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Outline

1. Ultra Unification : Quantum Field Theory /Matter.
- Anomalies, Cobordisms.

- Logic: Three (two+one) Assumptions.

- Consequences: Gapped Topological /Gapless CFT sectors, Extra dim.
- (Gauge-) symmetry-breaking, -preserving, -extension mass or energy gap.

- Dirac/Majorana mass vs Interaction induced vs Topological mass/energy gap.

- Q2 =Q

Sp11r1><Z2 Zs — “FPint

2. Quantum Criticality Beyond the Standard Model

Zy and wows anomaly. - 4d boundary or 5d bulk criticality.

= 76 - Path Integral.

QSpm><ZZSp1n(10)
- GUT-Higgs fragmentary fermionic parton + Dark Gauge sector.

3. Combined Synthesis - Conclusion

- 15n vs 16n Weyl fermion scenarios (SM or GG vs other GUTs).
- Topological criticality or phase transition (topological order).

- Non-invertible Categorical Higher symmetries retraction.
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Standard Model (SM) with (15+1)n Weyl fermions coupled to
Yang-Mills gauge su(3), x su(2); x u(1)y in representation (rep):

su(3) su(2) o@i@“ su (2)°®2®4’\

3
(each Weyl fermion

u © © © Ver © :
d, © O o}z e o}z —3=3 2, of Spin(1,3))

1,000 1-41 [vy.g® 1 0 5
drOOO12-3] 0O 16 1

JRQ_B/LGBCILEBL_IR@éR@ﬂR _
=(3,1)20,®(1,2) 5.9 (3,2)1..®(3,1) 4, ®(1,1)6, ®(1,1),

SM gauge group Ggyi, = SUG) XSUZ(Q) LUy \yith g=1,236.

Open Issues: Neutrino /g exists or not? How many 7g? How do
vy (of /1) and Vg get masses? Dirac or Majorana masses?

Other Resolution: Ultra Unification. Other ways to get “mass,” or
replace neutrinos by 4d TQFT, CFT, or 5d invertible TQFT, etc.
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(Conventional) Quadratic mass:
Dirac mass with some Higgs: (DRgbLuL + UL pVR).

Majorana mass: 2% (x o2y + xTo?x*).

Both Dirac and MaJorana masses:

(Pn)
e
H
1 (611 ?:) ' Md lLV”‘éﬁ”gl
3 i MDirac l H
o l 7l 7l —H7 T: ! ) ) - : """" LVT‘(‘b )] + h. )
2(((Luc Ly, LV7> |<¢H>| Xve Xl/” Xl/,) 3 MDirac: MS XITICH C
XD
Xbs

Seesaw mechanism: 3 mass eigenstates have small mass

 |Mpirac|?
— TST < ‘MDirac|-

Other Resolution: Ultra Unification. Other ways to get “mass,” or
replace neutrinos by 4d TQFT, CFT, or 5d invertible TQFT, etc.
Insight: discrete B — L symmetries, global anomalies, cobordism.
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Anomalies (invertible, local Z or global Z, classes)

1. HEP: (d — 1)dim 't Hooft anomalies — obstruction to gauge a
global symmetry G (G-bundle with G-connection). Lead to
ill-defined G-gauge theory. But useful G probe background field A
to constrain quantum dynamics. Z[A,...] = Z[A,...]

=¢'© Z[A,...]. Section of determinant line bundle.

Spacetime-internal sym
G — (Gspacetime[XGinternal) —

Nshared = GspaCEtime D<Nshared Ginternal-

2. CondMat: The internal part of G-symmetry cannot be local
onsite symmetry at the deep UV (Planck or lattice cutoff scale).
Anomalous non-onsite internal symmetry. Obstruction to gauge G.

3. Math: specified by ddim invertible TQFT known as cobordism
invariant of cobordism group Q¢ = TP4(G).

Dynamical fates with anomaly: No G-symmetric trivial gapped phase
of (d — 1)dim on the boundary of ddim nontrivial iTQFT vacuum.
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Classify all invertible anomalies for SM and GUT gauge groups:

(Quantum) Anomaly in Physics: Boundary Phenomenon vs Bulk.

adjective for anomalies:

e (1) invertible vs noninvertible.

e (2) Z vs Z-class: perturbative local vs nonperturbative global anomaly.
e (3) probes: gauge anomaly vs mixed gauge-grav. vs gravitational anomaly.
- chiral or axial anomaly: chiral internal symmetry.

e (4) bosonic (SO/O/E) vs fermionic (Spin/Pin® /DPin/EPin-structure).

e (5) background fields ('t Hooft anomalies) or dynamical fields

R.B.Laughlin '81, Witten '83-85, Callan-Harvey '84-'85, Dai-Freed '94, etc.
Cobordism: Kapustin'14, Kapustin-Thorngren-Turzillo-Wang'14 (proposed), Freed-Hopkins'16 (systematic),
Wan-JW'18 arXiv:1812.11967: Encode higher-sym/classifying space. Wan-JW-Zheng'19 arXiv:1912.13504

Application to SM: Garcia-Etxebarria-Montero'18, JW-Wen'18, Davighi-Gripaios-Lohitsiri'19, Wan-JW'19
arXiv:1910.14668
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The Use of Anomalies (perturbative local anomalies)

gauge Global sym
(dynamical field) (Backgrd. field)
gauge gauge Global sym Global sym
) (dynamical field)  (dynamical field) @ (Backgrd. field) (Backgrd. field)
Global sym gauge
(Backgrd. field) (dynamical field)
gauge gauge Global sym Global sym

) (dynamical field)  (dynamical field) 7 (Backgrd. field) (Backgrd. field)

(1) Dynamical gauge anomaly. (2) 't Hooft anomaly of background (Backgrd.) fields.
(3) Adler-Bell-Jackiw (ABJ) type of anomalies. (4) Anomaly that involves two
background fields of global symmetries and one dynamical gauge field.
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(B — L)-(gravity)? and (B — L)* as Z-class ABJ anomaly or 't Hooft anomaly

Global sym B — L Global sym B — L
(Backgrd. field) (Backgrd. field)
gravity gravity B —L B-L

(B - L)_(graVity)2 = .jB : Ngeneration . (Nc/3) . (2 —-1- 1) =0.
jl- : Ngeneration . (2 -1- nuR) = Ngeneration . (1 — nuR).
(B - L)3 :>jB : Ngeneration . Nc . (1/3)3 . (2 —1-— ]_> =0.

jL : Ngeneration . (1)3 . (2 —-1- an) = Ngeneration . (1 - nuR)

d xjg =0 but d * (js —j.) = 0 only when n,, = 1.
Require the 16th Weyl fermion, or break (B — L), or?
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Baryon - Lepton B — L and a variant X (Wilczek-Zee '79)
2
XEX1:5(B—L)—4Y:5(B—L)—§Y1.

The U(1)g_L-grav? or U(1)x-grav? has a perturbative local (gauge-gravity)
anomaly of Z class. Standard Lore: With gravity, SM with 15n Weyl fermions
do not cancel anomaly. Some consequences:

e U(1)g_r or U(1)x global symmetry current is not conserved. (ABJ anomaly.)
e U(1)g_r or U(1)x is broken (to Zeyen x or Z5).

e Add right-handed neutrinos.

e Neutrino massive? SM extension includes gravity.

Do these anomaly remain when we break X to discrete? Zeyen,x Of
Z5 € 74 x = Z(Spin(10)) € U(1)x, so X2 = (—1)F. Do we gain
nonperturbative global anomalies?

Spoiler: In particular, we will find that the Z4 x-grav® has a nonperturbative
global (gauge-gravity) anomaly of Zjs class.

