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SQOM & Morse-Novikov Theory (Witten: 1982)

M: Riemannian; «: Closed 1-form

Locally a = dh with h: M — R the traditional superpotential.

But h need not be single-valued: &« need not be exact.

Call @ the ‘super-one-form”

SQM ¢:Rt _)M

L=g;@)p'¢) —llal?+--



SQOM & Morse-Novikov Theory (Witten: 1982)
SQM: O:Ry > M

L=g;@)p'¢) —llal?+--

Classical vacua: a(qbl-) = ( ““critical points”

“Massive”  Djajlg, isinvertible b of

®;

mm) Approximate quantum vacua: W(e;)

Fermion number: F(W(¢;)) = %(d‘(qbi) — d+($0)) P



Instantons & MSW Complex

The approximate vacua are not exact because of instanton effects.

: do’
Instanton equation: di = g (¢p)a;(¢)
T
Use instantons to define an operator Q
on approximate ground states

Q¥Y(¢;):= z nj,l-‘P(qu) Broken flows: z NyqNgr =0

Fi=Fi+1 Fr=Fg+1=Fp+2

> 04=0



MSW Chain Complex
c =(,F,Q)

SQM: V c H : The span of the approximate ground states W(¢;)

F: Fermion number
(valued in a Z-torsor) (0: Susy operator

F,Q]l=0 Q*=0

MSW complex: MSW(M, g;;, a;)

Exact ground states= H*(V,Q) = H*(M;d + a)



Homotopies Of Metric And Super-one-form
Now consider a continuous family: (gu(cp; s), a;(¢; 5)) s1<s<s,

How does the MSW complex change?

Define U: MSW (s;) - MSW (s,)

d I
i U(¢;S)a](¢}5) UY(p;s1) = Z Npq ¥(q;52)

ds -9
Fq=Fp

Claim: UF =FU 'UQ1=Q2'U



Under continuous deformation of
metric and super-one-form
the MSW complex changes by
a chain map.

Actually, it is a very special kind of chain map:
A homotopy equivalence of chain complexes.



Homotopies Of Paths = Homotopy Of Chain Maps

D —p Met(M) x {a's}

(g]](¢ S, U) al(gb S, U)) (Fixed @ s=0,1)

u = 0givesachainmapU,: (V,F,Q); » (V,F,Q),
u = 1givesachainmapU, : (V,F,Q); » (V,F,Q),

I
Uy — U =Q2E+E Q4 di—g”(qbsu)a](qbsu)

E¥Y(p;s=0u=0)= z n,,Y(qgs=1Lu=1)
F,=F,—1



Definition: Homotopies Of Chain Maps

Two chain maps fy, f1 : C;1 = C, are homotopic if

There is a Fermion number -1 map E:V; - 1/,

fo —f1=QE+EQ

f:C1 = Gy g:Cy; — C4

If there are
chain maps....

gof ~lde, feg ~Idg,

Then the chain complexes C; and C, are homotopy equivalent.
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Landau-Ginzburg Models LG (X, o)
X, g;7: Kéhler a € QLY9(X) ,0a =0

Locally a = dW withW:X — C , but we will be considering multi-valued W

5 = j dt f dx ( gip(p(x,0) 9,0" a*pT — 1l a (@) I2 +-- )
R D

Poincare invariant vacua for D = IR:

V={¢;| a(¢;) =0}

Branes D = |xg, )



2d LG Model As 1d SOM
Consider SQM with target: X = Map(¢: D — X)

| 8¢ I12= f 91(6(0) ¢! 647
D

a € QY9(X) induces a super-one-form @ on X

ale] = f (¢ (@) — Re({ " a; (¢)5¢")dx |
D

SQM(X, @) = LG(X, a)



Superpotential With Twisted Masses

Usual discussion: @ = oW
with W: X — C holomorphic and Morse

If & has nonzero periods there is no single-valued superpotential
“twisted masses”’
3 Minimal Abelian cover m: X = X sothatm*(a) =9 W

[': Free Abelian Deck group € H,(X;Z)



It is often convenient to consider
LG(X,a = owW)
and work equivariantly wrt I
Vacua of LG()?,c’i = 6VI7) . V= {0q,| dW(qBa) =0}
Abbreviate vacua ¢, d;, ... simplyby a,b, ...

