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PRE LIMINARY REMARKS

THE AlM oF THESE /L ECTURES

IS TO EXPLAIN SOME MATHEMACAL

TDEAS wWhHicH HAVE PRoEN TO BE
USEFUL BoTH (N RECENT ADVANCES
N CoNDENSED MATTER PHYSICS AS

WELL AS /N STRING THEORY, AND I

DUYS (CAL MATHEMATICS ” MORE
GENERALLY.

THE IDEAS | WILL EXPLAIN
ARE KEVY (DEAS IN THE APPLICATON

l A
OF "TWISTED TQUIVARIANT K—THEX
TO THE ABoVE SUBITECTS

UNFORTUNATELY WE WON' T HAVE
TIME To GET To TWISTED K-THEORY,

BUT THE TFoUOWING MATERAL (S
IMPORTANT TO UNDERSTAND “TRAT TOPIC.




MY OwN [(NTEREST /N THE TOPIC
ORIGINATED IN THE APPLICATION OF

k —THEoRY TO 7RR FIELDS” C

D -BRANES” N STRING ’HEOQY
IN' AN EXTENSIVE PROJECT WITH
d. DISTIER { D FREED WE HAVE

{

INVE STIGATED How TWISTED EQUIVAIAN
L_THERY" 18 A VERY USEFUL
TD0L. | N THE THEORY OF ORE
AND ORIENT!F0LDS.

1 FolLDS

THE FEAMOS FREED-HOPUINS-TELEMAN
THEOREM ALSO SHowED A DEEP
CoNNECTION WiTH CNFoRMAL FIELD
THECRY,

HOWEVER, RECENTLY THERE
HAS BEEN A VERY INTERESTING RELLE)
NEW DEVELOPMENT IN CMTT.




TH/S IS THE SUBJECT OF
‘l ops oclcAL PHASES OF MATTER”

A. KITAEV AND A.LUWIG et.ol.
SHowED THAT K-THEORY IS
RELEVANT TO THE CLASSIFISH N
OF PHASES OF MATTER WELL ~DESCUSED
BY FREE FERMIONS.

RECALL THAT THE BASIC
BAND THEIRY oF METALS .75 NS ULATORS

/S A THEORY 0F FREE FERMIONS,

AND INDEED N THAT CONTEXT
THERE HAVE BEEN OSPECTACULAK
EXPERIMENTAL CONFIRMATENS O =
THE IDEAS oF FU KANE, MELL,

Ql, ZHANG, AND MANY OTHERS,



D FREED AND I 6O7
INTRIGUED BY ALL THIS AND —

BE /NG /NCLINED To FORMAL HATHEHMATIS-
HAVE WRITTEN A PAPER PUTTING
DowN SOME MATHEMATICAL

COUNDATIONS FOR THE SUBTECT !

D Freed € Q. Hoore
TwisT €D tQU\\/AKJPrNT MATTER

LT SHoulD APPEAR ON THE
orXiv IN THE NEAR FUTURE.

WHAT WE FouND WAS THAT
HERE Too “TWISTED EQUIVARIANT

kK-THERY" (S A VERY USEFUL

“TOOL t6R ORGANIZING ToPoLsG.
PHARES oF MaATTER.



WHILE THE FolLowW NG NOTES

‘Do NoT QUITE GQET T0 k-THERY

TRHEN Do GHVE A PEDAGCOGICAL
INTRODUCTION TO THE FIRST

HALF oF OUR PAPER, EXRLA/NNG

SE VERAL CoNCEPTS + CoNSTRUCTIONS
ESSENTIAL To THE K£-THEORT

APPLICATION

h

L BAVE TRIED T0 NOTIVATE

HHNGS LN A SELE —cONTAINED
DAY WITH PHYSI CAL RESULTS:

WIENER'S THEOREM
DPYSON' S I-FoLD WAY

AL T AND—Z(RNBAVER CLASS)F(CATION



PLAN

PART L :
W IGNER'S THEGSREM™M

GROUP EXTENSLIONS
DYSONS 3~ FoLD WAY

CLIFFORD ALGEBRAS
FREE FERMIONS

15 - Fold WAYS .
Y3 e SYMMETRIC SPACES

—

PaRT IC:

* GROTHENDIECK GROUPS, KER RINES
AND TWISTED kK-THEGRY
e GRoUPSIDS AND TWIST/INGES
o PAND STRUCTUKE + CRYS7. G Lok
o CANONIcAL TWISTING
o TWISTED EQUIVARIANT «<-THEWT
AND BAND STRUCTURE




DETAILED OUTLINE FoR TART T

(
1 WIGNERS THECREM e
QUANTIM SYMMETRY

2 A CRASH COURSE oN GRouP
T=XT=NS\ONS

R RETURN TO WIGNERS THEREM

L SYMMETRIES OF QuANTUM SYSTEMS

AND THE PULLBRACIK CoNSTRUCTION

&  REAL, COMPLEX, % QUATERN IONIC
Vi=ECTO0R SPACES



7. DYSONS 3-Fold WAY

a.) DIWVISIoN ALEEBRAS
b.) SCHUR'S LEMMA TR IRRED, CorETS,
C.) DYSONS PROBLEM : THE ENSEMBLE

o= 4 AMILTONIANS CoMPATIBLE WITH A
FIXED SYMMETRT TYPE.

3. SYMMETRIES € TIME REVERIAL

(
. GAPPED HAMILTONIANS ¢

T 0POLOG | CAL PHASESR oF MATTER
1O. SUPER-LINEAR ALGEBRA
||, THE 10 CT— GROUPS

2. CLIFFORD ALGEBRAS

AND THE 10
SUPER-DIVISION ALGEBRAS



13, Z,-GRADED COREPS OF
THE CT- GROUPS

(N | TE -DIMENSIONAL FREE

== RMIONS WITH {SYMMETRY

5. T

HE FREE FerRrMIoN

TYSON PROBLEM él THE

ALTLA

ND- ZIRNBAUER CLASSIFICATN

6. BOTT PERIODICTITY é(
CARTAN SYMMETRIC SPACES

(7] EXAMPLE: SYMMETRIES o\

P

SINGLE FERMIONIC OSCILLATER.



4 WIGNERS THEREM

A RAYS IN HLBERT SPACE

N

T e Dyrac-voin NEUMANN
AXIOMS 6F GQUANTUM MECHANICS

Dos|T THAT TO A PHYSICAL
SWSTEM WE ASSOC/ATE A

s seer space F (and A
7 74 )
X - ALCEBRA OF OBSERVABLES )

(PURE) QUANTUM STATES AZE
ASSOUATED NoT WITH VECTORS

Ye ¥
BUT HRATHER WITH CMPLEX
L INES N # :



P aAnDdD =Y, 2E c*

REPRESENT THE SAME QUANTUM
STATE. EVEN (F WE NoRMAUZE

7O .
Il = {<p1¥y = 1
THERE IS STILL AN IDENTIFICAW
’k/) 10
~NC
WE DENGSTE THE COMPLEX
[ INE THRoUGH AVECToR P BY
["Lf)] 7 |5 THE EQUIVALEACE
cLass Pz P ze C¥,

TLHE SPACE oF SucH [INES
/S PROJECTIVE HILBERT SPACE

i = H-Ao] )/c*




13  OVERLAPS

PHYSICAL MEASIRE MENTS ARE
/1 1)
‘DESCRIBED BY OVERLAPS O6R

/TRA NS1TION PROBABILITIES "

) < 14>\
<Yy <4, 14,5

’(?(2. =

NoTE THIS IS WELL- DEFINED FoR
b Y FO AND MorEovER DOES

NoT DEPEN]) oN THE NoRMAUZN
SO \T |S A FUNCTIoN

P (7,07)




“THAT lS) \T DEFINES A
UNNVERSAL FUNCTIoN

¥: W <®H — [o0,1]

I N FACT, TF 9 1S FEINTE
'D)MEstoNAL) SO .ﬁ{’i‘ CEN

THEN N— 1
PH =CT

AND THERE 1S A WELL-<NowN

V-
FOUBINI—STUDY M™METRIC ON €P
ExAMPLE: EF N =2 THEN

Pe* = € 2 §°
HAR THE USUAL ROUND METRIC




TN GENeRAL ® S RELATED

TO TTHE TFURIN)I-STUDY DISTANCE
Y

?(),z) — (QOS%E)Z

PROOF: ANY TWO LINEARLY
INDEPENDENT VECTORS 'LP‘)IPL
DEEINE A PLANE Cocge

THE FS METRIC ALLOWS US
T0 REDUcE Yo THIS Qpt

WLOG WE MAY TAKE
i&p+$)y
' e 20 8
\,)\: <°) ‘/)z.: o
e"(‘l"'?‘)/z o]

Sin =
ra
O = GEODEGIC DISTA NCE oN ST A



1 C QUANTUM SYMMETRY
—_ . AN T ———

DEF: A QUANTUM SY MMETRY
'R A MAP OF PHYSIcAL STATES

W HICiH TPRESERVES OVER[APS :

‘/ P (i, stk1) = plbI 1Y) [

EXAMPLE: IF ¢ = ©° THEN

A QUANTUM SYMMETRY IS

2

J0ST AN 1SOMETRY OF S

W ITH THE STANDARD ‘ROUND
METRIC




QRQUANTUM SYMMETRIES FoR M
A- GRoUP WE DENGSTE [T BY

A\)’C%Jm (TPFK )

N~ 2.
FOR EXAMPLE, TF ¥ = O

THEN T I8 THE ISOMETRY
CRoup oF &&. THIS GRouP

'S gust 003),
_ x _
\/\f\' ner~ odks: \,—130:«3 Con W
y e
“O’\GJ(C Suo?,\ ")‘rbksga\’\m‘l\dwj N
T4 e U@FL) iso onery
%WNS -PIV'M:I\.OV\ \\‘aen '\l) \"’5 U.\()
de.f\'we.; a vep o‘F ﬂn’nes

w: [p] — [wy]
o Claovgj .5 'Pv*eserves :F_

L.



RUT ! THERE ARE ALSO

ANT1 - UN ITARY TRANJFDRMA—TIO'?\[S\.
RECALL THAT o+ ¥ K

IS ANTI-LINEAR \F

o (b +,) = afp)ralp,)
RUT : a(zy): Z « ()
Y (e #, zcC

TT 1S CALLED ANTI-UN TARY
1= v ADDITIoN

o = 1)l
Sudh an  onki -uu'{—wé] w obso
Talees Lines 4 Lines -
o.: [yl > Lalp)]

and Tthis Map  Ppreserves p.




A o Yhere Sther aps

s- PH — PH
"FYC S‘WI'V\_J ’leﬂalofﬁ.l'{:fe._? ?
NO !