Tachikawa-Yonekura'l8, Garcia-Etxebarria-Montero'18, Hsieh'18, Guo-Ohmori-Putrov-Wan-JW'18,
Wan-JW'19
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Anomalies of SM and GUT via cobordism:
hep-th/0607134: Freed. generalized cohomology.
Check the bordism group Q¢ = TP4(G) —

1808.00009: Inaki Garcia-Etxebarria, Miguel Montero.
G = Spin Xz, Z4, Spin x SU(n), Spin x Spin(n).

1809.11171: JW-Wen. G = SExSpinl0) " gpip 5 SU(5).

2

1910.11277: Joe Davighi, Ben Gripaios, Nakarin Lohitsiri.
G = Spin x Ggm,, Spin x Spin(n), other GUTs

1910.14668: Wan-JW. (Subtle twisted cases.)
G = Spin X GS|\/|q, Spin X7 Z4 X GSMqv Spin X7 Z4 X SU(S),
Spin x Spin(n), Spi%s;pi“(") e.g., n= 10,18, other GUTs

2

Conservative view vs Optimistic view (New Arena Beyond the SM).
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Classify 4d Anomalies by 5d iTQFT/SPTs via Cobordism

G = Spin X Gsm,_, Spin Xz, Zs X Gsm,_, and G = Spin Xz, Zs x SU(5):

Cobordism group TP4(G) with Gsm, = (SU(3) x SU(2) x U(1))/Z, with ¢=1,2,3,6
classes cobordism invariants
G = Spin Xz, Z4 x Gsmg

2qU(2) T(3) 2QU(2 U(2)

WPD((UE))), a(UE)Rest®, AulCSTosTale) | (e o8 ia Ue)Cs,
5d  Z°xZ3xZyx Zss (Azy)?CSY @ +C8T® ep (U(3))+CST®  (Az,)?CSY® e (UEB))OSY P 4057 @ csU®)
’ 5 )

(Az)a(UB),  (Az)ea(UR), ei(UE),  n(PD(Az,)
G = Spin Xz, Z4 x SU(5)

2 U(5) U(5)
5 Zx7sxZss (207080 08— (Az,)ea(SU(5)), n(PD(Az,))

G = Spin xz, Spin(10):
G = Spin xz, Spin(N) for N > 7,
e.g. Spin(N) = Spin(10) or Spin(18) for SO(10) or SO(18) GUT
5d 7 wa(TM)ws(TM) = wa(Vsow))ws(Vsow))
JW-Wen '18 1809.11171, Wan-JW'19 1910.14668 uses Adams spectral sequence.
Other related work uses Atiyah-Hirzebruch spectral sequence.
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|. (Local) Anomalies of Spin(d) x Gsm, |(su(3)xsu@)xu(1))/z,

U(1)y gauge U(1)y gauge U(1)y gauge

U(1)y gauge U(1)y gauge SU(2) gauge SU(2) gauge SU(3). gauge SU(3). gauge
@) (i) (iif)

U(1)y gauge SU(3). gauge

gravity gravity SU(3). gauge SU(3). gauge
(iv) ™)

1)3: 4d anomaly from 5d CSF(I)Cl(U(l))Q and 6d ¢ (U(1))*

1)y-SU(2)?: 4d anomaly from 5d CS} 1)cz(SU(2)) 6d c1(U(1))e(SU(2))
1)y-SU(3)%: 4d anomaly from 5d CSU (SU(3)), 6d c1(U(1))c(SU(3))
1)y-(gravity)®: 4d anomaly from 5d ,u(PD(cl(U(l)))), 6d w

C C CC

(
(
(
(

SU(3)2: 4d anomaly from 5d 1CSEY®), 6d 1c;(SU(3))
4d global Witten SU(2) anomaly from 5d cz(SU(2))17, 6d c2(SU(2))Arf.
It becomes part of local anomaly in Z when g = 2,

Davighi-Gripaios-Lohitsiri1910.11277, Wan-JW 1910.14668, Davighi- Lohltsm 2001.07731 JW 2006.16996.
Juven Wang Slides: http://idear.info/ and Dropbox link - Quantum Criticality BSM and UU




Il. (Local+Global) Anomalies: Spin Xz Zax X Ginternal/gauge
Focus on Z4 x = Z(Spin(10)) C U(1)x where X = 5(B—L)—4Y.

G = Spin XZZF Z47x X GSMq and Spln XZZF Z47X X SU( )Z

. 7% X T X 72 % Zqs,
TPy=s5(Spin xz¢ Za,x % Gsw,) { 75 x Zg X Zj X Ziz

TPd:_r,(Spin XZ; Z47X X SU(5)) = Zx Zz X ZIG'

Q Q
I
N —

Az, = (Az, mod 2) € HY(M,Z,) is a generator H*(B(Za x/Z%),Z2) of Spin X g Lax.
© Mutated Witten SU(2) anomaly cx(SU(2))ii:
4d 7 to Zs global anomaly free (g = 1,3): «(SU(2))n’
4d Z» to Z local anomaly free (¢ = 2,6): 1CSYP e (U(2)) ~ Lai(U(2))CSy .
© (Az,)2(SU(2)): 4d Z» global anomaly free (g = 2,6)
© (Az,)2(SU(3)): 4d Z, global anomaly free
° a1(U(1))?n’: 4d Z4 global anomaly free
© (Az,)2(SU(5)): 4d Z> global anomaly free
@ (PD(Az,)): QP %™ ~ Pin — 7,0
4d Zie global anomaly not canceled for 15N, Weyl fermions. Alternative stories?
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Standard Model and GUT anomaly cancellation

Chiral fermion - Weyl spinor
su(3) su(2)  u(l)y u(l)x—s@-L)-ay u(1)y u(l)x SU(5) Spin(10) gauge

3 su(5)  so(10) GUT
1st Gen. v, ' 5 e 1 Ver @ 0 5 1
(A JL) g O1 1 10 16

nw OO0 1 23 1 /‘Ve- _

g,; O O O 1 13 3 L ¢ L- -1/2 -3 5
2nd Gen. .

All fermions have Z4,X charge 1

3rd Gen.

panticte SUG) SU@) UMy UMaw UMy Zux Zf
dp 3 1 1/3 -1/3 -3 1 1
i 1 2 12 -1 -3 1
aw 3 2 1/6 1/3 1 1
iR 3 1 —2/3 -1/3 1 1 1
ér=e€] 1 1 1 1 1 1 1
VR = v 1 1 0 1 5 1
on 1 2 1/2 0 2 20
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Logic to
Ultra Unification

4d Z16 global anomaly not cancelled for 15/Nge, Weyl fermions.
Alternative stories for including or not
the 16th Weyl fermion (“sterile” /right-handed neutrinos)?
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Logic to Ultra Unification

Assumptions:

@ Standard Model (SM) Ginternal: Lie algebra su(3) x su(2) x u(1).

G, = SU(3)><S£7(2)><U(1)7 g=1,2.3.6.

q

© 15 x (N, = 3) Weyl fermions (spacetime Weyl spinors) observed,
applicable to both SM and SU(5) GUT.

© Discrete Baryon—Lepton number preserved (or not) at high energy:
L4 x=5(B—L)—4y O 75, so X% = (—1)F, also dynamically gauged at
higher energy (if we embed the theory into quantum gravity).

Check: Perturbative local & nonperturbative global anomalies via cobordism.
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Logic to Ultra Unification

Consequences: Zis anomaly index as total (Nge, = 3)-(15 = —1 mod 16).

(=(Ngen = 3) + ny,  +ny, o + ny_, + new hidden sectors) =0 mod 16.

