48biJG0r zxiOG5pDVrAryKXmCSacrc29q9q3Fzxzlp5nG5BlCrclr3zp+zUeK/K1VDWn84c0mjdEbdnbgfNYavdnb2n5Lexbcv5HC0HXwlacEqCcoyQY05jaPSDh3VljMBdYdUBkrKJjSHU+8qKsEMXdO7xs88SXFWaH+UxQ29XOGoNGYuE58pqR2btraAV2l2LNe6OztbNDGtkWy2N3RclZUFxZYTZZXAtsCL/eCUa2BWzL1Dmeb+UZiNqf/T1m+xQxRMWSElVSnR1Pmj8ubRl3iauzOS0jwHvS4kE+c3mOFJ3eLlkpdtPlvyWYtXi/yqpFoX05aUTr2UFlP1T/zPBR+97MdRP37vN/0aLW0DPUZPUA/FaBftowN0iAaIoZ/BZvAweBR+D3+Fv8OLZWoYrGoeoDUL//wFL10ZwA==</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="/7JADdmuMupLhS5vVwtarackt+Y=">AAADRHicdVHLbtQwFHXCq0x5THms2FgUpEFIowwb2CBVsKlYoCKYtlI9jRznJuNO7ES2w8zIivgEvoSfYME/8AHs2KFuEU4yI3WCeiVH555zr+91TlRkXJsg+On5V65eu35j62Zv+9btO3f7O/cOdV4qBmOWZ7k6jqiGjEsYG24yOC4UUBFlcBTN3tb60WdQmufyk1kWMBE0lTzhjBpHhf0v+6+JLkVoSTSrCBSaZ45uMkbitE FE81TQijUJXmXPMUkUZfZdZd9XuLnjjDT72FQByFU7rQZnz1gYue9KVRBXH09t1Ci9sL87GgZN4MvB7t4TMjj//pUchDveNxLnrBQgDcuo1iejoDATS5XhLIOqR0oNBWUzmsKJg5IK0BPbzK7wU8fEOMmVO9Lghr3YYanQeikiVymomequVpOXaWYqNqZbs6iH6M5KJnk1sVwWpQHJ2o2SMsMmx7U/OOYKmMmWDlCmuHsUZlPq/rRxLvaIhDnLhaAyJopad2TaPPoCH6f2lMQ0TUFtCtHMOgcTPKs6fNHyRZdftPyiw5d1fVlQpfJ5R4rnTorzuVyLtcHB2s7/wdrgwxfDUTAcfXBOv0FtbKFH6DEaoBF6ifbQPjpAY8TQL2/be+A99H/4v/0//nlb6nurnvtoI/y//wAuBxm9</latexit><latexit sha1_base64="afQBk2etxyt+IPoRfvwjiPRkK2w=">AAADRHicdVHLbtQwFHXCq0x5THms2FiMkIqQRgkb2CBVsKlYoCKYtlI9HTnOTcZN7ES2w8zIivgifoN/4APYsUNsEU4mI3WCeiVH555zr+91TlTmXJsg+OH5167fuHlr5/Zg987de/eHew+OdVEpBhNW5IU6jaiGnEuYGG5yOC0VUBHlcBJl7xr95AsozQv52axKmAqaSp5wRo2jZsOvh2+IrsTMkiirCZSa545uM0bitEVE81 TQmrUJ7rIXmCSKMvu+th9q3N5xQdp9bKoAZNdO6/2L52wWuW+nKojrT+c2apXBbDgKx0Eb+GowQl0czfa8byQuWCVAGpZTrc/CoDRTS5XhLId6QCoNJWUZTeHMQUkF6KltZ9f4mWNinBTKHWlwy17usFRovRKRqxTUzHVfa8irNDMXW9OtWTZDdG8lk7yeWi7LyoBk642SKsemwI0/OOYKmMlXDlCmuHsUZnPq/rRxLg6IhAUrhKAyJopad2TaPvoSH6f2nMQ0TUFtC1FmnYMJzuoeX675ss8v1/yyx1dNfVVSpYpFT4oXToqLhdyIjcHBxs7/wcbg45fjMBiHH4PRwdvO6h30BD1F+yhEr9ABOkRHaIIY+unteo+8x/53/5f/2/+zLvW9ruch2gr/7z9iLxYz</latexit>
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28 Heavy electrons

18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows

HMFT =
∑

kσ

(
c†kσ, f †kσ

)
h(k)︷!!!︸︸!!!︷(

εk V
V̄ λ

) (
ckσ
fkσ

)
+ NNs

( |V |2
J
− λq

)
(18.111)

=
∑

kσ
ψ†kσ h(k) ψkσ + NNs

( |V |2
J
− λq

)
.

Here, f †kσ =
1√Ns

∑
j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation

ψkσ =

(
ckσ
fkσ

)
, ψ†kσ =

(
c†kσ, f †,kσ

)
, h(k) =

(
εk V
V̄ λ

)
. (18.112)

We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form

HMFT =
∑

kσ

(
a†kσ, b†kσ

) (Ek+ 0
0 Ek−

) (
akσ
bkσ

)
+ Nn

(
V̄V
J
− λq

)
. (18.113)

Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues

Det
[
E±k 1 −

(
εk V
V̄ λ

)]
= (Ek± − εk)(Ek± − λ) − |V |2 = 0, (18.114)

or

Ek± =
εk + λ

2
±

[( εk − λ
2

)2
+ |V |2

] 1
2

, (18.115)

and eigenvectors taking the BCS form

{
uk
vk

}
=



1
2
± (εk − λ)/2

2
√(

εk−λ
2

)2
+ |V |2




1
2

. (18.116)
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17.1.4 Mean-field theory of the Kondo Lattice

Diagonalization of the Hamiltonian

We can now make the bold jump from the single impurity problem, to the lattice. Most of the
methods described in the last subsection generalize very naturally from the impurity to the lattice:
the main difficulty is to understand the underlying physics. The mean-field Hamiltonian for the
lattice[49? ] takes the form

HMFT =
∑

!kσ

ε!kc
†
!kσc!kσ +

∑

j,α

(
f † jαψ jαVo + V̄oψ† jβ f jβ + λo f † jα f jα

)
+ Nn

(
V̄oVo
J
− λoq

)
,

where n is the number of sites in the lattice. Notice, before we begin, that the composite f-state
at each site of the lattice is entirely local, in that hybridization occurs at one site only. Were the
composite f-state to be in any way non-local, we would expect that the hybridization of one f-
state would involve conduction electrons at different sites. We begin by rewriting the mean field
Hamiltonian in momentum space, as follows

HMFT =
∑

!kσ

(
c†!kσ, f

†
!kσ

) ( ε!k Vo
Vo λo

) (
c!kσ
f!kσ

)
+ Nn

(
V̄oVo
J
− λoq

)

where

f †!kσ =
1
√
n

∑

j
f † jσei

!k·!Rj

is the Fourier transform of the f−electron field. The absence of k− dependence in the hybridization
is evident that each composite f−electron is spatially local. This Hamiltonian can be diagonalized
in the form

