DAY TWO

In this exam you will have to answer four questions in Thermal Physics and
four in Quantum Mechanics. Read the instructions carefully since in some
cases, but not all, you will have a choice of questions. Each question should
be answered in a separate bluebook with the question label (example: TB2)
printed clearly on the front along with your code number.

Part T: Thermal Physics
Everyone should answer question TA1 below. (8 pts)
TA1

A container is divided into two compartments by a partition. The larger
compartment contains 4 moles of Ny gas at absolute temperature T and
pressure P. The smaller compartment contains 1 mole of 0, gas at the same
T and P. The partition is subsequently removed, and the gases mix and come
into equilibrium. The gases obey the ideal gas law.

(a) [ 2 points] What will be the final T and P after equilibrium is reached?
What are the partial pressures of 0, and Ny after the partition is removed?

(b) [ 3 points] What will be the change in Gibbs free energy function G in
terms of RT, where R is the gas constant?

(c) [ 3 points] What will be the change in entropy S in terms of R?

TA1 Solution

(a) For ideal gases the initial volumes are related by Vy, = 4Vp,, and the
final temperature must equal the initial temperature. The nitrogen expands
by a factor of 5/4, the oxygen by a factor of 5, so that the final partial pres-
sures are 4/5 P and 1/5 P, respectively. The final total pressure is therefore



identical to the initial pressure.

(b) Since the temperature does not change, for each constituent dG = VdP =
nRTdP/P and integrating AG = nRT(Ps/P;). The total change in G
is therefore the sum of these expressions for the two constiuents: AG =
RT1In(1/5) + 4RT In(4/5) = RT In(4*/5°) = —2.502RT.

(¢) Since G =U — TS+ PV and U, T, and PV for each constituent do not
change, AS = —AG/T = 2.502R.

Answer one of the 2 questions TB1 or TB2. (12 pts)

TB1

The diameter of a helium atom is 2.6 x 10~8¢m. For helium gas at temper-
ature 300°K and pressure 10N /m?

(a) [ 4 points] What is the mean free path of the He atoms?
(b) [ 4 points] What is the average time between collisions?

If the container of helium is surrounded by a vacuum and the wall of this
container has a tiny leak of area 10™%cm?,

(c) [ 4 points] how many helium atoms leak out in one hour?

kp =138 x 1073J/K
Myproron = 1.66 x 10~2kg

TB1 Solution

(a) The mean free path is £ = 1/(no) = 1/(nmd?), where, assuming an ideal
gas, n = P/(kT) is the number of He atoms per volume and o = wd? is the



collision cross section. For T= 300°K and P = 10°N/m? n = 2.42 x 10% /m?
and ¢ = 1/(2.42 x 10 /mP7(2.6 x 10719m)2) = 1.94 x 10~"m.

(b) The average time between collisions is this distance divided be the average
speed of the atoms: 7 = £/v where from the Maxwell distribution the average

speed is given by v = 0.92/3kT/m = 0.92\/3(1.38 x 10723/ K)(300K)/(4(1.66 x 10~2"kg)) =
1367m/s, so 7 = 1.94 x 107"m/1.37 x 10°m /s = 1.42 x 1071%.

(c) The outward flux of particles is ¢ = nv/4 = 8.2 x 10%7/(m?s) so the
number of particles escaping is ne,. = At = 8.2 x 1027 /(m?s) x 10~ m? x
3600s = 3 x 10'7 atoms .

TB2

(a) [ 3 points] Show that the change in entropy ds of a system can be written
1 (oU 1{[/oU
(b) [ 3 points] Show that
w0y g (o)
ov )., ar ).,

(c) [ 3 points| Use this expression to evaluate (g—g)T for an ideal gas.

(d) [ 3 points| Evaluate (g—g)T for a van der Waals gas where (P+a(3)?)(V —
Nb) = NET, with a and b constant parameters .

TB2 Solution



(a) From dU = T'dS — PdV and dU = (QU /T )y dT + (0U/OV )rdV one has
S = (1/T)(oU/0T)ydT + (1/T)((oU/OV )y + P)dV .