Write free T —actiononV: a—-a+y



Example 1: Mirror Of The Free Chiral

xoc e=(Z1)as V= (g0m)

mX=C-> X=C m¢dp-od=exp(¢p) =Z
A=dW=d(md —e®) « a= m—1>al
a (mqb e) a <¢ ¢
V={¢,=logm+ 2miala € Z}

W, =mlogm + 2miam Wein =W, + Zni@n

Twisted mass /



Other Examples

Mirror of CIP*: a=((;2 I’(Z It)dqb peX=C

Discussed in GMW framework in Galakhov (2021) and Khan-Moore, to appear

There are two vacua ¢;, ¢; and rank one deck group I' = Z

LG models for knot homology
[Gaiotto-Witten; Galakhov-Moore; Aganagic]



Chern-Simons-Landau-Ginzburg
Gc: Complex Lie group
M3: Riemannian 3-fold = LG model CSLG|G¢, M;]

X = { Complex G¢ — connections on a 3 — manifold M5 }

a = f Tr F4 >~ =dCS(A)"
M

3

Vacuaon D = R: Flat G — connections



Morse Theory Flows In LG Language

SOM(X) vacua:

d=0 —

We call this the C-soliton equation

0p _ _
E—(X —

We call this the C-instanton equation




MSW Complex For SQM (X, @)

¢(x) = ¢; d(x) = ¢;
——— - _—_—_— >

(Span{qj[(:bl] (X)]} Lj 7 Qij )
Fi; Wi =71 (D¢lj) Wi Q;j + Count ¢ —instantons

“Flavor Charge” : [0;i(R)| =y, €

[;; = pathsin X from ¢; to ¢; --- up to homology.



Adding Charges

Composition of curves defines y;; + vjx € [

P D

y. .
oF J

Vik
Abelian group structureonj; = 1.

[;; isal —torsor



R;jis graded by I' —torsor I;; R;; = GVUEFU RVij

"BPS index”’

Central charge: Z, x
Yij Yij

Generalizes the standard Z;; = W; — W,

“Twisted mass property”  Zy; i1y = 4y, T 4y



Working On The Cover

1i¢

Ryij is only nonzero for i { || to the phase of Zyij


Presenter
Presentation Notes
Now, a famous fact about the zeta soliton equation is that a solution projects to a straight line in the W plane so 

and YOU MUST REMEMBER THIS – at least nine slides from now you must remember this. 


Periodic Solitons
Qualitatively new feature: Ifb=a+ 7y

Qbi:ﬂ'(ﬁ :TL'Q;Sa
d(x) - ¢; (@s) (%) d(x) = @;
-

Without gradient flow we can have nontrivial solutions!

[ =T = Ry isa Zp X I'—graded complex



Main new ingredient in categorified
wall-crossing with twisted masses
involves Fock spaces constructed from R;;

Similar to the "halo picture” of 4d KSWCF

[Denef & Moore; GMN ; Andriyash, Denef, Jafferis, Moore ]



Wall-Crossing When a = oW

(91j(¢; s), W(¢; S)) 0<s<l1
Ui (s) is only piecewise constant: CFIV, CV 1991, 1992

Very different from the finite-dimensional situation!

CVWCEF: Tells how p;;(s) jump.

Categorified CVWCF: Describe how the
homotopy equivalence class of R;; jumps.




Wall-Crossing With Twisted Masses

Qualitatively-different because we can have new walls:
im (2, Z,) =0 i#j, yeT

Example: Case of just two vacua: ¢; & ¢; & I' = Zy isrankone.

