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1. For a 1D box, the normalized wavefunctions and the energy levels are 
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For the first exited state 
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Solution

1. (a)
A substitution

ψnrlm(r) =
φnrl(r)

r
Ylm(θ, ϕ),

where Ylm(θ, ϕ) are spherical harmonics, reduces the 3d Shrödinger equation to its 1d version

Ĥφnrl = Enrlφnrl, (1)

where

Ĥ = − ~
2

2m

d2

dr2
+
~2l(l + 1)

2mr2
+ V (r)

and φnrl(0) = 0 (infinite well at r = 0). Now treating l in the Hamiltonian as a continuous
parameter and using

∂Enrl

∂l
=

〈
nrl

∣∣∣∣∣
∂Ĥ

∂l

∣∣∣∣∣ nrl

〉
=

〈
nrl

∣∣∣∣
~2(2l + 1)

2mr2

∣∣∣∣nrl

〉
> 0,

we see that ∂Enrl/∂l > 0, i.e. Enrl grows with l.
(b) and (c)
Bound states have energies −V0 ≤ E ≤ 0. Here and below we drop indices nr and l for the

energy and wave functions.
The Schrödinger equation (1) for l = 0 reads

φ′′1 = −k2φ1 for r < a, φ′′2 = κ2φ2 for r > a,

where

k2 =
2m

~2
(E + V0), κ2 = −2mE

~2
=

2m|E|
~2

(k > 0, κ > 0). (2)

The solution that satisfies boundary conditions φ1(0) = 0 and φ2(r) → 0 as r → +∞ is

φ1(r) = A sin kr, φ2(r) = Be−κr

The wave function and its derivative should be continuous at r = a. It follows that

φ′1(a)

φ1(a)
=

φ′2(a)

φ2(a)

We obtain
ka cot ka = −κa (3)

Denote u = ka and v = κa and note that Eqs. (2) and (3) imply

v = −u cot u, u2 + v2 =
2mV0a

2

~2
≡ R2, u > 0, v > 0 (4)

The number of bound states is the number of times a circle of radius R intersects the function
−u cot u in the upper right quadrangle of the uv plane.
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Figure 1: The graph of v = −u cot u

We see from Fig. 1 that the number of bound states is N = 0 for R < π/2, N = 1 for
π/2 ≤ R < 3π/2, N = 2 for 3π/2 ≤ R < 5π/2 etc. In other words,

N =

[
R

π
+

1

2

]
=

[√
2mV0a2

π2~2
+

1

2

]
, (5)

where [x] denotes the integer part of x – the largest integer smaller or equal to x.
According to part a) the ground state must have l = 0. Then, it follows from Eq. (5) that

there is at least one bound state when

2mV0a
2

π2~2
≥ 1

4

or equivalently

V0 ≥ ~2π2

8ma2
.
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where [x] denotes the integer part of x – the largest integer smaller or equal to x.

2. The full Hamiltonian is

Ĥ = −~
2

2I

d2

dφ2
− dE cos φ

In a strong electric field the potential energy V (φ) = −dE cos φ has a deep minimum at φ = 0 and
the wave functions of low lying levels are localized in a region of small φ. Approximating

V (φ) ≈ −dE + dEφ2/2,

we obtain a harmonic oscillator Hamiltonian

Ĥ = −~
2

2I

d2

dφ2
+

dEφ2

2
− dE (4)

with frequency

ω =

√
dE
I

.

The energies and eigenfunctions in this approximation are

E(0)
n = −dE + ~

√
dE
I

(
n +

1

2

)
, n = 0, 1, 2, . . . (5)

ψ(0)
n = C exp

(
− φ2

2φ2
0

)
Hn

(
φ

φ0

)
, (6)

where

φ0 =

(
~2

IdE
)1/4

and Hn(x) are Hermite polynomials.
This approximation is applicable as long as the eigenfunctions are small for |φ| ∼ 1. Since the

wave functions differ from zero appreciably only in the region of φ accessible to a classical rotator

−dE + dEφ2/2 . E(0)
n , or φ2 . φ2

0(n + 1/2),

the condition of applicability takes the form

E À ~2(n + 1/2)2

dI
.

Higher orders can be obtained by keeping more terms in the expansion of cos φ in φ2 and
treating them in standard perturbation theory for which Eqs. (4), (5), and (6) provide the zeroth
approximation.
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