(b) Comparing this result to dS = (05/0V)rdV + (0S/0T)ydT one finds
(0S/0T)y = (1/T)(oU /0T )y and (9S/0V )y = (1/T)((0U/OV )r+ P). Then

taking derivatives with respect to the “other” variable, and using the fact

that these second derivatives are independent of order, one finds (1/ T(aajf—avv =
—(1/T*)(5% +p) + (1/T) (55 + 5%), giving (U/0V ) = T(OP/OT)y — P

(c) For an ideal gas PV = NET and the two terms on the right hand side
cancel, so (QU/OV )y = 0.

(d) For a van der Waals gas (OP/0T)y = Nk/(V — Nb) and after a cancel-
lation (OU/OV )y = a(N/V)?, a positive number proportional to the square
of the number density.

Answer one of the 2 questions TC1 or TC2. (16 pts)
TC1

Consider a system whose energy levels are equally spaced at 0, ¢, 2¢, 3¢, . . .,
with each level 3-fold degenerate.

(a) [ 8 points] Write down all possible macrostates for a system of 6 distin-
guishable non-interacting particles and total energy E = 6e.

(b) [ 4 points] Find the total number of macrostates.

(c) [ 4 points] Find the thermodynamic probability of each macrostate.

TC1 Solution



(a) The macro states can be labelled by a set of positive integers summing
to 6. For example 44141 means that one particle is in the n=4 level, two
in the n=1 level, and the other three in the n=0 ground state. The different
macro states are thus 6, 5+1, 4+2, 343, 3+2+1, 24242, 44+14+1, 3+1+1+1,
2424141, 241414141, and 1+14+1+14+14+1+1.

(b) There are 11 states listed in (a).

(c) Since each level is g =3 -fold degenerate, and N = 6, the number of
microstates for the macrostate with IV; particles in the ith energy level is

6 6 [§
W =N [ g/ T N:! = 613¢/ T] Vi
i=1 i=1 i=1

For the 4+1+1 macro-state, then W = 6!3°/(112!3!) = 60 x 3°. It is easy to
see that all W’s will have the factor 3%, and these will cancel in the end. The
numbers W/3°® for the macro-states listed, and in the same order as above,
are 6, 30, 30, 15, 120, 20, 60, 60, 90, 30, 1. The sum of all these numbers is
462.

(d) The thermodynamic probability of a macrostate is W/(35462). for the
44141 macrostate, for example, this is 60/462 = 0.1299.

TC2

(a) [4 points] Derive an expression for the canonical partition function of N
non-interacting, non-relativistic indistinguishable and spinless particles in a
volume V.

(b) [4 points| Obtain an expression for the chemical potential for part (a).
Use
N!a~ NNe™N,

(c) [4 points] Obtain an expression for the entropy of such a system.



(d) [4 points] How are these results changed if the particles each had spin s?

TC2 Solution

(a) The canonical partition function Zy = ZN /Nl where Z; = (V/h3) [ d3pe=#"/CmksT) —
V/AL, with A\ = h/(2rmKgT)Y2,

(b) Fy = —kgTIn Zy = —kgTIn((V/A3)N /N!). Using the given approxima-
tion for N! this reduces to Fy = —NkgT In(Ve/(ArN)). The chemical poten-
tial is then on = OFN/ﬁN = _kBT IH(V€/(/\TN))—|—]€BT = —k’BT IH(V/()\TN))
Note that this is equivalent to N = (V/h3) [ d®peln=E)/(ksT),

(¢) S = —(0Fx/0T)y.n = Nkp(In(Ve/(ALN))+3/2) = Nkg In(Ve?2/(ALN)).

(d) If the particles have spin s, each momentum state has a degeneracy of
(2s+1). This means that Z; — Z;, = (2s + 1)Z; and thus that Zy —
Zns = (25 + 1)V Zy. This has the consequences that Fy — Fys = Fy —
kgTNIn(2s+1), u — pus = u—kpT In(2s+1), and S — S = S+kpN In(2s+
1). Not that the change in p is exactly that required to cancel a multiplicative
factor of (2s + 1) which must be added to the expression for N given at the
end of the solution to part (b).

