Solution to Problem 1.

a) For r <« a, U(r) = =Upa/r. In this Coulomb potential the wave functions of the low lying
states are localized on distances of the order 7, ~ agn®, where ag = h*/(mall). ¥ r, < qa,
ie. &€ = ma®Uy/ h% > n?, in zeroth order approximation the eigenstates and energies are those
of a particle in the Coulomb potential. The perturbation is V(r) = U(r) + Upa/r. Because
angular momentum is conserved in a central potential, this perturbation is diagonal in the basis
of eigenstates |n,.lm).

The first order correction is

ES = (Inm|V (r)[n,lm)
Expanding the perturbation to first order in r/a
V(r) = =Up[-1/2 +r/(12a)]
and using the expression for (n.Im|#|n.lm), we obtain

& 1 3m?-1l(l+1)
E )/Uy= -+ - —o—"" =1,
1/Uo 53+ 5 21¢ n=n,+0+1
where ¢ = ma?Uy /R
The three lowest lying states correspond ton =1;l=0and n=2;1 =0, 1.

Eg=—£/241/2-1/(88) Eyp=—£/8+1/2~1/(26) En=—£/8+1/2~5/(12¢)

b) Levels are degenerate with respect to the z-projection of the angular momentum m. The
degree of the degeneracy is N = 20 4+ 1. In the unperturbed problem there is an additional
(“accidental”) degeneracy with respect to the angular momentum. The degree of the degeneracy
is Nog = Y755 (20 + 1) = n®. We have
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Solution to Problem 2.

a) We have

_%deigx) — ad(z)vo(z) = Eto(x)

where E < 0 corresponds to the discrete part of the spectrum. The solution is

Po(z) = Ae™™ >0

Yo(z) = Be™ <0

om|E|\ "
R ’
Integrating the Shrodinger equation, we obtain

where K =

2mo

7—1’2

By(+0) — (~0) = — 2% (0)

In addition we have

Po(+0) = %(-0)
Using these two equations and a normalization / [vo(z)Pdx = 1, we find

2
Yo(a) = VRge ™o By =—Ty

b) We have
+0C
(62 = [ afinla) e = 5

o0 2K
To find (dp)?), note that
<p>
2m
Using < U(z) >= —alyy(z)|* = —ma?/h?, we obtain

+<U(z)>=FE

(6p)® = 1’k

Thus, ézdép = h/+/2. This does not minimize the uncertainty relationship because the minimum
possible value of 6zdp is h/2.

c¢) We have

8(z,t) = coexp (=) go(a) + [ e(B) exp (~150) wn(z)dE

where ¢g(z) are the eigenstates of the continuous part of the spectrum. The second term in this
expression vanishes in the limit ¢ — oo due to rapid oscillations of the integrand. Therefore,

|6(z,t = 00)[* = |cotho(x)|* = Kolco|” exp(—2ro])
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where

2v/Ko 0
Ko + B

o= [ 9@’ (@)ds =

Thus, ,
40Ky o
T) = ——0 g 2r0la]
plz) (B + Ko)?

w=ﬁ;mp(x)dm=(ﬁ—élff’%5§§1

w # 1 because there is a finite probability 1 — w for the particle to escape to infinity.



Solution to Problem 3. E(z = 07) = Ey cos(wt + ¢), where ¢ is an arbitrary angle between
0 and 27.

a) < cos? ¢ >=1/2, therefore intensity is reduced by 1/2 and Ey — Ey/v/2, ie.

i():IQ/Z EOZEO/\/i

b) Linearly polarized light can be written as right and left circularly polarized light.