Anomaly-cancellation?
(1) Standard Lore: R-handed neutrino (16th Weyl) n,, = 1.
Za4, x preserved (gapless, or Dirac mass) vs broken (gap) by Majorana mass.
(2) My proposal: New hidden sectors beyond SM:
@ 7. x-symmetry-preserving anomalous gapped 4d TQFT (Topological

l\/lass). (Topo.Green-Schwarz mechanism. Boundary topological order [2+1d Vishwanath-Senthil'12].)
Za,x-5d invertible TQFT (SPTs) by cobordism invariant n(PD(Az,)).

Z4, x-gauged-5d-(Symmetry)-Enriched Topological state (SETs) +
gravity.

Z4, x-symmetry-breaking gapped phase (e.g. Landau phase or 4d TQFT).
Z4, x-symmetry-preserving gapless or breaking gapless (e.g., extra CFT).

HEP-PH Gapped Extended Excitation/Objects beyond Particle Physics.
HEP-PH Gapless Unparticle CFT Physics.

Juven Wang Slides: http://idear.info/ and Dropbox link - Quantum Criticality BSM and UU



Extra dimension 5d (4+1d)

Gaugeboson  S%(3)c su(@) x u(l)y = u(L)em X v
Line bparators (s (WM Wy g B,
31 e - "

i
: . Z0

Lo

1 SU()_smn(10) gauge
W) soli0) Ut (3+1d)

1t Gen. o 18) he@o s
7’~{’J 8@\}2 wFS 1w N Grand
- Unification
W Q00 1 s 1 lw e T (@Gum
% 000 1w a Mg
7
2nd Gen. All fermions have Z,, x charge 1
asoon

Chiral fermion and chiral gauge sector

Extra Dimension 5d (4+1d)
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Ultra Unification 4d and 5d coupled quantum system

L!(Itra Upification

Gaugeboson  St(3)e

Line operators
o Bgmz«m"‘ 3 A =174 x or “ X —background gauge field
(- 4d (3+1 d) non-invertible TQFT
Gre,")d . Chiral fermion - Weyl spinor Id line operators or (unparticle) interacting CFT
Unification SU() sein(0)gage  Ad

A i uy el s

(GUT) 3 su(5)  so(10) GUT (3+1d)
2d surface operators

- (J@@?ﬂ? wo B@os o },5 o
% 000 1 4 1 ,{)8 B /:E P )’/ﬁbﬂ i

% 000 1 w3

2nd Gg' All fermions have Z, x charge 1 &‘ // | II l, [ J/
4,X

: S — | e

! d \

i : 7

Chiral fermion and chiral gauge sector (—(Ngen = 3) + 7, + 7, 5 + My g + Vad,even — Vsd) = 0 mod 16

5d (4+1d) invertible TQFT (Cobordism invariant, SPT phase, topological superconductor.)

exp(Zvsq [35 1(PD(Az,))) with APS eta invariant
SmeZF Ty, x
Vsq € Zis from

Mirror fermion and chiral gauge sector, or TQFT

Application to Beyond SM: Neutrino Physics and Dark Matter.
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Ultra Unification 4d and 5d coupled quantum system

Landau paradigm Ultra Unification in Quantum Matter

Beyond Landau paradigm

continuous compact Lie group
Long-range entangled topological order gapped phase

Yang-Mills gauge theory

Weyl spinor Anomalous symmetry enriched topological order (SET)
Grand . .
Unffication  Symmetry Breaking mass Symmetry Extension topological mass
(GUT) or . . 4d (3+1d) non-invertible TQFT
SM 7 é@ Yukawa-Higgs-Dirac term or (mnparticle) interacting CFT DiSCrete gauge theory
1stGen, 2 Anderson-Higgs mechanism Id line operators
88 /8 Chiral fermion and chiral gauge sector 2d surface operators

2nd Geh.

s Al-fermions-have Z4, x-charge 1 (’\L/\D "@Lﬂ: %Q :

rd Gen. ..

i )
= = &t S

Topological quanturn phase transition

-ﬁ.¥\\—-\

5d (4+1d) invertible TQFT

Short-range entangled SPT gapped phase
but can be gauged to be Long-range entangled

by dynamically gauging Z4,X at higher energy

)
1
I
)
)
)
]
)
1
1
[
! Mirror fermion and chiral gauge sector, or TQFT
|
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Logic to Ultra Unification

(=(Ngen = 3) + ny,  +ny, o+ ny_, + new hidden sectors) =0 mod 16

(—(Ngen = 3) + Nugr + Ny, g+ Nu_ g+ Vadeven — v5q) =0 mod 16.

® Vidodd = 1,3,5,7,- -+ € Z1s = Obstruction to symmetry-preserving gapped
phase. No 4d TQFTs constructible.

Cordova-Ohmori'19 1912.13069.

® Videven = 2,4,6,8,- -+ € Z16 = Symmetry-preserving gapped phase.
4d TQFTs constructible.

Based on generalization of symmetry-extension method. JW-Wen-Witten'17 1705.06728.
Hsieh'18 1808.02881, JW-Wan-Wang 1912.13504, JW 2006.16996, 2012.15860.

Possible implications to HEP-PH:

A HEP frontier beyond the conventional 0d particle physics relies on the TQFT
and gapped extended objects (gapped 1d line and 2d surface operators or
defects, etc., whose open ends carry deconfined fractionalized particle or anyonic
string excitations), or (unparticle) CFT.

Juven Wang Slides: http://idear.info/ and Dropbox link - Quantum Criticality BSM and UU



More on Zjs global anomaly cancellation with V44 even
exp(Z - v - (PD(Agz,))) for QSmeZZZ4 > QPN = 7.

4d Zs6 global anomaly not canceled for 15(Ngen = 3) Weyl fermions.
New hidden gapped sector 5d iTQFT/SPTs/cobordism invariant (with e € Zg):

20l Az = (25 (V57) - (ABK(PD((42,)") \Ms)

271 Veven

o () - (4 AM(PD((Az) ) + 2+ (PD((A22)")) + (A2 )°)

— exp(

M5).

Az, = (Az, mod 2) € H'(M, Zy) is a generator H'(B(Zs x /Z5), Z») of Spin Xgf Lax.

Arf-Brown-Kervaire (ABK) for Q5™ = Zg.  Arf for Q3P = Zo. 7 for QP = 7Z,.

® Videven = 2,4,8,- -+ € Zig = Symmetry-preserving gapped 4d TQFTs constructible.
Mechanisms that can generate (symmetry-preserving) gapped phases?
Gap (Similar to confinement) without G-symmetry (chiral Spin Xgf Za,x) breaking.

Zax G

1—>Z§—>Zf—r>Z§f( )¢ > 1.
1 — [Z2] — Spin X Z4,x x Gsm/cur — Spln Xzf Za,x X Gsnmyaur — 1

May require additional symmetry extension. Non-abelian fermionic [Z,] TQFT.
Ultra Unification Functional Path Integral — YouTube video available.