HMFT =
∑

!kσ

(
a†!kσ, b

†
!kσ

) (E!k+ 0
0 E!k−

) (
a!kσ
b!kσ

)
+ Nn

(
V̄oVo
J
− λoq

)

where a†!kσ and b
†
!kσ are linear combinations of c

†
!kσ and f

†
!kσ, playing the role of “quasiparticle op-

erators” of the theory and the momentum state eigenvalues E !k± of this Hamiltonian are determined
by the condition

Det
[
E !k±1 −

(
ε!k Vo
Vo λo

)]
= 0,

which gives

E!k± =
ε!k + λo

2
±



(
ε!k − λo
2

)2
+ |Vo|2



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(17.44)

are the energies of the upper and lower bands. The dispersion described by these energies is shown
in Fig. 17.8 . A number of points can be made about this dispersion:
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17.1.4 Mean-field theory of the Kondo Lattice

Diagonalization of the Hamiltonian

We can now make the bold jump from the single impurity problem, to the lattice. Most of the
methods described in the last subsection generalize very naturally from the impurity to the lattice:
the main difficulty is to understand the underlying physics. The mean-field Hamiltonian for the
lattice[49? ] takes the form
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(
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,

where n is the number of sites in the lattice. Notice, before we begin, that the composite f-state
at each site of the lattice is entirely local, in that hybridization occurs at one site only. Were the
composite f-state to be in any way non-local, we would expect that the hybridization of one f-
state would involve conduction electrons at different sites. We begin by rewriting the mean field
Hamiltonian in momentum space, as follows
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is the Fourier transform of the f−electron field. The absence of k− dependence in the hybridization
is evident that each composite f−electron is spatially local. This Hamiltonian can be diagonalized
in the form
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where a†!kσ and b
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!kσ, playing the role of “quasiparticle op-

erators” of the theory and the momentum state eigenvalues E !k± of this Hamiltonian are determined
by the condition

Det
[
E !k±1 −

(
ε!k Vo
Vo λo

)]
= 0,

which gives

E!k± =
ε!k + λo

2
±



(
ε!k − λo
2

)2
+ |Vo|2




1
2

(17.44)

are the energies of the upper and lower bands. The dispersion described by these energies is shown
in Fig. 17.8 . A number of points can be made about this dispersion:
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18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows
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Here, f †kσ =
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j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation

ψkσ =
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)
, ψ†kσ =
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)
, h(k) =
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)
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We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form
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17.1.4 Mean-field theory of the Kondo Lattice

Diagonalization of the Hamiltonian

We can now make the bold jump from the single impurity problem, to the lattice. Most of the
methods described in the last subsection generalize very naturally from the impurity to the lattice:
the main difficulty is to understand the underlying physics. The mean-field Hamiltonian for the
lattice[49? ] takes the form
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where n is the number of sites in the lattice. Notice, before we begin, that the composite f-state
at each site of the lattice is entirely local, in that hybridization occurs at one site only. Were the
composite f-state to be in any way non-local, we would expect that the hybridization of one f-
state would involve conduction electrons at different sites. We begin by rewriting the mean field
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is the Fourier transform of the f−electron field. The absence of k− dependence in the hybridization
is evident that each composite f−electron is spatially local. This Hamiltonian can be diagonalized
in the form
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are the energies of the upper and lower bands. The dispersion described by these energies is shown
in Fig. 17.8 . A number of points can be made about this dispersion:
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17.1.4 Mean-field theory of the Kondo Lattice

Diagonalization of the Hamiltonian

We can now make the bold jump from the single impurity problem, to the lattice. Most of the
methods described in the last subsection generalize very naturally from the impurity to the lattice:
the main difficulty is to understand the underlying physics. The mean-field Hamiltonian for the
lattice[49? ] takes the form

HMFT =
∑

!kσ

ε!kc
†
!kσc!kσ +

∑

j,α

(
f † jαψ jαVo + V̄oψ† jβ f jβ + λo f † jα f jα

)
+ Nn

(
V̄oVo
J
− λoq

)
,

where n is the number of sites in the lattice. Notice, before we begin, that the composite f-state
at each site of the lattice is entirely local, in that hybridization occurs at one site only. Were the
composite f-state to be in any way non-local, we would expect that the hybridization of one f-
state would involve conduction electrons at different sites. We begin by rewriting the mean field
Hamiltonian in momentum space, as follows

HMFT =
∑

!kσ

(
c†!kσ, f

†
!kσ

) ( ε!k Vo
Vo λo

) (
c!kσ
f!kσ

)
+ Nn

(
V̄oVo
J
− λoq

)

where

f †!kσ =
1
√
n

∑

j
f † jσei

!k·!Rj

is the Fourier transform of the f−electron field. The absence of k− dependence in the hybridization
is evident that each composite f−electron is spatially local. This Hamiltonian can be diagonalized
in the form

HMFT =
∑

!kσ

(
a†!kσ, b

†
!kσ

) (E!k+ 0
0 E!k−

) (
a!kσ
b!kσ

)
+ Nn

(
V̄oVo
J
− λoq

)

where a†!kσ and b
†
!kσ are linear combinations of c

†
!kσ and f

†
!kσ, playing the role of “quasiparticle op-

erators” of the theory and the momentum state eigenvalues E !k± of this Hamiltonian are determined
by the condition

Det
[
E !k±1 −

(
ε!k Vo
Vo λo

)]
= 0,

which gives

E!k± =
ε!k + λo

2
±



(
ε!k − λo
2

)2
+ |Vo|2




1
2

(17.44)

are the energies of the upper and lower bands. The dispersion described by these energies is shown
in Fig. 17.8 . A number of points can be made about this dispersion:
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enlarged Fermi surface volume now counts the total number of occupied quasiparticle states

Ntot = 〈
∑

kλσ

nkλσ〉 = 〈n̂ f + n̂c〉 (18.118)

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total number of
conduction electrons. This means

Ntot = N
VFS a3

(2π)3 = Q + nc, (18.119)

where a3 is the volume of the unit cell. This is rather remarkable, for the expansion of the Fermi surface
implies an increased charge density in the Fermi sea. Since charge is conserved, we are forced to con-
clude there is a compensating +Q|e| charge density per unit cell provided by the Kondo singlets formed
at each site, as illustrated in Fig. 18.10.

• We can construct the mean-field ground-state from the quasiparticle operators as follows:

|MF〉 =
∏

|k|<kFσ

b†kσ|0〉 =
∏

|k|<kFσ

(−vkckσ + uk f †kσ)|0〉. (18.120)

However, this state only satisfies the constraint on the average. We can improve it by imposing the
constraint, forming a “Gutzwiller” wavefunction[?, ?, ?]

|GW〉 = PQ

∏

|k|<kFσ

(−vkckσ + uk f †kσ)|0〉, (18.121)

where, using (18.48)

PQ =
∏

j

PQ( j) =
∫ 2π

0

∏

j

dα j

2π
ei

∑
j α j(n̂ f j−Q). (18.122)

The action of the constraint gives rise to a highly incompressible Fermi liquid, in which the compress-
ibility is far smaller than the density of states.