Answer one of the 2 questions TD1 or TD2.(20 pts)
TD1

One kilogram of water is heated by an electrical resistor from 20°C to 99°C
at constant (atmospheric) pressure. Assume the heat capacity is constant in
this temperature range. Estimate:

(a) [5 points] The change in internal energy of the water.

(b) [5 points] The entropy change of the water.

(c) [5 points] The factor by which the number of accessible quantum states
of the water is increased.

(d) [5 points] The maximum mechanical work achievable by using this water



as heat reservoir to run an engine whose heat sink is at 20°C.

TD1 Solution
(a) The change in internal energy of the water is

AU =M cAT =1000 x 1 x 79 =17.9

x 10* cal.

(b) The change in entropy is
AS = %deMcln%zQ?@cal/K.

(c) From Boltzmann’s relation S = k In Q, we get

g—f = exp (%) = exp(7 x 10%).

(d) As work is done heat leaves the water and its temperature decreases.
Taking this into account one finds that the maximum mechanical work avail-
able is

T

T T T
W nax :/ i (1 — %) McedT = Mc(Ty, —Ty) — T1/Mc lnT2 =9 x 103cal.
1

TD2

In our three-dimensional universe, the following are well-known results from
statistical mechanics and thermodynamics:

(a) [7 points] The energy density of black body radiation depends on the
temperature as T, where a = 4.

(b) [7 points] In the Debye model of a solid, the specific heat at low temper-
atures depends on the temperature as 77, where 3 = 3.



(c) [6 points] The ratio of the specific heat at constant pressure to the specific
heat at constant volume for a monatomic ideal gas is v = 5/3.

Derive the analogous results (i.e., what are 7, « and ) in a universe with n
spatial dimensions.

TD2 Solution
(a) The energy of black body radiation is

_y / /d"pd" / hw
onf)n ehw/27rkT 1 (27rh pehw/kaT 1

For the radiation we have p = hw/c, so

E k n n+1
V—2<27Thc> k/d 1T

where x = h w/kT. Hence « = n + 1.

(b) The Debye Model regards solid as an isotropic continuous medium with
partition function

Z(T,V) =exp l—hnzjv:wiﬂk‘T] 0 [1 — exp( hwj/kT)]—l

i=1 =1
The Helmholtz free energy is
nN

ho
F=—kT'lh Z=— ZmekTZlnl—exp( fuw; [kT)).

zl =1

When N is very large,




where wp is the Debye frequency. So we have

2 2
n°N np1 NN

F = mhw[) + (kT) (op)” /0 2" In[— exp(—x)]dx,

where xD = hwp/kT — oo at low temperatures. Hence

P2F\
Cy = =T <W> oo™’ s

ie,B=n.

(c) The theorem of equipartition of energy gives the constant volume specific
heat of a molecule as ¢, = %k@ where 1 is the number of degrees of freedom of
the molecule. For a monatomic molecule in a space of n dimensions, 1+ = n.
With ¢, = ¢, + k, we get

Part Q: Quantum Mechanics
Everyone should answer question QA1 below. (8 pts)

QA1

1 To investigate the properties of a sample of material, you decide to scatter
neutrons that have a 1-nm wavelength.
For these neutrons find

(a) [2 points| the kinetic energy (in eV),
(b) [2 points] the wave vector (in m™1),

(c) [2 points] the speed (give 8 = v/c), and



(d) [2 points| the momentum (in eV/c) .

It might be helpful to recall that hic = 197 MeV-fm. (Approximate answers
found without a calculator are acceptable.)

QA1 Solution

This problem is a straightforward application of the relations k& = 27 /A,
p=hk, T =p*/2m, v = p/m = /2T /m, and v = v/), combined with the
ability to put in appropriate factors of i and ¢ to convert between systems
of units. The only tricky aspect is that the relationship £ = hv might be
thoughtlessly applied to derive the frequency; it applies only when 3 = 1.