'Tl'\ut’ 1S Ff e CovA-evs'E' o‘? W\'Dnep{;
theorem: E\ij S e Au‘E%{;MQP%( )

TS l.vxo(uc.ecl)a.s a’oovej .I:JJ o ‘A"H"‘-:j oN—
O-V\']\‘\LV\.{'f"Ubg VP U : H — 796 o
Qe ‘%——é%) o_S a.L:cV‘e.
TROOF: SEE WEINRERG, QFT VOL . I,sec.q.
ALTERNATIVE : FREED, oXiv: 1211.2133
We are Now 86@3 o malke
o Y'Y\.ad"acwﬁ.cal e X CUMSion So \Wxa'l'
MM Can  restote \/\ft;cjv\er‘ls R eorenn

' Eerms  of %r‘oup oxtension,
f >




02. é CRASH COURSE 6N GROUP EXIENSIONS

e /. MAP BETWEEN GRoups, ¢: G =G,
/S A L ioMOMORPHISM - TF

9@.97) = ¥@HIPQT) Y,

e A GRouP ExTENSION IS AN
Y EXACT SEQUENCE" OF HOMOMORPHIENS

LNy r, C— |
MEANING THAT
N 'P (s snto : ")(G):G”

¢« 1 s vk ker(r)= L

¢ 2ml) = kerGT)



‘/IQQ‘YY\GJLICS:
@ Loter on it will be

U-—SQ_M 'b) \t’ahk QCameJﬂc.cuﬂq
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@ \/\ILen G, i< obelion ondl

1.6 Z(G)
'Y"\.OU)DS @[ wh e cernter o_PG

We l\aw\e_ O- cen‘l\m;Q 6x+ews.'cv5 ,

@ WQ. Can OLUG"\-& o Y\o‘lﬁov\ o%“

[So lmc_ r‘oU\: extensions
m;I% e a{som. classes of
G cenbd extensisns o'F G’ ore

QQAS\:P‘.@L J qroup cokhe Mo-@oq}__

H (6" @)




= XAMPLE 1.: THEoRY oF <SpIN
THERE 1R A STANDARD HOMOMORPHISM

P SU(IZ.) ———3 80(33

wi——-;f-l

- — —
Uux-6u = RKx.o

ONE cAN SHoOW:
(<) Every R Comes fom some U
‘(@) ker(p) = 1=
[No |
| = Z, %5 Su(z) —— So(a) — |

MONOW:
(b'-) “Tlere s NO CoNTINUOUS HoMOM,

St 80(3) — S\)(Z) "v\vvrh'wé P:

PS = :\:oxena\;(j



EXAMPLE 2 : EXTENSIONS OF
=, BY Z,

?CD.UEST)QM: Wl cH G FIT OINTO

\ =2, —>G— >Z**\ [

.Qa,> (> = .Z/_ZK Z/z
- L0 ,0, >

o, =1 62 =1 0703 =0,0,
"TAKE t(oy)=0;, pli)=1
P(Gi7=az

NoTrz © THERE IS A [HOMOMORPHISH
< . ZL=<O",_>——>G Se THAT

"F° S :j:ol?mh ‘I'/



2b.) Now QNSDER G Z/yz,

JET o= 3 =% AND TAKC
G = <> =51,0,0, wsi ={-_u)ti§

DEFINE  o: G — St1f X)o7

BY (TS VALUE oN A GENERATOR

2

,P(w)‘: &) :-—-l

ker‘fr :%110‘)2}:2[ So.

z )

| 2 Z— G — Z, — |

N R,
@ G %\! 2, X U,

THERE IS No s: Z,—G |
WIUTH ?°5=IJ.?ROOF: 5(0"):&)\3
SO PeSY=0 = obzdz-l =

= S@) =3 =) se)=t e~

=



“Def: WE SAY AN E)C‘ENSION

-G LG G —
SPLITS |F 3 A HoMOMORPHISM
~Mem————

—

OF GRoups s5:G —G SucH
THAT 'P"S:::Ot.

WE USOALLY WRITE

P /
— G =G —6 —|
<3

Re, Mork s:

1\ Geomejm'ccl’t)) S (S GO
CrosSS —sectiow of e ’Fh'mc(?o-ﬂ
G" burdle cohich is o homomonphin
of Smdfs‘



2 \l\/l\Cm Hg_ ex{:ems{ou 5?QJ:EJ G
::S "JUMWTLJ(_ tb \hia- semidirect

(PmAUcﬁ G{D{G’w ]oeccme I.:{_‘
”F(ca)—: %” \l’ﬁen we_ luw{

3= 9 5@
o~ Sowe %Ié G, and. \/'ee
'W\WQH(){;C&H v Q.a.,u) S

a-
l/

91561) 92 5G.) ’(‘ir 59"/)3'1897}—)5(?,, ?1)
= (o <3 )5Cigl)
5o %L’ — S/gf')corzls(jfl)ﬁl
L Q',_\_) Aut(G”>
- (979 )- s(dig2)



TXAMPLE 3: THE ISOMETRY GRouP

P §

o AFFINE EUCUDEAN SPACE = d
—Ts THE GROUP 0+ DISTANCE —PRESERv

TRANSFIRMATIONS
| )~ Feoll = Tpeedl Voup,
T T TS DENOTED Euc(d)

ONE CAN SHOW THAT

f—-’f\?\d —> Eucld) —s 0W) — ¢

AND, IF WE CHOOSE AN ORIGIN
ror =9 THEN WE CAN WRITE

%'R,V},)( = ?X-ﬂ-\/

FROM THIS  WE CAN CoMPuTE

iR v i R, Ivz}.-. gﬂ,?z ]v,+¥2.vzz



NoTE

P SRIV] H{Rlog l<

A SuRJIECTIVE H6MOMORPHISM ,

A- SPLITTING 1S GIVEN BY

S

: O(d) > Eueld )
R —— {Rlo}

AND INDEED
Eve(d) 2 TR W O)

("Bu—r T
ON A

TE  LSoMORPHISM DEFPEND S

CHOICE oF GRIGIN, )



CRYSTALLOGRAPRY

W

‘DE\F:(O\)A CRYSTAL (S A SUBSET

C < d |NVARIANT ONDER
TRANSLATIONS BY AVULL LATTICF

TT < RY< Eueld)

(b.) THE SPACE GRoup G(C) oF C
'S THE suBGROUP oF Euc(d) TAKING
C —C.

(d.) THE GRoUP =xTENSION
T —s G(Cc) =>P(C) — |
NEED NoT SPLIT. WHEN I'T

‘DoES THE CERYSTAL IS SAID
T BE ZSY MMoRPH






2, RETURN TO WIGNER'S THEOREM

3A A NEW &GRouP

WIiZ HAVE  ALRE ADY DEFINED
[H= GRoup Autcc:m@P?}(> oOF
QUANTUM SYMMETRIES,

WE NoWw INTRODUCE A New
@QOU’P) Au’t%tm(ZeC),

THIS \S DEFINED T RE THE
GROUP oF ALL ULNITARY AND
ANTIUN ITRY TRANSF()QMAT\OMr

U, o0 - % —-3%

PECAUSE




74

(
U w e
u Cr = Q,/
a W = O

/4
a & = WU
THIS ALSG SHoWS THERKE (3

A FoMOMORPHISM :

9&: Auvt h(%) — {ij}_ﬁ_‘ Z/Z

+( S (S Uv\'\‘ba.r‘j

Q) : =

"1 S ¥ an"'\.w:‘f‘a?

A

= XERCISE: SHOW THAT THI=
SE.QUENCE

) — UR) — A\rt%_w@Q)i {—\.:.l}%\

SPL\TS.




3B . WIGNER'S THEOGREM

WE Saw AROVE THAT RBETH
I<INDS oFE  TRANSFORMATIONS

U, 00 € Au{%{m(%> “ake LINES

To (UNES AND DEF/NE QUANTUM
SYMMETRIES ) €-9. )

P Ay (80 — A, P3)

LS A RoMOMORPHISM.

W IGNER 'S THEGREM IS THE
STATEMENT THAT 5 1S ONTO.

=
| — I — Aﬁtc(:m(‘%) -, AJE%thJ@)—v]




(|

WHAT 1S THE KERNEL OF 1:?

—F Ve U0) IS A—'?HASE”‘[AFIJ
THeEN b A D 1S
CELTAINLY A UNITARRY TN
CLEARLY, [yl = [

SO V():=T < Ker(p)

BuT ANYTHING N Ker(p) MUST
BE DIAGONAL IN EVERY BASIS
So ker(p)=T.

TN WHAT ‘FOLLOOOS)
AeC st. IDI=1 WILL
U SuAaALLY DENCTE THE TMN

b Ay




SN = N\ S
AS P8 = +)
T lss =

THEREFORE | < Au—tth\Qﬁ )
1S NOoT CENTRAL .

THE RESTRICTION TO Xedd):

- POW)=SurY) _,
\ —T— UN)— “‘Zi |

|S A CENTRAL EXTENSION,



@ HE CENTRAL EXTENSION
| =T — U(N) —> su(w)/ZM-—»;
's NoT sPLT |

THIS IS THE SOURCE ofF

INTEREST ING EXTENS/ONS

AND ANoOMALIES IN QUANTUM
MECHANICS



EXAMOE: AGAIN TakeE $=C~
THEN TPH =CPT = &
Aut ?WQP}() = Q(3) = 303) L P-303)

P s ANY REFLEcTIoN

Aty (#) = U L K UE)

K 1S ANY ELEMENT SO THAT
<o =ufk  ( DoEs NoT HAE
A 2x2 MATRIX REPRESTNTATION.)
AL READY
1—=T 5Uz)— PLU2Y— 1L
Do=s NoT SPLIT



TD PROVE THAT NOTE

,N

PUR) = ’U’(Z)/U_“) SU(2//_30(3)

BUT A CONTINUOUS CROSS-—
SECTION s: So0(Rk)— U )

WoulD [(NDUCE
St "’Ti(SOCg)) —T, (Ut2))
=z > Z.
ONLY suvcH HoMoM. I3 ZERO
BUT T°S=T = PaS, =1
==

CA SPLITTING oF UW)—-PIN) For
N>2 WoulLD RESTRICT TO ONE

“oR N=2. So B SPLITNING For N>a.)




. SYMMETRIES OF QUANTUM SYSTEMS
AND THE PULLRACK CONSTRUITION

d

SUPPOSE A GRoUP G IS A
SYMMETRY oOF SOME PHYSICAL SYSTEM
MATHET MATICALLY, WIE

Poc\T— A HOMOMORPHISM

p: R — Awt%w@PSﬂ@)

AND So wWE HAvVE :

&
Vi
\ =l — A&B%W)—e ﬁu’t?@)\%)_’ |




[ |

—r+ ecoch C}GG Fere i o
enhre circle T of ?ossib’le_
QAQ‘ILS a& f(s)_ We.sﬁ &P 'l;osstle
fPLa...SeS wlmev\ heon!;é"\.ﬁ P(Sﬁ a§ O
/Q,t'r\e_w— /(V\HRJ.NCN‘ OY%«:'W 4 %

CQ\J;‘EQ Senemﬁ% N Q.M. {-V—uw_

\/\a.\/\Q Ch— V\O\.I'V\Q CGPGQ( cb‘Y‘ SJMV\—\'QJY\'QS’

S‘Pa_c.e 'S awn S_)c-}—em,_;fou\ o"?‘ G .

\> ﬂe-o:\] 6\: SYM.
Q) Amow.ﬂle‘; in QFT

W\f\&t’ € XTension do we %O,:E?
WQ_ 'vxe,e_l Some. TLove %V‘oo\o tLeov\S



MATH CoNSTRUCTION :
W DULLBACK OF A GRowp EXT

\/\f_\:_ ARE GLVEN: G/
LP
] ——>H'(——>7. H-—?%H”—-?’
DEFINE A SUBGRoL?P:
G _ H G/I
= { () l P = pgh ]

CLAIM: (& FITS INTO AN
ExTeENSION ( THE “Puiied Back EXT.




v\oleeJ W \\O«.\PQ O- CQMM(F!:OCEIV‘Q_

obcxamm.
\——»H -i—-vG ™ >G”—e\
lﬁ
\——>H——»>H >H — |

. X~

W HAT WE LEARN IS THAT FOK
ANY GRoVP oF QUANTULM SYMMETRIES

o G — A\rt%wGPa‘fﬂ WHAT ACTS oN

THE QUANTUM HILRERT SPACE IS
THE TPULLED RACK EXTENSION:

[ —
\ —T — G — G —|

Ty
_ — 1PH)~
L\ Ll AobBw(f}@ ? Aob%,h& )~

)




DEF: GIVEN A Z,-GRADED
GROoUP (G,@)) ie &G itng)
WE DEF/NE A

&b _TW| STED EXTENSION oF G

T o RE AN E XTENSION OF THE
FORM:

1—?\1"—'2 G° .6 —1

WHERE G° 13 A GROUP
SOCH THAT

N Y 2eT
g A A 9 gt




REMARKS:

@ SOMETIMES WE JUS7T WRITE
T FéR THE ENTIRE G-TWUTED
EXTENSION.

