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ff\\ Rutgers - Physics Graduate Qualifying Exam
. %i}» Electricity and Magnetism: August 77, 2007
EC1

Consider a system in which n free electrons, each with charge, —e, and mass, m, are initially distributed
uniformly throughout a spherical volume of radius, K. Also present in the same volume is an equal uniform
density of ions, each with charge, +e. Assume that the ions are massive enough that they can be considered
to remain permanently at rest.

1. Find the electric field intensity, E\, immediately after all of the free electrons are given infinitesimal
radial outward displacements proportional to the initial distances of the electrons from the center of
the sphere.

2. Make appropriate approximations to show that, if the electrons are simultaneously released, they will
all oscillate radially with the same frequency.

3. Find the value of this frequency.
Solution: EC1
3ne

Define the ion charge density as, p = =5, and k = !

dmeg

. The electric field for the ions is given by

5 kaside (T) "CP(%)TWS kner =
Bi=——=—=tp =F (1)

and the electric field for the electrons before their displacement is

= kner =
. E.=——py =~E (2)

and the total electric field before displacement is zero. After displacement of the electons, their contribution
becomes

=t kner .
B =g )
and the net change in the overall electric field is

- 3kner dR  3knerz ~

where the fractional displacement is %—%@ = %’3— = z. The radial position of an electron can be written as
7" = r(1+ z). The force on an electron at radius, r, with a fractional displacement, x, can be written:

d*r dx = - 3kne?rz
My = Mr—y = F(ryz) = —eFE_ = TR (5)
which gives a differential equation in z, independent of r
&’z 3kne’z 9
ar T T TR T YT (6)

and yields the angular velocity, w, in radians/second and the frequency, f in Hz:

3kne? w
& TR f=5 "
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’ 1. Define the magnetic dipole moment of an arbitrary current distribution.
2. What is the magnetic dipole moment of a ring of radius, a, carrying a current, 7

3. Suppose you have a particle with charge, ¢, moving in a circular orbit. Compute the dipole moment
for this system.

4. Find the precession frequency of the orbit in a magnetic field, B. (Express your answer in terms of
g the particle’s mass, m, and B.

5. Discuss what is meant by diamagnetism. Give an example of a diamagnetic substance.

6. Discuss what is meant by paramagnetism. Give an example of a paramagnetic substance.

Solution: EC2

The magnetic dipole moment of a current distribution is:

B L
mz-/ngdV:/sz (8)
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For a ring of radius, a, the moment is: |m| = wa%, perpendicular to the ring in the direction if the right-
hand rule determined by the current.

For a charged particle with an angular momentum, L, in a circular orbit with speed, v,
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If this is in a magnetic field, B , the torque is
. R L
T=-—=MmxB==—DLxB (11)

Adopt a Cartesian coordinate system, (x,y,z), with unit vectors (7, k) and relate them to the angles,
(6, #) in a spherical coordinate system We choose our directions to put B in the z-direction, and recognize
that %g = (. Then the quantities above can be written:

[ = iLsinfcos¢+ jLsin@sing + kL cosé (12)
B = kB (13)

dL o . do
i (—iLsinfsin¢ + jLsin 6 cos qﬁ)ag (14)
LxB = iLBsinfsin¢ — jLBsinfcos ¢ (15)

Equating components yields the precession angular velocity , w in radians/sec, and the frequency, f, in Hz:

d¢ e w
W_E?_ZWLC ' F=5; (16)




For diamagnetism, the magnetic susceptibility, i, has the property

p=1l+xm<1l, or xn<O0 (17)

This results from the fact that the magnetic field causes additional centripetal force on orbital electrons,
vielding a frequency change, and an induced magnetic moment. By Lenz’s law, the induced moment must
oppose the field. Hence the negative sign for x,,. Examples are water, and some metals (Hg, Ag, Pb, Cu)
outside the transition regions in the periodic table.

For paramagnetism we have

p=14xm>1, or  Xm >0 (18)
Some elements have natural magnetic moments due to unbalanced electrons spins or orbital moments. The

axis precesses about the applied field and gives a net positive contribution to the flux. Examples are Al
and some rare-earth elements.
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1 Problem 1.
1.1 Problem

At time ¢ = 0 non relativistic charged particle moves with velocity v perpen-
dicular to magnetic field B. Find trajectory of the particle. Estimate the time
scales (order of magnitude) characterizing this motion for the electron in Earth
ionosphere. Give the condition on the density of the atoms needed to observe
this motion and estimate order of magnitude for electron moving with velocity
0.1c.

1.2 Solution.

In magnetic field particle experiences roughly circular motion with w = ¢B/mc.
The radius of the trajectory is R = v/w. Because R < A = 27c/w the particle
emits radiation as a rotating dipole with dipole moment p = ¢R so that

a (quv )
WP = wug =
me

The radiation energy emitted by this dipole per unit time

dE 2?2 <q28v>2

me

P 33 363
2

4 (€BY p

3med \me

As a result the energy of the particle decreases exponentially with the time
constant

4 ¢*B?
T3 (mcg)Sc

The trajectory of the particle will be concentric spiral

v
z — cos wt exp(—~t)
W

v,
r = —sinwtexp(—t)
w
Earth field is about 1G's, electron in such has a circular frequency w = 2 10757}
and energy decay rate v ~ 4107957, In order to observe such motion the mean
free path of the electron should be larger than [ = v/y = 10*®¢m. The mean
free path of the electron in a gas with density n is [ = 1/no > 10¥cm where

o is the cross-section that can be estimated by o ~ 107 em™2.  Thus, the
condition for the density n < 1/(lg) ~ 107 2cm ™2,




2 Problem
2.1 Problem

Find the force between two permanent magnets that have the shape of the long
cylinders (with length L > R ) with magnetization M parallel to the axis of
the cylinder and which are positioned coaxially one at the top of another at a
distance d <« R. Assume that ferromagnetic material has the pemeability of
the vacuum.

2.2 Solution.

Free energy of the ferromagnet is

F:W/MH-E—/H?
8n

To find the magnetic field it convenient to introduce the scalar potential H = V¢
s0 that VB = V{H +4n M) = 0 results in the equations similar to electrostatics
Vi = —47p with p = VM. Expressing the free energy through the 'charge’ p

we get
1
F==
2/¢P

In the conditions of the problem the 'charge’ density p = 6{z — zo)M that gives
the potential difference between the discs forming the edges A¢ = 4wl d and
energy F = 2rM?drR2. Finally, differentiating the energy we get the force

f=2r*M*R?
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