(a) The neutron mass is about 1.67x1072" kg — 940 MeV, so the neutron is
non-relativistic, and its kinetic energy is T' = p?/2m = 1.3x107?? kg-m?/s?
— 8.2x107% eV.

e wave vector 1s given =27 = 0.3X m - — 1.24x eV.
(b) Th is gi by k=2 /)\ 6.3x10? 1 1.24x103 eV

(c) The neutron speed is given by v = p/m, so 3 = v/c = pc/mc* = 4.0 X
10*°m/s = 1.32 x 1075 .

(d) The momentum is given by p = hk = 6.6x107?° kg-m/s — 1.24x103
eV/c.

Answer one of the 2 questions QB1 or QB2. (12 pts)
QB1

A particle of mass m is in the ground state of an infinite potential well of
width a (U = 0 for 0 < x < a and U = oo otherwise). Suddenly the right
wall of the well moves to a point b > a.

(a) [8 points] Determine the probability for a particle to remain in the ground
state.

(b) [4 points] How does the answer change if the wall moved to its new po-
sition very slowly (adiabatically)?

10



You may find useful the indefinite integral

/d:c sin(a) sin(Br) = [asin(Bz) cos(ax) — Bsin(ax) cos(Bx)] /(3% — o?).

QB1. Solution

(a) When the wall suddenly moves to the new position, the particle remains
in the old ground state. The probability to find it in the new ground state is
Psudden - |<a|b>|2

where |I) stands for the ground state of a particle in the infinite potential
well of width [. Using
2
(x|l) = \/; sin ?

4ab? ., Ta
Psuddcn = 71-2(@2 — b2>2 S1n ?

we obtain

(b) If the wall moves to its new position infinitely slowly, the particle

stays in the ground state at all times, i.e.

P

adiabatic

=1

QB2

[12 points] A particle is in the ground state of an infinite square well, V'(x)
= oo for |z| > a, but V(z) = 0 for |z| < a. This simple potential is modified
by the small perturbing potential Vi(z) = Vj for |z| > b, but Vi(z) = 0 for
|x| < b, with b < a. Estimate the change in energy AF of the ground state
due to this perturbation. Verify that your formula for AF is correct in the

11



limits b — 0 and b — «a.

QB2. Solution
To do this problem, it helps to recall the indefinite integral

sin 26 n 0
4 2’

/d@ cos® ) =

which is found using integration by parts and subsequently the replacement
sin?# = 1 — cos?§ in the integral.

The ground state of the infinite square well potential is just the sinusoid
curve g(x) = ¢o cos(mx/2a), with the normalization ¢o. The coefficient ¢ is
determined from u

1= [ dwccos®(nz/2a).

—a

Let 0 = mz/2a and the limits are —7/2 to 7/2. The integral becomes

1
7rCO 4 2

Y

2, lsin% er/z

—7/2
giving the normalization coefficient ¢y = \%

a

Perturbation theory tells us that the change in energy is the expectation
value of the perturbation,

AE = / dz bo(x) Vi () o).

Putting in the wave function and using the symmetry about x = 0 yields

2 a
AFE = %/b dx cos®(mx/2a).
Thus,
. w/2
AL — 2Vh 2a [811129 n Q]
a T 4 2 b/2a
AE - sin(br/a) b
Vo s a

12



The intuitive limits of AE/Vy — 1 as b — 0, and AE — 0 as b — a, are
easily verified from the expression above.

Answer one of the 2 questions QC1 or QC2. (16 pts)
QC1

(a) [4 points] A one dimensional potential with a large narrow peak at
position xy can be approximated by the delta function potential V(x) =
ad(x — xg). How do the wave function ¢ (z) and its first derivative diy/dz
change as one crosses the singular point xq 7

(b) [8 points] Suppose a particle of mass m moves in the one dimensional
potential V(z) = ad(z) + ad(x — a) . Use the conditions you found in (a)
to find an equation for the wave numbers k for which a plane wave incident
from the left will not be reflected from this potential.