@ FoR ¢=1 GET A CENTRAL EXT.

@ Q|> —“TWISTED EXTS AGAIN CLASSIFIED
BY GRO00P- COHOMOLOG Y

(rwsten W6 6) )

ToR GWEN (G ¢) THERE CAN BE
SEVERAL DIFFERENT EXTENSIONS



EXAMPLE:  TAKE G=2Z,

AND qg : {tl} — {t(} THE
D= NT)TY.
T WILL BE CoNVENIENT TO
DPENCTE M= {LT =0
OF CouRee M, = Z,,

TAKE ¢(T)=-1.
THERE ARET TWO INTQUIVALENT

b — TWISTED EXTENSIONS

\—»T—%H—fl'>Mz_"‘

—

CHooseE A LiFT, T,°F T
THE N p(T?) = 4 So

—

g

T= el BUT, TheN



T = T T = -r2~T: AT

ON THE OTHER HAND T ) =-1

SO

T = X'
—> N=] = A=<t

THERE POSSIBLITIES ARE REALLY
DISTweT ;. TFE T (S ANGCTHER
J\ET oF T THEN _\-I=ff7_
+O0R SoME ,ueT AND So

"N (b T Y e o T2 T-
(') -(T) = pp I




REMARIC ;.  JUCT AS THERE \S
A Z, CoVER Spin(N)—3 SoN)
THERE ARE TWO Z, WUERJ

——

’Pfut(!‘() —> df\r)

(DEPENDING oN WHETHER THE LLIFT o
A REFLECTION SQUARES T6 :\:l)
A
HelE ME=P32).

PIN GRovPS WILL REAPPEAR

CAND BE DEFINED ) LATER
IN SecTioN (6.



74 7
5 CoREPRESENTATIONS

DEF:a)A COREPRESENTATION

of @ ., - Sr*o..cleol Sf‘oo? (6?:56) IS
& complex Hilbert space K

oand o homomorphism:
o: G — Endg (%)
So th.t Linear <p.  P(g)=+!
|

(g.) =
JO % wbi— Linear Op. C#(%):*‘(

b.) TTOS "Ny (F p: (o A‘“}g()

Q) A ($T) —TWISTED REPRESENTATION
OF G 'S A CoRePRESevTATION OF

(G5¢).



MANY OF THE STANDARD NoToNS§

oF REPY THESRY GENerAuz2E IN
A STRAIGHTFORWARD WAY :

DEF: A Coke®  (Gr4,p,%)
S | RREDUCIBLE | F THERE 'S

N NONTRIVIAL SUB— CoREF.
e, No SUBSPACE, © %= 7 & &’69

INVARIANT UNDER (3), ¥qeG

[HEGREM (COMPLE’TE REDUCIRILI)T ‘r’)
TF G IS CoMPACT THEN ANY

<

EIN ITE - DIMENSIONAL CoREP F IS

EQUIVALENT TO
N
% — @ y NA % \/>\
AeG)
I
(C.ALLE_D AN “(SOTYPlcA L DECMPasmoN )




NoTATION :

v
l. @L‘#\ = SET OF NON-1SoMORPHIC
[ RRED. COoREFRS.

2. N, IS A REAL VECTK SPACE
OF MULTIPLICITES 6.3,

\/), @V)‘®VA = TRg@) \/«\

3. ® IS TAKEN FoR REAL
VECTR spAceS ((SEE BELow )

. PUT SIMPLY THIS MEANS WE
CAN BLOCK DIAGONALIZE THE

ACTION OF p(a) :

JO(S) ~ -.{’ﬂ"\',\éa JOA(S)I




C  REAL, CoMPLEX, ¢ QUATERWIONIC
VECTOR SPACES

REcALL THAT A VECToR SPACE

T/~ ovER A FLELD k HAS
OPERATIONS®

NE.CToR SUM vV, +V, v vaeVo
ScaLar MuLT, &=V ek, veV
SATISEYING -
oL (f,—)-vz_) = otV + XV,  ETC

TFE WE REPLACE 7 EIELD k ~ BY

/rinve R” WE GET A “MeULE
/,
ovER A RNG R



VE CToR SPACES OVER k=T AND
k‘-’: @ ARE 'b\FFERENT)'E\]T THEY CAN
RE RELATED:

o TF /" 1S A VECT6R SPACE
over € , It (s ALSO A VECTOR

SPACE Vi OVER R, Now
ToR ve Np, =V e Vr
IS ANOTHER VECTOR AND THESE

ARE [LINEARLY INDEPENDENT
OVER TR, 90O

OQ;W\T_R —\/_r_R = ;2_ O“MQ—\/‘



« TN GENERAL WE CANNGT &o

THE CTHER WAY, BUT IF W S
A V.S over TR AND THERE

IS AN TR-LINEAR MRAP
- —\/\f-——)W
T= -1
THEN WE CAN MAKE W A
VECT0R. SPACE OVER Q :

—

N W = (W)

SucH A LINEAR MAP IS CALLED
A CoMPLEX STRUCTURE 6N W




THE SET OF VECTORS IS

THE SAME, BUT Now

THERE

IS A SCALAR MULTIPLICATION
BY ze €C. WE SoMETIMES

TENoTE THE CMPLE X
SPace B V= (W,

Now weW AND T

VECTOR
T ),

“(wW)eW

ARE  [INEARLY TEPENDENT

OVER € SO

olv;W\@ 6’\]71) = ;]L‘ Ol\'W\W\

W



EXAMPLE :
WwW-R, = (ﬁi)}
(2 (5) — (%)

(W, T)= C

X —

REMARKS

G e SPACE oF ALL CRX STRS
aN TR ( PRESERVING LENGTH) [S
olN)/uin), THE REASON S

THAT ANY T € End (RT) wrn

TZ%--1 S OF ThHE FRM

T =gl ‘3;\ %GQ(ZN)



[

o —|
{ o

@ T T 1S A COMPLEX

STRUCTURE SO (S —T ., ThHE

CORRESPONDING COMPLEX VECTOK
SPACER ARE CONTUGATE :

=V
AS SETS oF VECTRS, BUT
THE DECINITION OF SCAAR
MULTIPLICATION (S

=V = =V



o ANOTHER WAY Tob TLURN A
REAL VECTOR SPACE "W INTO A
ComplEX V.S. IS8 SIMPLY TO
CoMPLEXLF T

Q'=~ @\
W —s W WTRC

NoTE THAT W& BAS AN
ANTI-LINEAR CPERATIR. - e Eaw©

k: weg — we2
WHLICH SQUARES TO + 1.

(NOTE THAT W = FIXED POINTS oF K.)

SEE: A REAL SWRUCTURE o N

A CoMPLEX VECTOR PACE '\ (S
AN ANTI-LINEAR, OVERATOR

ke EndlV)
SUICH THAT K% +|




EXAMPE - V= C | K = REFLECTION
T1HRouGH THE LINE e®.IR ,

W = Pix(K)= ¢ *R
AS A VECTOR SPACE,
W= TR,



=XERCISE:  SUYPSSE (W, T)=V
\S A CoMPLEX VECTOR S PACE.
SHew THAT

W @Q —’_\é-_\FGB:\—/'

BY INT’{O’DL)CH\I‘G PROJECTION
oPERATORS T -—(\—” ®z>

(RECALL N 1S THE CONJVGATE \.S.

=Z=.v = 2V >




AN EXTENDED EXAMPLE
M\/\/\/v\/\/v\-/_/\’\

S How ING RELATION TO CORERS

\/v\-—'\N\_

Now, FoR PRACTICE, LET U8
CoNSIDER (§T) - TWISTED RERS
- p— —
oF M,=11,TY, T =+1,

HEF) - -1,

\WE SHOWED THERE ARE TWO NEL
¢ —TWISTED EXTENS1oNS




iRsT SuPPSE K s A (P)-
+
TWISTED REP o T, . HeEN

k= el)
1S ANTI—LINEAR AND SQUALES
—to +71. Lo, A CoREP o¥
MF on P 1S NOTRING CTHER,

AN A REAL STRUCTURE

SECND, WHAET CAN WE SAYT
= # 1s A CoRep oF M, ¢

“THEN, K = f:(T) IS ANTI-LINEAR
AND NOW
k= =1

am——

Lo T 1S ANoTRER C.OMPLEX S‘sz
—— O




N FACT WE HAVE 3

oN H

I V —— J=1" V

K: vi—s p(Mm

T21 K:-1  KI=-TK

BUT ‘I—H—‘El\f) DEFINE T:=KXT
AND CHECK :
—_— - _T 7 - _
J = -1 9 L 4 5 I KJ

WRAT WE HAVE DISCOERED
'S THAT K 1S A MODULE

FoR THE QuATERNIONS M

——




FE\_E_F THE QUAT ERNION ALGERA

H 1S THE ALGEBRA oveR TROF
DiM= 4 SPANNED BY 1,2, k

s'z ‘L z

L4 k=, k=1
= Re Ri® Rj® Rk

REMARK S

1., H 1s asccaTive BUT
NON - COMMUTATIVE.
L. ITF %: )(,_l+ x,i.,.x'zéf_ ,,_ng_
THEN CZ y —X i*XzJ--Xglf
DEFINE /Cg L: %i



3 UNImaRY MATRICES WITH

ENTRIES [N HH ForM A
GROUP:

U(n,\H)
THLS TURNS ouT T RE

lSoMoeRPHIC. TD THE CMPACT
STMPLECTIC GROU,

Usr(ln) ‘= U(Q—",(E\ﬂ SP (%C)
EXERCISE::
ULH) = SuR) .




EXERCISES :

@ SHoW THAT THE IMAGINARY
PAULI MATRICES SATNSFY THE QUAT.
RELATON S :

- B 3
i s e g T ke

AND THERE ForE WE CAN (DENTIF

g — <:: ;) zwe (

@(6?.)3%00 THAT THE CoMPLEX
STRUCTVRES ON TR® CAN RE
IDENTIF/IED AS

2

% — n.z N =—
OR -
S e L
(b)) Show THAT THE SPACE OF CPLX
STROCTRES 1S THUS =~ S* 1) S*




@ SHOW THAT A Co-REP
= (G)cp) canN BE DEFINED
AS A ReAL VECToR &PACE

W WITH CoMPLEX STRUCTVRE ]
AND 0. G— End (W)

So TwWwATT

PP T = 6 T p(9)

I J



SLMMARY

AT

@ A CoMPLEX STRUCTURIE onN

A REAL VECToR SPACE W I3
A Livese Mar Te EvdW)
IZ= _1

@ A REAL STRUCTURE ON

A  CoMPLEX vECTOoR SPAce VIS
AN ANTI-LINEAR MAP K€ EV\J”Q/‘)

kTt + 1

@ A  QUATERNIONIC STRUTURE O

A  CoMPLEX VECTOR SPALE \/ 1S
AN ANTI-LINEAR MAP K & Ehalﬂ{v_)

K= -1




7 DYSON & 3-FoLd WAY

A, FROERENUS THM oN REAL,
A-SSOCIRTIVE “DIVICION A LGEBRRAS

R, SCHUR'S LEMMA FoR Co-geps
C. DVYSON<S PRoBLEM
D, THE 3-FolLD WAY

X




7A.) FROBENWS THEOREM

DEF: JET A 2E A uNimaL, AssoC,
ALGERRA /TR TWAT MEANS:

e A'vs AVs /TR
o o MULTIPLICATION

o he A — abeld
Socy  THAT

Q_.(L,...c) — ab+a-C

= T¢C.
‘THEM) WA 1S A DIVIcioN ALERA
=Y Q?LO ‘e U

oo = 1



THEREM ( FROBENIUS ) -

—Tr A 1S AN ASsociaTIVE
REAL DiVisSion ALGEBRA THEN :

A =
. A
A

OR)

Q R,
= H

CREMARK TE WE DRe? THE
Assocmmw; " CoNDITION A THM.

