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The boundary  function generates the renormalization group acting on the universality classes of
one-dimensional quantum systems with boundary which are critical in the bulk but not critical at the
boundary. We prove a gradient formula for the boundary  function, expressing it as the gradient of the
boundary entropy s at fixed nonzero temperature. The gradient formula implies that s decreases under
renormalization, except at critical points (where it stays constant). At a critical point, the number exps
is the ‘‘ground-state degeneracy,’’ g, of Affleck and Ludwig, so we have proved their long-standing
conjecture that g decreases under renormalization, from critical point to critical point. The gradient
formula also implies that s decreases with temperature, except at critical points, where it is independent
of temperature. It remains open whether the boundary entropy is always bounded below.
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For a one-dimensional quantum critical system with a
boundary, lnZ  lnTr expH takes the universal form
[1] c=6L=  lng, where H is the Hamiltonian,  
1=T is the inverse temperature, L   is the length, c is
the numerical coefficient of the bulk conformal anomaly,
and g is the ‘‘universal noninteger ground-state degeneracy’’ at the boundary (using natural units in which h 
k  v  1, v being the velocity of ‘‘light’’). This formula
applies in the limit of large L. The number g is an
invariant of the universality class of the critical boundary
condition. It was conjectured that g decreases from critical point to critical point under renormalization [1,2].
For a 1D quantum system that is critical in the bulk but
is not critical at the boundary, the logarithm of the
partition function at low temperature can be written in
the form lnZ  c=6L=  lnzL , and the boundary
partition function z can be defined as limL!1 zL . That is,
the partition function takes the universal form
lnZ  c=6L=  lnz

(1)

up to corrections that vanish in the limit L ! 1.
Given that the bulk system is critical and that L  1,
the only dimensionful parameter is the temperature T.
The logarithm of the boundary partition function is thus
a function lnz that depends only on the temperature,
in units of , where  is a small temperature that sets the
renormalization scale (or, equivalently, a small energy or
inverse time or inverse distance). The total entropy then
takes the universal form
S  1  @=@ lnZ  c=3L=  s;

(2)

where s  1  @=@ lnz is the boundary entropy.
At a critical point, s is equal to the constant lng.
We prove here a gradient formula
gab b   @s=@a ;
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where the a form a complete set of boundary coupling
constants, gab  is a certain metric on the space of all
boundary conditions, and a  is the boundary  function. It follows directly from the gradient formula that
@s=@  a @a s  gab a b , so s decreases under
the renormalization group except where a  0 at the
critical points. The gradient formula eliminates the possibility of esoteric asymptotic behavior under renormalization. Recurring trajectories such as limit cycles are
excluded. The g conjecture for the renormalization group
(RG) flows between critical points follows as a corollary
of the gradient formula.
The gradient formula implies equally that the boundary entropy decreases with temperature, @s=@ 
@s=@ < 0. The total entropy S obviously decreases
with temperature because @S=@  hH  hHi2 i.
However, the decrease of the bulk contribution
=3L=c masks the change in s, so it is not obvious
that the boundary entropy by itself must decrease with
temperature. The gradient formula implies that it does. It
follows that the thermodynamic boundary energy also
decreases with temperature, @u=@  @s=@ < 0.
Complete control over the possible behavior at asymptotically low temperature is still lacking because we do
not prove that s is bounded below. If s is bounded below,
then the system must go to a critical point at zero temperature. Of course, the total entropy S of any system is
bounded below, as long as the system is of finite size.
So, for any finite size L, sL  S  c=3L= is
bounded below as T ! 0. However, the lower bound can
descend without limit as L ! 1, so s  limL!1 sL is not
necessarily bounded below as T ! 0. It still remains to be
proved that s is bounded below as T ! 0. If the
boundary entropy is bounded below, then the boundary
energy is also bounded below.
The gradient formula that we prove is mathematically
equivalent to a gradient formula conjectured in string
 2004 The American Physical Society