18.6.2 Mean Field Free Energy and Saddle point

Let us now use the results of the last section to calculate the mean-field free energy FMFT and determine,
self-consistently the parameters λ and V which set the scales of the Kondo lattice. Using 18.69 we obtain

FMF = −NT
∑

k,iωr

Tr ln
[

−G−1
k (iωr)︷!!!!!!!!!!!!!︸︸!!!!!!!!!!!!!︷

−iωr +

(
εk V
V λ

)]
+Ns

(
N|V |2

J
− λQ

)
, (18.123)

whereNs is the number of sites in the lattice. Note that translational invariance means that momentum is con-
served and the Green’s function is diagonal in momentum, so we can re-write the trace over the momentum as
a sum over k. Let us remind ourselves of the steps taken between (18.69) and (18.70 ). We begin by re-writing
the trace of the logarithm as a determinant, which we then factorize in terms of the energy eigenvalues,

Tr ln
[
−iωr1 +

(
εk V
V λ

)]
= ln det

[
−z1 +

(
εk V
V λ

)]
= ln

[ (Ek+−iωr)(Ek−−iωr)︷!!!!!!!!!!!!!!!!!!!!!!!!!︸︸!!!!!!!!!!!!!!!!!!!!!!!!!︷
(εk − iωr)(λ − iωr) − V2

]

=
∑

n=±
ln(Ekn − iωr). (18.124)
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18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows

HMFT =
∑

kσ

(
c†kσ, f †kσ

)
h(k)︷!!!︸︸!!!︷(

εk V
V̄ λ

) (
ckσ
fkσ

)
+ NNs

( |V |2
J
− λq

)
(18.111)

=
∑

kσ
ψ†kσ h(k) ψkσ + NNs

( |V |2
J
− λq

)
.

Here, f †kσ =
1√Ns

∑
j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation

ψkσ =

(
ckσ
fkσ

)
, ψ†kσ =

(
c†kσ, f †,kσ

)
, h(k) =

(
εk V
V̄ λ

)
. (18.112)

We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form

HMFT =
∑

kσ

(
a†kσ, b†kσ

) (Ek+ 0
0 Ek−

) (
akσ
bkσ

)
+ Nn

(
V̄V
J
− λq

)
. (18.113)

Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues

Det
[
E±k 1 −

(
εk V
V̄ λ

)]
= (Ek± − εk)(Ek± − λ) − |V |2 = 0, (18.114)

or

Ek± =
εk + λ

2
±

[( εk − λ
2

)2
+ |V |2

] 1
2

, (18.115)

and eigenvectors taking the BCS form

{
uk
vk

}
=



1
2
± (εk − λ)/2

2
√(

εk−λ
2

)2
+ |V |2


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enlarged Fermi surface volume now counts the total number of occupied quasiparticle states

Ntot = 〈
∑

kλσ

nkλσ〉 = 〈n̂ f + n̂c〉 (18.118)

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total number of
conduction electrons. This means

Ntot = N
VFS a3

(2π)3 = Q + nc, (18.119)

where a3 is the volume of the unit cell. This is rather remarkable, for the expansion of the Fermi surface
implies an increased charge density in the Fermi sea. Since charge is conserved, we are forced to con-
clude there is a compensating +Q|e| charge density per unit cell provided by the Kondo singlets formed
at each site, as illustrated in Fig. 18.10.

• We can construct the mean-field ground-state from the quasiparticle operators as follows:

|MF〉 =
∏

|k|<kFσ

b†kσ|0〉 =
∏

|k|<kFσ

(−vkckσ + uk f †kσ)|0〉. (18.120)

However, this state only satisfies the constraint on the average. We can improve it by imposing the
constraint, forming a “Gutzwiller” wavefunction[?, ?, ?]

|GW〉 = PQ

∏

|k|<kFσ

(−vkckσ + uk f †kσ)|0〉, (18.121)

where, using (18.48)

PQ =
∏

j

PQ( j) =
∫ 2π

0

∏

j

dα j

2π
ei

∑
j α j(n̂ f j−Q). (18.122)

The action of the constraint gives rise to a highly incompressible Fermi liquid, in which the compress-
ibility is far smaller than the density of states.

18.6.2 Mean Field Free Energy and Saddle point

Let us now use the results of the last section to calculate the mean-field free energy FMFT and determine,
self-consistently the parameters λ and V which set the scales of the Kondo lattice. Using 18.69 we obtain

FMF = −NT
∑

k,iωr

Tr ln
[

−G−1
k (iωr)︷!!!!!!!!!!!!!︸︸!!!!!!!!!!!!!︷

−iωr +

(
εk V
V λ

)]
+Ns

(
N|V |2

J
− λQ

)
, (18.123)

whereNs is the number of sites in the lattice. Note that translational invariance means that momentum is con-
served and the Green’s function is diagonal in momentum, so we can re-write the trace over the momentum as
a sum over k. Let us remind ourselves of the steps taken between (18.69) and (18.70 ). We begin by re-writing
the trace of the logarithm as a determinant, which we then factorize in terms of the energy eigenvalues,

Tr ln
[
−iωr1 +

(
εk V
V λ

)]
= ln det

[
−z1 +

(
εk V
V λ

)]
= ln

[ (Ek+−iωr)(Ek−−iωr)︷!!!!!!!!!!!!!!!!!!!!!!!!!︸︸!!!!!!!!!!!!!!!!!!!!!!!!!︷
(εk − iωr)(λ − iωr) − V2

]

=
∑

n=±
ln(Ekn − iωr). (18.124)
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point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
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We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.
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enlarged Fermi surface volume now counts the total number of occupied quasiparticle states

Ntot = 〈
∑

kλσ

nkλσ〉 = 〈n̂ f + n̂c〉 (18.118)

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total number of
conduction electrons. This means

Ntot = N
VFS a3

(2π)3 = Q + nc, (18.119)

where a3 is the volume of the unit cell. This is rather remarkable, for the expansion of the Fermi surface
implies an increased charge density in the Fermi sea. Since charge is conserved, we are forced to con-
clude there is a compensating +Q|e| charge density per unit cell provided by the Kondo singlets formed
at each site, as illustrated in Fig. 18.10.

• We can construct the mean-field ground-state from the quasiparticle operators as follows:

|MF〉 =
∏

|k|<kFσ

b†kσ|0〉 =
∏

|k|<kFσ

(−vkckσ + uk f †kσ)|0〉. (18.120)

However, this state only satisfies the constraint on the average. We can improve it by imposing the
constraint, forming a “Gutzwiller” wavefunction[?, ?, ?]

|GW〉 = PQ

∏

|k|<kFσ

(−vkckσ + uk f †kσ)|0〉, (18.121)

where, using (18.48)

PQ =
∏

j

PQ( j) =
∫ 2π

0

∏

j

dα j

2π
ei

∑
j α j(n̂ f j−Q). (18.122)

The action of the constraint gives rise to a highly incompressible Fermi liquid, in which the compress-
ibility is far smaller than the density of states.