OF HURWITZ SAVYS THERE ¢S
ontLY owne More: A 2.

No7E THE DiMs /TR = 1,84, 8
CoMPARE THE DIMs IN wHicH
MINIMA L SUPERSYMMETRIC YANGMILLS

EX1ST ARE 3,4, 6, LO. )

|l2 ll

[}




PROOF 0F FROBENMUS THEORIEM!

T = REAL, ASfoc. PIVISION Al
aeD = L@yeBd®D)
L(&) : L) — o b

] et \/: = -gC\ \ Tr-(LCOu)) =01
DR Re

LCMMG:_ !

_\/-:—Soge\b) }

Pa(x) = olet (x- [(a) )

Mus+ ‘F‘mc.'l‘chr*' " 7\-_5"_- "_Q:—Q
- 4 _
Pe0 = Tl G E)

= T@C-Pi ).\_\ (Xz:- 22@({” X +] Zj Iz- >
J



(Bd"t 'P&(Q.) =0 . gfr\_ce FD IS
o olivfsn'ov\. aJlJ,oJom

—

T {, m
Tx—Q—cm) ) F O ?“(x) = (xz_ 2Re(2) o+ \2 |‘)

-
S T 7
Coeff of x> is Tr ()

Se  Tr L(x) =6 & Re(@) =0
<= a’= -z<o®

NQU\) Q(Q,L>Z: -oJo—Lo\ 1S o

rpos{f){we dofini te ’_FMM on \V |

2. 2
A-r: =O O R - 2Re(2))a + 12l -0

Q@ﬁ) = O.z-l—lyz— (a%)z
Q@/a) = —2a° = O sn N,



Now CHO6SE A MINIMAL SET
OF GENERATORS S:€ \/ RRD

81 Q& +@-Je£ p— -—-2.8;6
’2:,‘:): \, -, M

THESE DEFWNE A CLIFFIRD
ALGEBRA  CL_, . (ABOUT WHICH,
MLCH MoRE LATER ON.>
Eor  n= o,z CHECK

QQ — @)Q,}H

—-n ASSGC.
VUSED

—0R n>2 / BErE

<\1— e.ezeg)(l—e,ezev) = O
= eee =%l (D o divisinals.)

':_:> €3= e, ‘3 e:z MINMA L ==
7))

-




78) SCHUR'S LEMMA FOR CoREPS

[ EMMA

S\)‘?’Po.SE CG) 43, f)_\/—> 1S
AN 1RREUCIBLE CoREP OF

(G,cb) oN A CoMPLEX VECTOR
SPACE N, THEN THE

COMMUTAN T
A ( P(G) )'-== %Ae Enol('\l—)(

APl = KA g
IS A REAL AsSeciATIVE
DIvISION ALGEBRA




PROOF: Svurrose A € Z. THeN
Ker CAW - —\F

IS A SOB -COREP SINCE YIS

IRREDUCIBLE EITHER

o Ker“(A\ =0

e ker(A)Y="\
Yer (M) =V <= A =0. =0, T+
A£O THEN kKer(A) =0, SO
A LS INVERTIBLFE.
SINcE Z 1S ASSoc, Z 18 A
DivIsion ALGCEBRA SVER TR . W

CORROLARY : Z = IR C or#H



R = MALkS

(D) CoMPARE W 1 TH  SCHUR FoR
Tgerers /¢, ™HeN =2=0.

@ ForR EXAMPLES:

2o G, Plo)-|

V=C, pe) = ke Edp(V)

K@)= 2
THEN DT TR

258 G= Mo, b(T) =,
V= o (2)- ()
o) (3) - (§>

D=




“TO PROVE THIS WosRk OVER TR
AND LET W=, T=/,(2 ),

P (e,;e> —~ Cos8+ sin® L(2)
P M) = L)
L(2),Ly) = LEFT mMycTIPLICATION BY 2.

CLEARLY RIGHT— MULTIPLIcATION
BY ANY g€ JH Commutes.

(3) wE wILL LET {V,] DENSE
A CHoICE OF A CGOMPLETE SET
OF NONISOMORPHIC TRRED.
CorePs For (G, p).

THE DIVISION ALGCEBRA
CORRE SPONDING To V, WILL BE
DENOTED D, .



@ WE CaAN REFINE THE
ISOTYP]CAL DECOMPOS ITION OF
A COREP:

_\/’___ @ Eno’G (VA)V>® \/,\
D
)\ € Gl +)\I A
PUT DIFFERENTLY, THE GROUP
ALGEBRA RG] GEVERATED BY p(G)
HAS A DECOHMPOSI TION

(o,

AND THE COMMUTANT — N THE
SAME BASIS - 1S

® (Be)™

S




TN PLAIN ENGLISH, THE

CENERAL ECEMENT N e(Rc])
C AN BE PUT /N THE FoRM

\

r 2 .
s s
A o Wa%| o S, BLocCkS
o |0 VjAY

A = LIWEAR CoMRBINATION OF
IN° THE JRREDWIBLE

MATR|CE S

RER V.

— SoME -l:_/\xt/\

ELEMENTS IN 'DA

REPEATED

Sa

o

MATRIX WITH

TIME S,

J



NOW, THE CoMMUTANT ONSISTY
OF MATRICES oF THE VFoRkM:

\

3l | 3.0, (3,1,
32: ﬂ{a 512 ﬁb ZZSAH-LA

\ 3g:\;l 1{,\ zg\zﬂ{,\ 5‘35" Jl{'-»\\

) L ~“_
_ — )
AN S\x S, MATRIX
REPEATED £, TIMES




7C) THE DYSoN PRoBLEM

o OFTEN N PHYSICR WE REGIN
WiTH A HAMILTONIAN (oR AcToN)

AND THEN FIND

l

£ SYMMETRIES

OF THE PHYSI1CAL SYSTEM.

e BUT THERE ARE CASTS WHEN THE
"DYNAMIcs ARE VERY CoMPLICATED

A Good EXAMPLE IS

/N THE THERY

Of= NUCLEAR WIERACT IONS, ok
SYSTEMS W ITH MANY B.O.F

e WIGNER HAD THE BEAUTIFUL 1DEA

THAT BY ASSUMING OOR HAMILTONAV

[S RANDOMLY SELECTED FROM
AN ENSEMBLE WE caV STILC
MAKE USEFUL PREDICTIONS BASED
ON AVERAGES OVER THE ENSEMBLE




<C9> = Secﬁy.(H) . O

£ . ENSEMBLE OF HAMILTONIANS
dp(H) = FROBABILITY MEASURE

® SOMETIMES WE KNowd & prior/
THAT THE SYSTEM UNDER STUDY
HAS A CERTAN KIND OF SYHMMETRY.
DYSON Po/NTED OUT THAT THIS
O AN CoNSTRAIN THE ENSEMRLE

(AND THERERY CUANGE THE sTmsne)

o TDYSONS PROBLEM : GIVEN

A Z,-GRADED GRoUP (@)qg)b

AND A CoReP H , WRAT

'S THE EANFEMBLE OF CoMMUTIMG
HAMILTONIANS ¢




7D,) SOLUTION OF TYSON'§
PROJEM: THE 3-FoLD WAY

CIVEN THE GROUND WLk WE HAVE
SPELLED OUT, THE SolLuTioN IS

IMMEDIVATE

. (G4 p¥) A coner

[eT V, Ae G)Y

DENOTE THE DISTINCT 1RRED
COREPS. THEN WE HAVE C(ortpe

REDUCIBILITY

H 2 D N, @V,
N R

AS Co-reEPS.

NX = REAL VECTIRSPACE
6= MULTMPLICVMESR



® MOREOVER K THERE 1S AN
HERMIT AN STRUCTORE ON
N, ®Vy, aND we HAE AN

) SO M.

AS OUNITARY COREYS.

e NOw, IF WE ASSUME

TH

AT

e UAMICTONIAN H

T

MUST CoMMUTE WITH o(e), 3¢C

C\NE wliLlL RE-EXAMINE THS HYPsTH.

LaTER ) THEN He Z ()

RUT

Z®H) = Q?EMQQ\&)% Z(V, )
e RUT WiE HAVE se=EN THAT
ToR EACH A, 2V, )2K,C e



e SO

Z ) _-_-g? Ed () &
C _ S
MATRICES OVER
®,C, o
FINaLLY H MuST BE

H’EKMITMH\[ NG

8 — FI\\— %(NA)DA>

REAL
SYMHMETRIC FDX:@

)‘é (N,\TD)\) 7| COMPLEX =-C

HERM M AN
QuATERN (0N _
HERMITIAN DX“)H

(TAcH ENSEHBLE HAS B PROR. DIYTRIR. )



\
R. SYMMETRIES ¢ TIME REVERSAL

PHYSICS TAKES PLACE 1N
SPACE ¢ 'T\ME) AND HWAMILTON AN

\
= VOLUTION PRESUPPOSES A NDTION OF

TIME.
A0 IE WE HAVE A SYMMETRY
GROUP G oOF A QM. SYSTEM

WITH A HAMILTONIAN (T SHoulD
CoME WiTH A HoMmoMoRPHISM

+. G — {:_l:l}
WHICH TE(LS WHETHER t(a)

PRESERVES oR REVERSES THE
DIRECTION oF TIME,

ON THE OTHER HAND, WIGNERS
THEGREM ALS6 GIVES ¢: G— {4]
How ARE THESE RELATED !




U(‘C}: = €XP "Z:REH )

TIME - EvoLumoN OPERATOR: =X
1 )

_ L
£Q) U(-c)f(ﬁ’s?l - Uy Y
— U <‘t(3)*¢)
=
<P (‘3 og (TH) peq3’ )zex,{f’c@t )
* "
=
&y 0()H §>(3§‘ — pH
=

PO ) = St H



SO THE MSWER TO OUR

QUESTION 1S: ¢ AND &
ARE UNRELATED = IN GENERAL.

DI=FINE

C @) = <,S(3)JC(3) c «f—:lf
T 1S ANOTHER  HOMOMORPHH SN
c: G — &,

B DEFINITION
C#. C- ‘t_ = j_‘



OFTEN c() 'S S¥T To 1.

P(%QH f)(s)—' = C(’)- H =

1+ C.((j):-/_l_ ToRrR A‘_ﬁ\f 3€,G
THEN THE SPECTRUM ofF 2 AR

SYMMETRIC ARouND ZERO.
\

PCSQ W (TH -1
(g = —\

TN MANY PRO®LEMS ((e.g.