Juven Wang Slides: http://idear.info/ and Dropbox link - Quantum Criticality BSM and UU



Math Physics Equations: Ultra Unification Path (Functional) Integral example

_ ("ue 3Ny 7"V.,.y )
Zuu[Az] = Z sqiraer) [Az] = 20 ek [An] - 204 0er[ Az, - Zgyr TR TR [ A,
4d-SM+TQFT

ZSM[AZ4] = f['DQ[)][D’l/_}] [DA][D¢] o exp(i Ssm [1/% szv Av ¢’ B AZ4”M4)

Sem = //\44 (Tr(F, AxFp) — %ng‘r(F/ A F/)) + /W ("Z(iwA,AZ‘,)w

(Gauge) Symmetry breaking +|Du,A,Az4¢|2 —U(¢) — (Wl (io® ") + h.c.)) d*x

| (—(Ngen = 3) + 1y, g + 00, g + Mg +Vaa — Vsa) =0 mod 16. |

_ [ _ 2mi 3
Zi e M) 0] = Y TEered)
c€d’ ~Ha[PD(A3))
1 [ a(6b+A3) 2TL ABK(cUPD (b))
gy D (PN e -

acCl(M*7,),
be C3(M*,Z;)

1 — [Z2] — Spin X Z4,x X Ggm/qur — Spin Xy Za,x X Gsmygur — 1.
Symmetry extension trivialize anomaly (JW-Wen-Witten'17 1705.06728). Fermionic non-abelian TQFT.
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Other ways to give mass to “neutrinos”

What is mass? correlation function (of the corresponding

operators/excitations/states) decaying exponentially.

. Symmetr Topological Order .
Mass mechanism I%lropertyy with FOW egnergy TQFT Description:
(1) Anderson-Higgs Sé/:;;?:rgy X Mean-Field
Confinement: Symmetr X
©) Chiral SB I_:}’:reakingy X Mean-Field
Confinement: Symmetry Many-Body or
3) - - X ;
s confinement Preserving Interacting
Symmetric
(4) Mass Symmetry X Many-Body or
Generation Preserving Interacting
(Anomaly-Free)
Symmetric
(5) Gapped Symmetry v Many-Body or
Topological Order Preserving Interacting
(Anomalous)
Symmetry s v: TO/TQFT if K is gauged,
Extension ymmetry and if spacetime dim d > 3
(6)  Gapped Extension P B Mlar;y-BO(_iy or
(Anomaly Ko G456 X: no TO/TQFT if G nteracting
Trivialized) remains ungauged.
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Fundamental Physics embodies Topological Matter

Energ
1019Gev] ™ "EY e
. S T
M, : P Lomom o Mplanck ~ \/ G
GuT | ! Ultra Unification i
10'6GeV ! !
e I -

su(5), etc. Grand Unification

i
1
1
~ I Gerogi-Glash
I 1974
1
1

246GeV -

su(3)e x su(2)r x u(l)y
Standard Model

su(2)p x u(l)y
Glashow-Salam-Weinberg

u(l)EM

Strong  Electric Magnetic Weak GUT Forces Topological Forces ...? ... Gravity

HEP-phenomenology: beyond 0d particle physics (to extended objects
or unparticle CFT). New Direction:Quantum Matter in Math/Physics.
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Ultra Unification 4d and 5d coupled quantum system

Landau paradigm Ultra Unification in Quantum Matter

Beyond Landau paradigm

continuous compact Lie group
Long-range entangled topological order gapped phase

Yang-Mills gauge theory

] 1 T
| [ l ] J
\

JJ

Weyl spinor Anomalous symmetry enriched topological order (SET)
Grand . .
Unification Symmetry Breaking mass Symmetry Extension topological mass
(GUT) or . . 4d (3+1d) non-invertible TQFT
¢ @E) Yakewe-Higgs-Dirdctam or (unparticle) interacting CFT DiSCrete gauge theory
O Anderson-Higgs mechanism Id line operators
o Chiral fermion and chiral gauge sector 2d surface operators
. O”b ’ b
4 All-fermions-have- Z,, x -charge 1 @ [iu: Q
[

l

-ﬁ‘e\\—-\

5d (4+1d) invertible TQFT /
Topological quanturn phase transition

Short-range entangled SPT gapped phase
but can be gauged to be Long-range entangled

by dynamically gauging Za, x at higher energy

Mirror fermion and chiral gauge sector, or TQFT
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Outline

1. Ultra Unification : Quantum Field Theory /Matter.
- Anomalies, Cobordisms.

- Logic: Three (two-+one) Assumptions.

- Consequences: Gapped Topological/Gapless CFT sectors, Extra dim.

- (Gauge-) symmetry-breaking, -preserving, -extension mass or energy gap.

- Dirac/Majorana mass vs Interaction induced vs Topological mass/energy gap.

-2 =Qf

Spinxz,Z4 = Z16 - Path Integral.

Pin™

2. Quantum Criticality Beyond the Standard Model

QSmeZZSpm(IO) Zy and wows anomaly. - 4d boundary or 5d bulk criticality.

- GUT-Higgs fragmentary fermionic parton + Dark Gauge sector.

3. Combined Synthesis - Conclusion
- 15n vs 16n Weyl fermion scenarios (SM or GG vs other GUTs).
- Topological criticality or phase transition (topological order).

- Non-invertible categorical Higher symmetries retraction.
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Wilczek et al: “Gauge group” of GUT is a key issue.

Seiberg et al: “Gauge group” is not a physical
description of a theory. Many dualities.

Let us provide a resolution.
JW-YZYou, arXiv:2106.16248, 2111.10369.

Juven Wang
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Wilczek et al: “Gauge group” of GUT is a key issue.

Seiberg et al: “Gauge group” is not a physical
description of a theory. Many dualities.

Let us provide a resolution.
JW-YZYou, arXiv:2106.16248, 2111.10369.

e Standard lore: our vacuum governed by one of the candidate SMs,
while lifting towards one of Grand Unifications (GUTs) at higher energy
scales.

e In contrast, we introduce an alternative viewpoint that the SM is a low
energy quantum vacuum arising from various neighbor GUT vacua
competition in an immense quantum phase diagram.
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-~

2 GUT, =
s &
[P}

77} >
a GUT,; %0
= s
=1 =
=

@ -
Quantum Vacua tuning parameters

Deformation class of QFT (Seiberg. etc.),
Deformation class of Quantum Gravity (McNamara-Vafa, etc.)

spacetime X Ginterna
e Spacetime-Internal Symmetries. G = (Sestine X Ginenat )

Nshared
e Anomalies.
e Cobordism class.
e Deformable on the same Hilbert space.

We will first treat the internal symmetry as a global symmetry. Ginternal 1S
physical. In this case, we focus on 0-symmetry. We will dynamically
gauge Ginternal later. Then there will also be considerations of:

o higher-symmetries,

o invertible symmetries or non-invertible (categorical) symmetries.
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Deformation class of QFT: cobordism class

For 4d SM/BSM physics, we propose such a 5d cobordism invariant:

v 2ri
Zl(')zii'l')QFT = eXP(E -v-n(PD(Az, mod 2))

)| exp(iﬂ'opo/ waws) |,
v s

with v € Z15, p € Zs,

e The Az, € H'(M,Z4 x) is a cohomology class discrete gauge field of the
Z4 x-symmetry.

e A 4d Atiyah-Patodi-Singer (APS) 7 invariant = npi,+ € Zis.
A 4d (341d) topological superconductor, protected by time-reversal

T2 = (-1)F.
o Stiefel-Whitney (SW) characteristic class: waws(TM) = waws(Vso(10))-
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e In general, we can regard the SM arising near the quantum criticality
(critical regions) between the competing neighbor vacua.

e In particular detail, we demonstrate how the su(3) x su(2) x u(1) SM
with 16n Weyl fermions arisen near the quantum criticality between the
competition of Georgi-Glashow su(5) model and Pati-Salam

su(4) x su(2) x su(2) model.

e Internal symmetry as a global symmetry: Deconfined quantum
criticality (Senthil-Vishwanath-Balents-Sachdev-Fisher 2003) generalized
to 3+1d.

e Internal symmetry is dynamically gauged then as in our vacuum.
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What is criticality? What is a phase transition?

e Criticality: Gapless excitations (e.g., massless, conformal) and with an
infinite correlation length, it can be either