(c) [4 points] In the large « limit find the smallest value of k for which there
is no reflection, and discuss the corresponding wave function.

QC1. Solution
(a) Using

o€

V(xg+€) — ' (xg—€) = / ' (z)dx

To—€

and the Schrodinger equation it is easy to show that

Y(zo +0) = (xo — 0)
Y (20 4 0) — ¢/ (20 — 0) = 24 (x0)

the continuity of the wave function following becaus its derivative is every-
where finite.

(b) The wave function is e**  Ae®*® + Be=** and Ce™** in regions r < 0,
0 < x < a, and a < x, respectively. This corresponds to having particles
incident from the left and no reflected particles. Using the results in (a)

13



at ro = 0 and x¢g = a, one obtains four equations for A, B, C, and k.
Energies E for which there is no reflection are determined by the following
transcendental equation:
kh? R k?
tanka = —— E=
am 2m

(c) In the large « limit tan ka must vanish, and the smallest value of k for
which this holds is k = 7/a. The corresponding wave function is proportional
to sinmx/a), which is just that for the infinite square well. This follows
because as « increases the potential barriers become impenetrable.

QC2

Consider a particle of mass m in two dimensions in a potential U(p) = —a/p,
where o > 0.

(a) [6 points] Assume the wave function can be written ¥(p, ¢) = pu(p) f(9).
Find the possible forms for f(¢) and show that the exponent 3 can be chosen
so that u(p) satisfies a one-dimensional Schrédinger equation closely related
to that for a hydrogen atom.

(b) [6 points| Find the discrete part of the energy spectrum.

(c) [4 points] What is the degree of degeneracy of each energy level?

QC2. Solution
(a) The Laplacian for cylindrical symmetry is
10, 0 1 02
v Oy 20
pOp~ Op”  p*0¢?
The angular dependence is given by the usual f(¢) = exp(iM¢)/+/27 , where
M must be an integer so that f has the required 27 periodicity. The first p

derivative term cancels provided one chooses = —1/2, and then the Schro
dinger equation reduces to the radial equation
R dPu R a
-+ —(M* - 1/4u/p? — —u = Eu.

14



This has exactly the form of the radial equation for the hydrogen atom except
that there the centrifugal potential term is proportional to ¢(¢ + 1), instead
of M? —1/4, and of course there the wave function is proportional to u/r,

not u/./p.

(b) Thus the results for the hydrogen atom can be used provided one replaces
¢ by |M| — 1/2. The wave functions can be labelled by M and a radial
quantum number n,, and the energy eigenvalues are given by

B, = —En/(n, + | M| +1/2)?,

where Ey = ma?/(2h?) is the magnitude of the hydrogen ground state en-
ergy. These energy levels are thus —4FEy/(2n + 1)?, where n = n, + |M| =
0,1,2,....

(c) Except for the ground state, these energy levels are all degenerate since
different choices for n, and M can produce the same n. It is easy to see that
the degeneracy is 2n + 1 since for a given n one can have n, = 0, M = +n,
n,=1,M==2(n—-1),upton,=n, M =0.

Answer one of the 2 questions QD1 or QD2. (20 pts)
QD1

(a) [12 points] Find the stationary states and the corresponding energies &€
for a charged spinless particle of mass m and charge e in constant uniform
magnetic and electric fields that are perpendicular to each other. For defi-
niteness assume the electric field E is in the 4+x direction with the magnetic
field H in the +z direction. You can express your answer in terms of the
eigenstates 1, (w, x) of a one-dimensional harmonic oscillator of frequency w.
You should find w in terms of e, m, and the field strengths. The complete
wave function should depend upon the oscillator index n and two other pa-
rameters.

(b) [8 points| Find the average velocity of the particle in terms of n and the
other parameters.