ReL. &FT)H 'S BOUNDED BELOW,
RBUT NoT ARwWE. 1 HEN WE MUST

HAVE Q)= +1 Vgel




THAT (S, \F @)=\ THEN
C;E(S) = ©(9),

SO oNLY TIME-BRIENTATION

REVERS/N'G TRANSFORMATIONS ARE
ANT/— UNMNITRY,

HowEveR THERE ARE PHIRICAL
EXAMPLES WHERE C(?S) C AN
Bi= NONTRIVIAL, THAT IS,

THERE CAN BE SYMMETRIES
WHiCH ARE BETH ANTI—UNITALY

AND TIME ORIENTANON PRESERVING.

EXAM’PLE: PARTICLE - HolE

STYMMETRIES N FREE FERM|
SYSTEMS. MoRE ON THAT LATER




REMARKS
2 @ e cMT LITERATURE
1S INCONSISTENT ABOUT

W B ETaer wWE SHouDd ALLOW

1S MMETRY GROVPS T WTTH

ck 1.

@ KRAMER'S THEOREM

1+ c=| %‘ THERE S A TIME REVERIING

SYMMETRY T =-7 Ce-3- ON
ELEC'WZON‘J) THEN ¥ HAS A
QUATERNIONIC  STRUCTURE , WHICH
CoMMUTES WYTH H. TT $ollows
THAT ENERGY E(cenVAVES FAVE
EVEN DEGENERACY,




T. GAPPED HAMILTONIANS

AND PHASES O HMATTER

AN IMP6RTANT TOPIC OF CORRENT
RESEARCH IN CMT IS THE CLASS Ficanow
OoF "ppases oF MATTER”

THERE ARE. NE®W PHATES — QUANTIM
HALL FLULDS %‘ "ToPOLOGICA (L SUPERCNDUCTR/
WHCH ARE SoMEHOW ' ToPoLGICALLY
PASTINGT ' FRoM, “ORDINARY PHASES "

THIS 1S THE C(oNTEXT WHERE
KITAEV SUGGESTED THE APPLICATION

OF k—THEORY —To THE CLASSIFCATION
PROBLEM.




ONE WAY To MAKE PHASES”
"PRECISE (S T» CoNSWER GAPPED
HAMILTOMANS  THOSE wirmn A
GAP IN THE ENEREY SPECTRUM
BRETWEEN THE GRoUND ‘? =(RST
ExCITED STATE.

(S0, IF WE SHIET THE 2ZERo
OF ECENepcy INTO THIS GAP H

1S INVERTI8LE. )

WE canN THEN DEFIME A
“ToPolosY ON FAMILIES oF

QUANTUM SYSTEMS WITH A
GAPPED HAMILTONIAN,
THEN ...



@&Q,Ho} AND @Qf,)H\)

ARIE IN THE SAMC PHA SE
I THERE 1S A goMT)Muous

se 1o, INTERPoLATING.

3 REMARKS

D ITT 1s NoNTRINAL T SAY
WU AT "CoNmINUovs” MEANS WHEN
P IS INFINITE DIMENSIONAL

THERE ARE DIFFERENT MoTIONS
OF CoNTINUITY. WE OsE THE

CoMPACT-0RE N "ToRPoLOEY FoR OuR
HILBERT QUNDLES AND SRovP RER,



@D DoMAIN WALLS BETWEENTWO
PUASES MU ST CONTAN MASSLESS MODES

PhasiE Puase

| N

> \)
pd M ASSLESS
Mooes

@ PHASES AREE THE ConNVETED
CoMPONENTS OF THE SPACE
OF GAPPED RAMILTONIANS

l..l
N




Now, IF WE ADD SYHMETRY

TO THE SToRY WE CAN GET
N REFINED NSTION OF TTEROLOGICAL
PTHBASES:

SuPpesE G /S A GRouP WITH
TWO  HOMOMORPHISMS  Q,p: G—=23¢|

WE CAN DEMAND THAT
¢ BE A CREP ForR (G,¢)
AND P H = <9 H £(3).

T HEN WE CAN DEF/NE
E QUIVARIANT PHASES BY
CoNSIDERING (G, ¢ <, F, H>o,1
TO BE CoNTINUoUSLTY CoNNECTED

ONLY F THere (S A CONTINUOUS
GwPeD FAMILY (G, 4 e, F0, H ), selonl]




ToR ExXAMPLE , W E cAN  APPLY

THLIS YDEA 70 BRAND STRUCTURES
WITH A FIXeED CRITALLOGRAHC
SYMMETRY,

TWE FREED-MOORE PAPER ABOVE

EXPLAINS How kITAEVS CQLASSIFE ofF
PHASES (OF FREE FeRMIONS ) BY K-THRY
'S REFNED To A CLAS\FICATION BY

TWASTED SEQUNARIANT k-THERY.




|
0. Z,-GRADINGS =
§UP€R—L1MEAR ALGEBR A

WHEN WE HAVE A GAPPED

PO ™

Bamicroman WE CcAN DEFINE

Sf%r\G—k) ei:l:l'(& TR
SPLITS THE HILBERT §TACE

20 - F¢° @ H

INTO EUVEN AND ODD PIECES
GIVEN BY THE sign(H)=+/-1
EI(GENSPACES

Remagk: LF {Hb s A

CONTINUGUS FEAMILY OF GAPPED
AMILTONIANS THEN SﬁngAQ
LS CoNSTANT AS A FUNCTION OF S




DEF: TN GENERAL, A

VECTOR SPACE Wi+ A
"DE_coMPG S TTIEN

|
V=V @V
IS eaLLeED A ZGRADED;

OR  SUPER — VECTIR SPACE.
TTS GRADED DIMENSION 1S
THE MR oF INTEGCEKRS:

(mln) = (*W\\f ol.m\/)



S UPERVECI'OKSP-ACEJ
o N THE LINER TRANSFORMATION)

ALS O DECoMPOSE /NTD EVEMNAD)
O ¢ Ed(#)

1R EveN | F IN THE

/

Riock DECom? WRT W= Kok

o (Xl
= o ‘ X
anp O g opd IF
o | ¥
O-: ¥* d >
NOoYE THAT End(¥) 1

JTSELF A SUPER-VECTOR SPACE
=] (%)°~ Ed e )e Ed (0 2)
@) = BLBCH) @ LX)




Now subpese F (3 A
CoreP oF (G,¢) AND

WE HAVE A HoMoOMoRPH1SM

THEN

f(s) c Ed(ﬁ@)b IF Qq)=+|
NGRS Eni(%)i = Qg)=—I

THIS IS AN EXAMPLE OF

/1

)
A Z,- GRADED REPREXENTA—T/ON.I



DEF TN GENERAL I F
(G,c) TS A Z,-GRADED
GrouvP THEN A ZsGRADED
REPRESENTATION 18 A

SoPeER-VE CTIRSPACE VM
AND

p: G— \Eml(\/m’">
SO THAT
S
£ @) Is BVEN ~ (0*)
FOR  a(y) =+
o | *
FOR  C@E)=-1




FINALLY, RECALL THAT |F

V' IS A VECTIR sPAce THEN
End (V") (S #v ALCEBRA:

WE CAN ADD LINEAR OPERATRS
T.+T, AND WE CcAnN MULTIAY
THE™M BY  SCALARS, T oCT)
BOT WE cAN ALSO CoHPoE
THEM T .T, AND THHS

DEFINES A (NONCoMMUTENIVE)
AL GEBRA STRUCTURE ON

End (V)

pu—



WH AT HAPENS WHEN "V 1S
A  SUPER. VECTR SPACE (

N =V TSV
AS WE SAW, Ed() IS
ALSo A SLPER—VECTSR—SPACE

— (o * C
L.:.’..V\O* N—) ~J ( o | >;>
a4 &)
End (V) ~ (FHE)
BUT LT 1S ALSO A SUPER ALCERRA

16140, |

O+ ¢ Ed)

(oA = Z,_"Smol;ﬁc{: O € Z/QZ



_N G ENERAL

“DEF Jk 1S A SULPER-ALGEBRA

| A=A°®A‘ IS A suPER
VECTOR SPACE AND THE MULT.

RESPECTS THE Z,—GRADING:

TC o,0' ARE HOMOGENEOLS ELTS
THEN __

lalH |
oo ¢ A }

koSzUL. SIGN RULE

SUPER-LINEAR AL GERRA
INTRODUCES SOME tNMPoRTANT
SIGNS: EXCHANGING THE
ORDER oF ANY TWO o'DD

CRIECTS (NTRODUCES An EXTRA
SIGA.



EXAMPLE @ THE GRADED

TENSOR PRODUCT O SULPER-—
ALczerrS A ® D HAS

la.) k|
<O~|€9l°|> 'Caz@DL’z) =(-1) QQ, & L\BL?

——
~o R HOMOGENEWS O,,b, .

ExamPlE (@) TF A, & HAVE
Z,-GRAPED REPS VW
THEN THE PRoducT V&W IS

&) v
JO(OL@L:) veow =) Y @P(L)w

L

_J

R HoMoGENEOUS

be B ; ve N



)2.) THE TEN CT GROUPS
CS

MoTIVATION ¢ TN SoME

“DIsSorDERED” SYSTEMS OF
FREE FERMIONS THE ONLY
SYMMETRIES WE MIGHT xNoWw
AROUT oL prien ARE THE
PRESENCE (oR ABSENCE ) OF

Ve ( I,
"iMe RevERSAL c ’ PARTICLIE-HOUE
SYMMETRY

THOS, 1T 18 INTERESTING

To Lo6k AT & -TWISTED
EXTENSIONS 0F SUBGROOFS




MATH QUESTION: WHAT ARE
THS C#S_"T'M)IST'E'D EXTENSIONS

OF SUBGROVRS 0F Moy,

THIS GENERALIZES OUR
PREVIOUS DISCUSSION OF FINDIAG

G- TWISTED EXTENSIONS OF
Hz = {l,:\' kp
WE Now HAVE TWd GENERATORS

T, C AND We CoNSIDER
SOBGROVPS




TH=ERE AR=E & SUBG—RGUPS)
DEPENNNG ON WHETHER T, T,
OR TG 1S N THE SUREROLE;

i‘:}u
$1,C,7,C7T]
AT\

si,ef DTy fyeTd
< 1 A
{19

THEN THE BEXTENSION SIMPLT
DEPENDS oN WHETHER THE
L LT [, C SQULARES TO x|




EXERCISE 1 : SHOW THAT WE MAY
ALWAYS CHo6SE LIFTS T,C S6

—

THAT TC = C |,
(WE Wil ALWAYS Do so.)

—

EXERCUSE 2: T K =TC AND

_ﬂi. :5]/3}6 MZ;‘L

THEN WE  MAY AWAYS
<

QHoosE A LFT WITH Sz |

(oRh 8% -1, TF WE um)

NowW WE LiIST THE TEN CASES
WE WILL CALL THEM THE

10 CT GROUPS.



T 160 CT GROUPS il °©

T
S UBGROUP TZ Cr
hi CM'LFL
1Y |
11, S
S1,Ty | +1
M,, | +1 -1
Y ct -1
M‘Z;Z _1 _1
LTy -1
Nz,’l_ — 1 + 1
§\>€§ | + 1 |
Mz,z. +1 7 + 4
_




KEMARK : WE MOTIVATED THE
STUDY OF M,, AND TS SUBGRIRS
US ING THE ExXAMPLE OF DISORDERED
TERMIONS,

UNFORTUNATELY, IN THE
LITERATURE oN THIS SULBIECT IT
1S OFTEN ASSUMED THAT

GIVERN BHOMOMSRPHISMS -

(£:¢)
G — > l[—LC HZ,Z

WE RAVE
G= G,x 1l

BOT THIY 1S NoT TrRU=E [N
GENERAL |




AS WE HAVE LEARNED
ABOVE , WHAT WE HAVE 1S
AN BXTENSION

\—-—)Go_)G A\ll—%’\
WiTH G, = ker(t) N Ker(c)

VBUT T NEED NoT SPLIT,
|ET ALONE BE A DIRECT HRoOUT

?

iy

FoF{TUNATEL‘() THE MosT

\MPORT ANT RESOLTS T N6 T
RELY oN SucH A “PREDICT STROIURE,



2 @ CLIFFORD ALGEBRAS

WREN | TEACH GRIWP THERY AT

RUTGERS | TAKE & 0R 3> 90-MIN.
| ECTURE .S To EXPLAIN THE SUBJECT:
HEpe WE WIiLL CUT CoRNERS AND GIVE

A LIGHTN/ING REVIEW.