18.6.2 Mean Field Free Energy and Saddle point

Let us now use the results of the last section to calculate the mean-field free energy FMFT and determine,
self-consistently the parameters λ and V which set the scales of the Kondo lattice. Using 18.69 we obtain

FMF = −NT
∑

k,iωr

Tr ln
[

−G−1
k (iωr)︷!!!!!!!!!!!!!︸︸!!!!!!!!!!!!!︷

−iωr +

(
εk V
V λ

)]
+Ns

(
N|V |2

J
− λQ

)
, (18.123)

whereNs is the number of sites in the lattice. Note that translational invariance means that momentum is con-
served and the Green’s function is diagonal in momentum, so we can re-write the trace over the momentum as
a sum over k. Let us remind ourselves of the steps taken between (18.69) and (18.70 ). We begin by re-writing
the trace of the logarithm as a determinant, which we then factorize in terms of the energy eigenvalues,

Tr ln
[
−iωr1 +

(
εk V
V λ

)]
= ln det

[
−z1 +

(
εk V
V λ

)]
= ln

[ (Ek+−iωr)(Ek−−iωr)︷!!!!!!!!!!!!!!!!!!!!!!!!!︸︸!!!!!!!!!!!!!!!!!!!!!!!!!︷
(εk − iωr)(λ − iωr) − V2

]

=
∑

n=±
ln(Ekn − iωr). (18.124)
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18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows
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) (
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+ NNs

( |V |2
J
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)
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=
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ψ†kσ h(k) ψkσ + NNs

( |V |2
J
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)
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Here, f †kσ =
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∑
j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation

ψkσ =
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fkσ

)
, ψ†kσ =

(
c†kσ, f †,kσ

)
, h(k) =

(
εk V
V̄ λ

)
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Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues
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!Fig. 18.10 (a) High temperature state: small Fermi surface with a background of spins; (b)Low
temperature state where large Fermi surface develops against a background of
positive charge. Each spin “ionizes” into Q heavy electrons, leaving behind a
background of Kondo singlets, each with charge +Qe.

Next, by carrying out the summation over Matsubara frequencies, using the result −T
∑

iωr ln(Ekn − iωr) =
−T ln(1 + e−βEkn ), we obtain

F
N
= −T

∑

k,±
ln

[
1 + e−βEk±

]
+Ns

(
V2

J
− λq

)
. (18.125)

Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
we can replace −T ln(1+ e−βEk )→ θ(−Ek)Ek, so the ground-state energy E0 = F(T = 0) involves an integral
over the occupied states of the lower band:

Eo

NNs
=

∫ 0

−∞
dEρ∗(E)E +

(
V2

J
− λq

)
(18.126)

where we have introduced the density of heavy electron states ρ∗(E) =
∑

k,± δ(E −E(±)
k ). Now by (18.114) the

relationship between the energy E of the heavy electrons and the energy ε of the conduction electrons is

E = ε +
V2

E − λ .

As we sum over momenta k within a given energy shell, there is a one-to-one correspondence between each
conduction electron state and each quasiparticle state, so we can write ρ∗(E)dE = ρ(ε)dε, where the density
of heavy electron states

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
. (18.127)

Here we have approximated the underlying conduction electron density of states by a constant ρ = 1/(2D).
The originally flat conduction electron density of states is now replaced by a “hybridization gap”, flanked by
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Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
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Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
we can replace −T ln(1+ e−βEk )→ θ(−Ek)Ek, so the ground-state energy E0 = F(T = 0) involves an integral
over the occupied states of the lower band:
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k ). Now by (18.114) the

relationship between the energy E of the heavy electrons and the energy ε of the conduction electrons is

E = ε +
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As we sum over momenta k within a given energy shell, there is a one-to-one correspondence between each
conduction electron state and each quasiparticle state, so we can write ρ∗(E)dE = ρ(ε)dε, where the density
of heavy electron states
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Here we have approximated the underlying conduction electron density of states by a constant ρ = 1/(2D).
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bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
[
1 + e−βE$k±

]
+ ns
(
V̄V
J
− λq
)

Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
Nns
=

∫ 0

−∞
ρ∗(E)E +

(
V̄V
J
− λq
)

where we have introduced the density of heavy electron states ρ∗(E) =
∑
$k,± δ(E − E

(±)
$k
). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
V2

E − λ
so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain

Eo
Nns
=
D2ρ
2
+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0
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31 Mean-field theory of the Kondo Lattice

!Fig. 18.10 (a) High temperature state: small Fermi surface with a background of spins; (b)Low
temperature state where large Fermi surface develops against a background of
positive charge. Each spin “ionizes” into Q heavy electrons, leaving behind a
background of Kondo singlets, each with charge +Qe.

Next, by carrying out the summation over Matsubara frequencies, using the result −T
∑

iωr ln(Ekn − iωr) =
−T ln(1 + e−βEkn ), we obtain

F
N
= −T

∑

k,±
ln

[
1 + e−βEk±

]
+Ns

(
V2

J
− λq

)
. (18.125)

Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
we can replace −T ln(1+ e−βEk )→ θ(−Ek)Ek, so the ground-state energy E0 = F(T = 0) involves an integral
over the occupied states of the lower band:

Eo

NNs
=

∫ 0

−∞
dEρ∗(E)E +

(
V2

J
− λq

)
(18.126)

where we have introduced the density of heavy electron states ρ∗(E) =
∑

k,± δ(E −E(±)
k ). Now by (18.114) the

relationship between the energy E of the heavy electrons and the energy ε of the conduction electrons is

E = ε +
V2

E − λ .

As we sum over momenta k within a given energy shell, there is a one-to-one correspondence between each
conduction electron state and each quasiparticle state, so we can write ρ∗(E)dE = ρ(ε)dε, where the density
of heavy electron states

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
. (18.127)

Here we have approximated the underlying conduction electron density of states by a constant ρ = 1/(2D).
The originally flat conduction electron density of states is now replaced by a “hybridization gap”, flanked by
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28 Heavy electrons

18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows

HMFT =
∑

kσ

(
c†kσ, f †kσ

)
h(k)︷!!!︸︸!!!︷(

εk V
V̄ λ

) (
ckσ
fkσ

)
+ NNs

( |V |2
J
− λq

)
(18.111)

=
∑

kσ
ψ†kσ h(k) ψkσ + NNs

( |V |2
J
− λq

)
.