Z

14 “peacock pattern”
ZVij+TW Zin"'mV
7 ZVji+2Y
YijtY 7
7 YjitY

Vij



Wall-Crossing With Twisted Masses:
Vacuum Groupoid Algebra

Vacuum Category: Objects = {¢;} Morphisms = {yij}

“Vacuum Groupoid Algebra”
For each y;; € I}; introduce a variable x,, .
ij

Xyii Xvia = Ojk Xyii+vik



2d — 4d Spectrum Generator
V I#] & Yy €l Syij:zl"'/"yijxyij

g _ U; S Fii
\"4 el = Z‘ 1 [ — i :
Y KV -1 (1 xy) Xu; Additive identity
i

For any half-plane H c C

S(H) = 1_[ :  Phase-ordered product

2y €H



2d-4d Wall-Crossing Formula

[Kontsevich,Soibelman 2008; Gaiotto,Moore,Neitzke 2010]

Wall-crossing statement (GMN,KS):
S(H) is invariant
provided no BPS rays enter/leave the half-plane H

Although there is no 4d here, the mathematics is formally similar.



Solution To 2d4d Wall-Crossing: Two Vacua

Example: Case of just two vacua: ¢; & ¢; & I' = Zy isrank one.

Go through wall Im (Zyij Z_y) =0

fi = 1_[(1 —xp) F; = F; + A;jFiAj;
k=1

. ~1

= 2 Hyy+ky X5 Ajj = (Fi + AijFA;) ~AyjF
k=0 ’ _1

Aj = ZHyﬂ+ky )I/{ Afi — (Fi T Ai]'F}'A]'i) F}A]'i
k=0 , _1

’ Fj = (Fj + AijFA;i) i

k=1
We will give a categorical analog
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Branes
Use the (A, algebra/category of) Branes.

The homotopy class of
the category of branes
IS Invariant.




Lefshetz Thimbles

Choose a half plane H .
For each vacuum ¢; there is a canonical brane I;

Consider the possible values of ¢ at xy so there is a solution of

right 6qu _ = d(x) = P;
L7 e Ak AR

L:ight(() C X are Lagrangian subspaces and provide
nice half-susy bc’s. [Hori-lgbal-Vafa]

Preserves Q_ — {710,



Example 1 of Lefshetz Thimbles

1 dp - b (x) = coy/Li e**

W==¢* —L =i —)
qu dx P co ER

Lleft



Boundary Condition-Changing Local Operators
Choose a half-plane H < C, and a phase {

R‘_ . .— Vector space of local bc changing operators
tJ - between T;({) and T;({)

L
Rij is a chain
complex

2y




N

91']' Rl] Is An Algebra



R has higher “"OPE Products”’

EEE——) p'™ (81, .., 67)
€T

J
Differential/Susy operator is p(1)



Web Formalism (o = oW )

These multiplications can be constructed
explicitly using the "web formalism’ of GMW.

The OPE p(?) is only associative
up to ) —exact terms.

The failure of associativity is
governed by p®

Similar to topological string theory.



Sources For The Web Formalism

Algebra of the Infrared: String Field Theoretic Algebra of the infrared and Secondary
Structures in Massive N = (2,2) Field Theory In Two

_ _ polytopes
Dimensions

apranov, M. Kontsevich, Y. Soibelman

Davide Gaiotto,! Gregory W. Moore,” and E AuguSt 13 2014

An Intro

Davide Gaiotto,' Gregory



R\ As AnA.. — Algebra Sum with signs must vanish: Quadratic
00

relations on the p(") : A, — relations

T T

—

p(K)
)

On 5.

p(n—k+1)

>




An A-infty Algebra Is A Chain Complex

T T T

p(l)
)

p(l)
—

0



There is a notion of homotopy equivalence
of A,, -algebras.

It extends the notion of homotopy equivalence
of chain complexes, and says how the OPE’s are
related to each other.



N

R As A Category (Whena =d W)
Choose a half-plane HH ¢ C  Objects = thimbles <,

ﬁij Z;; €H
Hop(%;, %) = i =
0 Z; ¢ H

R\(X'«g]]_’ W,()



The Product Formula

R;; can be written in terms of R;; [GMW]

R 3269” Rl] el-j :®ZijEH (Z 1 + Rl-jel-j)
\ | \ )
\ |
phase ordered! upper

triangular !