DEF, FoR ne 4, CQ, 's THE

Z,-GRADED ALGEBRA /R W ITH
IN| ODD GENERATORS STT.

&7.8;6

e-e- - . e.::
© e J o {’25\{' n<g
J 0

n>0

’Ld:\)—ujh.

Exercise: What s The supercimension

of CL,



C LIFFRD ALGEBRAS /TR ARE

CLOSELY RELATED TO SUPER-DIVISION
ALG EBRAS /1R

Recall we HAd R, € IH .

THESE ARE PuRELY EBVEN
SUPER -DIVISION ALGEBRAS.

DEF AN ASOUATIVE UN ITAL

SUPE R-AGEBRA OVER A FIELD R 1S AN
ASSOCIATIVE SUPER DIV /S wN ALGERA
| E EVERY NONEERO HOMOGENEQUS

ELEMENT |5 INVERTIBLE

THE SUPER-ALGEBRAS CH, TFor
SMALL \N| PROVIDE EXAMPLES

OF SUPER-DIV)SioN ALGERRAS.



= REAL
pre: Cl, = 4
EXAMPLE

M.
RA GE
NAL SUPER ALGS

| MENSIO o

27’ obb e, e,

2
c e'lL"" S, = 1
e\ez_’:-—-ez ,

= Re® Ree,
QQ? Re>1K e,
Cl,, =

NOTE THAT :
2 2
= X +
- epyt
Qxel"'gez) = %



NALSO NOTE THAT

l.) Q—l— e,)Q—e,) =0

So NON-HOMOGENEOVS ELEMENTS

MIGHT NoT BE [INVERTIBLE]
A SUPER-DIVISIoN ALGERRA NEED

NoT Be A DVISION ALECEERA !

2.) CQH IS NGT A SIPER—MARIX

ALGEBRA |
A AN UNGRADED ALCEBRA
WE AN REPRESENT]

se)=C o) gea=lo )

EvEM‘?[

e

So AS AN UNGRADED ALGERRA
cl,, =~ fR(2)= 211 ReAL

MATR I cES



NoTESON
—T H'EOW (\/\fA LL \9€2 ) PELIGNE SPINoQS )

TUERE ARE TEN SoPeR-DWISION
ALGEZBRAS OVER 712?

WE w(LL RELATE THEMTO THE
l6 CT G ROUPS R_eELowW

WE SEE 3 OF THEM
LISTING THE Low-DIML
CLIFFORD ALGEBRAS [ TR .

OF Co(RSE
S
c) = TR = D,
L—/'\r_ )
NOTATION FoR

SupPer-DIVISION
ALGEBRA

THE OTHERS ARE RELATED TO CAS:




AS UNGRADED AS

CL| FFORD
ALG TRRA A LGERRA SUPERALGEBAA
cl_, C S,
Cl s R TR D
Cl., M .,
CL,, R(2) Do
cu_, HeH D
- Ch,; C(2) Dz
cly | W) [=&)eY
Cl -« C4)  [ENRME T,
Clss HoHR) [s(R") D
cl_ RE)  [BA(R*)OD,
— Cleg HY) [e4(RY)E D,
R | R@eRO) TR )BT
CL 47 CR) ([BdR)D S




REMARKS:

(1) ® HERE IS THE GRADED
“TENSOR PRODOCT v SUPERALGERAASY

@ /\\
cl, ®cl 2 Clim

T n>o oouL m=>0 OR {1</0_$J~m<o

@ NoTE THAT
@ WHAT H APPENS AT n= :z-.g?

FOR THE TFIRST TIME WE
Do GET A MATRIX SUPERALCERRA

B o (TRm )

Il

C(Zt? —



MORITA EQUIVALENCE

TWo (SupeRaLcEBRAS R, R,
ARE MORITA EQUVALENT (F

THERE 1S A (QUPER) VECTOR

SPAckE YV WITH
N

R, =2 R, ®EdNT)

COR THE oTHeER WAY A—R.OUND>

THE Po/NT OF MoRITA
EQUIVALENCE 1S THAT End(V)
HAS A UNIQUE REPRESENTATON
SO THAT R, AND R, HAVE
e SAME " REPRESENTATION

THEORY




<—T_E<:HA//CALLY :er('e,) </i ,QCP</QJ
ARE  EQUIVALENT CATESORIES.)

WITH THE No6TIoN oF M™MORITA
SQUIVALENCE WE HAVE

CL &, = Ch o

FOR ALL nywme / (E=rmier sien!)

SINCE Clg, IS A SUPER-

MATRIX ALGEBRA THE MORITA
CLASSES oRM AN ABELIAN

GROUP ~v Z/sz -




THIS IS OUR FRST
ENCOUNTER WITH

BOTT PERIODICITY

TH

1-—-

= SUBSCR)PT =< ON

—

THIZ SUPER DIWISI1ON ALGEBRA

.

IS

—

X = O)i:\) 2, £3,x(

HHE ™MOR|TA CLASS

IN  Z/¢— .



C LIFFORD ALGCEBRAS [ C

/\/\/\/\/\/\/\/\/
WHEN WE CHANGE THE GRouM)
FIELD 70 © THE STRUCTURE
SIMPLIFIES :

1. @,'Ln——-— @i_n SINCE wg
CAN CHANGE GCENERATHRS eé_,cre.

J
L. CL.,, €1, are
SUPERDIV/SoN  ALGEERAS /C
(AND THEREFRRE ALSO /MR.)

@Kb = O ::—’D: 1S PURELY EVEN



BuT CL, 18 A MATRIX
SUPERALGERRA €1 = ‘Ed(([}'“)
DECAVSE WE CaAN TAKE

So MoRITA FAOUIVALE Ncg
CLASSES /@ TForR™M THE
ROV Z/ a7 .

THIS 1S BOTT PPERIODICITY
OVER. THE COMPLEX FS.




—N C_or\\CLUS)oi\/) WE HRAVE
1O SOPERDIVISION ALCEBRAY

@lo) CQ.{]_ ) Q'Q'o) CQ&:I)CQiZ}Cth:}
AND Y\

Now WE RETURN 7O THE
1o CT  GRoups,



|13. Z_-GRAED DOREPS
OF Twe CT GROUPS

RETURN T0 M,, = <T,2>
T %=1 Tc-TT.
WTE GAVE T A Z,-GRADNG
$(T)=¢(C)=-1.
NoW LET US DEF/NE A SECND
7 —GRADING
C HZ,Z——aZZ

c(T) =+1 C’_(-Q-:)—_:._i

wr DEFNE A CT -ModuLle

To BE A Z,-GRAED CoRER
(WRT ¢ ) \/' oF THE Z-GRAPED




T HEOREM : THERE 18 A

=

I— | CoRRESPONDENCE TRETWEEN

CT GRrourS JH_C‘ AND MOR1A
CLASSES OF CLIFFoRD ALCETERAS
GvErR TR, € (EQUIVAENTLY,
OF SOPER —DIVISIoN ALGEERAS
over. 1R )) SOCH THAT

THERE /S AN EQUIVALENCE
ANTATION THEORIEN,

OF REPRESE

-

TDEA OF PRooOF: GIVEN A
CT MeDULE V oF WD WE
HAVE PSTENTIAL CLIFFORD

GENE RATORS
C, :C,1QT oR CT




FoR ExAMPLE ) IF 1L = 31, C?
THEN
P (e'> — C (O(ez) = :2 C

ARE  ODD OPERATORS ON —\J°
AN

e &) py) + ple)ple)) =0
BecAvsE  C IS ANTI-LINEAR
Now) THE TWO ®-TWITED EXTE

c*= (G¢) = 1 or -

StHow) TeAT VIS A CLIFRRD
MoDULE FoR

CcR,, o6& CL,




WHAT |S THE ROLE oF T 7

T 1S EVEN AND ANTILINEAN

THI= RoLE OF T IS To | MPosE

A REAL OR QUATERNIG6NIC
STRUCTURIE,



REMARK: THERE 1R A MORE
DIRECT WAY TO CONSTRUCT

A SOPER—DIWVIS10N ALGEBRA
pUT o A CT  GROUY:

D= D L3
qe Ll
W HERE Lﬁ’-—‘i- C e

CONSTRUCTION IS BE ST EXPLAINED
AFTER WE HAVE DISCUSSED

CENTRAL ExTENS(ONS OF
GROVPOIDS.



a—

LN SUMMARY

HE CORRESPONDENCE IS:

SUIBGROVP CLIFFORD
MeMee | T c* / (MoR A CLASS)
717 / [ <.
11, 81 CLy
Tu7H | 44 cl,

M,z | +1 / -4 CA_,
ta,e] [ 4 CL,

My | -1 | -1 Cly,
T -1 [t
Mez | -1 +1 / CL-s 3
{4,C] 1| e
‘ Mm/ +1 | +4 Cl_ B




4. EINITE- DIMENSIONAL FREE
FERMIONS WITH STMMETRY

4 A. EINITE DIMENSIONAL
FERMION(C SYSTEMS (t:bps)

2 9

WE DEFINE A FDFS TO
CONSIST OF

e A REAL VECToR SPACE M

CTHE MoDE SPACE ) oF EVEN DIMEWIN
WITH A PoSIT\WVE PEFIN ITE BILINEAR

orM b,

o AN 1RREDUCIBLE 3% — MODULE fep
FOR THEE X -ALCEBRA

A= ClLft (M b)e C



WLOG WE MAY TAKE W= TR=N

WITH THE EUCLIDEAN ALGERRA.
THEN  CUHF(WM,b) IS JusT
C, .

aN -
Chosse AN onN BAus Cp Forld
THEN

C . c. = 23..
C1CA +Cd 5 i

L -
Q\A—;l)""/ 2.'\[

N ® THIS CLIFFORD ALGEBRA IS
PHYSICALLY ¥ CoNCEPTUALLY CoMPLETELY

\

DIFFERENT  FRoM THE ONE ASOCIATED
T Tre CT GRoupS WU, HERE
THe C. REPRESENT PHYSICAL
TFER™IoNIC ™MODES.




Now WE FoRM
A = Cab) e C

TT \S A CLIFFORD ALEEBRA /Q
RBUT ALSD CONTANS A - STRUCNE:

o b— ¥ (ak)* R

Se THAT ceM — o¥=cC

rM.B. SINCE WE HAVE A

SUPEROLLEBRA WE MIGHT WiSH
Td DEFnNe A ¥ —STRUCTURE SO THAT
la]-1bl
(ab)’= 1) Bar
FoR HoMoGENEoU ELEMENTS, )b,

DEE/NING *
N § o* |af=0
of -
2 aX [&] =]
CoNVERTS BACK TD THE ULSUAL QW"E’V”NL/_]



SINCE QCf,y 1S A MATRIX
SUPERALGERRA WE CAN TAkk

w oz e 12
THS 1S A FERMION! C Fock SPACE.
THERE 1S A ONIQUE SOCH
MODULE 0P To ISOMoRPHISH ; HEQE/
UP Td A CHoICE oF VACOUM

FoR THE 1C; 7.