Here, f †kσ =
1√Ns

∑
j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation

ψkσ =

(
ckσ
fkσ

)
, ψ†kσ =

(
c†kσ, f †,kσ

)
, h(k) =

(
εk V
V̄ λ

)
. (18.112)

We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form

HMFT =
∑

kσ

(
a†kσ, b†kσ

) (Ek+ 0
0 Ek−

) (
akσ
bkσ

)
+ Nn

(
V̄V
J
− λq

)
. (18.113)

Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues

Det
[
E±k 1 −

(
εk V
V̄ λ

)]
= (Ek± − εk)(Ek± − λ) − |V |2 = 0, (18.114)

or

Ek± =
εk + λ

2
±

[( εk − λ
2

)2
+ |V |2

] 1
2

, (18.115)

and eigenvectors taking the BCS form

{
uk
vk

}
=
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bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
[
1 + e−βE$k±

]
+ ns
(
V̄V
J
− λq
)

Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
Nns
=

∫ 0

−∞
ρ∗(E)E +

(
V̄V
J
− λq
)

where we have introduced the density of heavy electron states ρ∗(E) =
∑
$k,± δ(E − E

(±)
$k
). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
V2

E − λ
so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain

Eo
Nns
=
D2ρ
2
+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0
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31 Mean-field theory of the Kondo Lattice

!Fig. 18.10 (a) High temperature state: small Fermi surface with a background of spins; (b)Low
temperature state where large Fermi surface develops against a background of
positive charge. Each spin “ionizes” into Q heavy electrons, leaving behind a
background of Kondo singlets, each with charge +Qe.

Next, by carrying out the summation over Matsubara frequencies, using the result −T
∑

iωr ln(Ekn − iωr) =
−T ln(1 + e−βEkn ), we obtain

F
N
= −T

∑

k,±
ln

[
1 + e−βEk±

]
+Ns

(
V2

J
− λq

)
. (18.125)

Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
we can replace −T ln(1+ e−βEk )→ θ(−Ek)Ek, so the ground-state energy E0 = F(T = 0) involves an integral
over the occupied states of the lower band:

Eo

NNs
=

∫ 0

−∞
dEρ∗(E)E +

(
V2

J
− λq

)
(18.126)

where we have introduced the density of heavy electron states ρ∗(E) =
∑

k,± δ(E −E(±)
k ). Now by (18.114) the

relationship between the energy E of the heavy electrons and the energy ε of the conduction electrons is

E = ε +
V2

E − λ .

As we sum over momenta k within a given energy shell, there is a one-to-one correspondence between each
conduction electron state and each quasiparticle state, so we can write ρ∗(E)dE = ρ(ε)dε, where the density
of heavy electron states

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
. (18.127)

Here we have approximated the underlying conduction electron density of states by a constant ρ = 1/(2D).
The originally flat conduction electron density of states is now replaced by a “hybridization gap”, flanked by
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28 Heavy electrons

18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows

HMFT =
∑

kσ

(
c†kσ, f †kσ

)
h(k)︷!!!︸︸!!!︷(

εk V
V̄ λ

) (
ckσ
fkσ

)
+ NNs

( |V |2
J
− λq

)
(18.111)

=
∑

kσ
ψ†kσ h(k) ψkσ + NNs

( |V |2
J
− λq

)
.

Here, f †kσ =
1√Ns

∑
j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation

ψkσ =

(
ckσ
fkσ

)
, ψ†kσ =

(
c†kσ, f †,kσ

)
, h(k) =

(
εk V
V̄ λ

)
. (18.112)

We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form

HMFT =
∑

kσ

(
a†kσ, b†kσ

) (Ek+ 0
0 Ek−

) (
akσ
bkσ

)
+ Nn

(
V̄V
J
− λq

)
. (18.113)

Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues

Det
[
E±k 1 −

(
εk V
V̄ λ

)]
= (Ek± − εk)(Ek± − λ) − |V |2 = 0, (18.114)

or

Ek± =
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] 1
2

, (18.115)

and eigenvectors taking the BCS form

{
uk
vk

}
=


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bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
[
1 + e−βE$k±

]
+ ns
(
V̄V
J
− λq
)

Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
Nns
=

∫ 0

−∞
ρ∗(E)E +

(
V̄V
J
− λq
)

where we have introduced the density of heavy electron states ρ∗(E) =
∑
$k,± δ(E − E

(±)
$k
). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
V2

E − λ
so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain

Eo
Nns
=
D2ρ
2
+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0
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31 Mean-field theory of the Kondo Lattice

!Fig. 18.10 (a) High temperature state: small Fermi surface with a background of spins; (b)Low
temperature state where large Fermi surface develops against a background of
positive charge. Each spin “ionizes” into Q heavy electrons, leaving behind a
background of Kondo singlets, each with charge +Qe.
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Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
we can replace −T ln(1+ e−βEk )→ θ(−Ek)Ek, so the ground-state energy E0 = F(T = 0) involves an integral
over the occupied states of the lower band:
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dEρ∗(E)E +
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where we have introduced the density of heavy electron states ρ∗(E) =
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relationship between the energy E of the heavy electrons and the energy ε of the conduction electrons is
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As we sum over momenta k within a given energy shell, there is a one-to-one correspondence between each
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18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows
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We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form
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Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues
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two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain
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where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain

Eo

NNs
= −ρ

2

(
D +

V2

D

)2

+
∆

π

∫ 0

−D
dE

(
1

E − λ +
λ

(E − λ)2

)
+

(
V2

J
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
V2

J
− λq

)
(18.129)

where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
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This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so
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Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ
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bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
[
1 + e−βE$k±

]
+ ns
(
V̄V
J
− λq
)

Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
Nns
=

∫ 0

−∞
ρ∗(E)E +

(
V̄V
J
− λq
)

where we have introduced the density of heavy electron states ρ∗(E) =
∑
$k,± δ(E − E

(±)
$k
). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
V2

E − λ
so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain

Eo
Nns
=
D2ρ
2
+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0
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31 Mean-field theory of the Kondo Lattice

!Fig. 18.10 (a) High temperature state: small Fermi surface with a background of spins; (b)Low
temperature state where large Fermi surface develops against a background of
positive charge. Each spin “ionizes” into Q heavy electrons, leaving behind a
background of Kondo singlets, each with charge +Qe.

Next, by carrying out the summation over Matsubara frequencies, using the result −T
∑

iωr ln(Ekn − iωr) =
−T ln(1 + e−βEkn ), we obtain

F
N
= −T

∑

k,±
ln
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]
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(
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J
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. (18.125)

Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
we can replace −T ln(1+ e−βEk )→ θ(−Ek)Ek, so the ground-state energy E0 = F(T = 0) involves an integral
over the occupied states of the lower band:

Eo

NNs
=

∫ 0

−∞
dEρ∗(E)E +

(
V2

J
− λq

)
(18.126)

where we have introduced the density of heavy electron states ρ∗(E) =
∑

k,± δ(E −E(±)
k ). Now by (18.114) the

relationship between the energy E of the heavy electrons and the energy ε of the conduction electrons is

E = ε +
V2

E − λ .