(i) a continuous phase transition as an unstable critical point/line/etc.
as an unstable renormalization group (RG) fixed point which has at least
one relevant perturbation in the phase diagram,

(i) a critical phase as a stable critical region controlled by a stable RG

fixed point which does not have any relevant perturbation in the phase
diagram.

e Phase transition:

continuous phase transition (second or higher order, gapless modes).

discontinuous phase transition (first-order, without gapless modes, and
with a finite correlation length).
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Isq4 r4s

from a gauge—ehanced
4d criticality to
a 5d bulk
criticality su(4)xsu(2)xsu(2) Pati Salam model

Fragmentary

GUT-Higgs Liquid
induces Beyond SM
fractionalized excitations

We propose a BSM Landscape (not Swampland)
U(®r) = (r45(d>45)2 + )‘45(¢45)4) + (f54(q’54)2 + >\54(¢54)4> +....
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e To manifest a Beyond-the-Standard-Model (BSM) and

Beyond-Landau-Ginzburg quantum criticality between Georgi-Glashow
and Pati-Salam models, we introduce a parent effective field theory of a
modified so(10) GUT (with a Spin(10) gauge group) plus a new 4d
discrete torsion class of Wess-Zumino-Witten-like term that saturates a
nonperturbative global mixed gauge-gravity anomaly captured by a 5d
invertible topological field theory waws(TM) = waws(Vso(10))-

e We show an analogous gapless 4d deconfined quantum criticality with
new BSM fractionalized fragmentary excitations of Color-Flavor
separation, and gauge enhancement including a Dark Gauge force sector.

e If the internal symmetries are dynamically gauged (as they are in our
quantum vacuum), we show the 4d criticality as a boundary criticality

such that only appropriately gauge enhanced dynamical GUT gauge fields
can propagate into an extra-dimensional 5d bulk.
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Lie Group Embedding and Symmetry Breaking

SU(3) xSU(2); xU(1)y ¢
Zg

CSMG = Spin ng Zg x X > GGG = Spin ng Zg x X SU(5)

Spin(6) x Spin(4) -
Loy

Gp52 = Spin XZ;_ > Gso(lO) = Spin XZ;- Spin(lo)

s0(10) GUT:
G so(10) = Spin(10)

Georgi-Glashow su(5) GUT: ras < 0] (By40) #0 Pati-Salam su(;l[)}(j) Sf((szu)(;,ius(ggz)lg)()dd:
Gee =5U(5) Foa < Of (Brgy) #0 Grs,_, = T2

rsm 440,(%5) #0

su(3) x su(2) x u(1) SM:
SU(3),xSU@),xU()y

GSMF" = 9=6 )q:Sq’:G
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SUAY action: Modified so(10) GUT (Spin(10)) plus a new 4d discrete torsion class of
WZW-like term that saturates waws(TM) = waws(Vso(10)) anomaly from
TPs(Spin XgE Spin(10)) = Z,, not from TPs(Spin x Spin(10)) = 0.

Symwey = Tr(F A xF) + d*x (¢} (15" Dyu,a)ir),
M4
Stee = [ 'x(1D,40F - U(®0),
4
; 1 1e
4 bi .2 .
SYukawa = A,H d X(§¢T¢ (b + 5 az:; (¢Im (¢2a71r2371 - 1¢2ar28)1/)L + h.C.)),
wzw 1 _ = bi A bi
s = = /MS B(®si) A dC(®as)| _W/MS B@™) —ac(@™)| .

Spin(10) rep: . in 16, ¢ in 10, ®>' in 100, ®® = ds4 in 54, P = dy5 in 45.

SW?W on a closed M® is a 5d invertible TQFT wows = waws(TM) = wows(Vso(1o))-
Wang-Potter-Senthil 1306.3238, Kravec-McGreevy-Swingle 1409.8339, JW-You 2106.16248.
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Fractionalization (by PW Anderson et al.: Emergence):
Quantum Matter (Iso)Spin phases vs Higgs field:

e Order (Symmetry breaking).

e Disorder (Symmetry preserving).

e Fractionalization (partons, emergent gauge fields).
Long-range entangled Resonating Valence Bond (RVB).
Bosonic construction of WZW term

Composite GUT-Higgs
A Tr<_1>bi =3, oo gives g = 1 in 1s.
b = das contain { OV = By = 3(O4h — Oh) = 3(6s0s — Gu6s) = 3[05, 6] = Pus.
O =y = (00 + L)) = 3(Paths + Pra) = 5{¢a, Pb} = Psa.

Fermionic parton construction of WZW term
Fragmentary GUT-Higgs with emergent gauge field

B () ~ €l (x)exp(i / a9 dx)Ep(x)
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Bosonic construction of WZW term

Homotopy group
T ® T T3 T4 Ts

O(10)
66 LI Z; 0 Z 0 0 0

O(10) 2 2
PS oxom 0 Z2 7o 0 7% 73

Cohomology group:

GG C(®Pi) = B/(dP') € H2(O(10)/U(5), Z2) = Z2 and H2(SO(10)/U(5),Zs) = Zo.

PS B(®P') € H2(O(10)/(0(6) x O(4)),Z) = 7Z3.

exp(i SWZWV[d])= exp(im [y,5 B(®P1) — 8B/ (®P1))= exp(i27 [,,s B(P")) — SqlB/(dP1)) o

(This is a bosonic construction. We will show next the fermion parton construction.)

Match 4d anomaly of 5d invertible TQFT:
exp(im fis wa( TM)ws(TM)) = exp(in fys w2(Vsoo))ws(Vsoqo)))
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Fermionic parton construction of WZW term

SUAY action: Modified so(10) GUT (Spin(10)) plus a new 4d discrete torsion class of
WZW-like term that saturates wows( TM) = waws(Vs0(10)) anomaly.

Symweyl = / Te(F A #F) + d*x($(i5" Dy.a)tor),
M4
Shiges = d*x(|Dyu,a®r|” — U(PR)),
5
1 i
Svukawa = / d4X(§¢T¢b Z Yl i0%(hra—1T2a-1 — 1¢2ar2a)¢L+hC))
M4 )
SWZW — l/ ( / B(&')bl) - 6C(d‘)b1 )
™ Jps M5 M4=d M5
Sgen, = /MA d*x £(iy" D), — " — in'VEcbb')g.
Sil = [ I —m— A Y 1555 B — 15 G

Spin(10) rep: < in 16, & in 10, ¢ in 10, ®" in 100, ®P = g in 54, PP = Py in 45.
D}, =V, —iaP% .. —igA, of U(1)“™ and Spin(10).

gauge

4d £ in 2, & 2g of Spin(1,3) and 5d £ in 2 X 4 of Spin(1,4).
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Check QED-WZW term produces w,ws; anomaly

e Dirac fermion & in 2, @ 2g of Spin(3,1) and (1,10) of U(1) x SO(10).
¢ Rep is incompatible with Spin X ¢ Spin(10), we need to introduce a
new fermion parity Zgl for a DSpin = (Z§ x Z;) x SO structure.

Gqep; = Spin’ x5 [U(1)'] x SO(10) = Spin®’ x SO(10).

G;;gf(;f)ifgm = (DSpin xzr Spin(10)) Xz [U(1)].

o Additional (emergent and gauged) symmetry to forbid quadratic mass:
U(1) : € — e'%¢ forbids §LT/R102§L/R.

ZS®" €(t, %) — AOFIVELH (¢, —X) forbids E€.

