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Solqtion: Quantum MeMgA 4 ﬁ @.é“

If W(r) is the radial wave function then the equation for ®(r)=r¥(r) can be written as:
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2

with @"(r) = d

—®O(r) and . V(r)=—ad(| 7 |-0)
dr”

Note: (i) The minimum binding corresponds to /=0
(i) @(r=0)=0

For r#£o, V(r)=0 and
' (r)-k*'®(r)=0,
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where E <0 and k* = E!
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The solutions are obvious:

For r>0 @ (r)=ce";
For ¥<O  ®_(r)=c_sinhkr

and satisfy the following two conditions:
(a) D (r=0)=P (r=0)

and, by integrating the radial Schroedinger equation from o—¢&to o+ ¢, where €0, :

L [ (0)-D'_(0)]= a®(0).

® =2

The last equation reduces to:
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The lowest binding energy state will correspond to small ko and thus, in this case, this
condition reduces to:
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Since £>0 this implies the final result:
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Consider an electron in the ground state of a tritium atom (H?). The triton now S-decays to singly ionized
Helium-3 (He®*). Assume that both nuclei have infinite mass and that there is no interaction between the
(-decay electron and the rest of the system. What is the probability that this new atom will be found in
its ground atate?

You may need the following integral:

/:O ue "du=T(n+1) (1)

where I'(n + 1) = n! if n is an integer.

Solution: ?QQ QS“
The ground-state wave function (n = 1,£ = 0, m = 0) for a one-electron atom with nuclear charge Ze is:

_zr 1 /[ ZN\3? _z
@blOO — Ae ag — —= (_) e a0 (2)

where the constant, A, can be determined by normalizing the integral of the probability density to 1. For
the H® and He®* ground states we have:
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Yr00(H?) = 7?(55) e o (3)

1 /2\%2 _
Yro0(He*) = ﬁ(&g) e @0 (4)

And we compute the overlap of initial and final state wave functions to give the probability:

. 3/2 9 3/2 oo 3
4] 0

_ (%)3 /0 Y etldu (6)

[es) [
S

3
g
16+/2
- o "
= 0.838 (8)

[y



Lotutin 23 . ]~

\ QUi
L S~

Solution: Quantum Mechanics 3B

Transform Hamiltonians into independent Harmonic oscillator Hamiltonians by simple
(canonical) transformations.

i : 22
)] H1=L+“1"Mw2~xz+qu=~£-+1Mm2(x+ qEq)z_lq 2

This means that the energy levels are simply shifted harmonic oscillator levels:
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E :(n-%*-;—Jﬁw———q E,,.

The ground state wavefunction is then easily obtained as:
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(D) i, =2 M+ P +EMwx, + AM (x, — x, )
oM 2 2M 2

This can be diagonalized by introducing:
X *—1-(x + x,) and ——L( + p,) where [x 1=i% and [x 1=0
SV P NG bLEP, P ‘ Pz

By using the obvious identities
2

pi+pi=p+pl and x}+x;=x]+x

we can rewrite the Hamiltonian as

H, = p* +1Ma)x +p" +—1-Ma)‘2x2
- 2M 2 2M 2

where w'=4+/(1+4D)w.

The eigenvalues and eigenfunction can then be written by inspection:
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