030402-1

VOLUME 93, N UMBER 3

theory [3–7]. Evidence was given for the string theory
conjecture [4,6,8], but the formula was never proved. It
has been claimed that a proof was given in Ref. [7], but it
was assumed there that the boundary  function a  is
linear in the coupling constants a . This is an invalid
assumption. The  function cannot be linearized when
there are marginally relevant couplings or, more generally, whenever resonance conditions occur (as discussed,
for example, in Ref. [6]). Moreover, the conjectured string
gradient formula is expressed in unphysical quantities, in
terms of unnormalized correlation functions. Our contribution is to express the gradient formula in terms of
normalized correlation functions and the boundary entropy, which are physical quantities, and to prove the
formula using physical properties of the 1D quantum
system. Some of the ideas used in the proof can be found
in the string theory work [3,6]. The rewriting of the
conjectured string gradient formula is based on an idea
that is implicit in Ref. [7] and was mentioned explicitly to
us [9]. Here, to avoid distracting from the physical meaning, we first prove the gradient formula in physical terms
and only afterwards explain the connection to the string
conjecture.
The proof of the gradient formula applies to all local
1D quantum systems. It uses only the basic principles of
quantum mechanics and locality. The gradient formula
must therefore hold in every local 1D quantum mechanical model. The point of proving a result such as the
gradient formula is to give reliable theoretical information about what is physically possible. For instance, when
building devices out of low temperature 1D quantum
systems joined at boundaries, it will be useful to know
in advance, with certainty, what kinds of boundary behaviors are possible. It will be useful to know that the
boundary must always behave as a thermodynamic system, except that it does not obey the third law. Proof also
reveals what must be done to evade the theoretical limits.
The gradient formula itself is not likely to be avoidable,
since the proof depends only on the basic principles
of quantum mechanics and renormalization, assuming
only the existence of a local stress-energy tensor, which
is assured by microscopic locality. Rather, attention is
directed towards exotic systems, where the metric
gab  degenerates, or where s is infinite [10,11], or
even where s might not be bounded below, if this cannot
be proved impossible. A lower bound on s would have to
depend on the details of the bulk system. The bound could
not be uniform, not a function of c alone. This can be seen
in the critical c  1 Gaussian model, where the values of
g depend on the marginal coupling constant of the bulk
model and can become arbitrarily close to zero [12].
The equilibrium observables of the system live on the
cylindrical Euclidean space-time, periodic in Euclidean
time with period . The spacetime coordinates are x 
x; , where 0 x < L and    . The boundary is
at x  0. The stress-energy tensor T x;  expresses the
response of the system to an infinitesimal local variation
030402-2

week ending
16 JULY 2004

PHYSICA L R EVIEW LET T ERS

of the metric, g !   g x; ,
ZZ
 lnZ  1=2
2 ddx hg T  x; i:

(4)

To avoid potential confusion, we stress that the metric
here is not dynamical. The metric describes the background geometry in which the 1D quantum system exists.
We specialize to 1  1 dimensions the general analysis
of the stress-energy tensor in space-times with boundary
[13]. The stress-energy tensor can be written as a bulk
part plus a boundary part:
bulk
T  T
x;   xt :

(5)

There could also be a boundary operator proportional to
0 x1, but the identity operator makes no contribution to
connected correlation functions, so we can ignore it.
The conservation equations follow from invariance of
the physics under localized coordinate reparametrizations x  v x;  where the vector field v is tangent
to the boundary, i.e., vx 0;   0. A nearly critical system is insensitive to the detailed coordinate labeling of its
local degrees of freedom (e.g., the coordinate labeling of
lattice sites in a lattice model). The coordinate reparametrization is equivalent to a change in the metric tensor
g  @ v  @ v . Plugging this into the formula for
 lnZ and setting the variation to zero, we obtain, after
integration by parts, the
equation
R bulk conservation
bulk
bulk 
@ T
 0 and also dTx
v  t @ v   0
at the boundary, which is equivalent to the boundary
conservation equations txx  tx  tx  0 and
bulk
0;   @   0;
Tx

(6)

where   t . The boundary operator  was described in Ref. [14]. The trace of the stress-tensor is
T  x;   bulk x;   x:

(7)

The system is critical in the bulk, so bulk x;   0 up to
contact terms. The full trace is   x, entirely a
boundary operator.
The space of boundary conditions is parametrized by
the coupling constants a , which couple toRthe renormalized local boundary fields a , @a lnZ  d h a i.
The boundary trace  can be decomposed into a linear
combination of the boundary fields and the identity operator
  a 

a

 h1;

(8)

where a  is the boundary  function. We will not have
to worry about the term h1 because  will only appear
within connected correlation functions.
The foregoing are operator statements. In correlation
functions, the stress-energy tensor will also have contact
terms.
RR The generator of dilatations g  2=
is 2 ddxx; , so the renormalization group equation for lnZ is
030402-2

ZZ

@=@ lnZ 

2 ddxhx; i

 a @a lnZ  h;

(9)

where  is given by Eq. (7). For the one-point functions,
ZZ
2 ddxhx; b 1 ic
@=@h b 1 i 
a

 

@a cb  !cb  cb h

c 1 i;

(11)
where f  1  cos2=. This is essentially the
metric proposed in Ref. [3], except that Ref. [3] used
the unnormalized, full two-point function, while we use
the normalized, connected two-point function. Because
we are using the connected two-point function, we can
write
Z
Z
gab b  d1 dh a 1 ic f  1 : (12)
The identity component of  makes no contribution to the
connected two-point function. Let us deal with the term
containing the cosine:
Z
Aa 1   dh a 1 ic  cos2  1 =


dh

gab b 


Z
Z

a 1 @ ic 2v

d1

ZZ

2 ddxh

d1 @=@h



0; ;

(13)

a 1 i

Z

Aa 1  

Aa 1  

bulk

a 1 Tx ic 2v 0; :

(14)

@=@  a @a s  @=@  a @a 1  @=@ lnZ
(19)

ZZ

2 ddxh

bulk
 
a 1 T x; ic 2@ v :

(15)

There is no boundary term at large x because of the decay
bulk x; 
exp4x=. Then we use the
condition T

fact that v is a conformal Killing vector to write
Aa 1  

ZZ

2 ddxh

$
a 1 bulk x; ic @$ v :

(16)

Finally, we can approximate @$ v$ 1 because bulk 
0, except for contact terms. The boundary operator a 1 
is renormalizable, and bulk has dimension 2, so the
most singular contact terms in the two-point function
are of the form x0   1  and 0 x  1 . But
@$ v$ x;   1 vanishes to second order at x  0,   1 ,
so there is no error. Thus
Aa 1  

ZZ

2 ddxh

a 1 bulk x; ic :

(17)

Using Eqs. (17) and (7) in Eq. (12), we arrive at
Z

 @=@  1@a lnZ  @a s;

 1  @=@h  0:

dh

Next, we extend the boundary vector field v 0;  to a
conformal Killing vector field v x;  in the bulk. That
is, vx 0;   0 and @ v  @ v  g @$ v$ . Such a
vector field is most easily found as an analytic vector
field vw  2=vx  iv  in the complex coordinate
w  2x  i=,
vw  expw  w1   expw 
$
w1 =4. Then @$ v  cos2  1 = cosh2x=.
Now we integrate by parts in the bulk, using the bulk
conservation equation, to obtain

a 1 bulk x;   xic 

which is the gradient formula.
Each element of the gradient formula is covariant under
renormalization. The boundary entropy s is covariant,
@s=@  a @a s, even though the partition function is
not [see Eq. (9)]. Using Eq. (9),

030402-3

where we integrate by parts on the boundary and define
v 0;   =4 sin2  1 = as a tangent vector
field on the boundary. The correlation functions are distributions, so integration by parts is justified. By the
boundary conservation law Eq. (6),