Summands correspond to central charges

ZiiZi i, Zi  Whose phases are

clockwise ordered in a half plane




Naive Differential On R,

Ry =Rix ®R;; QR ® -

Qnrve =Qu ® (Q;;R1+1Q® Q)€
PHYSICALLY WRONG!

What went wrong?

We missed important instanton effects



Domain Wall Junctions: { —instanton equation
0 0 I 5
(0x | la’c) o' =i¢ g aj(e) | 7 ¢l] (X)
¢ = @;

Il Zii

|12

¢ . Note:
J Zij, Ljk » Li
clockwise
ordered....

Gri(x)

X+1T

| Zj

¢jk (x)




Image In
W- plane

Generalizes to
multi-valent
n —vertices forn > 3



Explicit examples studied in

S. M. Carroll, S. Hellerman and M. Trodden, “Domain wall junctions are 1/4
- BPS states,” Phys. Rev. D 61, 065001 (2000) [hep-th/9905217].

G. W. Gibbons and P. K. Townsend, “A Bogomolny equation for intersecting
domain walls,” Phys. Rev. Lett. 83, 1727 (1999) [hep-th/9905196].

H. Oda, K. Ito, M. Naganuma and N. Sakai, “An Exact solution of BPS domain
wall junction,” Phys. Lett. B 471, 140 (1999) [hep-th/9910095].



Interior Amplitude
bii @ Pjx Q Pri ER;; Q Rjjy @ Ry;

Counting solutions defines an "interior amplitude”
Bijk € Rij @ Rj), ® Ry;

Summing over all such cyclic fans defines an L., —algebra

R, = Eacyclic fans Rij X - @ Ry

f is a Maurer-Cartan elementin an L, algebra



Interior Amplitude Induces A Chain Map
Biik € Rij Q R Q Ry
CPT = 3 (deg=-1) contraction: K:R;; ® R;; = Z

Chain map:

M(Bijx): Rix = Rij @ Ry,



M(,Bijk) defines new component of differential on R«
Qik:Rix = Rij Q Ry

b = P;

|12

of
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Categorical Wall-Crossing

IF: (X»glj:W»()l ~ (X’gI]_’W’()Z

THEN: R\(X,glij:()l NR\(X’gU_’W'()Z

= how the R;; complexes change (up to h.e.)



Definition: Cones In Homological Algebra

If f:Cy — C, is achain map

61 = (Vl)Fl' Ql) 62 = (VZrFZJ QZ)

Then Cone(f) is the new chain complex with

Vv =V, @V |[-1] QCO"e(f) — (QOZ —fQ1)




k

Defines a chain map Defines a chain map

ML(:Bijk):RiLk[l] - RiLj X Rij M* (:Bikj): Rfj & Rﬁ{ — Rsz



Solving Cat. Wall Crossing For « = dW
An elegant way of solving the wall-crossing constraint
Rii ~ Cone(M"(Bijr): Rix[1] = Rj; @ R )
Rii ~ Cone(MR(Bi;): RE ® Rf, = Rij

Conversely, if R ~ RR then, up to homotopy,
Rj. and R,
are related by cone constructions as above



R L . pL L L
Rii ~ Cone(M"(Bijx): Rix[1] = R}; @ Rjy)
L R . DR R R
Rik ~ Cone(M (ﬁlk]) Rl] ® R]k — Rik
Taking Euler characters gives the Cecotti-Vafa wall-crossing formula:
R _ ,,L L , L
Hik = Hix T Hij Ui

L _ R R R
Hik = Hik — Hijljk



Cecotti-Vafa Cones

How do they generalize to the case with twisted masses?
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Generalization To Twisted Masses
Work in progress with Ahsan Khan

Definition: A cyclic fan of charges is a cyclically-ordered set

{ yiOil’ )/iliZ' ") ylnlo}

So that the phasesof Z,, , .

decreasing (clockwise)

are monotonically

New ingredient: Successive Z can be parallel.