7Y €(t, %) = KyOFIVEE(—t, X) forbids i&4FVEE.

o Use the new SU(2) anomaly to check waws anomaly:

e ¢ viewed as in Weyl 2; of Spin(3,1) and (2,10) of SU(2)" x SO(10).
Gacp, = Spin’ x e [SU(2)] x SO(10) = Spin™ x SO(10).
Gsfggf(;f)i_egm = (DSpin xz¢ Spin(10)) xz¢ [SU(2)'].
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U(1) x SO(10) < SU(2)’ x SO(10) < sz(éo) <+ Sp(2) x Sp(8) <+ SU(2)"” x Sp(8)

10, (2,10) ~ (41)®(1,16) ~ (4,1)®(1,16).
d 2 3 4 5 6
TPd(SpinXSU(2)) Zg ZZ 0 Z2 ZQ
TP4(Spin xz, SU(2)) 0 Z* 0 Z5 73
TP,(Spin xz, Spin(10)) 0 Z%> 0 Z, Z»

bulk dd and boundary (d —1)d. d=25:
1st Zp: Witten anomaly. iTQFT as c(SU(2))7 = iPD(c2(SU(2))).
2nd Zj detected on non-spin M>: waws(TM) = waws(Vso(s))-

also waws(TM) = waws(Vso(10))
JW-Wen-Witten'18 1810.00844

SU(2) isospin 0 2 1 3 2 3 3 7 mod4[2r+1 4r+3 mod4
SU(2) Rep R (dim) 1 2 3 4 5 6 7 8 mod8[4r+2 8 +4 mod38
Witten SU(2) anomaly v v v
New SU(2) anomaly v v

Z, class: torsion part, or nonperturbative global anomaly.
JW-Wen arXiv:1809.11171, Wan-JW arXiv:1812.11967: Encode higher-symmetry/classifying space.
Works on wows: Kapustin, Thorngren, Wen, Fidkowski-Haah-Hastings, Chen-Hsin, etc
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Fermionic parton construction of WZW term

SUAY action: Modified so(10) GUT (Spin(10)) plus a new 4d discrete torsion class of
WZW-like term that saturates waws(TM) = waws(Vgo(10)) anomaly.

Svnwer = / CTR(FAF) + d*x (0] (15" Dua)in),
M
SHiges = /w d*x (1D a®r[” — U(®R)),

5
1 i
Svukawa = /M4 d4X(§¢T¢b Z 1/1L10 (2a—1T20-1 — 1¢2arza)¢L+hC))

1
gwzw - _ ;/ B(
M5

=7 / B(®") — sC(d"
M5

MA—aM5
ngEz[;/z/ _ /M4 d*x E(in" D, — b _ i,yFIVEq)bi)g.
Seeo, = / X (5D} = m = 7B - 50108 — i5°55 B, — 15°9"5Cu )6,
M

Spin(10) rep: 1y in 16, £ in 10, ¢ in 10, ®° in 100, "' = b5y in 54, S®' = dy5 in 45.
D], =V, —ia\ % . — igAu of U(1 1)’ and Spin(10).

gauge

4d & in 2. @ 2 of Spin(1,3) and 5d € in 2 x 4 of Spin(1,4).
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Yang-Mills G gauge group theory with Weyl spinor. so(10), GG, flipped, PS, SM. New Parton.

su(3) su (2)\}@:5\"’\ su (2) > \\50(10)

3
ULOOO}z 11 VeLO}z 33
d; © O O er O G
OO0 1-41 V.z® 10 5
drOO0O12-3 ¢GO1G61

su (3) su (2)0\\\:&\*\ su (2) S x\5u )

3

——
ULOOO}211 eprO 1 6 1 1
d,© O O yer® 1 0 5 10
fROOO 12 -3 VeLO}2 3.9 B
up O 00 1-41 er O

su(3) su (2) 9 S su (2) \){x\i.

P
uLOOO}2 L veLO}z s | L
d, © O O er O f
urOO0O01-41 [vg®1 05 v
irO0O012-3e0161 |
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su(3) su (2)0\9:5‘*\ su (2 9 S 5)

3 .
HLOOO}2 11 Ver® 1 0 5 1
dL© O O epO1 6 1 10
ur OO0 1-41 Velo} =
— 2 -3-3 5
drOOO12-3 ¢ 0O

9 SR 9 '0\\
su3(3) su ( )\s\ o su() su(4)xsu(2)L
su(2)r

uLOOO}2 11 “Lo}2 3.3 @4,2,1)
d, O O O e, O
OO0 1-41 720105
drOOO12-3 €O161 Eh

u (Mg 3) su @ u Dy, u )y, su(®) s0(10)

'gaug

eqeaq1 3 1 -2 -2}5
€a¢ 1 1 2 3 -2 10
PPDPL 3 1 2 2}3
pPp 1 1 2 -3 2

ropbox link - Quantum Criticality BSM and UU



Lie Group Embedding and Symmetry Breaking

U(16),

|

Spin(10) or Spin(10) xz, , U(1)

M l(‘i’n) #K)N
GG flipped

Ps
U(s)5t Spin(6) xz, Spin(4) = SU(4) xz, (SU(2);, x SU(2)r) U(5)%nd

|

(SUG) x SU@) x SU) xz Ul

(®33) orl<¢i2“> #0

GpsNU(5)3'=U(5)5"NU(5)3*=GpsnU(5)3"=

SU(5) (SU(3), x SU(),) xz, ULy, Xz, ULy, SU(5)

GpsnSU(5)' " =G, = GpsNSU(5)2i=
(SU(3), x SU)y) xz, Uy, (SU(), x SU();) xz, ULy,

\ /

SU(5)*¢NsU(5)? =
(SU@), x SU(2)y)

U(®g) = (’45(¢45)2+/\45(¢45)4) + (f54(¢54)2+>\54(¢54)4) +h ®g5 - ((O75) — (PZ)) +.. ..
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Quantum Phase Diagram (Moduli space or Landscape)

su(4)xsu(2)

xsu(2) PS
(IID=(VID)

Juven Wang

U(®R) = (r45(d>45)2+/\45(d>45)4) + (f54(¢54)2+)\54(¢54)4) +h Pg5 - ((®F5) — (P59) +
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Outline

1. Ultra Unification : Quantum Field Theory /Matter.
- Anomalies, Cobordisms.

- Logic: Three (two-+one) Assumptions.

- Consequences: Gapped Topological/Gapless CFT sectors, Extra dim.

- (Gauge-) symmetry-breaking, -preserving, -extension mass or energy gap.

- Dirac/Majorana mass vs Interaction induced vs Topological mass/energy gap.

-2 =Qf

Spinxz,Z4 = Z16 - Path Integral.

Pin™

2. Quantum Criticality Beyond the Standard Model

prmx Spin(10) = = Z5 and wows anomaly. - 4d boundary or 5d bulk criticality.

- GUT—Higgs fragmentary fermionic parton + Dark Gauge sector.

3. Combined Synthesis - Conclusion
- 15n vs 16n Weyl fermion scenarios (SM or GG vs other GUTs).
- Topological criticality or phase transition (topological order).

- Non-invertible categorical Higher symmetries retraction.
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Quantum Phase Diagram (Moduli space or Landscape)

su(4)xsu(2)
xsu(2) PS

AIm=(VID)
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Deformation class of QFT: cobordism class

For 4d SM/BSM physics, we propose such a 5d cobordism invariant:

v 2ri
Zl(')zii'l')QFT = eXP(E -v-n(PD(Az, mod 2))

)| exp(iﬂ'opo/ waws) |,
v s

with v € Z15, p € Zs,

e The Az, € H'(M,Z4 x) is a cohomology class discrete gauge field of the
Z4 x-symmetry.

e A 4d Atiyah-Patodi-Singer (APS) 7 invariant = npi,+ € Zis.
A 4d (341d) topological superconductor, protected by time-reversal

T2 = (-1)F.
o Stiefel-Whitney (SW) characteristic class: waws(TM) = waws(Vso(10))-
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Redefine Lie group U(5)4 and SM/GUT Higher Symmetries

® Redefine Lie group of u(5) or su(5) x u(1) Lie algebra:

U(5)g = T2 = ((g,e1%) € SU(S) x U(D)|(e T, 1) ~ (I, ! %) e Zs).