As we sum over momenta k within a given energy shell, there is a one-to-one correspondence between each
conduction electron state and each quasiparticle state, so we can write ρ∗(E)dE = ρ(ε)dε, where the density
of heavy electron states

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
. (18.127)

Here we have approximated the underlying conduction electron density of states by a constant ρ = 1/(2D).
The originally flat conduction electron density of states is now replaced by a “hybridization gap”, flanked by
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18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows

HMFT =
∑
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(
c†kσ, f †kσ

)
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=
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Here, f †kσ =
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∑
j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation
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)
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)
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We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form

HMFT =
∑
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(
a†kσ, b†kσ

) (Ek+ 0
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) (
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)
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Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues
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and eigenvectors taking the BCS form
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two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain
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dEE
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where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain
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where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
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This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
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=
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)
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2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ
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bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
[
1 + e−βE$k±

]
+ ns
(
V̄V
J
− λq
)

Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
Nns
=

∫ 0

−∞
ρ∗(E)E +

(
V̄V
J
− λq
)

where we have introduced the density of heavy electron states ρ∗(E) =
∑
$k,± δ(E − E

(±)
$k
). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
V2

E − λ
so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain

Eo
Nns
=
D2ρ
2
+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0
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31 Mean-field theory of the Kondo Lattice

!Fig. 18.10 (a) High temperature state: small Fermi surface with a background of spins; (b)Low
temperature state where large Fermi surface develops against a background of
positive charge. Each spin “ionizes” into Q heavy electrons, leaving behind a
background of Kondo singlets, each with charge +Qe.

Next, by carrying out the summation over Matsubara frequencies, using the result −T
∑

iωr ln(Ekn − iωr) =
−T ln(1 + e−βEkn ), we obtain

F
N
= −T

∑

k,±
ln

[
1 + e−βEk±

]
+Ns

(
V2

J
− λq

)
. (18.125)

Let us discuss the ground-state, in which only the lower-band contributes to the Free energy. As T → 0,
we can replace −T ln(1+ e−βEk )→ θ(−Ek)Ek, so the ground-state energy E0 = F(T = 0) involves an integral
over the occupied states of the lower band:

Eo

NNs
=

∫ 0

−∞
dEρ∗(E)E +

(
V2

J
− λq

)
(18.126)

where we have introduced the density of heavy electron states ρ∗(E) =
∑

k,± δ(E −E(±)
k ). Now by (18.114) the

relationship between the energy E of the heavy electrons and the energy ε of the conduction electrons is

E = ε +
V2

E − λ .

As we sum over momenta k within a given energy shell, there is a one-to-one correspondence between each
conduction electron state and each quasiparticle state, so we can write ρ∗(E)dE = ρ(ε)dε, where the density
of heavy electron states

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
. (18.127)

Here we have approximated the underlying conduction electron density of states by a constant ρ = 1/(2D).
The originally flat conduction electron density of states is now replaced by a “hybridization gap”, flanked by
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28 Heavy electrons

18.6 Mean-field theory of the Kondo Lattice

18.6.1 Diagonalization of the Hamiltonian

We can now make the jump from the single impurity problem to the lattice. The virtue of the large N method
is that while approximate, it can be readily scaled up to the lattice. We’ll now recompute the effective action
for the lattice, using equation 18.69. Let us assume that the hybridization and constraint fields at the saddle
point are uniform, with Vj = V and λ j = λ at every site. Infact, even if we start with a Vj = Ve−iφ j with
a different phase at each site, we can always use the phase φ j using the Read Newns gauge transformation
(18.56) to absorb the additional phase onto the f-electron field. We then have a translationally invariant mean-
field Hamiltonian. We begin by rewriting the mean field Hamiltonian in momentum space as follows

HMFT =
∑

kσ

(
c†kσ, f †kσ

)
h(k)︷!!!︸︸!!!︷(

εk V
V̄ λ

) (
ckσ
fkσ

)
+ NNs

( |V |2
J
− λq

)
(18.111)

=
∑

kσ
ψ†kσ h(k) ψkσ + NNs

( |V |2
J
− λq

)
.

Here, f †kσ =
1√Ns

∑
j f † jσeik·R j is the Fourier transform of the f−electron field and we have introduced the

two component notation

ψkσ =

(
ckσ
fkσ

)
, ψ†kσ =

(
c†kσ, f †,kσ

)
, h(k) =

(
εk V
V̄ λ

)
. (18.112)

We should think about HMFT as a renormalized Hamiltonian, describing the low energy quasiparticles,
moving through a self-consistently determined array of resonant scattering centers. Later, we will see that the
f-electron operators are composite objects, formed as bound-states between spins and conduction electrons.

The mean-field Hamiltonian can be diagonalized in the form

HMFT =
∑

kσ

(
a†kσ, b†kσ

) (Ek+ 0
0 Ek−

) (
akσ
bkσ

)
+ Nn

(
V̄V
J
− λq

)
. (18.113)

Here a†kσ = ukc†kσ+ vk f †kσ and b†kσ = −vkc†kσ+uk f †kσ are linear combinations of c†kσ and f †kσ, playing
the role of “quasiparticle operators” with corresponding energy eigenvalues

Det
[
E±k 1 −

(
εk V
V̄ λ

)]
= (Ek± − εk)(Ek± − λ) − |V |2 = 0, (18.114)

or

Ek± =
εk + λ

2
±

[( εk − λ
2

)2
+ |V |2

] 1
2

, (18.115)

and eigenvectors taking the BCS form

{
uk
vk

}
=



1
2
± (εk − λ)/2

2
√(

εk−λ
2

)2
+ |V |2




1
2

. (18.116)
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two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain

Eo

NNs
= ρ

∫ 0

−D−V2/D
dEE

(
1 +

V2

(E − λ)2

)
+

(
V2

J
− λq

)
(18.128)

where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain

Eo

NNs
= −ρ

2

(
D +

V2

D

)2

+
∆

π

∫ 0

−D
dE

(
1

E − λ +
λ

(E − λ)2

)
+

(
V2

J
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
V2

J
− λq

)
(18.129)

where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
E0

NNs
= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
πρV2

πρJ
− λq
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= −D2ρ
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D
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π
ln
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λ

De−
1
Jρ

)
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= −D2ρ

2
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π
ln

(
λ

TK

)
− λq. (18.130)

This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
NNs

=
∆

π
ln

(
∆

πqeTK

)
− D2ρ

2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ
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bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
[
1 + e−βE$k±

]
+ ns
(
V̄V
J
− λq
)

Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
Nns
=

∫ 0

−∞
ρ∗(E)E +

(
V̄V
J
− λq
)

where we have introduced the density of heavy electron states ρ∗(E) =
∑
$k,± δ(E − E

(±)
$k
). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
V2

E − λ
so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain

Eo
Nns
=
D2ρ
2
+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0

77

32 Heavy electrons

two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain

Eo

NNs
= ρ

∫ 0

−D−V2/D
dEE

(
1 +

V2

(E − λ)2

)
+

(
V2

J
− λq

)
(18.128)

where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain

Eo

NNs
= −ρ

2

(
D +

V2

D

)2

+
∆

π

∫ 0

−D
dE

(
1

E − λ +
λ

(E − λ)2

)
+

(
V2

J
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
V2

J
− λq

)
(18.129)

where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
E0

NNs
= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
πρV2

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
∆

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

(
λ

De−
1
Jρ

)
− λq

= −D2ρ

2
+
∆

π
ln

(
λ

TK

)
− λq. (18.130)