(10)

where the coefficients !cb  cb come from contact terms
of bulk and  with b . Because of the contact terms,
bulk cannot be omitted. The identity !ab  @b a follows
from @=@; @a   0, which in turn follows from the
definition of the a as the coupling constants renormalized at scale . We will need one last property of the
bulk x; 
stress-energy tensor: that T
decays as
exp4x= in connected correlation functions far
from the boundary. This follows from the fact that when
bulk x;  behaves as in the
x is far from the boundary, T
bulk theory without boundary.
We prove the gradient formula, Eq. (3), with the metric
on the space of boundary conditions given by
Z
Z
gab   d1 dh a 1  b ic f  1 ;

Z
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d1

ZZ

2 ddxh

a 1 x; ic

(18)

That is, the entropy is not sensitive to a shift of the ground
state energy. The covariance of a is just its  independence. The metric gab is covariant under renormalization
because it is defined in terms of normalized, connected
correlation functions, in Eq. (11).
To show that the metric gab is positively definite, we
need only remark that gab a b is given in Eq. (11) as a
030402-3
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positive two-point function of
 a a , integrated
against a positive function.
The cosine term in the metric plays a twofold role. On
the one hand, it provides the bulk term in the correlation
function of  with the boundary operator. On the other
hand, the cosine term renders the metric independent of
contact terms in the two-point functions of the boundary
operators. Such terms could spoil the positivity of the
metric. The metric, as defined by Eq. (11), is independent
of contact terms. During the proof of the gradient formula, we split it into two parts, each of which does
depend on the contact terms. At that point, the two-point
functions have to be treated as distributions. In the end,
when the two terms are joined together, the result is
independent of the contact terms. The technical roles of
the cosine term are evident, but we do not see a deeper
meaning. The cosine first appeared in the string theory
metric proposed in Ref. [3]. But the proposal was not
natural in string theory, as it involved integrating dimension zero fields. So we still do not see a natural interpretation of the cosine term.
The conjectured string theory gradient formula involves an additional boundary coupling constant 0
which couples to the identity operator 0  1. The string
partition function is Zs  exp0 z, where
z is the boundary partition function, from Eq. (1).
The string  function, as , is the ordinary a for the
ordinary coupling constants; plus, from Eq. (9), 0s 
0  h. The conjectured string theory gradient formula is Gsab bs  @a gs , where gs  1  @=@Zs
and the string metric is
Z
Z
Gsab   d1 dZs h a 1  b if  1 :
(20)
These string formulas are unphysical when applied to 1D
quantum systems. No physical probe couples to the identity operator 0  1, so 0 is not a physical coupling
constant. Unnormalized correlation functions are not
measurable. Changes in gs are not locally measurable
because gs is constructed from z, not lnZ. On the other
hand, all of the elements of the physical gradient formula,
Eq. (3), can by measured by local operations at the
boundary of the 1D system. The string gradient formula
is formally sensible from the string theory perspective.
The a are the wave modes of space-time fields; 0 is the
zero mode of the tachyon field. The equation as  0 has
the form of a space-time equation of motion. The function
gs  has the form of a space-time action.
The unphysical parameter 0 can be eliminated by
extremizing gs [7,9]. We carry out this idea. We calculate
that @gs =@0  0 at 0  a0 , a0  @ lnz=@. We
calculate that, at 0  a0 , gs  Zs  z expa0 , which
is the physical quantity exps. It now becomes straight-
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forward to show the equivalence between the string gradient formula and the physical gradient formula. The
string gradient formula is trivial in the direction of 0
and is precisely the physical formula on the subspace
0  a0 . To be explicit, the components of the string
metric are Gs00  2 Zs , Gs0b  Zs @a lnZs , and
Gsab  Zs gab  @a lnZs @b lnZs , where the indices a; b
now range only over the physical coupling constants. The string gradient formula splits into two equations: Gs00 0s  Gs0b b  @0 gs and Gsa0 0s  Gsab b 
@a gs . The first is satisfied identically; it is just the RG
equation for Zs , @Zs =@  a @a  0s Zs . The
second equation, after substituting and then using the
RG equation for Zs , becomes Zs gab b  Zs 1 
@=@@a lnZs , which is exactly the physical gradient
formula, since @a lnZs  @a lnZ. So, by proving the
physical gradient formula, we have also proven the string
gradient formula.
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