(1) UE)H = UE) = U)smis = UB)sm 1.
(2) U(5)2 =2 U(5)3 = U(5)sm+2 = U(5)sm—2. GG or Baar's flipped
(3)  U(5)0 = U(5)sm =2 SU(5) x U(1).

e Higher symmetry:

Higher symmetries of 4d SMs or GUTs with SM matters
QFT Z(Gy) 71(Gy). m(Gy)Y  1-form e sym Glll 1-form m sym Gﬁ‘]
Gsy, = 2 TxT0y Zg/q x U(1) 7. U(1) 75,00 Uy
Gang = ”“)XS”“’*”“’ u(1) Z.U(1) 0 [OR
SU(5) (GG or ﬂlpped) Zs 0.0 0 0
U(5)4 (GG or flipped) U(1) 7. U(1) 0 U(l)[mll
Gps, = M 7y %z, (22 % 75) 2. 2y 500 iz
Grs, = 37"“”*“‘2“ SUCk 7, xz, (23 x 7) . 7, 0 3
Spm(lO) 7y 0.0 0
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Categorical Symmetry and Its Retraction

SM
fermion . o .
spinor Uy, U)x, Zsx Z§ UQ)x, U(1)y, SUG)S Su(s)d
field
ur, 1 1 1 1 1 1 .
. i 1 1 i 1 i i (3,2) in 10
vr -3 -3 1 1 -3 -3 .
oL -3 -3 1 1 -3 -3 (1,2)in 5
UR —4 1 1 1 -3 2 in 10 inb
dr 2 -3 1 1 1 —4 in 5 in 10
vp=v, 0 5 1 1 1 6 in 1 in 10
ép=c, 6 1 1 1 0 in 10 in1

Py
o [(U(1)x, Xz, x U(1)x,) » Zy *] gauge theory.

1-form magnetic symmetries from U(1)x, and U(1)x, (not broken by electric gauge charged
objects). Symmetry generator = topological defect = charge operator:

UgP = Ut + U2 = exp(i@m# *d Vy,) —i—exp(iem# *d V).
m 52 52

ultie - = Uﬂ,‘p = (Upt x Uy 2+ le x Up2).
Om,07, o1,
flip ﬂlp _ 4 ,/fip flip
Uppmor, * U19,,,,19’ Uo,,,w,,,,e’ yor T U 9,00 £ 9m

Fusion rule for gauge-invariant topologlcal magnet‘ic 2-surface operator is beyond group laws:
o Part of gauge group [(U(5);*, UU(5 2”:"2) x ZP] = [Spin(10)].
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Summary

1. Ultra Unification : Quantum Field Theory /Matter.
- Anomalies, Cobordisms.

- Logic: Three (two+one) Assumptions.

- Consequences: Gapped Topological /Gapless CFT sectors, Extra dim.
- (Gauge-) symmetry-breaking, -preserving, -extension mass or energy gap.

- Dirac/Majorana mass vs Interaction induced vs Topological mass/energy gap.

- Q2 =Q

Sp11r1><Z2 Zs — “FPint

2. Quantum Criticality Beyond the Standard Model

Zy and wows anomaly. - 4d boundary or 5d bulk criticality.

= 76 - Path Integral.

QSpm><ZZSp1n(10)
- GUT-Higgs fragmentary fermionic parton + Dark Gauge sector.

3. Combined Synthesis - Conclusion

- 15n vs 16n Weyl fermion scenarios (SM or GG vs other GUTs).
- Topological criticality or phase transition (topological order).

- Non-invertible categorical Higher symmetries retraction.
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Summary

1. Discrete internal symmetry of baryon minus lepton number B — L, the electroweak
hypercharge Y (Wilzek-Zee '79): Z4 x=5B_L)—4y. (Garcia-Etxebarria-Montero 1808.00009,
Wan-JW 1910.14668, JW 2006.16996, 2008.06499, 2012.15860)

Q Q4 =Zis. R

Pin™t
Ultra Unification: 15 Weyl fermions 3 generations, —3 mod 16 anomaly, cancel by something
new.

= Zue X Ty X Zy* X 5.

5 — 5
SpinXZZZ4 - SpinXZ§Z4,X><GSM

2. 3+1d"deconfined quantum criticality-like” phenomena between Georgi-Glashow su(5) and
Pati-Salam su(4) X su(2) x su(2) models

Q%pinxzz Spin(10) — L.

3 generation of SM Weyl fermions + GUT-Higgs WZW requires 1 mod 2 anomaly.

A modified so(10) GUT (with a Spin(10) gauge group) plus a new 4d discrete torsion class of
Wess-Zumino-Witten-like term that saturates the 4d anomaly from 5d wows. Naturally require
a double-spin structure DSpin = (Z§ x Zg/) x SO.

Gsnc;?ijli)f)i»egUT = (DSpin Xzf Spin(10)) ng/ U(1).
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SM

fermi !
ovinor SUG) SU@L SU@n UMz UMy UMy, Ues UMx, Zux ZF U)x, Uy, SUE™ SUE™ Grs Spin(10)
field

ur 3 ] 1 1/6 1 4 2/3 1 11 1 1 ]

. 3 wi? 1/6 i Y i T 1 i i (3,2) in 10 ‘21’

vy, 1 ] 1 S12 -3 0 0 =3 i1 -3 =3 — g

e T 2 1 ~1/2 =3 ~6 -1 =3 T 1 -3 =3 (1.2)in 5 ! 16
iR 3 1 ez M0 —4 -1 —2/3 1 T 1 =3 2 in 10 in§ P

= - R : =

dr 3 1 ~1/6 2 -1 1/3 -3 11 1 —4 in 5 im0
R =L 1 1 e 1/2 0 3 0 5 1 1 1 6 in 1 in 10 2
n=¢; 1 1 e 12 6 3 1 1 1 1 5 0 in 10 in 1
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Quantum Phase Diagram (Moduli space or Landscape)

Symme;ric Mass Generation (SMG)
54
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Classify 4d Anomalies by 5d iTQFT/SPTs via Cobordism
5d invertible TQFT/SPTs and 4d Anomalies via 5d Cobordism

Kapustin'14, Freed-Hopkins'16 (systematic)

Unitarity of Lorentz ~ Reflection positivity of Euclidean.

dd invertible TQFT with reflect.pos in Euclidean signature

= anomaly of (d — 1)d reflect.pos Euclidean QFT.

= anomaly of (d — 2) + 1d unitary Lorentz QFT. Take d = 5.

Here we only concern a cobordism group Q¢ = TP4(G),
Also a bordism group QS = 74(MTG) = colimy_,ccmgsk(MTG). Note

(TPd(G))tors = (Qg)tors-
tor: a torsion group (only a finite group part).

Tools: Pontryiagin-Thom construction, Thom-Madsen-Tillmann spectra,
Adams spectral sequence, and Freed-Hopkins's theorem

Given a G structure, we will later show co/bordism group (abelian group
classification) and dd topological terms (invertible TQFT or Symmetry
Protected Topological states [SPTs]) and the anomaly of a (d —2,1)d
unitary Lorentz QFT.
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Classify iTQFT/SPTs and Anomalies via Cobordism

Bordism group (abelian): Q% = TP4(G)

e +: the disjoint union.

e Closure: Disjoint union of manifolds is a manifold.

e Identity: 0 is the empty manifold. _

e Inverse: [M] + [M] = 0 since (M x [0,1]) = MU M.

e Associativity and commutativity: true for disjoint union.