T (SoMorpHHSM CAN BE
PHYSICALLY SIGNIFI CANT - SEE
COMMENTS oN RBecolivBov TMN'S
RE LoW).



THE X MODULE MEANS THAT

1= WE PUT THE USUAL HERMIMAN
CONT UGATION k — STRUCTVRE oN

End (=) THEN

A — Eud ()

b b

o - 3 (oN
SATISEF(E S

F o (a)F



ye. FDFS WITH SYMIETRY.

LET (G,4) BE A Z- GRADED

Group THEN (G¢) ACTS AS A
YMMETRY oN THE FOFY (&

e TWHERE 1S A HoMoMoRPHISM

ot: G —> ActgdHib) =O(4E) = O(2)
® THERE 13 A HoMOMORPHIS M

pr G —> Asty (@)
MAKING  $C N cores o+ (G¢)

e TH®SE ARE ComMPATIBLE :



TN TERMS oF A RASIS WE ARE
SAY/NG THAT

AN
PIC = ) Sy Co

W here C}l———> S(g} € O(,QN)
)S A REPRESENTATION oF G

BY oRTHOGONAL MATRICES.,

REMARKS
@D S(Qle O@N) & CCR's

PRESERVED

THE TATA OF THE CoREP o

ENTERS IN THE EXTENSION
oF x To A.




|YC ~ FREE FERMION DYNAMICS

PHYSICAL GBSERVABLES, Such
AS THE HAMILTONIAN  ARE

SE/LF- CONJUGATE ELEMENTS OF THE
X - ACCEBRA OF OPERATIRS A

DEF:  FREE FERMION
DYNAM(CS IS DEFINED BY

ANY BAMILTONTAN QUADRANC
IN U

=T
Jrk
W HERE the TR 1S A CoNSTANT

NoTE THAT OFF-DIAGONAL ELEMENTS
OF A ARE, WLOG, AN“HS\’MMF‘TRIC

AND 'NAGONAL CLEMENTS GIVE A
CONSTANT



SINCE H 1S HeRMTIAN WE
CAN - WLOG— TAkKE AJ}‘

To BRE A REAL , ANTI-SYMMERK
MATRIX.

WE CcAN THERERRE IDENTIEY
THE ENSEMBLE oF V-‘REE FERMIoN

l—Hl MILTONIA—NS W (TH

so(2N) DR
WHERE  so (2N) 1S THE SET
6 QNx aN REAL ANTISYMMETRIC
MATRICES.

OF QoURSE, so(2N) 1S ALSO
A LIE ALGCEBRA. MORE ON THAT
[ ATER,




|YD. SYMMETRIES OF FREE

W

S @QMION DYNAMICS

Now SUPPISE WE HRAVE A FDFS

WITH  SYMMETRY, AND WE
HAVE A FREE HAMILTONIAN.
So WE HAVE THE DATA

Cu‘/ﬂ) b, e, G, ¢, F>H>

WE spaY THAT (G ¢) ACTS

AS A SYMMETRY O0OF THE
—REE FERMON DYNAMICS 1F

THERE EXISTS A HomotoRPREN
L. Q— {1

So THAT




- - T .
f(g) U() g@(g) = U(fc) %:) U({;@t)

THIS 8 EQUWALENT TO THE

T X]STENCE oF A HOMOoMORPHISM
c: G — %:l: ﬂS

TN TERMS oF THE MATRICES
S =SG) AND A DEFINED ABNE

® <= ES AS®= g A X

( EXERQISE )




IUE. NAMBI-DIRAC SPACE

AN UNUSUAL FCATURE OF
FREE TFERMIONS 1S THAT, N ADDITON

T0 %F AND %D,q THERE 1S
ANCTHER  HILBERT SPACE AND

HAMILTONIAN ASSoc IATED T2 HE
SYSTEM,

HH SToRIcALLY THE SUBTECT
BEGAN WITH THE DIRAC-NAHMBU
STRUCTURE IN THE

9 _ ,
FIRST-QUANTIZATION * 0F THE
DIRAC EQUATION, IT WAS

(AND CoNTINVES To BE ) A

SOVRCE OF CoNFysION.

(THR\S SPECIAL STRUCTURE [§ ALSO
IMPORTANT [N THE APPLICATION TO K-THEORY. \




ON M LET vS CHOOSE A

———————

CoMPLEX STRUCTURE : T+ M — M
L 1 T H IZ= -1

T HIS CHOlcE ALLOWS LS
O INTRODUCE "CREATION ’

AND “ANNIHILATION " 6PERATORS

—

Mo = V @V
V= DM = fveutsc] T
S = PoM = fvewec| Tva-iv]

PROSE CTIV

\ L)
(F—l; - L <1 +r 1 ®1 \)-oPEfZMozs’




\/ ]S THE SPACE OWF

/7 —+ 7
OREATION OPERATORS O

\/ 1S THE SPACE OF
I NNIHILATION OPERATORS a”

HAVING CHOSEN T 5 WE N6W
GET A CoNCRETE X — MODULE

N
* [
H_Z NV AT
jo
%,: 'S JUsST FERMIoNIC
FOoCk SPACE, W I TH
/\O"'\/“ A

CoRRESPONDING To THE VACUOM
[_INZ

algz>=o V&év



FOR EXAMPLE, TF I IS
THE CANONICAL

__O(Czd-,_, )= — Ca

) J=1,- N
h D<Cl(j) = C?-\S‘-l T

RN

THEN WE DEFIN




AND WE HAVE THE FamiLiAR EQS:

RUT BEAR IN MIND THAT
THIS STRUCTLORE DEPENDS N
A CHoICE OF CoMPLEX STR.

T oN WM.
Te O@N/py;




Now V~ IS (TSELF A

HILBERT SPACE, W ITH HERMMMN
T—0RM:

LL(V,)\Q) o= V, )VZ )
THEREFORE

%'DM::_V @\/—;; M@?@

WITH THE DIAGANAL HERMITAN
CORM 1S A HILBERT SPACE.

WE wlLL CALL T THE

D RAC -NAMaU HILBERT SPACE.
MO REOVE R , THE HAMILTONIAN

I EMENT He AV DEFINES

AN HERMITMN OPERATOR.  Hpy

ON  Fpy :




AND =XTEND THIS C-LINEARLY,



)5. THE FREE FERMON

\

VYSoN PROBLEM & &
ALT LAND —ZIRNBAUER CLAssmjcmwoN

|5 A STATEMENT OF THE PROBEM

—_————
P e

SUPEsE WE AREGIVEN A FDFES
WITH SYMMETRY, SO WERAE DAM

(MJIOI%F) G,Qb)“;f’ )

Now) WE PRoVIDE ONE TIKE
PIECE OF DATA, A H 0 MOMJIRPHIS M

+. G = x1}
GR, EQU\ALEMILY,

c: G—> {jt\}




TH I%REE FERMION DYSON
PRo®IEM! 1S TO FIND THE
EnsEMBLE & OF FREE

HAMILTONANS T e Ed@4e)

CoMPATBLE (ol TH THE
SMYMMETRY
A

PEIH = c<3)ﬁf€g)

EQU\ VALENTLY,  WRITING
"l F Z A Ck

WEe WANT

—

L
& AOL(%)A = SphASe) = A (@




N.B WE HWE CHANGED
THE DYoN PROBIEM Fok

(6,¢,$-) IN TWO wAvS

@ WE RESTRICT To FREE
A AMILTONANS

WE ALLOW SYMMETRIES
To ANTYCOMMUTE O TH H)

BY ALWOWING C: G — Mxlf
TO BE NONTRIVIAL.

REMARK: OF C(ouRSE, EQUATION @
DOES NoT [NVOLVE C, e, SO

EFE WE INQIRT oN KeEEPING C<=|
WE QAN MDY b ACCORIDINGLY




IR FREE WAHILTONIANS & THE

ORTHOGONAL LIE ALGEBRA
T — S———

DPeF  so(M)= LIE ALGERRA OF
— MxM REAL

ANTISNY MMETRIC
MATRICES

FoR 7'-:#&) > i\j"")"",\\‘(. +ERY
€,-d- = Mohx with L i (2 ) 'P\q.ce_
Ond. Zeyp Stherwise

THEN ‘T{J. FIRM A BAS'S FoR

SM) WITH STRUCTURE CONSTANTS

[T;‘d‘ >Tk21= Sj,k—TQQ £ 3TERMS



REMARK: THZ QUADRATNC ELEMENTS
IN THE CLIFFoRD ALGERRA

CLH(Mb) ~ CL,,

PORM A LIE ALGEBRA ISOGHORPHIC
TO So (QN) '.

PDEFINE 'C_:i;)'--': ZC,;_C& 2‘:#()

[Ti\)' >Tkg_] = cgzj,uT)‘lthEm'U
® 70’6131\! ) S THe VECIR RE?. 7RZM®C

o - s THE (NoNCHIRAL) SPIN REP



I5C CARTAN TDECOMPOS TMONS

W

J =7 US RETRN To THE
FREE FErMioN DYsoN PROBLE M )
WHICY WE HAVKE KEDUWED TO

FINDING THE sEToF A€ se(aN )
SOCH THAT -

Ad A = Ja A S)%-) = 7':.(3)A

0(.()

DEFINE :
e= {A] A A~ A

4= {A| Ad g A = f((p/\}

NOTE THAT k 1S A LiE
M GEBRA: A, A,k =

CAl)A‘v_j < k



BUT 4 1s NoT A LIE

Al acERRA IN GENERAL
\ N
SuPposE A ¢ A, e R e
AOlo((a)A{ = ‘l:(s) Al <= L, 2

THEN WE CoMPUTE:

AAX%)(EA.,ALﬂ = {4,

SO [_A./Azl ck, NoT ﬁl

SIMILARLY

[k, 1] < R



NE VERTHELESS, WE CAN PUT A
[ IE ALGEBRA STRUCTURE OoN

}3 L= k@‘)/h
Eklefl )kz@PJ":<ﬂ<\)k21+ET\;?v]>
>
(Uq P\ + C?UKJ)

TN LIE ALGEBRA THEORY

A CARTAN INVOLUTION 1S
A [IE ALGERRA AUTOMORPHIEM

O WHICH SAUARES To +4..

M=k ®p
D=+ O=-1



WHEN >, k ARE S [MPLE
L IE ALGEBRAS THEY EXPONENTATE
o Grovgs K, K AN
TS IDENTIFED WITH THE
TrNGENT SPace oF M /p
AT THE CoSET R,

T8k ) = +
" THEN ﬁ/}( ARE CALLED
CARTAN SYMMETRIC SPACES

K‘mus THE ENSEMBLE E-r \
MANY BE [IDENTIFIED W[TH THE

TANGENT SPACE T /ﬂ/R




TT IS ALSO NOT HARD
To 3SHoOW

1. )J:)) R ARE O®MPACT LIE

ALGEBRAS THEY EXPoONENTIATE
TO (oMPACT LIE GROUVPS.

2, )j) k.  ARE CLASSICAL (IE
ALGEBRAS , 1. OF ABTD TYPE,

THESE STATEMENTS FolLow [FE6M
THE EMBEDDING

}(7 — o@n) & olan)

kep +— (k+p) &6k-p )



15D CARTANS LIST oI THE
A" N — N— —_—
STMMETRIC SPACES

C ARTAN CLASSIFIED THE

SYMMETRIC SPACES WITH
54,k SIMRE LLE ALGEBRAS.