YKk VEk+1



Representations Of (Irreducible) Webs
Irreducible fans: {yioil’)/iliz’ ""Vinio} Ly F lpaq

’}/. .
N Zyioil

l .
0 iy
) Zyi1i2

)

® ylllz ® ® Ryl lO

yl() l1

GMW web formalism applies to give L, algebra
structure on the sum over all these pictures



Representations Of Generalized Webs

{)/iOil’ yilil’ yilil’ ) Zyilil’ e )/iliZ’ ""yinio}

VA

Yinio Yigiq




New Features Of Generalized Webs
Vigis T Vigi, T+ Vipip # 0

Z(vii) +Z(vi, i)+ +Z(yi i) # 0

Violates the no-force condition.”



Vki






Representations Of Generalized Webs

{yiOil’ yilil’ yilil’ ) Zyilil’ ) )/iliZ’ "")/inio}

Tyjj := Graded Fock space on Ryjj

L+ ]+ k #1 Tyij»yjk ::®Vij<7’jj <Yjk TVJ'J'

L7 j
AN



R. =¢

B{VLO il) ;)/lnlO} iTTed

X Ryiois QR F

:,T_'

YinigYigiq

Conjecture: Has a natural
L., structure associated
with generalized webs.

Checked in several
special cases.




A, — Category Of Branes

AN\

R;; == Sum over all half-plane fans with
Fock spaces inserted when the vacuum doesn’t change.

Conjecture: (ﬁ, Rc) has the structure of an
LA -category (= open closed homotopy category)

R. = Tr R°PP R



Example: The Peacock Pattern

Special case: Two vacua ¢;, ¢; andrank ' = Zy of rank 1.

H:UHP 7

ZVij ny Zyji+m)/

ZVji"‘V




) Z R, . F[R,, . 0 7
R = ®(()701=0) ( Yijtny ) ®k21 ( [ kYLL] ]> ®711=OO (R

0 F [R kyi; Yjitny

Conjecture: Matrix elements of R are morphism spaces in an
A, — category with multiplications induced from R,

Ri=F; ® ‘Ayij R F;i & cﬂyﬁ Fii =Qk=1 T[Rk Yii]
Rii = Fjj @ Ay, Ay = Oizo Ryijrrey
Rij = Ay,; & Fj Ay .+ = Dr=1 Ry +ky
R.. = F.. -
jJ JJ T” =Q =1 T[Rky”]



Generalization Of The Cone Formula

A 7 R, F|Ryy. ] 0 7

R TN (L I P

( 0)(0 Z ) U0 FlRyy,] Ry,
Ri=Fu @Ay, QFjj Q Ay,

After wall-crossing through Im (Z)/ij Zy ) we write R’ in the

reverse order...
> 1 / YA / /
Rii — Tii Rij =Fi &® "ql/ij

Rji - c/l;,jl. ® Tii R’]] — :F,]] @ c/l'yji ® :F’ii ® dquij



Soluton Of Categorified Wall-Crossing: 2 Vacua

Demading homotopy equivalence of the
A, —categories determined by R and R’

T)”ii = Ry Fi, = F; + AijF}'Aji
/ ~ v I —1
Uq)’ij : ‘Ayij ® T)’jj Aij — (Fi T AiJ'F}'Aji) AiJ'F}'
! ~ > I —1
Ayji = Fyj & Ay, "‘@ Aj; = (Fi + AijFiAj) “FAj

- -1
Fj; Fru ®Fy Fj = (F + AyFjA;i) FiF

2 | N =
Here R;; means the Koszul co-dual™ of R;;



Koszul duality has played an important role in
several recent works

Costello 2017;
Dimofte (String-Math 2017) ;
Gaiotto & Oh; Costello & Paquette, ....
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RELATION TO 3D INDEX

With nontrivial input from Andy




Motivation

Recent striking conjecture by Garoufalidis, Gu, and Marino,
“Peacock Patterns And Resurgence In Complex Chern-Simons Theory”

They observed a relation between the 3d index

1
I+(q, x) = Try;, (—1)F q2"*) x

T: 3d SUSY class R theory associated
with a hyperbolic knot complement T (M)

and Stokes matrices related to
thimbles in complex Chern-Simons theory on My



We give it a natural context and state a conjecture
about PDE’s (Kapustin-Witten equations)
which implies the GGM conjecture.