This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
NNs

=
∆

π
ln

(
∆

πqeTK

)
− D2ρ

2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ

32 Heavy electrons

two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain

Eo

NNs
= ρ

∫ 0

−D−V2/D
dEE

(
1 +

V2

(E − λ)2

)
+

(
V2

J
− λq

)
(18.128)

where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain

Eo

NNs
= −ρ

2

(
D +

V2

D

)2

+
∆

π

∫ 0

−D
dE

(
1

E − λ +
λ

(E − λ)2

)
+

(
V2

J
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
V2

J
− λq

)
(18.129)

where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
E0

NNs
= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
πρV2

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
∆

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

(
λ

De−
1
Jρ

)
− λq

= −D2ρ

2
+
∆

π
ln

(
λ

TK

)
− λq. (18.130)

This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
NNs

=
∆

π
ln

(
∆

πqeTK

)
− D2ρ

2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ

Detailed calcn.

32 Heavy electrons

two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain

Eo

NNs
= ρ

∫ 0

−D−V2/D
dEE

(
1 +

V2

(E − λ)2

)
+

(
V2

J
− λq

)
(18.128)

where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain

Eo

NNs
= −ρ

2

(
D +

V2

D

)2

+
∆

π

∫ 0

−D
dE

(
1

E − λ +
λ

(E − λ)2

)
+

(
V2

J
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
V2

J
− λq

)
(18.129)

where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
E0

NNs
= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
πρV2

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
∆

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

(
λ

De−
1
Jρ

)
− λq

= −D2ρ

2
+
∆

π
ln

(
λ

TK

)
− λq. (18.130)

This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
NNs

=
∆

π
ln

(
∆

πqeTK

)
− D2ρ

2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ

32 Heavy electrons

two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain

Eo

NNs
= ρ

∫ 0

−D−V2/D
dEE

(
1 +

V2

(E − λ)2

)
+

(
V2

J
− λq

)
(18.128)

where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain

Eo

NNs
= −ρ

2

(
D +

V2

D

)2

+
∆

π

∫ 0

−D
dE

(
1

E − λ +
λ

(E − λ)2

)
+

(
V2

J
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
V2

J
− λq

)
(18.129)

where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
E0

NNs
= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
πρV2

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
∆

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

(
λ

De−
1
Jρ

)
− λq

= −D2ρ

2
+
∆

π
ln

(
λ

TK

)
− λq. (18.130)

This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
NNs

=
∆

π
ln

(
∆

πqeTK

)
− D2ρ

2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ

32 Heavy electrons

two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain

Eo

NNs
= ρ

∫ 0

−D−V2/D
dEE

(
1 +

V2

(E − λ)2

)
+

(
V2

J
− λq

)
(18.128)

where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain

Eo

NNs
= −ρ

2

(
D +

V2

D

)2

+
∆

π

∫ 0

−D
dE

(
1

E − λ +
λ

(E − λ)2

)
+

(
V2

J
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
V2

J
− λq

)
(18.129)

where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
E0

NNs
= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
πρV2

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

( λ
D

)
+

(
∆

πρJ
− λq

)

= −D2ρ

2
+
∆

π
ln

(
λ

De−
1
Jρ

)
− λq

= −D2ρ

2
+
∆

π
ln

(
λ

TK

)
− λq. (18.130)

This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
NNs

=
∆

π
ln

(
∆

πqeTK

)
− D2ρ

2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made

!Fig. 18.11 Mexican hat potential for the Kondo Lattice, evaluated at constant 〈n f 〉 = Q as a
function of a complex hybridization V = |V |eiφ



c©2010 Piers Coleman Chapter 17.

bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
[
1 + e−βE$k±

]
+ ns
(
V̄V
J
− λq
)

Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
Nns
=

∫ 0

−∞
ρ∗(E)E +

(
V̄V
J
− λq
)

where we have introduced the density of heavy electron states ρ∗(E) =
∑
$k,± δ(E − E

(±)
$k
). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
V2

E − λ
so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
1 +

V2

(E − λ)2

)
(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain

Eo
Nns
=
D2ρ
2
+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0
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bands. The new Fermi surface volume now counts the total number of particles. To see this
note that

Ntot = 〈
∑

kλσ
nkλσ〉 = 〈n̂ f + nc〉

where nkλσ = a†kλσakλσ is the number operator for the quasiparticles and nc is the total
number of conduction electrons. This means

Ntot = N
VFS
(2π)3

= Q + nc.

This expansion of the Fermi surface is a direct manifestation of the creation of new states by
the Kondo effect. It is perhaps worth stressing that these new states would form, even if the local moments were nuclear
In other words, they are electronic states that have only depend on the rotational degrees of
freedom of the local moments.

The Free energy of this system is then

F
N
= −T

∑

$k,±

ln
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Let us discuss the ground-state energy, Eo- the limiting T → 0 of this expression. We can write this
in the form

Eo
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=

∫ 0

−∞
ρ∗(E)E +
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J
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)

where we have introduced the density of heavy electron states ρ∗(E) =
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$k,± δ(E − E

(±)
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). Now

the relationship between the energy of the heavy electrons (E) and the energy of the conduction
electrons (ε) is given by

E = ε +
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so that the density of heavy electron states related to the conduction electron density of states ρ by

ρ∗(E) = ρ
dε
dE
= ρ

(
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(17.46)

The originally flat conduction electron density of states is now replaced by a “hybridization
gap”, flanked by two sharp peaks of width approximately πρV2 ∼ TK . With this information, we
can carry out the integral over the energies, to obtain
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+

∫ 0

−D
dEρV̄V

E
(E − λ)2

+

(
V̄V
J
− λq
)

(17.47)

where we have assumed that the upper band is empty, and the lower band is partially filled. If we
impose the constraint ∂F∂λ = 〈n f 〉 − Q = 0 we obtain

∆

πλ
− q = 0
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so that the ground-state energy can be written

Eo
Nns
=
∆

π
ln
(
∆e
πqTK

)
(17.48)

where TK = De−
1
Jρ as before.

Let us pause for a moment to consider this energy functional qualitatively. The Free energy
surface has the form of “Mexican Hat” at low temperatures. The minimum of this functional will
then determine a familiy of saddle point values V = Voeiθ, where θ can have any value. If we
differentiate the ground-state energy with respect to V2, we obtain

0 =
1
π
ln
(
∆e2

πqTK

)

or
∆ =
πq
e2
TK

confirming that ∆ ∼ TK .

Composite Nature of the heavy quasiparticle in the Kondo lattice.