—

E
Ep = f{i cos(kgz — wt) + jsin(kpz — wt)]

- E
E; = —~22[i cos(krz — wt) — jsin(kgpz — wt)]

Eyi = Eg+ Fp with kg = k. Inside the material kg = npky and kr = n kg, w is the suine. Here

~ E, Ey. . . Ey. .
E= —égi cos(ngkoz — wt) + -593 sin(ngkoz — wt) + —591 cos(npkoz — wt) — —293 sin(npkoz — wt) =

E
%i{cos(anoz — wt) + cos(npkoz — wt)} + —égj{sin(ngkoz — wt) — sin(npkoz — wt)}

Using sin A — sin B = 2cos 22 sin 458 and cos 4 + cos B = —2sin 422 5in 428 we obtain at

2 2
z=d
E = Eycos [EE——;—nékgd - wt} {icos E%ﬂkod + jsin @%kod}

c) We see from the last expression that the amplitude of the electric field along the y-axis is

~ . Np—"Ng
Ey:Eosm———————

kod
5 0

Therefore N n
I= [() Sin2 '-E'—'é——fik'gd



Solution to Problem 4.
a) Since Ne = N, = N (electric neutrality) and

178375
gs 23 £ = N

we have

4TV
N 47 4n
— = V¥ I N3
14 (mec) 3 Vet 3(2m)3(he)®
2 2
m
EFe — Pr — Pr f - mpEFp EFe > EF’p

This is also true ultra-relativistically. In this case
Epe ~ prec = prpc

Ep, = p%‘,p _ (pF,eC)(pF,pC) - F PFrpC
P 2m, 2my,c? Fe 2myc?’

but pr, < mpe

b) P = 2E/3V, therefore P. > P,. This is true relativistically since P ~ E/V.

¢)
Vd®p Vir
/gs—hg—- (pc)? + (mc?)? = g,—

g 9
3 p dpy/(pc)? + (mec?)? =

gsV e mec (mec)B/ dzz*Vr? + 1

Tp <1, V1+z2 =1+ 15%/2.

dr 4 (1% 1% .
e = gsV 73m.C" | —— + — | = rest mass term + kinetic energy term
E, thgm 3 + 0 £ t + kinet gy t

zp <1, V1I+22 =a+1/(22%).
z?
Ee = .g.s"/7l,';3:7nl1 5 4F
1. Non-relativistic

1 pic 1 pyc®
E, =g vaT 1
= gV gmic (3(mec) T 10 (mec)s



Expect

This checks. \
2. Ultra-relativistic E, = g,V 452 Expect

E. _ [F" 9552 (pe) _c[pdp _ 3

N T g tfr T ypdp a7
This checks.
d)
P=_?E: OE/N 2, OE/N

oV~ av/N " Top
1. non-relativistic
E ~pp ~p*

8/)2/3
P~ 2 ~ 23
p o P
ie. a=5/3.
2. ultra-relativistic
E ~pp~p'/?
apl/S
P~ p? ~ /3
P ap P
ie. a=4/3.
e) The mass comes from the protons N, = N, N, = ;1‘1—’[; 1. non-relativistic
P MAN\S3  pg5/3
- (ﬁ) TR

8= 5/ 3 vy=25
2. ultra-relativistic

MANY3  ppass
PN(YZ’E"> TR

B=4/3 =4
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Solution to Problem 5.

a)

2

2 2
T Ty i s L AU
n=2e N o T om T o,

En

N
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Zn — —]%[—, (4:: eXp(—Bpf/%)) - -];1,—, ( / *V-hgggs exr>(~ﬁp2/2m)>

where 3
W La—
(2rmkT)3/2
viY 1 1%
Zac =Y eMNZy=3"g, (——) — N = exp (gs——eﬁ“)
> > X.] NI 23,
b)

N
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<N?> - <N>2=<N(N-1)>+<N>-<N>*?

— 1) >= 2P
<N(N-1)>=e (A%J g: 7o

<N?>—<N>=<N>
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<N > vN V., /E
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F = —-kgTInZ,

!' AN

= —kpTNIn g, + kgT In N!
= —kpTNIngs3s + kgT(NInN — N)
T

= —kgTNIngs3r + kgT(NInN — Nlne)
T

—_— Ve N
m— kBTNlngsm N

Denote p = N/V

OF

or V.N =
F=—kgTN Ings%w
~S = —Nkp mgs—]\‘-% ~ ksTN o = ~Nks 1ngsjv%eﬁ/’2
S = NkBlngsj\%\ges/z ~ N
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