In fact, the conjecture has been stated before by
Victor Mikhaylov (2017) for different reasons.



T(Ms)

T (M3) is a theory obtained by reduction of 6d (2,0) on My
with topological twist (class R)
[Dimofte, Gaiotto, Gukov; Terashima-Yamazaki]

Consider T(M3) on C X R;  oquuusns

With "holomorphic-topological twist” [Witten; Oh-Yagi]
we can identify the index I (g, x) with the trace over the
Q-cohomology of local operators at the tip of the cigar.



KK Reduction on Cigar

O € Hom(B, B)e » R,

Get a LG theory on half space with boundary condition B; 4

() —closed local
“ Boundary operators for B_;
operators on C X R; cigar

Irmy(q,x) = TrHop(%Cigar,iBCigar) (=1)"q’r x/2



LG Model = CSLG[M;]
6d (2,0)/ M5 X C X R,

M3/ \l‘](l)c

TIM;]/ C X R; 5D SYM/ M; x R, X R,
U(De l l M,

LG/ R, xR, = CSLG[M;]/ R, X R,

SBcigar SBNahm




Relation to KW Equations With Nahm bc’s.

U(1)e
6d (2,0) /M3 X C X R, m—) 5d SYM / M5 X R, X R,

ds® = g (x)dx'dx! + dy* + dt?

Witten: BPS equations = KW equations on M5 X R,

a

y—>0 qba=e7+0(1) A = w?* +0(y)

e, w® : Dreibein and spin connection
for Riemannian metric on M,



Relation To CSLG (M5)

KW equations with ¢,, = 0 and A, = 0 are
the ¢ —soliton equations for CSLG | M5]

Vacua of CSLG|M;] : Flat connections o;

%Nahm - Z gO'i zai
l

Chan-Paton complex &, (Bygnm) is MSW for
KW & Nahm bc’s & A — g;fory — oo



0 — (—1)Fq]1 x]Z

TrHop (SBcigar;SBcigar) 0

— 2 Trgai(? X TTHOP(Iai,Zaj)O X Trgaj(?
i

Stokes matrices for

Tr 0=3S, ..(qx)
HOP(zai,‘laj) 0 Chern-Simons thimbles



Specialize to Hyperbolic Knot Complement

M; = M, knot complementin S® of a hyperbolic knot.

Among flat SL(2, C) connections on My there is a distinguished one: oy

04: corresponds to the complete hyperbolic metric. A = w +1 e

Conjecture: €5 (Byahm) =



Evidence

Independent evidence for the conjecture given by Victor
Mikhaylov for M; X R, , M; complete hyperbolic

Gives a natural explanation of the remarkable
observation of Garoufalidis-Gu-Marino

Extends uniqueness result of Mazzeo-Witten
from R3 X R, to My X R,

A=w & Qb — COthy e P. Kronheimer; S. He; V. Mikhaylov;



Interesting Generalization

L: Colored (by reps) link in M4

Witten: Modify Nahm boundary condition
in 5d SYM with ‘t Hooft line L

Corresponds to a brane B(L) in CSLG[M;]

Up to homotopy equivalence,
it only depends on isotopy class of L € M,



Potentially New Knot Invariants

Conjecture:

a.) {B(L)} with L running over isotopy classes of colored
links in M5 is a (full?) sub-A,, —category of SBr(LG(M3))

b.) This category is a 3-manifold invariant

c.) A, - algebras Hop(SB(L),SB(L)) are (new?)
colored link invariants.



Conclusion

Using the framework of GMW we derived a categorified
version of the Cecotti-Vafa WCF

The framework can be extended to the case with twisted
masses. Here there are qualitatively new features involving Fock
spaces of periodic solitons and Koszul duality of complexes.

This circle of ideas applied to Chern-Simons-Landau-Ginzburg
theory associated to M5 gives a natural framework for
interpreting a recent striking conjecture of GGM, and moreover
suggests potentially new colored link invariants.
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