15



QD1. Solution

Choose the z- and the z-axis along the magnetic, H, and electric, F, fields,
respectively. Write the vector potential as (Landau’s gauge)

A, =0 A, =Hx A, =0

The Hamiltonian reads

~0 2 9
N D 1 <A 6H> D
H=-"%+ — - — el

2m+2m Py cx +2m chr

where e is the charge. Since operators p, and p, commute with the Hamil-
tonian and with each other, the eigenstates can be chosen as

exp(ipyy + ip.2)
\Ilé'pypz = gﬂ'h ¢(x)

where £ is the energy. The Schrodinger equation becomes

2 2
o(z) + 20 (e — P +eEm—i(py—eH—‘”> ](b(x):()

B2 2m 2m c

Completing the square in x, one obtains the Schrodinger equation for 1d har-
monic oscillator that has a frequency wy = |e| H/mc and whose equilibrium
is shifted to zg = cp,/eH + mc*E /e H?.

Therefore,

_ exp(ipyy+ipzz)
\Ilnpypz - onh wn(wHa xr — xO)

_ 1 cEp mc2E? P2 _
5npypz—th(n—l—§)— Hy_ BY2P) +ﬁ n—(),l,...

The average velocity is

v, =0 v, = —= == Vy = ——— = ——C.

One can also obtain the expression for v, = ((p, — (eH/c)x))/m by noting
that the average value of x is just xy and taking the expression above for
xo. Note the drift in the -y direction with the speed Fc¢/H. This is just the
motion for which the classical forces on the particle cancel, as in a velocity

16



selector.

QD2

Two perfectly spherical balls of radius r are positioned with one directly
above the other, separated by a distance d, with d >> r. The lower ball is
fixed in place. The top ball is released, and due to the gravitational force F
= mg drops and bounces elastically from the lower ball. Estimate the maxi-
mum number of times it can bounce from the lower ball before it misses. In
particular:

(a) [8 points] Estimate the minimum horizontal offset between the centers of
the balls at the time of the first bounce. (Consider only the position of the
upper ball here; ignore quantum mechanical uncertainties to the position of
the ball fixed in place, and to the sphericity of the balls.)

(b) [6 points] The collision imparts a small horizontal momentum to the
upper ball. Estimate by what factor the horizontal offset and horizontal
component of momentum grow with each successive collision.

(c) [6 points] Using mye; = 0.1 kg, 7 =4 cm, d = 1 m, g ~ 10 m/s?, and h

~ 10720 J.s, estimate the maximum number of bounces.

QD2. Solution

8a) The uncertainty principle limits the horizontal alignment of the balls to
(As)? = (Az)* + (Ap, t/m)?,

with the time it takes the ball to drop given by ¢t = ,/2d/g. Using the
uncertainty principle we replace Ap, — h/Axz. We minimize As by setting

the derivative equal to 0, to obtain (Az)? = /21 Thus, (As)* =2, /2],

8b) Since r << d, we can use small angle approximations. The upper ball
falls close to vertically, and its speed on impact is approximately given by
vy = V/2¢gd. Assume - we confirm this below - that it is a good approximation

17



on each bounce that the sideways offset of the upper ball is due almost
entirely to the sideways velocity imparted by the previous collision. Then,
collision n occurs at an offset of s,. The angle from vertical between the
centers of the balls is given by 6 = s,,/2r. After the collision, the ball bounces
off at an angle of 26 from vertical, with a sideways velocity v, /v, = S, /T
leading to v,, = v/2gd(s,/r). Collision n + 1 takes place at an offset of

2tv,,, where 2t is the time between collisions, 2t = 2,/2d/g. Thus, s,+1 =

24/2d/g+/2gd(sn/r) = (4d/r)s,. Similarly, the sideways velocity is increased
by a factor of 4d/r. Since r << d, 4d/r >> 1, and the assumption holds.

8c) Using the results from parts a) and b), the n'® bounce is the last bounce
if
1/2
h|2d
2—y [ — 4d/r)" > r.
(222) gy =0

1/2
Putting in numbers, 4d/r = 100, and (2% %) / ~ 3x107'7, so we require

10%" > 1.3 x 10*®. Thus, n = 8 is an upper limit on the number of bounces.
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