Spin cobordism:Kapustin-Thorngren-Turzillo-Wang'14 (proposed), Freed-Hopkins'16 (systematic),
Wan-JW’18 arXiv:1812.11967: Encode higher-symmetry/classifying space.

Application to SM: Garcia-Etxebarria-Montero'18, JW-Wen'18, Davighi-Gripaios-Lohitsiri'19, Wan-JW'19
arXiv:1910.14668
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Examples Q¢ = TP4(G): dd-iTQFT/SPTs and (d — 1)d anomaly

d 2 3 4 5 6
TP,(Spin x U(1)) Z, Z° 0 Z? 0
TP 4(Spin®) 0 72 0 7Z* 0

bulk dd: 3d 5d, 7d, 9d, 11d, etc, with Z class
boundary ( —1)d 2d(= 1+1d 4d( 3+1d), 6d, 8d, 10d w/ Z class

o A O

2d-3d: U(1)3 and grav?. iTQFT as CS(U(l)) and CS(TM)
4d-5d: U(1)3 and U(1)a-grav?. iTQFT as CS(U(I)) and C(U(l))CS(TM)

Z class: free part, or perturbative local anomaly.
Wan-JW’18 arXiv:1812.11967: Encode higher-symmetry/classifying space.
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Interpretation of ABJ (axial or chiral) anomaly

Y r—reT %y R

Zpiracw[A] or Zy; g [A]
_ ) o i A 2ep
JIDBDY] exp (i figo d*x(B( DAY +aip (0, 4 20D LLE, L LF L)),

e 't Hooft anomaly of background (Backgrd.) fields.

e Original ABJ: Mixed anomaly between U(1), and U(1)a. In 4d, polynomial U(1)4-U(1)?,

e Dynamical gauge anomaly.

e Continuous U(1)4 may be anomalous, but its discrete Zy 4 can be anomaly-free with U(1)2,.

Global sym
(Backgrd. field)

(dynamical field)

j>

Global sym Global sym

gauge gatuge
(dynamical ficld) ~ (dynamical field) , (Backgrd. field)  (Backgrd. field)

8] @

Glohal o

ym lobal sym

(d)nalmualﬁdd d)ndmualﬁdd) @ (Backgrd Fela)  (Backgrd. field)

gauge
(dynamical field)
<

g
&

W
Q
g

)

The charge g is quantized, thus Z class perturbative local anomaly.
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Examples Q¢ = TP4(G): dd-iTQFT/SPTs and (d — 1)d anomaly

d 2 3 4 5 6
TPd(SpinXSU(2)) Zz ZZ 0 Z2 ZQ
TP4(Spin xz, SU(2)) 0 Z* 0 Z5 73
TP,(Spin xz, Spin(10)) 0 Z%> 0 Z, Z»

bulk dd and boundary (d — 1)d.
d=5and d =6:

1st Zp: Witten anomaly. iTQFT as c(SU(2))7 = iPD(c2(SU(2))).
2nd Zy detected on non-spin M°: waws(TM) = waws(Vso(s))-
JW-Wen-Witten'18 1810.00844

SU(2) isospin 0 7 1 2 2 3 3 I mod4|2r+3 4r+3 mod4
SU(2) Rep R (dim) 1 2 3 4 5 6 7 8 mod8 | 4r+2 8 +4 mod3
Witten SU(2) anomaly v v v
New SU(2) anomaly v v

Z, class: torsion part, or nonperturbative global anomaly.
JW-Wen arXiv:1809.11171, Wan-JW arXiv:1812.11967: Encode higher-symmetry/classifying space.
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Math Physics Equations: Ultra Unification Path (Functional) Integral example

_ ("ue 3Ny 7"V.,.y )
Zuu[Az] = Z sqiraer) [Az] = 20 Fab [An] - 2040 [ Az, - Zgyr ™t R TR [ A,
4d-SM+TQFT

ZSM[AZ4] = f['DQ[)][D’l/_}] [DA][D¢] o exp(i Ssm [1/% szv Av ¢’ B AZ4”M4)

Sem = //\44 (Tr(F, AxFp) — %ng‘r(F/ A F/)) + /W ("Z(iwA,AZ‘,)w

(Gauge) Symmetry breaking +|Du,A,Az4¢|2 —U(¢) — (Wl (io® ") + h.c.)) d*x

| (—(Ngen = 3) + 1y, g + 00, g + Mg +Vaa — Vsa) =0 mod 16. |

_ [ _ 2mi 3
Zi e M) 0] = Y TEered)
c€d’ ~Ha[PD(A3))
1 [ a(6b+A3) 2TL ABK(cUPD (b))
gy D (PN e -

acCl(M*7,),
be C3(M*,Z;)

1 — [Z2] — Spin X Z4,x X Ggm/qur — Spin Xy Za,x X Gsmygur — 1.
Symmetry extension trivialize anomaly (JW-Wen-Witten'17 1705.06728). Fermionic non-abelian TQFT.
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e Arf-Brown-Kervaire (ABK) for Q5™ = Zs. Fidkowski-Kitaev 1+1d fermionic chain
with boundary Majorana zero modes.

° Zaecl(M4,z2),(—1)f"”4 a(6b+.A3%)
beC?(M*,Z,)

braiding statistics of four of strings (2-worldsheets) is non-abelian in nature: quadruple

link invariant in non-abelian TQFT. Four loop braiding statistics. There could also be

three loop braiding statistics.

e Bulk-boundary: o 75+ ABK(cUPD(A?) Similarly, boundary-boundary: o 25 ABK(cUPD'(5))

e Hilbert space and ground state degeneracy (GSD), due to the odd class of ABK,
show the non-abelian TQFT nature.

What are physical observables for us (from SM)
and for 4d TQFT or 5d SPT?
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Homotopy group

o T o 3 T4 5
O(10)

66 ) Z, 0 Z 0 0 0

0(10) 2 2

PS sowom O Zo Z» 0 72 I3

) T ™ 3 4 5
0 0 Z 7 To Ip

<2 _ OBx0@ _ 00
Néel 5 = 5E%00) = o
_ 50(3)x80(2) _ S0O(3)
=~ S0(2)xS0(2) — S0(2)

1 _ O(3)x0(2) _ O(2)

VBS 5 = 5300 = o)
_ SO0(3)xS0(2) _ S0(2)
=~ S0(3)xS0(1) — SO(1)
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Each gauge group G for its Yang-Mills gauge theory. What are the (Weyl spinor) fermion
matter contents in which rep of G7

w® @y uxesmop  uy )y SU(O) Spin(0) gauge
3 su(5)  so(10) GUT

,ﬁ("i)@@@]z wo EBQoe }
ii‘l888 : f//; A L"{Qj@-m s 5

»

@) i) u(y wWx—smoe uy unx_SU(B)
3 su(5)

1;(‘1) %32 1”6 1 Vor @ © 11

w O00 1 - )
. OO0 1 32 13 IL{E)j 72 -3

su3) s u(y u)xsmovey  u)y a()x ez
3

1&) %}2 6 1 1%25);84/2 -3 (4.2.1)

i: O00 1+ 28 1 W@ 5 1.2
. OO0 1 B3 7 O1 1

’s‘
_.'u.
o

5

su(3) su(2) u(l)y  u(l)x=sB-L)-4y u(l)y u(l)x
. a - x
- Ve, 0 5
{7 2 e 1 Lkt !
L\ dy e 11
T

@

O
v ]
w Q0 - 1 )
e 008 : fg 3 'IL'{V~)=®-1/2 3
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