THERE ARE CoMPACT AND

NONCoMPACT T—'ORMS) AND SoME
INVOLVE EXCEPTIONAL LIE
AL G‘EBKA—S)

WHEN WE RESTRICT TO CoMPACT
FORMS WITH k 0 OF CLASS)CAL
TVPE: An, 8y, Cv, Dy (WHICH HAVE
LARGE N LimiTs ) WE GET
TEN CASES

E———




Um) /1es)aUts )
U= U Uiy

O (™) / or-s)x exs9

OC)xOm) /o (r)
O™ /Ucr)
V) /5p (2 )
Sp )/ Sp ©-) % Sp(s)
Sp M) xSp / Sple)

St )/ Uty
uzr) / O(r-)



TS THERE

SUPE R-DI

THE 1O AZ @RoupS AND THE
1O

A RELATION WITH

ViSion) ALGCEBRAS €

YEs ! WE HAVE ALREADY

EXPLAINED

THE RELATION OF

CT- MODULES AND CLIFFRD

MoDuLeER .

T oUR HILBERT sPACE

IS A CT-™MODULE THEN LT IS

A CLIFFOR

TWISTINGES

D MoDLLE . BUT THE
oF KR THERY oN

Y Z, A °) 7z, ARE

GIVEN (0P TO isororPHISM ) BY
THE MoRITA CLASIES oF CLIFFRD

A GE=RBRAS.



THE TEN TWISTINGS GIVE
THTE GROUPS

k—d(f){) d‘ = O |
-J .
KOpt) J =0 1b2345¢7

IN Kk-THERY WE UE A
SEQUENCE "0F CLASSIEYING

SPAceS” A, So THAT
J

_J’
I’L (X>’ [X;Adl
FoR THE CoHoMOLOGY THEGRIES

h< K KO0 THE 4() ARE THE
[ARGE N (im;7 OF THE
TEN CARTAN SYUMETRICC SPACES,



FoR THE HoMeNT WE JUST
GLVE THE SOoLUTipN 10 THE
FREE -FERM[oN DYSON PROBLEM:

Wi DECOMPOSE W INTO
|SOTYPICAL CoAPo NENTS R G

M =D N, &V,
YR

\/k = IRREPS oF G BVER TR

ﬁr— —lT/F)Z\

WHERE /IQA 1S THE TANGENT

SPACE To ONE oF THeE 10O

CLASEES oF SYMMETRIC
S PrcER,



THIS 1S A VERSION oF THE
" ALTLpND ~ZIRNBAVER. CLASI FICATION,

SEE -
® H el'n zner)‘ /‘Il Uckgeéery g Zl"‘ulno.uer*

//Sije,-(vj C-Qa..sses o—r— j)lSow(areo(
Foruions | arX;v.-vth*f—fL/@LmoL(o

¢ Z\'mlsmuer) ,’Pro]berﬁu G'F V‘amlom

Matnx theor )I' Oxggﬁ,( L adbosk

« A Ludw )e,'b.aQ. ccr-Xiv:@ql?-. L15T]

FOR  ALTERNATIVE | SICHTLY DIFFEEN
CAND INCOMPATIBLE !??!) ACCOUNTYS...



REMARK: A VERY SWMILAR
DIScUssloN ALS0O ATPLIES

TO FREE B0OSoNS?

@/(‘ LJ p 'Rean. S&M\;le.c:l'\'c
VC.Q:\'D\(‘ .S?CU:.Q

A = Heis (M» l’)

-—-@’CM)@&:)/%

TCM> — TGASN a-Qae.LV\
q - Io(eo«Q 6evxcm+e_a[ 'cj

vV =v'v=v=rh (v v) 1
\f vivie M




To qu,{' o Fock ‘EVCLCQ Q,L\oese

o~ omplox Stwehre. T on M

se T+  b(TyTV) < L(uv')

T hew
M&Q

o ¥
%Fodx. - SHM v
A Syramety 15 dofined by
L (5 —> 31:(\/{)5)@)
N G — AU‘lI@(%F >
f(g)a P(S)yl = (g

QSRS \oe_‘(:am.

)¢
=
S
<



Now) UWD t a. - r\o\MbeS
OC ]C;_‘_C_g koSov\ H‘aM:Qj)‘ow\&w

s of T e
H = HM V"\}d
(\/{ l( L)ufg "E'Y‘ Vl"( :

C h o«&\'ﬁ L Sb wu})\ec_'h“Q \94.6!"5

Se o+ \ "
Q)
e(viVy) = Jiy = C’ﬂ— o>




HT) e spliL; R)
= [Ae H(R) | Airgas)

/\fec&

ST NCY
.Pcfj)\/m f(ﬁ) = %‘ M, ™
So R A



K= Sal M (A) =
L) = A

Tor |
VF ;;)OSOV\.S C(g) =1 S
) J Ol Ll O

1t
O’Q%/Q‘o:\ M‘a@bﬁ a_ C’QMS C»Q Z__
&3 TCe covmy -lj+

C~ Mo:"‘f\ X
A



| L. REALIZING ALL THE CLASES

USING BOTTS SEQUENCE OF
GRouPS

WE. Now GIVE EXAMPLES

T SHow THAT ALL (6 CASES
CAanN ACTULALLY BE REALIZED,

[ ET OS5 BEGIVN WITH A

CLIEFORD ALGESRA Ck g

—FOR SOME SUFFICIENTLY (ARGE
PosSrtive (INTECER d. .

THIS IS A MATRIX ALGEBRA,
SO WE CAN REPRESENT €

BY J, ¢ End (ﬁw )
C\)\HTH N = élqd::: 16 >

1_J




O CouRSE, WE HAVE

J:2=-1 d=1,---, d

i /

C—

d"t \jd 1’0—\33[ =0 ’L"f"dﬁ )‘;\J'-’-'()'"/O’
BUT WLOG WE CAN ALSO TAKE
3_{ S O(ZN) , So jﬁ;—jl

L

DEF  THE SUBGROUP OF

—_—-‘

C Qn G-ENERATED RY
. Cx
e,;_) =l --5n s Pin (n)
WHERE =+ = Sian(n).
REMARK: (»Z— Pintn) — O =

THE €, ARE LIFTS O6F REFLECTIONS
r~  CooRDINATE PLANES.



THUS RETURNNG TO OUR
ORTHOGONAL CL|FFORD OPERATORS
3., 1=l,---,8d WE HAE A
COLLEcTION 0F HoMoMoRPHISMS

o<, Pin(n) — O@2N)
Ffor AW n=t--- 84

N@w DEFINE A SEQUENCE

OF GROUPS
G, = O@N)=0(l6r)

G’L - % %’GGO C}js:jsg) ) S:l)‘--‘z}

’2..:-192) R




WHAT 1y G, 7

ya
J, =-1 IS 5 CMIEX
STRUCTUIRE ON ’TRW

= Gz ~ U (N ).;U’(Xr)

WHAT ARoUT G, ¢

T =1 : J=-1 {3, 3 Je0

|

DEFINE A QUATERNIONC STR.
oN TR

——> G_Lt SF(L)-P) ®
THY GRouP oF UrxYr ON TARY
MR TRICES oVER H.



WHAT ARovT Gy ¢
Now P = x(1x J I3 )

ARE PROTECTION OPERATORS
LOHICH  CoMMUTE W TH THE
H- STR GENERATED BY U Vi

GS’,:’ STD(Qr) <. S}><Qr*>

CoNTINUING, WE GET THE
SEQUENCE OF GRours &

0(16r)>Ugr)> Splir) D Sp@rx Sp r)>

D Sp ) > U@2r)> 0(z0)> Coyxn>
|2 o0 ]<—w PERIoDIC ¥




NOow CoONSIDER :

O = '{He Ollér) ; :

Ve—1 2

{h,f)'s <o sa,-—-i}

L“I’l

THE TANGENT SPA e
Tm@ %Ae&\gr)\ %A . } 0 S=1, }

TAKING G="Pin ("i-r)) AND
e = 0('1'1’\: G > OQGF} AND
- (Rg)=-1 WE RECOGNIZE

\/td — —E-z'ﬂ S;
R = )ﬂ = |IE ALGEBRAOFG,,

Ll

;14.



ON THE ©THER HAND,
C,~ G, /G

]S A CLASSICAL SYMMETRIc SPACE,

1+ |

INDEED | oNE CAN SHOW THH
EVERY he O I3 OF THE

FOR M N A
)'\ = %-:yﬂ:—l-l% ) Sé @N)

THIS StHoWsS THE ¥ CASES

DI — AT ARoOVE ARE
RE paLI2ED.




REMARK: THE LIE ALGERRAS
OF THE GRwPS ; ARE

}/:52 - % Ae O(lér) [A,U_;}“-O) S=b7 l‘f
ONE CAN SHow THAT
O=rdGT3,) 5 A eARTAN

INVoLvTmon oF K, AND
99'; - };72'1—\ > /{:\_2.

L D

(w
S =+ =—|

— ]

THEN THE 1SoMoRPHISM
/]Q{ — _5, @;

tr)

o Y= I,



FINALLY TR A COMPLEX ANALOE

T0 CAPTRE THE TwWO REMAINNG
CASES W& ThakE

o (3=0D0) AND + =1 (Necessaw)

| ET Q) e (:056 Sin@)

N0 cos9

AND DEFINE o<c: G—00GnN):
. R®)
o< QLS — ‘.\
X

LT 18 EASY 0 s HoW
k = o) ¢ w= v
SO

)3/7( = UR)=UW) /U(N)

©)




TANpeEED, INTRODUCING THE
STANDARD COMPLEX STRUCT URE

o |
—_ —\ 0 .
= o
J = S

-

(WHicH GevgraTES T < O@W) )

10 + —0 +

am — ¢ O\i) A= e Q;

\\

S6 THE ™MosT ceENeral H 13
N

-5 h. da

C My Y
el

W \‘1'.0' HERMIM AN,



ToR THE LAST CASE TAKTE
G= (P;nC(1) = {%S\ SE—)) r\S?—S)\}

t(S)=-1
(ian’
)-ﬂ-zm—zu)

< () = AS BETFIKE.

Now k= o) @ w(N-n)
10@14 = u(N)

/j ~ UWN)
/K /(MxU('\(-")

< (S)

[

11




\. EXAMPLE 0F A FREE
FERMiIoN OSCILLATOR

TAKE W= R Wi
STA NDARD MIETRIC.

Wy HAVE
o -
A = ¢ <[ 0) €e (R
WRT on BASIS {C.,C,

1 HEAE ARE TWwWO
COMPLEX STRUCTURES

It‘ ¢ — F ¢,






Now W€ Cow Congider
Cxa.v»\?le,j O-F SJMV'\JV;@‘

G=0Q) =T ¢=det

I‘% ")‘u Q\ r—-%c‘} CZ'——') -—C'L

PuF'ca TP P =
Se  PHP = H=>aq-=1
=7 Jc@ det (a3
TF  instead we Tulke
G=0R),«x=Td, ¢@=1
~+ew




C§ ¢ K'\‘D e d"@l.

I{"' \'vus)re_«ol I V] tale
G = M,={,C |

$(C) = —|
L)O't' x . (5 —> O CZ)
)'5 e ‘t\r{vf& L\OV"WMW?\'\;Jw

Tlhen



o

We Cawn V‘éwe,c'%c o.‘QQ %
r\.ov\')l\’\V\‘O«Q ?oss\‘ L\'Q.u‘-HeS:

T@) -1 -
c@) =\ =1 o+

{?Q\p = = =
T o
o Sov+ € gr'oop QJQ_W'E SGG



18.  COoNCLVURLONS