We now turn to discuss the nature of the heavy quasiparticles in the Kondo lattice. Clearly, at an
operational level, the composite f−electrons are formed in the same way as in the impurity model,
but at each site, i.e

1
N
Γαβ( j, t)ψ jα(t) −→

(
V̄
J

)
f jα(t)

This composite object admixes with conduction electrons at a single site- site j. The bound-state
amplitude in this expression can be written

−
Vo
J
=
1
N
〈 f †βψβ〉 (17.49)

To evaluate the contributions to this sum, it is useful to notice that the condition ∂E/∂V̄ = 0 can be
written

1
N
∂E
∂V̄o

= 0 =
Vo
J
+
1
N
〈 f †βψβ〉

=
Vo
J
+ Vo

∫ 0

−D
dEρ

E
(E − λ)2

(17.50)

where we have used (17.47) to evaluate the derivative. From this we see that we can write

Vo
J
= −Vo

∫ 0

−D
dEρ
(
1

E − λ
+

λ

(E − λ)2

)

= −Voρ ln
[λe
D

]
(17.51)
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two sharp peaks of width approximately πρV2 ∼ TK (Fig. 18.9). Note that the lower band-width is lowered
by an amount −V2/D. With this information, we can carry out the integral over the energies, to obtain
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where we have assumed that the upper band is empty, and the lower band is partially filled. Carrying out the
integral we obtain
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∆
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J
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where we have replaced ∆ = πρV2 and have dropped terms of order O(∆2/D). We can rearrange this expres-
sion, absorbing the band-width D and Kondo coupling constant into a single Kondo temperature TK = De−

1
Jρ

as follows
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This describes the energy of a whole scaling trajectory of Kondo lattice models with different J(D) and cuttoff
D, but fixed Kondo temperature. If we impose the constraint ∂E0

∂λ = 〈n f 〉 − Q = 0 we obtain ∆
πλ − q = 0, so

Eo(V)
NNs

=
∆

π
ln

(
∆

πqeTK

)
− D2ρ

2
, (∆ = πρ|V |2) (18.131)

Let us pause for a moment to consider this energy functional qualitatively. There are two points to be made
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36 Heavy electrons

electrons that span decades of energy up to a cutoff, beit the Debye energy ωD in superconductivity or the
(much larger) bandwidth D in the Kondo effect [32, 33].

To follow this analogy in greater depth, recall that in the path integral the Kondo interaction factorizes as

J
N

c†βS αβcα −→ V̄
(
c†α fα

)
+

(
f †αcα

)
V + N

V̄V
J
, (18.143)

so by comparing the right and left hand side, we see that the composite operators S βαcβ and c†βS αβ behave
as a single fermion denoted by the contractions:

1
N

∑

β

S βαcβ =
(

V̄
J

)
fα,

1
N

∑

β

c†βS αβ =
(V

J

)
f †α, (18.144)

Composite Fermion

Physically, this means that the spins bind high energy electrons, transforming themselves into composites
which then hybridize with the conduction electrons. The resulting “heavy fermions” can be thought of as
moments ionized in the magnetically polar electron fluid to form mobile, negatively charged heavy electrons
while leaving behind a positively charged “Kondo singlet”.

Microscopically, the many body amplitude to scatter an electron off a local moment develops a bound-state
pole, which for large N we can denote by the diagrams:

Γ ≡
O(1)

V V̄
+

O(1/N)

The leading diagram describes a kind of “condensation” of the hybridization field; the second and higher
terms describe the smaller O(1/N) fluctuations around the mean-field theory.

The temporal correlations between spin-flips and conduction electrons extend over a finite time, described
by the contraction

1
N

∑

β

cβ(τ)S βα(τ′) = g(τ − τ′) f̂α(τ′). (18.145)

Here the spin-flip correlation function g(τ − τ′) is an analogue of the Gor’kov function, extending out to a
coherence time τK ∼ !/TK . Notice that in contrast to the Cooper pair, this composite object is a fermion and
thus requires a distinct operator f̂α for its expression. The Fourier (Laplace) decomposition of g(τ) describes
the Spectral distribution of electrons and spin-flips inside the composite f-electron which we may calculate
as follows:

1
N

∑

β

cβ(τ)S βα(τ′) =
1
N

∑

β

cβ(τ) f †β(τ′) fα(τ′)

=
1
N

∑

β

〈Tcβ(τ) f †β(τ′)〉 fα(τ′)
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the Spectral distribution of electrons and spin-flips inside the composite f-electron which we may calculate
as follows:

1
N

∑

β

cβ(τ)S βα(τ′) =
1
N

∑

β

cβ(τ) f †β(τ′) fα(τ′)

=
1
N

∑

β

〈Tcβ(τ) f †β(τ′)〉 fα(τ′)
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◆
f †↵, (58)

Composite Fermion

Physically, this means that the spins bind high energy electrons, transforming themselves into
composites which then hybridize with the conduction electrons. The resulting “heavy fermions”
can be thought of as moments ionized in the magnetically polar electron fluid to form mobile,
negatively charged heavy electrons while leaving behind a positively charged “Kondo singlet”.
Microscopically, the many body amplitude to scatter an electron o↵ a local moment develops a
bound-state pole, which for large N we can denote by the diagrams:

� ⌘
O(1)

V V̄
+

O(1/N)
+ . . .

The leading diagram describes a kind of “condensation” of the hybridization field; the second
and higher terms describe the smaller O(1/N) fluctuations around the mean-field theory.
By analogy with superconductivity, we can associate a wavefunction associated with the tem-
poral correlations between spin-flips and conduction electrons, as follows

1
N

X

�

c�(⌧)S �↵(⌧0) = g(⌧ � ⌧0) f̂↵(⌧0). (59)

where the spin-flip correlation function g(⌧�⌧0) is an analogue of the Gor’kov function, extend-
ing over a coherence time ⌧K ⇠ ~/TK . Notice that in contrast to the Cooper pair, this composite
object is a fermion and thus requires a distinct operator f̂↵ for its expression.

4 Heavy Fermion Superconductivity

We now take a brief look at heavy fermion superconductivity. There are a wide variety of
heavy electron superconductors, almost all of which are nodal superconductors, in which the
pairing force derives from the interplay of magnetism and electron motion. In the heavy
fermion compounds, as in many other strongly correlated electron systems superconductiv-
ity frequently develops at the border of magnetism, near the quantum critical point where the
magnetic transition temperature has been suppressed to zero. In some of them, such as UPt3

(Tc=0.5K) [36] the superconductivity develops out of a well-developed heavy Fermi liquid,
and in these cases, we can consider the superconductor to be paired by magnetic fluctuations
within a well-formed heavy Fermi liquid. However, in many other superconductors, such as
UBe13(Tc=1K) [37, 38], the 115 superconductors CeCoIn5 (Tc=2.3K) [39], CeRhIn5 under
pressure (Tc=2K) [17], NpAl2Pd5(Tc=4.5K) [40] and PuCoGa5 (Tc=18.5K) [41, 42], the su-
perconducting transition temperature is comparable with the Kondo temperature. In many of


